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PREFACE 


A-T  COLUMBIA  UNIVERSITY  the  undergraduate  electrical  engineering  cur- 
riculum contains  a two-year  sequence  in  electronics.  This  book  is 
intended  to  serve  as  the  text  covering  approximately  the  first  year  of  this 
course.  The  sequence  then  continues  with  a study  of  pulse  circuits  using 
about  one-half  of  the  material  in  Millman  and  Taub,  “Pulse  and  Digital 
Circuits.”  The  rest  of  the  course  is  devoted  to  the  teaching  of  communi- 
cation circuits  (a-m  and  f-m  modulation  and  detection,  etc.)  and  to  elec- 
tronic systems  generally. 

The  text  has  three  primary  objectives.  The  first  aim  is  to  present  a 
clear,  consistent  picture  of  the  internal  physical  behavior  of  vacuum, 
gaseous,  and  semiconductor  devices.  A study  of  physical  electronics 
leads  to  an  appreciation  of  the  usefulness  and  also  the  limitations  of  these 
devices.  Furthermore,  it  is  only  through  such  basic  knowledge,  par- 
ticularly of  solid-state  physics,  that  one  can  understand  the  new  elec- 
tronic devices  that  are  being  developed  in  the  research  and  industrial 
laboratories. 

The  second  goal  is  to  integrate  the  study  of  semiconductor  devices  with 
that  of  vacuum  tubes.  The  integrated  nature  of  the  presentation  may 
be  noted  from  the  following.  The  consideration  of  the  electronic  theory 
of  a metal  leads  immediately  into  a discussion  of  the  nature  of  a semi- 
conductor. After  the  analysis  of  the  vacuum  diode,  the  y-n  junction  is 
given  careful  consideration.  The  treatment  of  vacuum  photocells  is 
followed  directly  by  that  of  semiconductor  photodevices.  A study  of 
vacuum-triode  characteristics  and  equivalent  circuits  is  immediately  fol- 
lowed by  a corresponding  analysis  of  transistors,  etc. 

The  third  objective  is  to  teach  electronic  circuit  theory  in  such  a man- 
ner as  to  provide  an  intimate  understanding  of,  and  intuitive  feeling  for, 
each  vacuum-tube  or  semiconductor  device  as  a circuit  element.  Meth- 
ods of  analysis  and  characteristics  which  are  common  to  many  different 
devices  and  circuits  are  emphasized.  For  example,  a good  deal  of  atten- 
tion is  given  to  the  concept  of  the  load  line  and  the  bias  curve,  to  input 
and  output  impedances,  to  small-signal  equivalent  circuits,  to  Thevenin’s 
and  Norton’s  representations,  to  large-signal  nonlinear  distortions,  to 
frequency  response,  to  the  effects  of  feedback,  etc.  However,  in  order 
that  the  student  may  appreciate  the  different  applications  of  the  various 
circuits,  the  basic  building  blocks  (such  as  rectifiers,  untuned  voltage 

vii 


Vlll 


PREFACE 


amplifiers,  audio  power  amplifiers,  feedback  amplifiers,  and  oscillators) 
are  each  discussed  in  a separate  chapter.  In  designing  or  analyzing  a 
complex  electronic  system  it  must  be  resolved  into  its  component  parts 
according  to  function,  and  hence  the  above  arrangement  of  material  is  of 
practical  importance. 

Approximately  600  homework  problems  are  included  at  the  end  of  the 
book.  Some  of  these  are  theoretical  and  others  are  numerical.  They 
have  been  chosen  to  illustrate  some  physical  principle,  technique,  or  cir- 
cuit discussed  in  the  text. 

Special  mention  must  be  made  of  the  freedom  with  which  the  author 
drew  on  his  text  ‘‘Electronics”  (by  J.  Millman  and  S.  Seely,  McGraw- 
Hill  Book  Company,  Inc.,  New  York,  1951).  With  the  permission  of 
Dr.  Seely  a great  deal  of  the  material  parallels  that  in  the  earlier  book. 

The  author  is  grateful  to  the  many  companies  who  supplied  technical 
data  and  to  the  following  persons  for  their  assistance:  Professor  R.  C. 
Retherford  of  the  University  of  Wisconsin  offered  constructive  criticism 
of  “Electronics.”  Mr.  M.  G.  Scheraga  of  the  A.  B.  Du  Mont  Labora- 
tories, Inc.,  supplied  data  on  cathode-ray  tubes  and  multiplier  photo- 
tubes. Mr.  L.  B.  Lambert  of  Columbia  University  and  Mr.  J.  F. 
Ossanna,  Jr.,  of  the  Bell  Telephone  Laboratories  supplied  valuable 
information  on  semiconductor  electronics.  Mr.  P.  M.  Mauzey  of 
Columbia  University  read  a good  deal  of  the  text,  and  his  criticism  was 
most  helpful. 

The  author  is  particularly  indebted  to  Professor  H.  Taub  of  The  City 
College  of  New  York  for  many  interesting  discussions  and  for  the  sug- 
gestions he  offered  on  many  specific  topics.  A number  of  the  sections 
are  based  upon  notes  written  originally  in  collaboration  with  him. 

The  author  wishes  to  express  his  gratitude  to  Mr.  A.  Vigants  and,  in 
particular,  to  Miss  S.  Silverstein  of  The  City  College  of  New  York  Vor 
their  assistance  in  the  preparation  of  the  manuscript  and  to  Mr.  P. 
Demetriou  and  Mr.  M.  I.  Rackman  for  their  help  with  the  instructor’s 
problem  solutions  manual. 


J.  Millman 
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CHAPTER  1 


MOTION  OF  CHARGED  PARTICLES  IN  ELECTRIC 
AND  MAGNETIC  FIELDS 


This  chapter  will  present  the  fundamental  physical  and  mathematical 
theory  of  the  motion  of  particles  in  electric  and  magnetic  fields  of  force. 
The  succeeding  chapter  will  give  many  important  applications  based  upon 
these  analyses. 

The  motion  of  a charged  particle  in  electric  and  magnetic  fields  will  be 
discussed,  starting  with  simple  paths  and  proceeding  to  more  complex 
motions.  First  a uniform  electric  field  will  be  considered,  and  then  the 
analysis  will  be  given  for  motions  in  a uniform  magnetic  field.  This  dis- 
cussion will  be  followed  in  turn  by  the  motion  in  parallel  electric  and 
magnetic  fields  and  in  perpendicular  electric  and  magnetic  fields.  Some 
discussion  is  included  of  nonuniform  fields. 

1-1.  Charged  Particles.  The  charge  or  quantity  of  negative  electricity 
of  the  electron  has  been  found  by  numerous  experiments  to  be  1.602  X 
10“^®  coulomb.  The  values  of  many  important  physical  constants  are 
given  in  Appendix  I.  Some  idea  of  the  number  of  electrons  per  second 
that  represent  currents  of  the  usual  order  of  magnitude  is  readily  possible. 
For  example,  since  the  charge  per  electron  is  1.602  X 10^^®  coulomb,  the 
number  of  electrons  per  coulomb  is  the  reciprocal  of  this  number,  or 
approximately  6 X 10^*.  Further,  since  a current  of  1 amp  is  the  flow 
of  1 coulomb/sec,  then  a current  of  only  1 jujua  (1  micromicroamp  or 
10“^^  amp)  represents  the  motion  of  approximately  6 million  electrons 
per  second.  Yet  a current  of  1 hhSl  is  so  small  that  considerable  diffi- 
culty is  experienced  in  attempting  to  measure  it. 

In  addition  to  its  charge,  the  electron  possesses  a definite  mass.  A 
direct  measurement  of  the  weight  of  an  electron  cannot  be  made,  but  the 
ratio  of  the  charge  to  the  mass  e/w  has  been  determined  by  a number  of 
experimenters  using  independent  methods.  The  most  probable  value  for 
this  ratio  is  1.759  X 10“  coulombs/kg.  From  this  value  of  e/w  and  the 
value  of  e,  the  charge  on  the  electron,  the  mass  of  the  electron  is  calcu- 
lated to  be  9.1085  X 10“®^  kg. 

The  charge  of  a positive  ion  will  be  an  integral  multiple  of  the  charge  of 
the  electron,  although  it  is  of  opposite  sign.  For  the  case  of  singly  ionized 
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particles,  the  charge  is  equal  to  that  of  the  electron.  For  the  case  of 
doubly  ionized  particles,  the  ionic  charge  is  twice  that  of  the  electron. 

The  mass  of  an  atom  is  expressed  as  a number  that  is  based  on  the 
choice  of  the  atomic  weight  of  oxygen  equal  to  16.  The  mass  of  a hypo- 
thetical atom  of  atomic  weight  unity  is,  by  this  definition,  one-sixteenth 
that  of  the  mass  of  monatomic  oxygen.  This  has  been  calculated  to  be 
1.660  X kg.  Hence,  in  order  to  calculate  the  mass  in  kilograms  of 
any  atom,  it  is  necessary  only  to  multiply  the  atomic  weight  of  the  atom  by 
1.660  X 10“”  kg.  A table  of  atomic  weights  is  given  in  Appendix  III. 

The  radius  of  the  electron  has  been  estimated  as  10“^®  m and  that  of  an 
atom  as  10“^°  m.  These  are  so  small  that  all  charges  will  be  considered 
as  mass  points  in  the  following  sections. 

1-2.  The  Force  on  Charged  Particles  in  an  Electric  Field.  The  force  on 
a unit  positive  charge  at  any  point  in  an  electric  held  is,  by  definition,  the 
electric-field  intensity  6 at  that  point.  Consequently,  the  force  on  a posi- 
tive charge  q in  an  electric  field  of  intensity  6 is  given  by  qS,  the  resulting 
force  being  in  the  direction  of  the  electric  field.  Thus, 

fg  = q6  newtons  (1-1) 

where  q is  in  coulombs  and  € is  in  volts  per  meter.  Boldface  type  will  be 
employed  wherever  vector  quantities  (those  having  both  magnitude  and 
direction)  are  encountered. 

The  mks  (meter-kilogram-second)  rationalized  system  of  units  will  be 
found  most  convenient  for  the  subsequent  studies.  Therefore,  unless 
otherwise  stated,  this  system  of  units  will  be  employed.  Appendix  IV 
lists  the  names  of  the  most  common  quantities  in  the  mks  system.  Con- 
versions from  the  electrostatic  (esu)  and  the  electromagnetic  (emu)  sys- 
tems of  units  to  the  mks  system  of  units  are  listed  in  Appendix  II. 

In  order  to  calculate  the  path  of  a charged  particle  in  an  electric  field, 
the  force,  given  by  Eq.  (1-1),  must  be  related  to  the  mass  and  the  acceler- 
ation of  the  particle  by  Newton’s  second  law  of  motion.  Hence, 

dv 

fq  = q€  — m newtons  (1-2) 

where  m is  in  kilograms  and  v is  in  meters  per  second.  The  solution  of 
this  equation,  subject  to  appropriate  initial  conditions,  will  give  the  path 
of  the  particle  resulting  from  the  action  of  the  electric  forces.  If  the  mag- 
nitude of  the  charge  on  the  electron  is  e,  then  the  force  on  an  electron  in 
the  field  is 

f = — newtons  (1-3) 

The  minus  sign  denotes  that  the  force  is  in  the  direction  opposite  to  the 
field. 
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In  investigating  the  motion  of  charged  particles  which  are  moving  in 
externally  applied  force  fields  of  electric  and 
magnetic  origin,  it  will  be  implicitly  assumed 
that  the  number  of  particles  is  so  small 
that  their  presence  will  not  alter  the  field 
distribution. 

Since  the  electronic  motion  will  take  place, 
in  general,  in  space,  the  motion  will  be  speci- 
fied mathematically  with  respect  to  the 
customary  three  mutually  perpendicular 
Cartesian  axes,  illustrated  in  Fig.  1-1 . The 
system  of  notation  to  be  employed  through- 
out the  text  is  the  following; 

X = position  of  the  particle  along  the  X axis,  m 
y = position  of  the  particle  along  the  Y axis,  m 
z = position  of  the  particle  along  the  Z axis,  m 
V = magnitude  of  the  velocity  of  the  particle,  m/sec 

Vx,  Vy,  Vz  = velocity  components  along  the  X,  Y,  and  Z axes,  respectively,  m/sec 
a = magnitude  of  the  acceleration  of  the  particle,  m/sec'* 

ax,  dy,  at  — components  of  the  acceleration  along  the  X,  Y,  and  Z axes,  respectively, 
m/sec^ 

Similar  subscript  notation  will  be  used  for  other  vector  components. 
For  example, 

fy  = component  of  the  force  along  the  Y direction,  newtons 

82  = component  of  the  electric-field  intensity  along  the  Z axis,  volts/m 

It  should  be  kept  in  mind  that  any  or  all  of  the  foregoing  quantities 
may  be  functions  of  time. 

The  exact  motion  of  a particle  in  a given  force  field  cannot  be  deter- 
mined unless  the  initial  values  of  velocity  and  displacement  are  known. 
The  term  “initial”  represents  the  value  of  the  specified  quantity  at  the 
time  t = 0.  The  subscript  0 will  be  used  to  designate  such  initial  values. 
For  example, 

Xo  = initial  displacement  of  the  particle  along  the  X axis 

vot  = initial  component  of  velocity  in  the  Z direction 

In  every  case  the  path  will  be  determined  from  an  analysis  of  Eq.  (1-2) 
subject  to  appropriate  specified  initial  conditions. 

1-3.  Constant  Electric  Field.  Suppose  that  an  electron  is  situated 
between  the  two  plates  of  a parallel-plate  capacitor  which  are  contained 
in  an  evacuated  envelope,  as  illustrated  in  Fig.  1-2.  A difference  of 
potential  is  applied  between  the  two  plates,  the  direction  of  the  electric 
field  in  the  region  between  the  two  plates  being  as  shown.  If  the  dis- 
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Fig.  1-1.  Cartesian  coordinate 
axes. 
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tance  between  the  plates  is  small  compared  with  the  dimensions  of  the 
plates,  the  electric  field  may  be  considered  to  be  uniform,  the  lines  of 
force  pointing  along  the  negative  X direction.  That  is,  the  only  field 
^ that  is  present  is  6 along  the  —X  axis.  It  is 

desired  to  investigate  the  characteristics  of  the 
motion,  subject  to  the  initial  conditions 


^ ^ ^ 

^ / 

/ 

/ 

/ 

0 

- 

+ 

Vx  = Vox 
X = Xo 


when  t = 0 


(1-4) 


Fig.  1-2.  The  one-dimen- 
sional electric  field  between 
the  plates  of  a parallel- 
plate  capacitor. 


This  means  that  the  initial  velocity  is  chosen 
along  €,  the  lines  of  force. 

Since  there  is  no  force  along  the  F or  Z direc- 
tions, Newton’s  law  states  that  the  acceleration 
along  these  axes  must  be  zero.  However,  zero 
acceleration  means  constant  velocity ; and  since 
the  velocity  is  initially  zero  along  these  axes,  the  particle  will  not  move 
along  these  directions.  That  is,  the  only  possible  motion  is  one-dimen- 
sional, and  the  electron  moves  along  the  X axis. 

Newton’s  law  applied  to  the  X direction  yields 

eS  = max 

or 

ttx  = — = const  (1-5) 

m 


where  S represents  the  magnitude  of  the  electric  field.  This  analysis 
indicates  that  the  electron  will  move  with  a constant  acceleration  in  a 
uniform  electric  field.  Consequently,  the  problem  is  analogous  to  that 
of  a freely  falling  body  in  the  uniform  gravitational  field  of  the  earth. 
The  solution  of  this  problem  is  given  by  the  well-known  expressions  for 
the  velocity  and  displacement,  viz., 

Vx  = Vox  + axt  X = xo  + Voxt  + ^axt^  (1-6) 


'provided  that  ax  = const,  independent  of  the  time. 

It  is  to  be  emphasized  that,  if  the  acceleration  of  the  particle  is  not  a 
constant  but  depends  upon  the  time,  then  Eqs.  (1-6)  are  no  longer  valid. 
Under  these  circumstances  the  motion  is  determined  by  integrating  the 
equations 


dvx 

dt 


O/x 


and 


(1-7) 


These  are  simply  the  definitions  of  the  acceleration  and  the  velocity, 
respectively.  Equations  (1-6)  follow  directly  from  Eqs.  (1-7)  by  inte- 
grating the  latter  equations  subject  to  the  conditions  of  a constant 
acceleration. 
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Example.  A sinusoidal  potential  having  a frequency  of  1 million  cycles  per  second 
(1  megacycle)  and  whose  maximum  value  is  10  volts  is  applied  to  the  plates  of  a paral- 
lel-plate capacitor  which  are  2 cm  apart.  If  an  electron  is  released  from  one  plate  at 
an  instant  when  the  applied  potential  is  zero  and  increasing  in  the  positive  direction, 
find  the  position  of  the  electron  at  any  subsequent  time  t.  Assume  that  the  initial 
velocity  of  the  electron  is  10®  m/sec  along  the  lines  of  force. 

Solution.  Assume  that  the  plates  are  oriented  with  respect  to  a Cartesian  system 
of  axes  as  illustrated  in  Fig.  1-2.  The  magnitude  of  the  electric-field  intensity  is 

S = 0^  sin  2Trft  = 500  sin  (6.28  X 10®/)  volts/m 

whence 

a = = 1.76  X 10*1  X 500  sin  (6.28  X 10®/) 

at  m m 

= 8.80  X 10'®  sin  (6.28  X 10®i)  m/sec** 

This  becomes,  upon  integration, 

= -1.40  X 10'  cos  (6.28  X 10®0  -h  A 

where  A = constant  of  integration.  A is  determined  from  the  initial  condition  that 
Vx  = 10®  m/sec  when  ^ = 0 

Thus, 

A = 1.50  X 10’  m/sec 

so  that  the  velocity  is  given  by 

Vx  = 1.50  X 10’  - 1.40  X 10’  cos  (6.28  X 10«<)  m/sec 

Integration  with  respect  to  t,  subject  to  the  condition  that  x = 0 when  t = 0,  yields 

X = 1.50  X lOH  - 2.23  sin  (6.28  X 10®0  m 

1-4.  Potential.  The  discussion  to  follow  need  not  be  restricted  to  uni- 
form fields,  but  may  be  a function  of  distance.  However,  it  will  be 
assumed  that  &x  is  not  a function  of  time.  Then,  from  Newton’s  second 
law 

e&x  _ dvx 
m dt 


Multiply  this  equation  by  dx  — Vx  dt,  and  integrate.  This  leads  to 


The  definite  integral 


(1-8) 


is  an  expression  for  the  work  done  by  the  field  in  carrying  a unit  positive 
charge  from  the  point  to  the  point  x. 
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By  definition,  the  'potential  V of  point  x with  respect  to  point  Xo  is  the  work 
done  against  the  field  in  taking  a unit  positive  charge  from  Xo  to  x.  Thus,  * 

F = — 8xdx  volts  (1-9) 

Jxo 

By  virtue  of  Eq.  (1-9),  Eq.  (1-8)  integrates  to 

eV  = |w(y/  — vox^)  joules  (1-10) 

This  shows  that  an  electron  that  has  “fallen”  through  a certain  difference 
of  potential  V in  going  from  point  xo  to  point  x has  acquired  a specific 
value  of  kinetic  energy  and  velocity,  independent  of  the  form  of  the  vari- 
ation of  the  field  distribution  between  these  points  and  depending  only 
upon  the  magnitude  of  the  potential  difference  V. 

Although  this  derivation  supposes  that  the  field  has  only  one  compo- 
nent, namely,  S,x  along  the  X axis,  the  final  result  given  by  Eq.  (1-10)  is 
simply  a statement  of  the  law  of  conservation  of  energy.  This  is  known 
to  be  valid  even  if  the  field  is  multidimensional.  This  result  is  extremely 
important  in  electronic  devices.  Consider  any  two  points  A and  B in 
space,  with  point  B at  a higher  potential  than  point  A by  V ba  volts. 
Stated  in  its  most  general  form,  Eq.  (1-10)  becomes 


qV  ba  = joules  (1-11) 


where  q is  the  charge  in  coulombs  and  Va  and  Vb  are  the  corresponding 
initial  and  final  speeds  in  meters  per  second  at  the  points  A and  B, 
respectively.  By  definition,  the  potential  energy  between  two  points  equals 
the  potential  multiplied  by  the  charge  in  question.  Thus,  the  left-hand  side 
of  Eq.  (1-11)  is  the  rise  in  potential  energy  from  A to  B.  The  right-hand 
side  represents  the  drop  in  kinetic  energy  from  A to  B.  Thus,  Eq.  (1-11) 
states  that  the  rise  in  potential  energy  equals  the  drop  in  kinetic  energy, 
which  is  equivalent  to  the  statement  that  the  total  energy  remains 
unchanged. 

It  must  be  emphasized  that  Eq.  (1-11)  is  not  valid  if  the  field  varies  with 
time. 

If  the  particle  is  an  electron,  then  —e  must  be  substituted  for  q.  If 
the  electron  starts  at  rest,  then  its  final  speed  v,  as  given  by  Eq.  (1-11) 
with  Va  ^ 0,  Vb  = V,  and  Vba  = V,  is 


or 


m/sec 


(1-12) 


V = 5.93  X lO^F^  m/sec 


(1-13) 


Thus  if  an  electron  “falls”  through  a difference  of  only  1 volt,  its  final 
speed  is  5.93  X 10®  m/sec,  or  approximately  370  miles/sec.  Despite  this 


The  symbol  = is  used  to  designate  “equal  to  by  definition.” 
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tremendous  speed,  the  electron  possesses  very  little  kinetic  energy, 
because  of  its  minute  mass. 

It  must  be  emphasized  that  Eq.  (1-13)  is  valid  only  for  an  electron  start- 
ing at  rest.  If  the  electron  does  not  have  zero  initial  velocity  or  if  the 
particle  involved  is  not  an  electron,  then  the  more  general  formula  [Eq. 
(1-11)]  must  be  used. 

1-6.  The  ev  Unit  of  Energy.  The  joule  is  the  unit  of  energy  in  the  mks 
system.  In  some  engineering  power  problems  this  unit  is  very  small,  and 
a factor  of  10®  or  10®  is  introduced  to  convert  from  watts  (joules  per  sec- 
ond) to  kilowatts  or  megawatts,  respectively.  However,  in  other  prob- 
lems, the  joule  is  too  large  a unit,  and  a factor  of  10~'^  is  introduced  to 
convert  from  joules  to  ergs.  For  a discussion  of  the  energies  involved  in 
electronic  devices  even  the  erg  is  much  too  large  a unit.  This  is  not  to  be 
construed  to  mean  that  only  minute  amounts  of  energy  can  be  obtained 
from  electron  tubes.  It  is  true  that  each  electron  possesses  a tiny  amount 
of  energy,  but  as  previously  pointed  out  (see  Sec.  1-1),  an  enormous  num- 
ber of  electrons  is  involved  even  in  a small  current  so  that  considerable 
power  may  be  represented. 

The  new  unit  of  work  or  energy,  called  the  electron  volt  (ev),  is  defined 
as  follows: 

1 ev  = 1.60  X 10~^®  joule 

Of  course,  any  type  of  energy,  whether  it  be  electrical,  mechanical,  ther- 
mal, etc.,  may  be  expressed  in  electron  volts. 

The  name  ‘‘electron  volt”  arises  from  the  fact  that  if  an  electron  falls 
through  a potential  of  one  volt  its  kinetic  energy  will  increase  by  the 
decrease  in  potential  energy  or  by 

eV  = (1.60  X 10“^®  coulomb)(l  volt)  = 1.60  X 10~^®  joule  = 1 ev 

However,  as  mentioned  above,  the  electron-volt  unit  may  be  used  for  any 
type  of  energy  and  is  not  restricted  to  problems  involving  electrons. 

The  abbreviations  Mev  and  Bev  are  used  to  designate  1 million  and 
1 billion  electron  volts,  respectively. 

It  is  common  practice  to  designate  energies  in  terms  of  “volts” 
although  it  must  be  clearly  understood  that  the  terms  “volt”  and 
“electron  volt”  are  being  used  synonymously.  For  example,  the  phrase 
“a  5-volt  mercury  ion”  means  simply  that  the  ion  has  a kinetic  energy  of 
5 X 1.60  X 10“^®  joule.  Similarly,  the  phrase  “0.1-ev  thermal  energy” 
means  an  amount  of  thermal  energy  of  0.1  X 1.60  X 10“^®  joule. 

1-6.  Relationship  between  Field  Intensity  and  Potential.  The  defini- 
tion of  potential  is  expressed  mathematically  by  Eq.  (1-9).  If  the  elec- 
tric field  is  uniform,  the  integral  may  be  evaluated  to  the  form 


— I Sxdx  = — 8a:(a:  — Xo)  = F 

Jxo 


volts 
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which  shows  that  the  electric-field  intensity  resulting  from  an  applied 
potential  difference  V between  the  two  plates  of  the  capacitor  illustrated 
in  Fig.  1-2  is  given  by 

— V V 

Sa  = = — 3 volts/m  (1-14) 

X — Xo  CL 


where  d is  the  distance  between  plates,  in  meters. 

In  the  general  case  where  the  field  may  vary  with  the  distance,  this 
equation  is  no  longer  true,  and  the  correct  result  is  obtained  by  differ- 
entiating Eq.  (1-9).  It  is 


= 


dV 

dx 


(1-15) 


Vox 


The  minus  sign  shows  that  the  electric  field  is  directed  from  the  region  of 

higher  potential  to  the  region  of  lower 
potential. 

1-7.  Two-dimensional  Motion.  Sup- 
pose that  an  electron  enters  the  region 
between  the  two  parallel  plates  of  a 
parallel-plate  capacitor  which  are  ori- 
ented as  shown  in  Fig.  1-3,  with  an 
initial  velocity  in  the  -fX  direction. 
It  will  again  be  assumed  that  the  electric 
field  between  the  plates  is  uniform.  Then,  as  chosen,  the  electric  field  6 
is  in  the  direction  of  the  — Y axis,  no  other  fields  existing  in  this  region. 

The  motion  of  the  particle  is  to  be  investigated,  subject  to  the  initial 
conditions 


-Ed 

A 


Fig.  1-3.  Two-dimensional  motion  in 
a uniform  electric  field. 


= Vox  a:  = 0 1 

Vy  = 0 y = 0 \ when  t ^ 0 (1-16) 

= 0 2 = 0 ] 


Since  there  is  no  force  in  the  Z direction,  the  acceleration  in  that  direction 
is  zero.  Hence,  the  component  of  velocity  in  the  Z direction  remains  con- 
stant. Since  the  initial  velocity  in  this  direction  is  assumed  to  be  zero, 
the  motion  must  take  place  entirely  in  one  plane,  the  plane  of  the  paper. 

For  a similar  reason,  the  velocity  along  the  X axis  remains  constant 
and  equal  to  Vox-  That  is, 

Vx 

from  which  it  follows  that  (1-17) 

X = Voxt 

On  the  other  hand,  a constant  acceleration  exists  along  the  Y direction, 
and  the  motion  is  given  by  Eqs.  (1-6),  with  the  variable  x replaced  by  y. 


"Oy  CLyt 


y \Ojyt^ 


(1-18) 
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where 


e&y  cEd 

m md 


(1-19) 


and  where  the  potential  across  the  plates  is  F = Ed.  These  equations 
indicate  that  in  the  region  between  the  plates  the  electron  is  accelerated 
upward,  the  velocity  component  Vy  varying  from  point  to  point,  whereas 
the  velocity  component  y*  remains  unchanged  in  the  passage  of  the  elec- 
tron between  the  plates. 

The  path  of  the  particle  with  respect  to  the  point  0 is  readily  deter- 
mined by  combining  Eqs.  (1-17)  and  (1-18),  the  variable  t being  elimi- 
nated. This  leads  to  the  expression 


, = (1-20) 

which  shows  that  the  particle  moves  in  a parabolic  path  in  the  region 
between  the  plates. 

Example.  A source  introduces  500-volt  potassium  ions  (atomic  weight  40)  into  the 
region  between  two  parallel  plates  oriented  as  shown  in  Fig.  1-4.  The  ions  leave  point 
A at  an  angle  of  30  deg  with  the  horizontal.  There  is  a fixed  voltage  Ed  across  the 
plates,  and  the  top  plate  is  positive.  Discuss  the  resultant  motion.  In  particular, 
answer  the  following: 

o.  How  long  will  it  take  an  ion  to  reach  point  B on  the  negative  plate  at  a distance 
of  10  cm  away  from  A ? 

h.  What  must  be  the  value  of  Ed,  if  the  ion  is  to  pass  through  R? 

c.  What  is  the  highest  point  of  ascent  of  the  ion? 

Solution.  From  the  above  theory,  it  follows  that  the  path  is  a parabola  as  shown 
by  the  dashed  curve  in  Fig.  1-4.  This  problem  is  analogous  to  the  firing  of  a gun  in 
the  earth’s  gravitational  field.  The 
bullet  will  travel  in  a parabolic  path, 
first  rising  because  of  the  muzzle  velocity 
of  the  gun  and  then  falling  because  of 
the  downward  attractive  force  of  the 

earth.  Because  of  this  analogy,  the  jq  >| 

study  of  the  motion  of  charged  particles  ^ charged  particle 

in  a field  of  force  is  called  electron  ^ uniform  electric  field  is  a parabola, 
ballistics.  The  source  of  the  charged  provided  that  there  exists  a component  of 
particles  is  called  an  “electron  gun”  or  velocity  normal  to  the  field, 
an  “ion  gun.” 

The  initial  components  of  velocity  will  now  be  found.  The  mass  of  the  potassium 
ion  is  40  X 1.66  X 10“27  = 6.64  X 10  =*6  kg  (see  Sec.  1-1).  The  initial  energy  of  the 
ion  is  500  X 1.60  X 10"i®  = 8.00  X 10-^^  joule.  Hence  the  initial  velocity  is  given 


Imvo^  = 8.00  X 10- 


2 X 8.00  X 10-1^ 
6.64  X 10-28 


= 2.41  X 10®  m^/sec* 


Vo  = 4.91  X 10'*  m/sec 

Vox  = Vo  cos  30°  = 4.91  X 10«  X 0.866  = 4.26  X lO"*  m/sec 
voy  = Vo  sin  30°  = 4.91  X 10*  X 0.500  = 2.46  X 10*  m/sec 
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a.  Since  the  horizontal  velocity  is  constant,  the  time  U to  travel  a distance  a:  = 10 
cm  = 0.10  m is 


Do*  4.26  X 10^  ^ ® 

h.  If  the  ion  passes  through  point  B,  then  its  vertical  displacement  is  zero.  The 
vertical  motion  is  one  of  constant  acceleration  of  magnitude  a downward  with  an  initial 
velocity  v^y  upward.  Hence 


and 

If 

then 

or 


But 


Dy  ^ou  at 
y = voyt  — ^at^ 
y = 0 for  t = ti 
Voyh  — ^ah^  = 0 


a 


2D0y 

t\ 


2 X 2.46  X 10^ 
2.35  X 10-e 


= 2.09  X lO^®  m/sec^ 


a 


qEd 

md 


where  q is  the  charge  on  the  ion  (which  is  equal  to  the  electronic  charge  for  a singly 
ionized  atom)  and  d is  the  separation  of  the  plates.  Hence 

„ _ mda  _ 6.64  X lO-^®  X 0.02  X 2.09  X lO^® 
q 1.60  X 10-'® 

= 173.5  volts 

c.  At  the  highest  point  of  ascent,  the  ion  is  traveling  neither  up  nor  down,  whence 
Vy  = 0.  The  time  <2  at  which  this  takes  place  is  given  by 


or 


Vy  0 VQy  atz 


ti 


Voy 

a 


2.46  X 10^ 
2.09  X 101® 


= 1.18  X 


10  ® sec 


Note  that  ti  = ti/2.  This  means  that  the  time  of  ascent  is  half  the  total  time,  or 
that  the  ion  takes  the  same  time  traveling  upward  as  it  does  traveling  downward. 
The  maximum  vertical  displacement  ym  is  given  by 

ym  ~ VQyti  -^at^ 

= (2.46  X 10“) (1.18  X 10-«)  - X 2.09  X 10“®  X (1.18  X 10  ®)2 
= 2.90  X 10-2  - 1.45  X 10-2  = 1.45  X 10-2  m = 1.45  cm 


The  same  result  may  be  obtained  by  using  the  theorem  of  the  conservation  of  energy. 
If  the  potential  energy  is  taken  as  zero  at  point  A,  it  is  ym^yq  at  the  highest  point,  or 


Vm 


173.5  X 1.60  X 10-“® 


Vm 


0.02 


= 1.39  X 10-i6y„» 
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This  must  equal  the  change  in  kinetic  energy.  Since  the  horizontal  component  of 
velocity  is  unchanged  and  since  there  is  no  vertical  component  of  velocity  at  the  high- 
est point,  then  the  change  in  kinetic  energy  just  equals 

= ^(6.64  X 10  ^6) (2.46  X 10^)"*  = 2.02  X 
2 02  V 1 0"!^ 

ym  = 139  X 10-15  = X 10“' 

as  above. 


1-8.  Relativistic  Variation  of  Mass  with  Velocity.  The  theory  of  rela- 
tivity postulates  an  equivalence  of  mass  and  energy  according  to  the 
relationship 

IT  = mc^  (1-21) 

where  W is  the  total  energy  in  joules,  m is  the  mass  in  kilograms,  and  c is 
the  velocity  of  light  in  vacuum,  in  meters  per  second.  According  to  this 
theory,  the  mass  of  a particle  will  increase  with  its  energy  and  hence  with 
its  speed. 

If  an  electron  starts  at  the  point  A with  zero  velocity  and  reaches  the 
point  B with  a velocity  v,  then  the  increase  in  energy  of  the  particle  must 
be  given  by  the  expression  eV  joules,  where  V is  the  difference  of  potential 
between  the  points  A and  B.  Hence, 

eV  = mc^  — moc^  joules  (1-22) 


where  Woc^  is  the  energy  possessed  at  the  point  A.  The  quantity  Wo  is 
known  as  the  rest  mass  or  the  electrostatic  mass  of  the  particle  and  is  a 
constant  independent  of  the  velocity.  The  total  mass  m of  the  particle 
is  given  by 


m = 


Wo 

■y/l  — v^/c^ 


(1-23) 


This  result,  which  was  originally  derived  by  Lorentz  and  then  by  Ein- 
stein as  a consequence  of  the  theory  of  special  relativity,  predicts  an 
increasing  mass  with  an  increasing  velocity,  the  mass  approaching  an 
infinite  value  as  the  velocity  of  the  particle  approaches  the  velocity  of 
light.  From  Eqs.  (1-22)  and  (1-23),  the  decrease  in  potential  energy,  or, 
equivalently,  the  increase  in  kinetic  energy,  is 


eV  = moc^ 


V^l  — v^/c"^ 


(1-24) 


This  expression  enables  one  to  find  the  velocity  of  an  electron  after  it 
has  fallen  through  any  potential  difference  V.  By  defining  the  quantity 
Vn  as  the  velocity  that  would  result  if  the  relativistic  variation  in  mass 
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were  neglected,  Le., 


Vn  = 


'2eV 
\ nio 


(1-25) 


then  Eq.  (1-24)  can  be  solved  for  v,  the  true  velocity  of  the  particle.  The 
result  is 


L (1  + VM^/2c^y 

This  expression  looks  imposing  at  first  glance.  It  should,  of  course, 
reduce  to  v = Vn  for  small  velocities.  That  it  does  so  is  seen  by  applying 
the  binomial  expansion  to  Eq.  (1-26).  The  result  becomes 


(1-26) 


„ = • • •)  (1-27) 

From  this  expression,  it  is  seen  that,  if  the  speed  of  the  particle  is  much 
less  than  the  speed  of  light,  the  second  and  all  subsequent  terms  in  the 
expansion  can  be  neglected,  and  then  v = v^,  as  it  should.  This  equa- 
tion also  serves  as  a criterion  to  determine  whether  the  simple  classical 
expression  or  the  more  formidable  relativistic  one  must  be  used  in  any 
particular  case.  For  example,  if  the  speed  of  the  electron  is  one-tenth  of 
the  speed  of  light,  Eq.  (1-27)  shows  that  an  error  of  only  three-eighths  of 
1 per  cent  will  result  if  the  speed  is  taken  as  vn  instead  of  v. 

For  an  electron,  the  potential  difference  through  which  the  particle 
must  fall  in  order  to  attain  a velocity  of  0.1c  is  readily  found  to  be  2,560 
volts.  Thus,  if  an  electron  falls  through  a potential  in  excess  of  about 
3 kv,  the  relativistic  corrections  should  be  applied.  If  the  particle  under 
question  is  not  an  electron,  the  value  of  the  nonrelativistic  velocity  is 
first  calculated.  If  this  is  greater  than  0.1c,  then  the  calculated  value  of 
yjv  must  be  substituted  in  Eq.  (1-26)  and  the  true  value  of  v then  calcu- 
lated. In  cases  where  the  speed  is  not  too  great,  the  simplified  expression 
(1-27)  may  be  used. 

The  accelerating  potential  in  high-voltage  cathode-ray  tubes  is  suffi- 
ciently high  to  require  that  relativistic  corrections  be  made  in  order  to 
calculate  the  velocity  and  mass  of  the  particle.  Other  devices  employ- 
ing potentials  that  are  high  enough  to  require  these  corrections  are 
X-ray  tubes,  the  cyclotron,  the  betatron,  and  other  particle-accelerating 
machines.  Unless  specifically  stated  otherwise,  nonrelativistic  conditions 
will  be  assumed  in  what  follows. 

1-9.  Force  in  a Magnetic  Field.  To  investigate  the  force  on  a moving 
charge  in  a magnetic  field,  the  well-known  “motor  law”  is  recalled.  It 
has  been  verified  by  experiment  that,  if  a conductor  of  length  L meters, 
carrying  a current  of  I amperes,  is  situated  in  a magnetic  field  of  inten- 
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sity  B webers  per  square  meter,*  the  force  acting  on  this  conductor  is 
BIL  newtons.  This  assumes  that  the  directions  of  I and  B are  perpen- 
dicular to  each  other.  The  direction  of  this  force  is  perpendicular  to  the 
plane  of  I and  B and  has  the  direction  of 
advance  of  a right-handed  screw  which  is 
placed  at  0 and  is  rotated  from  I to  B through 
90  deg,  as  illustrated  in  Fig.  1-5.  If  land  B 
are  not  perpendicular  to  each  other,  then  only 
the  component  of  I perpendicular  to  B con- 
tributes to  the  force.  This  simple  way  of  find- 
ing the  direction  of  the  force  is  equivalent 
to  the  well-known  left-hand  rule  of  Fleming. 

Some  caution  must  be  exercised  with  re- 
gard to  the  meaning  of  Fig.  1-5.  If  the  par- 
ticle under  consideration  is  a positive  ion, 
then  I is  to  be  taken  along  the  direction  of 
its  motion.  This  is  so  because  the  conventional  direction  of  the  current 
is  taken  in  the  direction  of  flow  of  positive  charge.  Since  the  current  is 
generally  due  to  the  flow  of  electrons,  the  direction  of  I is  to  be  taken  as 
opposite  to  the  direction  of  the  motion  of  the  electrons.  If,  therefore, 

a negative  charge  moving  with  a velocity  v~  is 
under  consideration,  one  must  first  draw  I anti- 
parallel to  v~  as  shown  and  then  apply  the 
“direction  rule.” 

If  N electrons  are  contained  in  a length  L of 
conductor  (see  Fig.  1-6)  and  if  it  takes  an  elec- 
tron a time  T seconds  to  travel  a distance  of  L 
meters  in  the  conductor,  then  the  total  number 
of  electrons  passing  through  any  cross  section  of 
wire  in  unit  time  is  N/T.  Thus  the  total  charge  per  second  passing  any 
point,  which  is  the  current,  by  definition,  is 


'hf  electrons 


Fig.  1-6.  Pertaining  to  the 
determination  of  the  mag- 
nitude of  the  force  on  a 
charged  particle  in  a mag- 
netic field. 


Fig.  1-5.  Pertaining  to  the 
determination  of  the  direction 
of  the  force  jm  on  a charged 
particle  in  a magnetic  field. 


1 = 


iVe 

T 


amp 


(1-28) 


The  force  on  a length  L meters  (or  the  force  on  the  H conduction  charges 

* One  weber  per  square  meter  equals  10‘‘  gauss.  A unit  of  more  practical  size  in 
most  applications  is  the  milliweber  per  square  meter,  which  equals  10  gauss.  Other 
conversion  factors  are  given  in  Appendix  II. 

The  SUN  Commission  of  the  International  Union  of  Pure  and  Applied  Physics 
recommends  the  “weber  per  square  meter,”  whereas  the  International  Electrotechni- 
cal Commission  has  adopted  the  “tesla”  for  the  unit  of  magnetic-field  intensity.^f 
t Superscript  numbers  refer  to  numbered  References  at  the  end  of  each  chapter. 
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contained  therein)  is 

BIL  = newtons  (1-29) 

Furthermore,  since  L/T  is  the  average,  or  drift,  speed  v meters  per 
second  of  the  electrons,  then  the  force  per  electron  is 

fm  = evB  newtons  (1-30) 

The  subscript  m indicates  that  the  force  is  of  magnetic  origin.  To 
summarize : The  force  on  a negative  charge  e {coulombs)  moving  with  a com- 
ponent of  velocity  v~  {meters  per  second)  normal  to  a field  B {webers  per 
square  meter)  is  given  by  ev-B  {newtons)  and  is  in  a direction  perpendicular 
to  the  plane  of  v~  and  B,  as  noted  in  Fig.  1-5. 

1-10.  Current  Density.  Before  proceeding  with  the  discussion  of  pos- 
sible motions  of  charged  particles  in  a magnetic  field,  it  is  convenient  to 
introduce  the  concept  of  current  density.  This  concept  will  be  very 
useful  in  many  later  applications.  By  definition,  the  current  density, 
denoted  by  the  symbol  J,  is  the  current  per  unit  area  of  the  conducting 
medium.  That  is,  assuming  a uniform  current  distribution, 

J = ^ amp/m^  (1-31) 

where  A is  the  cross-sectional  area  of  the  conductor.  This  becomes,  by 
Eq.  (1-28), 

_ JVh 

TA 


But  it  has  already  been  pointed  out  that  T = L/v.  Then 


(1-32) 


From  Fig.  1-6  it  is  evident  that  LA  is  simply  the  volume  containing  the 
N electrons,  and  so  N /LA  is  the  electron  concentration  n.  Thus 


electrons/m® 


(1-33) 


and  Eq.  (1-32)  reduces  to 

J = nev  = pv  amp/m^  (1-34) 

where  p = we  is  the  charge  density,  in  coulombs  per  cubic  meter,  and  v is 
in  meters  per  second. 

This  derivation  is  independent  of  the  form  of  the  conducting  medium. 
Consequently,  Fig.  1-6  does  not  necessarily  represent  a wire  conductor. 
It  may  represent  equally  well  a portion  of  a gaseous-discharge  tube  or  a 
volume  element  in  the  space-charge  cloud  of  a vacuum  tube.  Further- 


MOTION  OF  CHARGED  PARTICLES 


15 


more,  neither  p nor  v need  be  constant  but  may  vary  from  point  to  point 
in  space  or  may  vary  with  time.  Numerous  occasions  will  arise  later  in 
the  text  when  reference  will  be  made  to  Eq.  (1-34). 

1-11.  Motion  in  a Magnetic  Field.  The  path  of  a charged  particle  that 
is  moving  in  a magnetic  field  will  be  investigated.  Consider  an  electron 
to  be  placed  in  the  region  of  the  magnetic  field.  If  the  particle  is  at  rest, 
fm  = 0 and  the  particle  remains  at  rest.  If  the  initial  velocity  of  the  par- 
ticle is  along  the  lines  of  the  magnetic  flux,  then  there  is  no  force  acting 
on  the  particle,  in  accordance  with  the  rule  associated  with  Eq.  (1-30). 
Hence,  a particle  whose  initial  velocity  has  no  component  normal  to  a uniform 
magnetic  field  will  continue  to  move  with  constant  speed  along  the  lines  of  flux. 

Now  consider  an  electron  moving  with  a speed  Vo  to  enter  a constant 
uniform  magnetic  field  normally  as  shown  in  Fig.  1-7.  Since  the  force 
is  perpendicular  to  v and  so  to  the  motion  at 
every  instant,  then  no  work  is  done  on  the  elec- 
tron. This  means  that  its  kinetic  energy  is 
not  increased,  and  so  its  speed  remains  un- 
changed. Further,  since  v and  B are  each 
constant  in  magnitude,  then  fm  is  constant  in 
magnitude  and  perpendicular  to  the  direction 
of  motion  of  the  particle.  This  type  of  force 
results  in  motion  in  a circular  path  with  con- 
stant speed.  It  is  analogous  to  the  problem 
of  a mass  tied  to  a rope  and  twirled  around 
with  constant  speed.  The  force  (which  is  the 

tension  in  the  rope)  remains  constant  in  magnitude  and  is  always  directed 
toward  the  center  of  the  circle,  and  so  is  normal  to  the  motion. 

To  find  the  radius  of  the  circle,  it  is  recalled  that  a particle  moving  in  a 
circular  path  with  a constant  speed  v has  an  acceleration  toward  the  center 
of  the  circle  of  magnitude  v^/R,  where  R is  the  radius  of  the  path.  Then 


Magnetic 

field 

into  paper 


Fig.  1-7.  Circular  motion  of  an 
electron  in  a transverse  mag- 
netic field. 


mv^ 

~R 


= evB 


from  which 


mv 


m 


The  corresponding  angular  velocity  is  given  by 

V eB  j , 

0)  — ^ — — rad/sec 
R m 

The  time  for  one  complete  revolution,  called  the  “period,”  is 

27r  2xw 


r = 


eB 


sec 


(1-35) 


(1-36) 


(1-37) 
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For  an  electron,  this  reduces  to 

_ 3.57  X 10-11 
B 


sec 


(1-38) 


X 


In  these  equations,  e/m  is  in  coulombs  per  kilogram  and  B in  webers  per 

square  meter. 

It  is  noticed  that  the  radius  of  the 
path  is  directly  proportional  to  the 
speed  of  the  particle.  Further,  the 
period  and  the  angular  velocity  are  inde- 
pendent of  speed  or  radius.  This 
means,  of  course,  that  faster-moving 
particles  will  traverse  larger  circles  in 
the  same  time  that  a slower  particle 
moves  in  its  smaller  circle.  This  very 
important  result  is  the  basis  of  oper- 
ation of  numerous  devices,  for  exam- 
ple, the  cyclotron  and  magnetic  focus- 
ing apparatus. 


Example.  Calculate  the  deflection  of  a 
cathode-ray  beam  caused  by  the  earth’s 
magnetic  field.  Assume  that  the  tube  axis 
is  so  oriented  that  it  is  normal  to  the  field, 
the  strength  of  which  is  0.6  gauss.  The 
anode  potential  is  400  volts;  the  anode- 
screen  distance  is  20  cm  (see  Fig.  1-8). 
According  to  Eq.  (1-13),  the  velocity  of  the  electrons  will  be 


Fig.  1-8.  The  circular  path  of  an  elec- 
tron in  a cathode-ray  tube  resulting 
from  the  earth’s  transverse  magnetic 
field  (normal  to  the  plane  of  the 
paper).  This  figure  is  not  drawn  to 
scale. 


Solution. 


= 5.93  X 10^  V400  = 1.19  X 10^  m/sec 

Since  1 weber/m*  = 10^  gauss,  then  B = 6 X IQ-^  weber/m^.  From  Eq.  (1-35)  the 
radius  of  the  circular  path  is 


P _■  _ 1.19  X 10^ 

(e/m)B  1.76  X 10"  X 6 X 10-«  ^ 

Furthermore,  it  is  evident  from  the  geometry  of  Fig.  1-8  that  (in  centimeters) 

1122  = (112  - D)2  -b  202 

from  which  it  follows  that 

D2  - 224D  -t-  400  = 0 


The  evaluation  of  D from  this  expression  yields  the  value  D = 1.8  cm. 

This  example  indicates  that  the  earth’s  magnetic  field  can  have  a large  effect  on  the 
position  of  the  cathode-beam  spot  in  a low-voltage  cathode-ray  tube.  If  the  anode 
voltage  is  higher  than  the  value  used  in  this  example  or  if  the  tube  is  not  oriented  nor- 
mal to  the  field,  the  deflection  will  be  less  than  that  calculated.  In  any  event,  this 
calculation  indicates  the  advisability  of  carefully  shielding  a cathode-ray  tube  from 
stray  magnetic  fields. 
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1-12.  Magnetic  Focusing.  As  another  application  of  the  theory  devel- 
oped in  the  previous  section,  one  method  of  measuring  e/m  will  be  dis- 
cussed. The  essentials  of  a cathode-ray  tube  needed  for  this  purpose  are 
shown  in  Fig.  1-9.  The  hot  cathode  K emits  electrons  which  are  acceler- 
ated toward  the  anode  by  the  potential  Ea.  Those  electrons  which  are 
not  collected  by  the  anode  pass  through  the  tiny  anode  hole  and  strike 
the  end  of  the  glass  envelope.  This  has  been  coated  with  a material  that 
fluoresces  when  bombarded  by  electrons.  Thus  the  positions  where  the 
electrons  strike  the  screen  are  made  visible  to  the  eye.  A more  detailed 
discussion  of  the  cathode-ray  tube  will  be  given  in  the  next  chapter. 


Fluorescent 
/ screen 


\\J^Beam 


— Anode 
Cathode,  K 


Fig.  1-9.  The  cathode,  anode, 
and  fluorescent  screen  of  a 
cathode-ray  tube.  The  un- 
focused electron  beam  is  shown. 


introduced  at  an  angle  (not  90  deg)  with 
a constant  magnetic  field. 


Imagine  that  the  cathode-ray  tube  is  placed  in  a constant  longitudinal 
magnetic  field,  the  axis  of  the  tube  coinciding  with  the  direction  of  the 
magnetic  field.  A magnetic  field  of  the  type  here  considered  is  obtained 
through  the  use  of  a long  solenoid,  the  tube  being  placed  within  the  coil. 
An  inspection  of  Fig.  1-10  reveals  the  motion.  The  Y axis  represents  the 
axis  of  the  cathode-ray  tube.  The  origin  0 is  the  point  at  which  the  elec- 
trons emerge  from  the  anode.  The  velocity  at  the  origin  is  Vo,  the  initial 
transverse  velocity  due  to  the  mutual  repulsion  of  the  electrons  being  Vox. 
It  will  now  be  shown  that  the  resulting  motion  is  a helix,  as  illustrated. 

The  electronic  motion  can  most  easily  be  analyzed  by  resolving  the 
velocity  into  two  components  Vy  and  Ve  along  and  transverse  to  the  mag- 
netic field,  respectively.  Since  the  force  is  perpendicular  to  B,  then  there 
is  no  acceleration  in  the  Y direction.  Hence  Vy  is  constant  and  equal  to  Voy. 
A force  eveB  normal  to  the  path  will  exist,  resulting  from  the  transverse 


18  VACUUM-TUBE  AND  SEMICONDUCTOR  ELECTRONICS 


velocity.  This  force  gives  rise  to  circular  motion,  the  radius  of  the  circle 
being  mve/eB,  with  Ve  a constant,  and  equal  to  Vqx-  The  resultant  path  is 
a helix  whose  axis  is  parallel  to  the  Y axis  and  displaced  from  it  by  a dis- 
tance R along  the  Z axis,  as  illustrated. 

The  pitch  of  the  helix,  which  is  defined  as  the  distance  traveled  along 
the  direction  of  the  magnetic  field  in  one  revolution,  is  given  by 


p = VOyT 

where  T is  the  period,  or  the  time  for  one  revolution. 
Eq.  (1-37)  that 

27rm 

V = ^ m 


It  follows  from 
(1-39) 


If  the  electron  beam  is  defocused,  then  a smudge  is  seen  on  the  screen 
when  the  applied  magnetic  field  is  zero.  This  means  that  the  various  elec- 
trons in  the  beam  pass  through  the  anode  hole  with  different  transverse 
velocities  Vox  and  so  strike  the  screen  at  different  points  (see  Fig.  1-9). 
This  accounts  for  the  appearance  of  a broad,  faintly  illuminated  area 
instead  of  a bright  point  on  the  screen.  As  the  magnetic  field  is  increased 
from  zero,  the  electrons  will  move  in  helixes  of  different  radii,  since  the 
velocity  vqx  that  controls  the  radius  of  the  path  will  be  different  for  differ- 
ent electrons.  However,  the  period  or  the  time  to  trace  out  the  path  is 
independent  of  Vox,  and  so  the  period  will  be  the  same  for  all  electrons. 
If,  then,  the  distance  from  the  anode  to  the  screen  is  made  equal  to  one 
pitch,  all  the  electrons  will  be  brought  back  to  the  Y axis  (the  point  O'  in 
Fig.  1-10)  since  they  all  will  have  made  just  one  revolution.  Under  these 
conditions  an  image  of  the  anode  hole  will  be  observed  on  the  screen. 

As  the  field  is  increased  from  zero,  the  smudge  on  the  screen  resulting 
from  the  defocused  beam  will  contract  and  will  become  a tiny  sharp  spot 
(the  image  of  the  anode  hole)  when  a critical  value  of  the  field  is  reached. 
This  critical  field  is  that  which  makes  the  pitch  of  the  helical  path  just 
equal  to  the  anode-screen  distance,  as  discussed  above.  By  continuing  to 
increase  the  strength  of  the  field  beyond  this  critical  value,  the  pitch  of 
the  helix  decreases,  and  the  electrons  travel  through  more  than  one  com- 
plete revolution.  The  electrons  then  strike  the  screen  at  various  points 
so  that  a defocused  spot  is  again  visible.  A magnetic-field  strength  will 
ultimately  be  reached  at  which  the  electrons  make  two  complete  revo- 
lutions in  their  path  from  the  anode  to  the  screen,  and  once  again  the  spot 
will  be  focused  on  the  screen.  This  process  may  be  continued,  numerous 
foci  being  obtainable.  In  fact,  the  current  rating  of  the  solenoid  is  the 
factor  that  generally  furnishes  a practical  limitation  to  the  order  of  the 
focus. 

The  foregoing  considerations  may  be  generalized  in  the  following  way: 
If  the  screen  is  perpendicular  to  the  Y axis  at  a distance  L from  the  point 
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of  emergence  of  the  electron  beam  from  the  anode,  then,  for  an  anode- 
cathode  potential  equal  to  Ea,  the  electron  beam  will  come  to  a focus  at 
the  center  of  the  screen  provided  that  L is  an  integral  multiple  of  p. 
Under  these  conditions,  Eq.  (1-39)  may  be  rearranged  to  read 


e _ 
m 


coulombs/kg 


(1-40) 


where  n is  an  integer  representing  the  order  of  the  focus.  It  is  assumed, 
in  this  development,  that  eEa,  = ^mvoy^  or  that  the  only  effect  of  the  anode 
potential  is  to  accelerate  the  electron  along  the  tube  axis.  This  implies 
that  the  transverse  velocity  Vox,  which  is  variable  and  unknown,  is  negli- 
gible in  comparison  with  Voy.  This  is  a justi- 
fiable assumption. 

This  arrangement  was  suggested  by  Busch^ 
and  has  been  used^  to  measure  the  ratio  e/m 
for  electrons  very  accurately. 

1-13.  Parallel  Electric  and  Magnetic  Fields. 

Consider  the  case  where  both  electric  and 
magnetic  fields  exist  simultaneously,  the  fields 
being  in  the  same  or  in  opposite  directions.  If 
the  initial  velocity  of  the  electron  either  is  zero 
or  is  directed  along  the  fields,  then  the  magnetic 
field  exerts  no  force  on  the  electron  and  the 
resultant  motion  depends  solely  upon  the 
electric-field  intensity  €.  In  other  words,  the  electron  will  move  in  a 
direction  parallel  to  the  fields  with  a constant  acceleration.  If  the  fields 
are  chosen  as  in  Fig.  1-11,  the  complete  motion  is  specified  by 

Vy  = Voy  — at  y ^ voyt  — ^at"^  (1-41) 

where  a = eS/ m is  the  magnitude  of  the  acceleration.  The  negative  sign 
results  from  the  fact  that  the  direction  of  the  acceleration  of  an  electron 
is  opposite  to  the  direction  of  the  electric-field  intensity  6. 

If,  initially,  a component  of  velocity  v^x  perpendicular  to  the  magnetic 
field  exists,  this  component,  together  with  the  magnetic  field,  will  give  rise 
to  circular  motion,  the  radius  of  the  circular  path  being  independent  of  S. 
However,  because  of  the  electric  field  €,  the  velocity  along  the  field 
changes  with  time.  Consequently,  the  resulting  path  is  helical  with  a 
pitch  that  changes  with  the  time.  That  is,  the  distance  traveled  along 
the  Y axis  per  revolution  increases  with  each  revolution. 

Example.  Given  a uniform  electric  field  of  10'‘  volts/m  parallel  to  and  opposite  in 
direction  to  a magnetic  field  of  5 milliwebers/m*.  An  electric  gun,  directed  at  an  angle 
of  30  deg  with  the  direction  of  the  electric  field,  introduces  400- volt  electrons  into  the 


Y 


Fig.  1-11.  Parallel  electric 
and  magnetic  fields. 
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region  of  the  fields  (see  Fig.  1-12).  Give  a quantitative  description  of  the  electronic 
motion. 

Solution.  As  discussed  above,  the  path  is  a helix  of  variable  pitch.  The  plane 
determined  by  6 and  Vo  is  chosen  as  the  XV  plane.  From  Eq.  (1-13), 

Vo  = 5.93  X 10^  \/4TO  = 1.19  X 10^  m/sec 
Vox  = Vo  sin  30°  = 5.93  X 10®  m/sec 
Vov  = Vo  cos  30°=  1.03  X 10^  m/sec 

a = — = 1.76  X 10'®  m/sec^ 
m 


along  the  — Y direction.  Hence,  from  Eq.  (1-35), 


R 


mvox 


5.93  X 10® 


1.76  X 10“  X 5 X 10-® 


= 6.75  X 10-®  m 


Thus,  the  projection  of  the  path  on  the  XZ  plane  is  a circle  of  radius  0.675  cm.  An 
application  of  the  direction  rule  shows  that  the  circle  is  being  traversed  in  the  counter- 
^ clockwise  direction  (when  looking  along  the 

-1-F  direction).  The  path  is  essentially  that 
illustrated  in  Fig.  1-10  except  that  the  velocity 
along  the  fields  is  not  constant  but  is  given 
by  Eqs.  (1-41),  viz., 


Also 


= 1.03  X 10'  - 1.76  X 10i®< 


y = 1.03  X 107  - 0.88  X 10'®<2 


motion. 


Under  the  conditions  chosen,  the  particle 
starts  to  move  in  the  -\-Y  direction;  but  since 
the  acceleration  is  along  the  — Y direction,  the 
velocity  will  shortly  be  reduced  to  zero,  and 
the  particle  will  then  reverse  its  F-directed 
This  reversal  will  occur  at  the  time  t'  for  which  Vy  = 0,  namely. 


Fig.  1-12.  A problem  illustrating 
helical  electronic  motion  of  variable 
pitch. 


t'  = 


1.03  X 10' 
1.76  X 10'® 


= 5.86  X 10  ® sec 


The  distance  traveled  in  the  -j-  F direction  to  the  position  at  which  the  reversal  occurs 
is 

y'  = 1.03  X 10'  X 5.86  X 10-®  - 0.88  X 10'®(5.86  X 10“®)® 

= (6.04  - 3.04)  X 10-®  m = 3.00  cm 


It  should  be  kept  in  mind  that  the  term  “reversal”  refers  only  to  the  F-directed 
motion,  not  to  the  direction  in  which  the  electron  traverses  the  circular  component  of 
its  path.  The  rotation  in  this  circular  component  is  determined  entirely  by  the  quan- 
tities B and  Vox.  Furthermore,  only  one  reversal  is  made,  the  F-directed  motion  con- 
tinuing in  the  — F direction  with  an  ever-increasing  linear  velocity,  even  though  the 
angular  velocity  remains  constant  and  equal  to 

eB 

0,  = — = 1.76  X 10“  X 5 X 10-®  = 8.80  X 10®  rad/sec 


By  using  either  the  relationship  T — 2Tr/(i}  or  Eq.  (1-38),  there  is  obtained  T — 7.14 
X 10“®  sec  for  the  period. 
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Since  t'  < T,  then  less  than  one  revolution  is  made  before  the  reversal. 

The  point  P'  in  space  at  which  the  reversal  takes  place  is  obtained  by  considering 
the  projection  of  the  path  in  the  XZ  plane  (since  the  Y coordinate  y'  is  already  known). 
Refer  to  Fig.  1-13.  The  angle  0 through 
which  the  electron  has  rotated  about  the 
Y axis  is 

e = wt'  = 8.80  X 10*  X 5.86  X 10“® 

= 5.17  rad  = 296° 

From  the  figure  it  is  clear  that 

x'  = -0.675  sin  64°  = -0.608  cm 

and 

z'  = 0.675  - 0.675  cos  64°  = 0.317  cm 

The  time  t"  that  it  takes  the  electron  to 
return  to  the  XZ  plane  is  obtained  by  setting 
y equal  to  zero.  Thus, 


t"  = 


1.03  X 10^ 
0.88  X 10*5 


= 1.17  X 10-*  sec 


Fig.  1-13.  The  projection  of  the  path 
in  the  XZ  plane  is  a circle. 


Since  t"  = 2t',  it  takes  the  electron  just 
as  long  to  travel  from  the  XZ  plane  to  the 
point  of  reversal  as  it  does  to  return  to  this  plane.  The  point  to  which  the  electron 
returns  in  the  XZ  plane  may  be  obtained  by  using  for  6 the  value  at"  = 2ut'  = 592° 
in  Fig.  1-13.  The  result  is 


-0.532  cm  and  z"  = 1.09  cm 


It  should  be  noted  that  the  electron  does  not  return  to  the  origin. 

1-14.  Perpendicular  Electric  and  Magnetic  Fields.  The  directions  of 
the  fields  are  shown  in  Fig.  1-14.  The  magnetic  field  is  directed  along  the 
— Y axis,  and  the  electric  field  is  directed  along  the  —X  axis.  The  force 

on  an  electron  due  to  the  electric  field  is  directed 
along  the  -fX  axis.  Any  force  due  to  the 
magnetic  field  is  always  normal  to  B and  hence 
lies  in  a plane  parallel  to  the  XZ  plane.  Thus 
there  is  no  component  of  force  along  the  Y 
direction,  and  the  Y component  of  acceler- 
ation is  zero.  Hence  the  motion  along  Y is 
given  by 

fy  = 0 Vy  = Voy  y = Voyt  (1-42) 

assuming  that  the  electron  starts  at  the  origin. 
If  the  initial  velocity  component  parallel  to  B is  zero,  then  the  path  lies 
entirely  in  a plane  perpendicular  to  B. 


Fig.  1-14.  Perpendicular 
electric  and  magnetic  fields. 
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It  is  desired  to  investigate  the  path  of  an  electron  starting  at  rest  at  the 
origin.  The  initial  magnetic  force  is  zero,  since  the  velocity  is  zero.  The 
electric  force  is  directed  along  the  -^X  axis,  and  the  electron  will  be 
accelerated  in  this  direction.  As  soon  as  the  electron  is  in  motion,  the 
magnetic  force  will  no  longer  be  zero.  There  will  then  be  a component 
of  this  force  which  will  be  proportional  to  the  X component  of  velocity 
and  will  be  directed  along  the  axis.  The  path  will  thus  bend  away 
from  the  +Z  direction  toward  the  +Z  direction.  Clearly,  the  electric 
and  magnetic  forces  interact  with  one  another.  In  fact,  the  analysis 
cannot  be  carried  along  further  profitably  in  this  qualitative  fashion. 
The  arguments  given  above  do,  however,  indicate  the  manner  in  which 
the  electron  starts  on  its  path.  This  path  will  be  shown  to  be  a cycloid. 

To  determine  the  path  of  the  electron  quantitatively,  the  force  equa- 
tions must  be  set  up.  The  force  due  to  the  electric  field  6 is  eS  along  the 
-fX  direction.  The  force  due  to  the  magnetic  field  is  found  as  follows: 
At  any  instant,  the  velocity  is  determined  by  the  three  components  Vx,  Vy, 
and  V,  along  the  three  coordinate  axes.  Since  B is  in  the  Y direction,  no 
force  will  be  exerted  on  the  electron  due  to  Vy.  Because  of  Vx,  the  force  is 
eVxB  in  the  -fZ  direction,  as  can  be  verified  by  the  direction  rule  of  Sec. 
1-9.  Similarly,  the  force  due  to  is  ev^B  in  the  —X  direction.  Hence 
Newton’s  law,  when  expressed  in  terms  of  the  three  components,  yields 

fx  = = e&  - ev,B  f,  = = eVxB  (1-43) 

By  writing  for  convenience 


eB 


and 


u = 


m B 

then  the  foregoing  equations  may  be  written  in  the  forn 
dvx 


dt 


= ojw 


dv^ 

It  - 


(1-44) 

(1-45) 


A straightforward  procedure  is  involved  in  the  solution  of  these  equa- 
tions. In  order  to  evaluate  the  velocity  components,  the  first  equation 
of  (1-45)  is  differentiated  and  combined  with  the  second,  viz., 


dHx  dv^  - 

dt^  ~ 


(1-46) 


The  solution  of  this  differential  equation  is 

Vx  — A cos  wt  C sin  o)t  (1-47) 

where  A and  C are  arbitrary  constants.  In  order  to  evaluate  these  con- 
stants, the  initial  conditions,  Wo®  = Wo*  = 0 whentL=  0,  are  imposed  on 
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this  equation.  Thus, 


and,  from  Eqs.  (1-45), 


Vx  = 0 


dVx 

dt 


= OJM 


when  t = 0 


From  these,  it  is  found  that 

A = 0 and  C = u (1-48) 

so  that 

Vx  = u sin  o)t 

The  first  equation  of  (1-45)  and  the  solution  for  Vx  give 

1 dVx  , 

Vi  — U — -JT  ~ U — U cos  (Jit 

60  dt 

Thus,  the  solutions  of  Eqs.  (1-45)  are 

Vx  = u sin  (tit  Vi  = u — u cos  at  (1-49) 

In  order  to  find  the  coordinates  x and  2 from  these  expressions,  each 
equation  must  be  integrated.  Thus 

X = jvxdt  = fu  sin  oot  dt 
or 


X = 


cos  (tit  D 


Since  x = 0 when  t = 0,  then 


CO 


In  a similar  way,  from  Eqs.  (1-49) 

r 7 U . . 

z = \v,dt  = ut sm  (tit 

the  constant  of  integration  being  zero  since  2 = 0 at  i = 0. 
The  complete  solution  of  this  problem  is,  therefore, 

a;  = - (1  — cos  (Jit)  z = ut  — - sin  (at 

CO  w 


If,  for  convenience. 


then 


B = (at  and  Q = - 


X = Q{1  - cos  B)  z = Q{B  - sin  B) 

where  u and  co  are  as  defined  in  Eqs.  (1-44). 


(1-50) 

(1-51) 


(1-52) 
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It  will  now  be  shown  that  these  are  the  parametric  equations  of  a com- 
mon cycloid,  defined  as  the  path  generated  by  a point  on  the  circumference 


of  a circle  of  radius  Q which  rolls  along 
a straight  line,  the  Z axis.  This  is 
illustrated  in  Fig.  1-15.  The  point  P 
whose  coordinates  are  x and  z {y  = Qi) 
represents  the  position  of  the  electron 
at  any  time.  The  dark  curve  is  the 
locus  of  the  point  P.  The  reference 
line  CC  is  drawn  through  the  center  of 
the  generating  circle  parallel  to  the  X 
axis.  Since  the  circle  rolls  on  the  Z 
axis,  then  OC  represents  the  length  of 
the  circumference  that  has  already  come 


Fig.  1-15.  The  cycloidal  path  of  an 
electron  in  perpendicular  electric  and 
magnetic  fields  when  the  initial 
velocity  is  zero. 


in  contact  with  the  Z axis.  This  length 
is  evidently  equal  to  the  arc  PC'  (and 
equals  QB) . The  angle  B gives  the  num- 
ber of  radians  through  which  the  circle 


has  rotated.  From  the  diagram,  it  readily  follows  that 


X = Q - QcosB  z QB  - Q Bin  B (1-53) 


which  are  identical  with  Eqs.  (1-52),  thus  proving  that  the  path  is 
cycloidal  as  predicted. 

The  physical  interpretation  of  the  symbols  introduced  above  merely  as 
abbreviations  is  as  follows: 

CO  represents  the  angular  velocity  of  rotation  of  the  rolling  circle. 

B represents  the  number  of  radians  through  which  the  circle  has  rotated. 

Q represents  the  radius  of  the  rolling  circle. 

Since  u = wQ,  then  u represents  the  velocity  of  translation  of  the  center  of 
the  rolling  circle. 

From  these  interpretations  and  from  Fig.  1-15  it  is  clear  that  the  maxi- 
mum displacement  of  the  electron  along  the  X axis  is  equal  to  the  diameter 
of  the  rolling  circle,  or  2Q.  Also,  the  distance  along  the  Z axis  between 
cusps  is  equal  to  the  circumference  of  the  rolling  circle,  or  27rQ.  At  each 
cusp  the  speed  of  the  electron  is  zero,  since  at  this  point  the  velocity  is 
reversing  its  direction  (see  Fig.  1-15).  This  is  also  seen  from  the  fact  that 
each  cusp  is  along  the  Z axis  and  hence  at  the  same  potential.  Therefore 
the  electron  has  gained  no  energy  from  the  electric  field,  and  its  speed 
must  again  be  zero. 

If  an  initial  velocity  exists  that  is  directed  parallel  to  the  magnetic  field, 
then  the  projection  of  the  path  on  the  XZ  plane  will  still  be  a cycloid  but 
the  particle  will  now  have  a constant  velocity  normal  to  the  plane.  This 
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might  be  called  a “ cycloidal  helical  motion.”  The  motion  is  described  by 
Eqs.  (1-52)  with  the  addition  of  Eqs.  (1-42). 

There  is  one  other  special  case  of  importance.  Suppose  that  the  elec- 
tron is  released  perpendicular  to  both  the  electric  and  magnetic  fields  so 
that  Vqx  = Voy  = 0 and  5^  0.  The  electric  force  is  eS  along  the  +X 
direction  (see  Fig.  1-14),  and  the  magnetic  force  is  evozB  along  the  —X 
direction.  If  the  net  force  on  the  electron  is  zero,  then  it  will  continue  to 
move  along  the  Z axis  with  the  constant  speed  Voz.  This  condition  is 
realized  when 

e&  = eBvoz 
or 

Voz  = ^ = u (1-54) 

from  Eqs.  (1-44). 

This  gives  another  interpretation  to  u.  It  represents  that  velocity 
with  which  an  electron  may  be  injected  into  perpendicular  electric  and 
magnetic  fields  and  suffer  no  deflection,  the  net  force  being  zero.  Note 
that  this  velocity  u is  independent  of  the  charge  or  mass  of  the  ions. 
Such  a system  of  perpendicular  fields  will  act  as  a velocity  filter  and  allow 
only  those  particles  whose  velocity  is  given  by  the  ratio  8/ B to  be  selected. 

Example.  A magnetic  field  of  0.01  weber/m^  is  applied  along  the  axis  of  a cathode- 
ray  tube.  A field  of  10^  volts/m  is  applied  to  the  deflecting  plates.  If  an  electron 
leaves  the  anode  with  a velocity  of  10®  m/sec  along  the  axis,  how  far  from  the  axis  will 
it  be  when  it  emerges  from  the  region  between  the  plates?  The  length  I of  the  deflect- 
ing plates  along  the  tube  axis  is  2.0  cm. 

Solution.  Choose  the  system  of  coordinate  axes  illustrated  in  Fig.  1-14.  Then, 

Vax  = voz  = 0 Voy  ~ 10®  m/sec 

As  shown  above,  the  projection  of  the  path  is  a cycloid  in  the  XZ  plane,  and  the  elec- 
tron travels  with  constant  velocity  along  the  Y axis.  The  electron  is  in  the  region 
between  the  plates  for  the  time 

— ~ 2 X 10~®  sec 

Voy 

Then,  from  Eqs.  (1-44)  and  (1-51),  it  is  found  that 

pE 

w = — = 1.76  X 10®  rad/sec 
m 

u = % = 10®  m/sec 
B 

Q = “ = 5.68  X 10-^  m = 0.0568  cm 

CO 

6 = oit  = (1.76  X 10®)  (2  X 10-®)  = 35.2  rad 

Since  there  are  2w  rad /revolution,  the  electron  goes  through  five  complete  cycles  and 
enters  upon  the  sixth  before  it  emerges  from  the  plates.  Thus 

35.2  rad  = lOx  + 3.8  rad 
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Since  3.8  rad  equals  218  deg,  then  Eqs.  (1-52)  yield 


X = Q{1  - cos  B)  = 0.0568(1  - cos  218°)  = 0.103  cm 
z = Q{e  - sin  B)  = 0.0568(35.2  - sin  218°)  = 2.03  cm 

so  that  the  distance  from  the  tube  axis  is 


r = y/ = 2.03  cm 


If  the  initial  velocity  component  in  the  direction  perpendicular  to  the 
magnetic  field  is  not  zero,  it  can  be  shown'*  that  the  path  is  a trochoid.^ 


This  curve  is  the  locus  of  a point  on  a 
“spoke”  of  a wheel  rolling  on  a straight 
line,  as  illustrated  in  Fig.  1-16.  If  the 
length  Q'  of  the  spoke  is  greater  than  the 
radius  Q of  the  rolling  circle,  the  trochoid 
is  called  a prolate  cycloid^  and  has  subsid- 

Angu/ar 


Rolling 


B 

%*^Magnetic 
field  [in) 


Fig.  1-16.  The  locus  of  the  point  P at  the  Fig.  1-17.  The  trochoidal  paths 

end  of  a “spoke”  of  a wheel  rolling  on  a of  electrons  in  perpendicular  elec- 

straight  line  is  a trochoid.  trie  and  magnetic  fields. 


iary  loops  (Fig.  l-17a).  If  Q'  = Q,  the  path  is  called  a common  cycloid 
and  is  illustrated  in  Fig.  1-15  or  1-176.  If  Q'  is  less  than  Q,  the  path  is 
called  a curtate  cycloid^  and  has  blunted  cusps,  as  indicated  in  Fig.  l-17c. 

1-16.  Nonuniform  Fields.  If  the  fields  are  not  constant,  it  is  still  pos- 
sible to  write  down  the  differential  equations  of  motion  but  it  is  seldom 
possible  to  obtain  an  exact  solution.  The  particular  case  in  which  the 
tube  possesses  cylindrical  symmetry  is  amenable  to  analysis.  However, 
in  most  practical  tubes  the  fields  themselves  are  seldom  known  exactly, 
but  only  the  voltages  applied  to  a certain  electrode  configuration  are  given. 
Because  of  the  importance  of  this  type  of  problem,  approximate  graphical, 
numerical,  and  experimental  methods  of  solution  have  been  devised.® 

One  direct  experimental  method  for  finding  the  path  of  an  electron  in  a 
given  two-dimensional  electrode  configuration  (without  first  finding  the 
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field)  is  called  the  ‘'rubber-model”  method.  In  this  method,  a large- 
scale  model  is  made  of  the  electrode  assembly,  the  height  of  the  various 
electrodes  being  adjusted  to  be  in  proper  proportion  to  the  negative 
potential  of  the  electrodes.  A rubber  membrane  is  pressed  down  over 
this  configuration  in  such  a way  that  it  makes  contact  with  the  top  of 
every  electrode.  The  surface  of  the  diaphragm  is  then  no  longer  flat  but 
has  an  elevation  that  is  proportional  to  the  potential  at  each  point  in 
space.  A small  ball  is  projected  onto  this  model  with  an  initial  speed 
and  direction  appropriate  to  the  original  electronic  problem,  and  the 
subsequent  path  of  the  rolling  ball  is  photographed  with  a motion-picture 
camera.  It  can  be  shown  that  the  motion  of  the  ball  rolling  on  the 
stretched  diaphragm  under  the  action  of  the  earth’s  gravitational  field 
(subject  to  certain  conditions  usually  approximated  in  practice)  is  identi- 
cal with  that  of  the  electron  in  the  original  electrode  configuration.^ 

1-16.  Electron  Optics.  Because  of  the  close  analogy  that  exists  between 
the  paths  of  charged  particles  in  electric  and  magnetic  fields  and  the  path 
of  light  rays  in  passing  through  lenses  or  through  media  of  varying  index 
of  refraction,  the  foregoing  analyses 
may  be  called  “geometrical  electron 
optics.”  To  note  this  close  analogy, « 
consider  the  regions  on  both  sides  of 
an  equipotential  surface  S,  as  shown 
in  Tig.  1-18.  Suppose  that  the  elec- 
tric potential  to  the  left  of  the  surface 
is  V~,  that  to  the  right  of  S is  F+,  and 
that  an  electron  is  moving  in  the  direc- 
tion PQ  with  a velocity  Vi.  At  the 
surface  S a force  exists  in  the  direction 
normal  to  the  equipotential.  Because 
of  this  force,  the  velocity  of  the  elec- 
tron increases  to  V2  after  it  has  passed  S.  Only  the  normal  component 
of  velocity  Vn  changes,  since  no  work  is  done  by  moving  the  particle  along 
an  equipotential.  That  is,  the  tangential  component  of  the  velocity  on 
both  sides  of  the  equipotential  remains  unchanged.  It  follows  from 
Fig.  1-18  that 

Vt  = Vi  sin  i = ih  sin  r 

where  i and  r may  be  considered  as  the  angles  of  incidence  and  refraction 
of  the  electron  ray,  respectively.  Then 

(1-55) 

sin  r 

In  geometrical  light  optics  the  ratio  of  the  velocities  of  propagation  in 
two  media  is  called  the  index  of  refraction  fi.  This  resultant  equation  is 


Fig.  1-18.  Demonstration  of  the  simi- 
larity between  “geometrical  electron 
optics”  and  “geometrical  light  optics.” 
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then  recognized  as  Snell’s  law  of  refraction,  sin  t’/sin  r = fi.  It  therefore 
follows  that  the  refraction  of  an  electronic  beam  at  an  equipotential  sur- 
face obeys  the  same  law  as  the  bending  of  a light  beam  at  a refracting 
surface.  Because  of  this,  the  electron-lens  system  and  an  optical-lens  sys- 
tem may  be  considered  to  be  roughly  analogous.  It  must  be  kept  in  mind, 
however,  that  electron  lenses  cannot  be  sharply  defined,  the  region  actu- 
ally being  one  of  continuously  varying  index  of  refraction.  Furthermore, 
the  index  of  refraction  of  the  electron  lens  can  readily  be  varied  by 
changing  the  potentials  applied  to  the  electrodes  that  constitute  the  lens. 
This  is  the  electron-lens  arrangement  for  focusing  the  electron  beam  in  a 
cathode-ray  tube  and  will  be  further  discussed  in  Sec.  2-5. 
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CHAPTER  2 


APPLICATIONS  OF  THE  MOTION  OF  PARTICLES 
IN  APPLIED  FIELDS 


T HIS  chapter  will  present  a discussion  of  a number  of  the  more  important 
electronic  devices  that  depend  for  their  operation  on  the  theory  developed 
in  the  preceding  chapter. 

2-1.  Electrostatic  Deflection  in  Cathode-ray  Tubes.  The  essentials  of 
a cathode-ray  tube  for  electrostatic  deflection  are  illustrated  in  Fig.  2-1. 
A more  detailed  discussion  of  the  elements  of  the  tube  will  follow  later. 


Fig.  2-1.  Electrostatic  deflection  in  a cathode-ray  tube. 

It  will  be  assumed  that  a constant  voltage  Ed  is  applied  between  the 
deflecting  plates  as  shown.  The  initial  velocity  of  the  electrons  results 
from  the  application  of  an  accelerating  potential  Ea.  The  magnitude  of 
this  velocity  is  given  by  Eq.  (1-12),  viz., 


Vox  = 


m/sec 


(2-1) 


on  the  assumption  that  the  initial  velocities  of  emission  of  the  electrons 
from  the  cathode  are  negligible. 

Since  no  field  is  supposed  to  exist  in  the  region  from  the  anode  to  the 
point  0,  the  electrons  will  move  with  a constant  velocity  Vox  in  a straight- 
line  path.  In  the  region  between  the  plates  the  electrons  will  move  in 
the  parabolic  path  given  by  ^ = ^{ay/vox^)x^  according  to  Eq.  (1-20). 
The  path  is  a straight  line  from  the  point  of  emergence  M at  the  edge 
of  the  plates  to  the  point  P'  on  the  screen,  since  this  region  is  field-free. 

The  straight-line  path  in  the  region  from  the  deflecting  plates  to  the 
screen  is,  of  course,  tangent  to  the  parabola  at  the  point  M.  The  slope 
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of  the  line  at  this  point,  and  so  at  every  point  between  M and  P',  is  [from 
Eq.  (1-20)] 


tan  d = ^ 
ax 


Jx  = Z 


ayl 


From  the  geometry  of  the  figure,  the  equation  of  the  straight  line  MP'  is 
found  to  be 


y = 


( _ A 
•>0.’  V V 


(2-2) 


since  x = I and  y — ^ayPIvoJ'  at  the  point  M. 

When  y = 0,  x = 1/2,  which  indicates  that  when  the  straight  line  MP' 
is  extended  backward  it  will  intersect  the  tube  axis  at  the  point  O',  the 
center  point  of  the  plates.  This  result  means  that  O'  is,  in  effect,  a virtual 
cathode,  and,  regardless  of  the  applied  potentials  Ea  and  Ed,  the  electrons 
appear  to  emerge  from  this  “cathode”  and  move  in  a straight  line  to  the 
point  P'. 

At  the  point  P',  y = D,  and  x = L Equation  (2-2)  reduces  to 


aylL 


By  inserting  the  known  values  of  (=  eEa/dm)  and  Vqx,  this  becomes 


^ _ ILEd 

MEa 


(2-3) 


This  result  shows  that  the  deflection  on  the  screen  of  a cathode-ray  tube 
is  directly  proportional  to  the  deflecting  voltage  Ed  applied  between  the 
plates.  Consequently,  a cathode-ray  tube  may  be  used  as  a linear- 
voltage  indicating  device. 

The  electrostatic-deflection  sensitivity  of  a cathode-ray  tube  is  defined  as 
the  deflection  (in  meters)  on  the  screen  per  volt  of  deflecting  voltage. 
Thus 

(2-4) 

The  deflection  factor  of  the  tube  is,  by  definition,  the  reciprocal  of  the 
sensitivity  and  is,  therefore, 

(t  = ^ volts/m  (2-5) 


This  expression  gives  a measure  of  the  potential  that  must  be  applied  to 
the  deflecting  plates  in  order  to  give  unit  deflection  on  the  screen. 

An  inspection  of  Eq.  (2-4)  shows  that  the  sensitivity  is  independent  of 
both  the  deflecting  voltage  Ed  and  the  ratio  e/m.  Furthermore,  the  sensi- 
tivity varies  inversely  with  the  accelerating  potential  Ea. 
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The  idealization  made  in  connection  with  the  foregoing  development, 
viz.^  that  the  electric  field  between  the  deflecting  plates  is  uniform  and 
does  not  extend  beyond  the  edges  of  the  plates,  is  never  met  in  practice. 
Consequently,  the  effect  of  fringing  of  the  electric  field  may  be  enough  to 
necessitate  corrections  amounting  to  as  much  as  40  per  cent^  in  the  results 
obtained  from  an  application  of  Eqs.  (2-4)  and  (2-5) . 

Typical  values  of  deflection  factors  range  from  approximately  25  to 
250  volts/in.,  corresponding  to  sensitivities  of  1.0  to  0.1  mm/volt. 

2-2.  Experimental  Determination  of  Sensitivity.  The  simplest  proce- 
dure for  determining  the  sensitivity  of  a cathode-ray  tube  experimentally 
is  to  apply  an  a-c  (60-cycle)  voltage  to  the  deflecting  plates.  As  far  as  an 
individual  electron  is  concerned,  this  is  equivalent  to  a constant  potential 
since,  during  the  time  interval  in  which  it  is  in  the  region  between  the 
plates,  the  potential  remains  substantially  constant.  To  verify  this,  one 
need  only  recall  that,  if  the  electron  were  accelerated  even  by  an  anode 
potential  of  only  100  volts,  its  speed  would  be  5.93  X 10®  m/sec.  The 
length  of  time  it  would  be  in  the  region  between  plates  1 cm  long  would  be 
Ijv  = 0.01/(5.93  X 10®),  or  less  than  10“®  sec.  Certainly  the  60-cycle 
voltage  may  be  considered  to  remain  unchanged  for  such  a short  time 
interval. 

This  analysis  furnishes  the  justification  for  determining  the  electrostatic 
sensitivity  by  means  of  an  alternating  instead  of  a static  field  between  the 
plates.  It  must  be  noted  that  the  expression  for  the  deflection  sensitivity 
must  be  modified  when  the  time  of  passage  of  an  electron  between  the 
plates  is  comparable  with  the  period  of  the  a-c  deflecting  voltage.  How- 
ever, since  the  time  of  passage  of  the  electron  between  the  plates  is  of  the 
order  of  10“®  sec,  the  deflection  sensitivity  is  independent  of  frequency 
for  frequencies  less  than  about  10  megacycles/ sec. 

What  will  be  seen  on  the  screen  when  the  deflecting  voltage  is  sinus- 
oidal? Since  each  succeeding  electron  in  the  cathode-ray  stream  arrives 
between  the  plates  at  a different  phase  of  the  applied  voltage,  then  the 
deflecting  voltage  will  be  different  in  magnitude  for  the  different  elec- 
trons. This  circumstance  results  in  different  deflections  so  that  the  elec- 
trons, instead  of  striking  one  spot  on  the  screen,  will  be  spread  out,  the 
image  on  the  screen  being  a line.  The  eye  cannot,  of  course,  detect  the 
individual  rain  of  electrons  on  the  screen  but  owing  to  the  persistence  of 
vision  sees  only  the  integrated  result,  a line.  Since  the  applied  a-c  poten- 
tial reverses  twice  each  cycle,  the  electron  beam  will  be  deflected  upward 
during  one  half  period  and  downward  during  the  other  half  period.  The 
total  length  of  the  line  will  correspond  to  that  resulting  from  the  appli- 
cation of  a d-c  voltage  equal  to  2E„,  where  Em  is  the  maximum  value  of 
the  applied  a-c  potential. 

It  is  a very  simple  matter  to  measure  the  length  of  the  resulting  line 
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with  a transparent  scale,  particularly  since  the  end  points  appear  brighter 
than  the  rest  of  the  line.  The  bright  end  points  result  from  the  fact  that 
more  electrons  are  deflected  toward  these  points  than  to  any  other  point 
in  the  line  because  the  voltage  is  in  the  neighborhood  of  its  maximum 
or  its  minimum  value  for  a large  portion  of  its  period. 

If  the  applied  deflecting  potential  is  not  a pure  sinusoidal  wave  but  con- 
tains harmonics,  the  resulting  line  on  the  screen  will  possess,  in  accordance 
with  the  foregoing  discussion,  gradations  in  intensity.  The  brightest  por- 
tions of  the  line  will  correspond  to  regions  where  the 
magnitude  of  the  applied  potential  wave  is  changing 
least  with  respect  to  the  time,  and  more  electrons 
are  acted  upon  by  this  field  strength  than  by  any 
other. 


Fig.  2-2.  Inclined  If  the  deflecting  voltage  is  large  enough,  it  is  possi- 
ray^tube  ^ ble  for  the  electrons  to  strike  the  deflecting  plates 

and  so  never  reach  the  screen.  In  order  to  avoid 
this  difficulty  and  thus  allow  for  larger  deflections  on  the  screen,  the 
plates  of  the  deflecting  system  are  often  bent  with  respect  to  one  another, 
as  illustrated  in  Fig.  2-2. 

It  is  found  that  the  electron  beam  is  defocused  as  it  is  deflected.  This 
effect  can  be  minimized  by  properly  shaping  the  deflection  plates.  For 
the  most  uniform  focusing  the  plates  are  bent  in  a parabolic  form  approxi- 
mating the  path  which  the  electron  beam  follows. 

2-3.  The  Intensifier  Tube.  It  is  shown  in  Sec.  2-1  that  the  sensitivity 
varies  inversely  with  the  accelerating  potential  Ea.  Consequently, 
greater  sensitivity  prevails  for  smaller  values  of  Ea.  However,  smaller 
values  of  Ea  cause  a decrease  of  the  luminosity  of  the  spot  on  the  screen, 
since  the  luminosity  depends  upon  the  energy  carried  by  the  beam  of 
electrons  (Sec.  2-8).  It  is  therefore  necessary  to  reach  a compromise 
between  luminosity  and  sensitivity  in  the  design  of  a cathode-ray  tube. 

It  is,  however,  possible  to  obtain  high  sensitivity  and  at  the  same  time 
high  luminosity  by  the  use  of  an  additional  electrode  called  the  intensifier,'^ 
postaccelerating  electrode,  or  third 
anode  which  is  placed  close  to  the 
screen.  The  general  appearance  of 
such  a tube  is  shown  in  Fig.  2-3. 

This  extra  electrode  I is  usually  in 
the  form  of  a conducting  ring  on 
the  inner  surface  of  the  glass  near 
the  screen.  It  serves  to  give  the 
electrons  an  added  acceleration  to- 
ward the  screen  subsequent  to  their  deflection  by  the  deflecting 
plates.  Thus  the  sensitivity  is  increased  through  the  use  of  a lower 


Screen 


Fig.  2-3.  A cathode-ray  tube  provided 
with  a postacclerating  electrode. 
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accelerating  potential  Eai  prior  to  the  deflection  of  the  beam,  and  the 
intensity  of  the  spot  on  the  screen  is  increased  through  the  use  of  the 
intensifier  voltage  Eai,  which  speeds  up  the  electrons  subsequent  to  the 
deflection.  As  usually  operated,  the  potential  between  the  intensifier 
electrode  and  the  accelerating  anode  is  approximately  equal  to  that 
between  the  anode  and  the  cathode.  This  provides  full  brilliance  with 
a sensitivity  approximately  twice  that  of  a tube  not  provided  with  the 
intensifier  electrode.  In  order  to  avoid  a loss  in  sensitivity  resulting  from 
an  axial  acceleration  in  the  region  of  the  deflecting  plates  caused  by  the 
field  of  the  intensifier  electrode,  the  anode  is  connected  to  a conducting 
ring  R painted  on  the  inner  surface  of  the  glass  beyond  the  deflecting 


Second  anode 
connection 


Three  intensifier  bands 


Fig.  2-4.  Type  5RP  multiband  intensifier  tube.  {Courtesy  of  A.  B.  Du  Mont  Labora- 
tories, Inc.) 


plates  (Fig.  2-3).  This  ring  may  take  the  form  of  an  aquadag  coating 
extending  over  quite  a region  on  both  sides  of  the  deflecting  plates.  This 
ring  renders  the  deflecting  plate  space  free  from  an  axial  component  of 
force.  Such  an  axial  force  would,  of  course,  shorten  the  time  the  elec- 
tron would  be  under  the  influence  of  the  deflecting  voltage  and  would 
give  a decreased  deflection. 

If  the  ratio  of  intensifier  to  anode  potential  is  much  greater  than  2:1, 
then  it  is  found  that  distortions  are  introduced.®  These  are  due  in  a 
large  measure  to  the  nonaxial  components  of  electric  field  caused  by  the 
intensifier.  The  distortions  are  minimized  by  changing  the  shape  of  the 
envelope  from  a tapered  to  a cylindrical  form  and  by  applying  the  intensi- 
fier voltage  in  several  equal  steps.  Figure  2-4  shows  such  a tube  oper- 
ating satisfactorily  at  an  intensifier-to-anode  voltage  of  10:1.  The  elec- 
trons are  accelerated  through  a potential  of  20  kv  before  striking  the 
screen  and  yet  the  sensitivity  is  as  high  as  0.15  mm/ volt.  This  tube 


34  VACUUM-TUBE  AND  SEMICONDUCTOR  ELECTRONICS 


has  sufficient  intensity  to  allow  photographing  of  very  rapid  transients, 
writing  speeds  (Sec.  2-8)  as  high  as  400  in./;Ltsec  having  been  recorded. 
Before  the  advent  of  the  intensifier-type  tube  this  could  be  done  only  with 
a demountable-type  tube  in  which  the  photographic  plate  was  placed 
inside  of  the  tube  envelope  so  that  the  electron  beam  exposed  it  directly.^ 
This  required  that  the  system  be  connected  continually  to  vacuum  pumps, 
a distinct  disadvantage  over  the  sealed-off  intensifier-type  tube. 

A second  application  of  the  intensifier  tube  is  as  a projection  oscillo- 
graph. 

The  A.  B.  Du  Mont  Laboratories,  Inc.,  has  developed  a postacceler- 
ating  tube  in  which  the  gap-type  intensifier  rings  of  Fig.  2-4  are  replaced 
by  a continuous  band  in  the  form  of  a spiral.  This  spiral  intensifier 
gradually  raises  the  potential  from  the  second  anode  to  the  final  post- 
accelerating  voltage  at  the  screen.  The  over-all  result  is  less  distortion, 
less  defocusing  of  the  spot  at  the  limits  of  deflection,  and  a more  uniform 
distribution  of  the  secondary  electrons  that  bombard  the  screen. 

By  improving  production  techniques,  the  A.  B.  Du  Mont  Laboratories, 
Inc.,  has  found  it  possible  to  maintain  much  closer  tolerances  in  a cathode- 
ray-tube  assembly.  By  decreasing  the  deflection-plate  spacing,  increas- 
ing the  length  of  the  plates,  and  increasing  the  beam  current  it  is  possible 
to  obtain  the  same  sensitivity  and  intensity  as  with  a postaccelerating 
tube.  Such  a mono-accelerator^  tube  operates  at  a much  lower  voltage 
than  the  intensifier  tube  but  has  none  of  the  disadvantages  of  the  latter 
type. 


2-4.  Magnetic  Deflection  in  Cathode-ray  Tubes.  The  illustrative 
example  in  Sec.  1-11  immediately  suggests  that  a cathode-ray  tube  may 

employ  a magnetic  as  well  as  an  elec- 
tric field  in  order  to  accomplish  the 
deflection  of  the  electron  beam. 
However,  as  it  is  not  feasible  to  use 
a field  extending  over  the  entire 
length  of  the  tube,  a short  coil  fur- 
nishing a transverse  field  in  a limited 
region  is  employed,  as  shown  in  Fig. 
2-5.  The  magnetic  field  is  taken  as 
pointing  out  of  the  paper,  and  the 
beam  is  deflected  upward.  It  is  as- 
sumed that  the  magnetic-field  intensity  B is  uniform  in  the  restricted 
region  shown  and  is  zero  outside  of  this  area.  Hence,  the  electron  moves 
in  a straight  line  from  the  cathode  to  the  boundary  0 of  the  magnetic 
field.  In  the  region  of  the  uniform  magnetic  field  the  electron  experiences 
a force  of  magnitude  evB,  where  v is  the  speed. 


Fig.  2-5.  Magnetic 
cathode-ray  tube. 


deflection  in  a 
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The  path  OM  will  be  the  arc  of  a circle  whose  center  is  at  Q.  The 
speed  of  the  particles  will  remain  constant  and  equal  to 


V = Vox  = 


m/sec 


(2-6) 


The  angle  cp  is,  by  definition  of  radian  measure,  equal  to  the  length  of  the 
arc  OM  divided  by  R,  the  radius  of  the  circle,  or  approximately 


where,  by  Eq.  (1-35), 


m 


(2-7) 

(2-8) 


In  most  practical  cases,  L is  very  much  larger  than  Z,  so  that  little  error 
will  be  made  in  assuming  that  the  straight  line  MP',  if  projected  back- 
ward, will  pass  through  the  center  0'  of  the  region  of  the  magnetic  field. 
Then 

D^Ltsin<p  (2-9) 

These  assumed  conditions  presuppose  that  the  angle  (p  is  a small  quantity, 
thereby  permitting  the  approximation  tan  (p  = (p.  By  Eqs.  (2-6),  (2-7), 
and  (2-8),  Eq.  (2-9)  now  becomes 

^ , IL  ILeB  /“T 

® “ K “ isr  v®; 

The  deflection  per  unit  magnetic-field  intensity,  D/B,  given  by 

I = ^ m/(weber/m*)  (2-10) 

is  called  the  magnetic-deflection  sensitivity  of  the  tube.  It  is  observed  that 
this  quantity  is  independent  of  B.  This  condition  is  analogous  to  the 
electric  case  for  which  the  electrostatic  sensitivity  is  independent  of  the 
deflecting  potential.  However,  in  the  electric  case  the  sensitivity  varies 
inversely  with  the  anode  voltage,  whereas  it  here  varies  inversely  with  the 
square  root  of  the  anode  voltage.  Another  important  difference  is  in  the 
appearance  of  e/m  in  the  expression  for  the  magnetic  sensitivity,  whereas 
this  ratio  did  not  enter  into  the  final  expression  for  the  electric  case. 
Because  the  sensitivity  increases  with  L,  the  deflecting  coils  are  placed  as 
far  down  the  neck  of  the  tube  as  possible,  usually  directly  after  the  acceler- 
ating anode. 

2-6.  Focusing  the  Beam.  The  essentials  of  a high-vacuum  tube  are 
illustrated  in  Fig.  2-6.  (The  pressure  is  about  IQ-®  mm  Hg.)  The  elec- 
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irons  are  emitted  from  the  indirectly  heated  oxide-coated  cathode  K,  the 
filament  power  being  supplied  to  the  heater  H.  The  heater  is  generally 
noninductively  wound.  The  intensity  of  the  beam  is  controlled  by  vary- 
ing the  negative  bias  on  the  grid  G,  which  is  usually  a nickel  cylinder  pro- 
vided with  a small,  centrally  located  hole  coaxial  with  the  tube  axis. 

Because  of  the  mutual  repulsion  of  the  electrons  a method  for  focusing 
the  beam  into  a small  spot  must  be  provided.  The  electrostatic  method 
of  doing  this  is  indicated  in  Fig.  2-6.  The  electrode  A 3 is  a metal  cylinder 
that  contains  several  baffles  in  order  to  collimate  the  beam  and  accelerate 
it  to  its  final  velocity.  The  electrodes  A\  and  are  cylinders  coaxial 
with  A 3.  The  cylinder  A 2 is  electrically  connected  to  A 3,  but  ^ 1 is  at  a 
lower  voltage.  Focusing  of  the  electron  beam  is  accomplished  by  varying 
the  potential  between  A 1 and  A 2,  thereby  changing  the  index  of  refraction 


Fig.  2-6.  The  elements  of  a high-vacuum  cathode-ray  tube.  {Courtesy  of  A.  B. 
Du  Mont  Laboratories,  Inc.) 

of  the  electron  rays  (Sec.  1-16).  Because  of  this,  i4i  is  referred  to  as 
the  “focusing  electrode”  or  the  “first  anode,”  A^  is  called  the  “second 
anode,”  and  Az  is  known  as  the  “preaccelerating  electrode.”  The  com- 
bination of  H,  K,  G,  Ai,  A 2,  and  d^3  is  called  an  “electron  gun,”®  an 
appropriate  name  because  of  the  analogy  with  ordinary  ballistics.  A 
complete  picture  of  an  electrostatic  cathode-ray  tube  is  given  in  Fig.  2-7. 
The  lens  action  of  the  electron  gun  on  the  electron  beam  is  clearly  indi- 
cated in  the  diagram.  Many  cathode-ray  tubes  are  manufactured  with  a 
flat  rather  than  a curved  face. 

In  addition  to  the  electrostatic  method  of  focusing,  just  described,  it  is 
possible  to  focus  the  beam  magnetically.  The  method  of  Sec.  1-12 
employing  a longitudinal  magnetic  field  over  the  entire  length  of  the  tube 
is  not  too  practical.  Hence,  a short  coil  is  placed  over  the  neck  of  the 
tube.  One  type  of  coil  and  the  corresponding  magnetic  lines  are  shown  in 
Fig.  2-8.  There  are  two  components  of  force  on  the  electron,  one  due  to 
the  axial  component  of  velocity  and  the  radial  component  of  field  and  the 
second  due  to  the  radial  component  of  the  velocity  and  the  axial  compo- 
nent of  field.  Because  the  axial  component  of  velocity  is  so  much  greater 
than  the  transverse  component,  then,  to  a good  approximation,  only  the 
former  force  need  be  taken  into  account.  The  analysis  is  complicated,^ 
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but  it  can  be  seen  qualitatively  that  the  motion  will  be  a rotation  about 
the  axis  of  the  tube  and,  if  conditions  are  correct,  the  electron  on  leaving 
the  region  of  the  coil  may  be  turned  sufficiently  so  as  to  move  in  a line 

toward  the  center  of  the  screen.  A 
rough  adjustment  of  the  focus  is  ob- 
tained  by  positioning  the  coil  prop- 
erly along  the  neck  of  the  tube.  The 
fine  adjustment  of  focus  is  made  by 
controlling  the  coil  current. 

'^Tube  neck  A picture  of  a tube  with  magnetic 
deflection  and  focus  is  shown  in 
Fig.  2-8.  Magnetic-focusing  coil.  Fig.  2-9.  For  television  the  tube 

face  is  usually  rectangular  in  shape. 
Note  that  the  preaccelerating  electrode  and  the  focusing  electrode  of  the 
electrostatic  tube  are  missing  and  instead  an  electrode  called  the  “ screen 
grid”  is  used.  This  is  held  at  a fixed  positive  voltage,  usually  250  volts. 


1.  Base 

2.  Control  electrode  (Grid  No.  1)  (Gi) 

3.  Screen  grid  (Grid  No.  2)  (G2) 

4.  Accelerating  electrode  (anode)  (A) 

5.  Focusing  coil 

6.  Deflection  yoke 


7.  Anode  conductive  coating 

8.  Anode  terminal 

9.  Fluorescent  screen 

10.  Ceramic  gun  support 

11.  Mount  support  spider 

12.  Getter 

{Courtesy 


Fig.  2-9.  Typical  cathode-ray  tube  with  magnetic  focusing  and  deflection. 
of  A.  B.  Du  Mont  Laboratories,  Inc.) 


with  respect  to  the  cathode  and  allows  the  tube  to  be  operated  over  a 
wide  range  of  accelerating  voltages  without  appreciably  changing  the 
control-grid  characteristics  of  the  tube. 
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2-6.  Charges  in  a Cathode-ray  Tube.  There  is  the  likelihood  of  the 
accumulation  of  electrons  on  the  surface  of  the  glass  in  a cathode-ray  tube. 
If  these  charges  are  not  symmetrically  distributed,  they  may  cause  spuri- 
ous deflections  of  the  electron  beam.  In  order  to  assist  in  the  removal  of 
undesirable  stray  charges,  the  inside  surface  of  the  glass  envelope  of  most 
tubes  is  given  a coating  of  a conducting  material,  which  is  then  electrically 
connected  to  the  second  anode  (Figs.  2-7  and  2-9).  Usually  an  aqueous 
solution  of  graphite,  known  as  aquadag  or  dixonac,  is  used.  In  some  mag- 
netic tubes  the  anode  is  dispensed  with  entirely,  the  conducting  coating 
on  the  glass  walls  being  used  as  the  final  accelerating  electrode. 

Since  both  the  screen  material  and  the  uncoated  portion  of  the  glass 
envelope  are  good  electrical  insulators,  what  happens  when  the  electron 
beam  strikes  the  screen?  The  answer  is  found  in  the  secondary-emission 
properties  (Sec.  3-13)  of  the  screen  material  and  the  glass  on  which  it  is 
deposited.  For  the  materials  usually  employed,  between  one  and  two 
secondary  electrons  are  emitted  for  each  incident  electron.  However,  in 
the  equilibrium  state  as  many  electrons  must  leave  the  screen  as  reach  it. 
Experimentally,  it  is  found  that  for  low  beam  current  densities  the  screen 
acquires  a potential  of  1 or  2 volts  positive  with  respect  to  the  second 
anode.  Thus,  although  more  secondary  electrons  are  emitted  than  the 
number  contained  in  the  primary  beam,  not  all  of  these  can  surmount 
the  retarding  field  between  the  screen  and  the  second  anode  and  some 
will  return  to  the  screen.  Thus,  the  equilibrium  condition  of  zero  net 
current  to  the  screen  is  attained. 

If  the  current  density  in  the  beam  is  high,  then  the  screen  potential  is 
found®  to  be  at  a few  volts  below  the  anode  potential.  However,  the 
secondary  electrons  are  still  subjected  to  a retarding  field  because  under 
this  condition  there  exists  a potential  minimum  due  to  the  space  charge  in 
the  beam  (Sec.  4-3) . 

In  addition  to  electrons,  many  types  of  negative  ions  (oxygen,  carbon, 
chlorine,  etc.)  have  been  discovered®  in  the  cathode-ray  tube.  The  chief 
source  of  these  ions  is  the  oxide-coated  cathode.  In  Sec.  2-4  it  is  shown 
that  the  deflection  due  to  a magnetic  field  varies  as  (e/w)i,  where  w is  the 
mass  of  the  particle.  Since  these  ions  are  thousands  of  times  heavier  than 
the  electron,  they  are  deflected  very  little  and  hence  they  continually 
strike  a small  area  at  the  center  of  the  screen.  This  soon  results  in  the 
appearance  of  a dark  stain  or  blemish.  This  “ion  burn”  is  found  princi- 
pally in  tubes  with  electrostatic  focusing  and  magnetic  deflection.  If 
magnetic  focusing  is  used,  then  the  coil  current  for  proper  focusing 
depends  upon  the  mass  of  the  particle.  If  the  electron  beam  is  focused, 
then  the  ions  are  not  in  focus  and  they  spread  out  over  a considerable 
portion  of  the  screen.  Hence,  the  concentration  is  usually  not  great 
enough  to  cause  a severe  ion  burn. 
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It  is  shown  in  Sec.  2-1  that  the  electrostatic  deflection  of  a particle  is 
independent  of  e/m.  Hence,  in  a tube  with  electrostatic  focusing  and 
electrostatic  deflection  the  ions  travel  with  the  electrons.  The  ions  are 
not  concentrated  at  the  center  of  the  screen  and  do  not  produce  an  ion 
burn. 

In  order  to  avoid  this  ion  difficulty,  several  forms  of  “ion  trap”  have 
been  invented. The  simplest  of  these  uses  an  electron  gun  inclined  at 
an  angle  of  about  30  deg  with  respect  to  the  tube  axis.  A magnetic  field 
transverse  to  the  gun  bends  the  electrons  back  to  the  axis  but  (because  of 
their  much  greater  mass)  has  very  little  effect  on  the  ions  so  that  they 
strike  the  ion  trap  and  do  not  get  to  the  screen. 

In  some  tubes  a thin  aluminum  film^^  is  deposited  over  the  screen  after 
the  fluorescent  material  has  been  put  on  the  glass.  It  is  found  that  a 
film  of  the  proper  thickness  is  nearly  opaque  to  ions  and  hence  an  ion 
trap  may  not  be  needed.  At  the  velocities  encountered  in  television  tubes 
the  electrons,  on  the  other  hand,  can  pass  through  the  thin  metal  foil 
with  little  loss  in  energy.  Furthermore,  the  aluminum  backing  acts  as  a 
mirror  and  reflects  the  light  from  the  bombarded  side  of  the  screen  which 
would  otherwise  travel  toward  the  rear  of  the  tube.  Hence,  an  alumi- 
nized screen  can  give  an  improvement  in  brightness  (by  a factor  of  about 
2 for  an  anode  voltage  of  12  kv)  over  that  of  a nonaluminized  screen. 
Also,  the  foil  is  connected  to  the  second  anode  and  hence  serves  as  a 
return  path  for  the  electrons  striking  the  screen  (independent  of  the 
secondary-emission  properties  of  the  screen). 

2-7.  Sweep  Action  in  a Cathode-ray  Tube.  An  electrostatic  tube  has 
two  sets  of  deflecting  plates  which  are  at  right  angles  to  each  other  in 
space  (as  indicated  in  Figs.  2-6  and  2-7).  These  plates  are  referred  to  as 
the  vertical  and  horizontal  plates  because  the  tube  is  oriented  in  space  so 


that  the  potentials  applied  to  these  plates 
result  in  vertical  and  horizontal  deflec- 
tions, respectively.  The  reason  for 
having  two  sets  of  plates  will  now  be 
discussed. 

Suppose  that  the  saw-tooth  wave  form 
of  Fig.  2-10  is  impressed  across  the  hori- 
zontal plates.  Since  this  voltage  is  used 
to  sweep  the  electron  beam  across  the 
screen,  it  is  called  a sweep  voltage.  The  electrons  are  deflected  linearly 
with  time  in  the  horizontal  direction  for  a time  T.  Then  the  beam 
returns  to  its  starting  point  on  the  screen  very  quickly  as  the  saw-tooth 
voltage  rapidly  falls  to  its  initial  value  at  the  end  of  each  period. 

If  a sinusoidal  voltage  is  impressed  across  the  vertical  plates  when, 
simultaneously,  the  sweep  voltage  is  impressed  across  the  horizontal 


Voltage 


cathode-ray  tube. 
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plates,  the  sinusoidal  voltage,  which  of  itself  gives  rise  to  a vertical  line, 
will  now  be  spread  out  and  will  appear  as  a sinusoidal  trace  on  the  screen. 
The  pattern  will  appear  stationary  only  if  the  time  T is  equal  to  or  is  some 
multiple  of  the  time  for  one  cycle  of  the  wave  on  the  vertical  plates.  It  is 
then  necessary  that  the  frequency  of  the  sweep  circuit  be  adjusted  to 
synchronize  with  the  frequency  of  the  applied  wave. 

Actually,  of  course,  the  voltage  impressed  on  the  vertical  plates  may 
have  any  wave  form.  Consequently,  a system  of  this  type  provides  an 
almost  inertialess  oscilloscope  for  viewing  arbitrary  wave  shapes.  This  is 
one  of  the  most  common  uses  for  cathode-ray  tubes.  If  a nonrepeating 
sweep  voltage  is  applied  to  the  horizontal  plates,  it  is  possible  to  study 
transients  on  the  screen.  This  requires  a system  for  synchronizing  the 
sweep  with  the  start  of  the  transient. 

A magnetic  tube  has  two  coils  oriented  at  right  angles  to  perform  the 
same  functions  as  the  two  sets  of  plates  in  an  electrostatic  tube. 

2-8.  Screens  for  Cathode-ray  Tubes. Luminescence  is  the  produc- 
tion of  light  by  means  other  than  heating  (for  example,  by  the  bom- 
bardment of  a screen  by  electrons).  Fluorescence  is  luminescence  during 
excitation,  and  phosphorescence  is  luminescence  after  the  excitation  has 
stopped  (when  the  electron  beam  has  been  turned  off).  The  phosphores- 
cence, or  persistence,  of  a screen  material  may  be  classified  generally  as 
short  (microseconds),  medium  (milliseconds),  or  long  (seconds). 

Standard  cathode-ray  tubes  are  classified  with  a phosphor  code  desig- 
nation such  as  PI,  P2,  etc.  The  characteristics  of  some  of  the  most 
important  phosphors  are  summarized  in  Table  2-1. 


TABLE  2-1 

STANDARD  RETMA  PHOSPHORS 


Designation 

Fluorescent 

Phosphorescent 

Persistence 

Applications 

PI 

Green 

Green 

Medium 

General-purpose  oscil- 
lographs 

P2 

Blue-green 

Green 

liOng 

General  purpose 

P4 

White 

Yellow 

Medium 

Television  picture  tube 

P7 

Blue-white 

Yellow 

One  short, 
one  long 

Radar  and  low-speed 
transients 

Pll 

Blue 

Blue 

Short 

Photographing  high- 
speed transients 

P16 

Violet  and  near 
ultraviolet 

Violet  and  near 
ultraviolet 

liJxtremely 

short 

Flying  spot  scanner 

The  luminous-output  characteristics  of  the  screen  will  depend  upon  a 
number  of  factors,  such  as  the  beam  current,  the  accelerating  voltage  (the 
product  of  these  two  gives  the  beam  power  ),  the  size  of  the  spot,  the  chem- 
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ical  and  physical  make-up  of  the  screen,  the  side  from  which  the  screen  is 
viewed,  and  the  length  of  time  a given  area  on  the  screen  is  bombarded 
by  the  electrons.  In  a given  cathode-ray  tube  the  luminescence  can  be 
altered  by  varying  the  energy  with  which  the  impinging  electrons  bom- 
bard a given  spot  on  the  screen  or  by  controlling  the  number  of  electrons 
that  get  to  the  given  area  in  a given  time,  i.e.,  the  electron  current.  To 
increase  the  energy  of  the  impinging  electrons,  one  must  increase  the 
accelerating  potential.  The  beam  current  is  most  easily  varied  by  means 
of  variations  of  the  grid-to-cathode  potential. 

Strictly  speaking,  this  discussion  applies  to  a stationary  beam.  If  a 
pattern  exists  on  the  screen,  local  variations  in  intensity  may  result  from 
variations  in  the  rate  of  arrival  of  the  electrons  at  various  points  on  the 
screen.  This  rate  is  controlled  by  the  wave  shape  of  the  potential  applied 
to  the  deflecting  plates.  It  is  because  of  this  that  one  talks  about  a 


Fig.  2-11.  Connections  for  a typical  electrostatic  high-vacuum  cathode-ray  tube. 

“writing”  or  “tracing”  speed.  If  the  writing  rate  is  too  great  over  a 
portion  of  a curve,  this  part  may  not  be  at  all  visible  on  the  screen.  For 
example,  with  a well-designed  sweep  circuit,  the  rapid  vertical  fall  at 
the  end  of  each  period  should  not  be  visible  (Fig.  2-10). 

2-9.  Cathode-ray-tube  Connections.  The  connections  for  a typical 
electrostatic  cathode-ray  tube  are  shown  in  Fig.  2-11.  The  d-c  supply  for 
the  accelerating  and  focusing  system  is  obtained  from  a thermionic-tube 
rectifier.  The  resistors  Ri,  R2,  and  R3  represent  a voltage  divider  pro- 
viding the  correct  voltages  for  operation.  Focusing  of  the  beam  is  accom- 
plished by  adjusting  the  ratio  between  the  voltages  on  anodes  2 and  1. 
The  magnitude  of  the  voltage  on  the  first  focusing  electrode  is  usually 
about  one-fourth  to  one-fifth  that  of  the  accelerating  anode  A 2.  By  vary- 
ing the  voltage  on  anode  2,  regulation  of  the  spot  size  and  intensity  may 
be  accomplished.  If  the  voltage  of  anode  2 is  increased,  the  electron 
speed  is  increased,  thereby  decreasing  the  spot  size  and  increasing  the 
intensity.  The  current,  or  number  of  electrons  per  second,  to  anode  2 
may  be  increased  by  decreasing  the  bias  voltage  applied  to  the  control 
grid.  Thus,  in  an  oscilloscope  operating  at  a fixed  accelerating  voltage 
the  intensity  of  the  beam  is  controlled  by  adjusting  the  grid  voltage. 
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It  is  noted  that  in  Fig.  2-11  the  final  anode  and  one  plate  of  each  set  are 
grounded.  This  means  that  the  cathode  is  below  ground  by  an  amount 
equal  to  the  accelerating  voltage.  The  chief  reason  for  this  arrangement 
is  that  the  wave  form  to  be  observed  is  applied  to  the  plates.  Hence,  to 
protect  the  operator  from  high-voltage  shock  when  making  this  connec- 
tion, the  plates  should  be  near  ground  potential.  Also,  the  deflecting 
voltages  are  measured  with  respect  to  ground  and  hence  high-voltage 
blocking  capacitors  and  additional  shunt  capacitances  with  respect  to 
ground  are  avoided  by  this  connection. 

In  applications,  such  as  television  or  radar,  where  the  signal  is  used  to 
control  the  intensity  of  the  picture  the  operator  must  have  access  to  the 
cathode-grid  region  of  the  tube.  For  reasons  of  safety  in  these  cases,  it  is 
customary  to  ground  this  portion  of  the  circuit.  The  anodes  are  then  at 
high  voltages  (suitably  insulated)  with  respect  to  ground. 

In  tubes  using  the  intensifier  principle  a separate  high-voltage  supply  is 
ordinarily  used  for  the  intensifier  electrodes. 

In  Fig.  2-11  one  plate  of  each  set  is  shown  internally  connected  to  the 
second  anode.  This  reduces  by  two  the  relatively  large  number  of  exter- 
nal connections  that  must  be  made  to  the  tube.  However,  this  simplified 
design  results  in  the  two  sets  of  plates  not  being  independent  of  one 
another.  Consequently  defocusing  of  the  spot  and  distortion  of  the 
sweep  may  result.  These  difficulties  are  avoided  by  bringing  out  each 
plate  lead  separately  and  applying  the  deflecting  voltages  in  a balanced 
manner;  i.e.,  one  plate  is  driven  positively  while  the  other  is  driven  nega- 
tively the  same  amount  with  respect  to  ground. 

Correction  for  astigmatism  in  the  electron-optical  system  is  made  by 
adjusting  the  average  potential  of  one  set  of  plates  with  respect  to  that 
of  the  other.  Positioning  of  the  beam  in  one  direction  is  accomplished 
by  adjusting  the  average  potential  of  the  corresponding  set  of  plates  with 
respect  to  the  second-anode  potential  by  means  of  a d-c  bias  voltage. 
Neither  the  astigmatism  control  nor  the  A or  F positioning  controls  are 
indicated  in  the  simplified  diagram  of  Fig.  2-1 1 . 

2-10.  Comparison  of  Electric  and  Magnetic  Tubes.  Electric  deflec- 
tion is  used  in  all  oscilloscope  applications  where  operation  over  a wide 
range  of  frequency  is  desired.  The  upper  frequency  limit  (about  10  mega- 
cycles) is  determined  by  the  capacitance  between  the  deflecting  plates 
(a  few  micromicrofarads)  and  the  capacitance  of  the  associated  amplifier 
and  leads.  Higher  frequencies  can  be  observed  by  using  tubes  specially 
designed  for  the  purpose  and  having  very  small  plates  brought  out  directly 
through  the  glass  neck  to  coaxial  connectors. 

Magnetic  deflection  has  a much  smaller  band  pass  (about  10  kc)  because 
of  the  inductance  of  the  coils.  Thus,  the  same  input  voltage  at  different 
frequencies  will  result  in  different  coil  currents  and  hence  different  deflec- 
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tions.  For  this  reason  magnetic  deflection  is  limited  essentially  to  tubes 
involving  a constant  sweep  frequency,  such  as  television  or  radar.  (In 
these  applications  the  high-frequency  signals  are  applied  to  the  grid  or  to 
the  cathode  to  give  intensity  variations  of  the  picture.) 

Electric  focusing  is  always  used  with  tubes  equipped  with  deflection 
plates.  Such  focusing  requires  very  little  power  and  is  an  insensitive 
function  of  power-supply  variations.  This  latter  characteristic  is  due  to 
the  fact  that  the  focusing-electrode  voltage  is  obtained  from  a bleeder 
across  the  accelerating-voltage  power  supply  (Fig.  2-11),  and  hence  these 
two  voltages  will  vary  in  proportion  and  the  spot  will  stay  focused  for 
small  variations  in  d-c  supply. 

In  a television  tube  satisfactory  picture  brightness  requires  high  beam 
current  and  very  large  values  (=  10  kv)  of  accelerating  voltage  It 
has  proved  commercially  more  economical  to  obtain  the  necessary  large 
deflections  under  these  conditions  with  a magnetic-deflection  tube.  [It 
should  be  recalled  that  electric  deflection  varies  inversely  as  Ea  (Eq.  2-3), 
whereas  magnetic  deflection  varies  inversely  as  EJ  (Eq.  2-10).] 

In  the  past,  magnetic  focusing  was  always  used  with  tubes  equipped 
with  deflection  coils  because  no  simple  and  inexpensive  electron  gun 

existed  which  could  give  good  focus  at  high 
beam  currents.  In  1952  this  difficulty  was 
overcome  commercially  with  the  develop- 
ment of  the  self -focusing  electrostatic 
lens,  and  many  television  picture  tubes 
are  now  built  with  magnetic-deflection  and 
electric-focusing  elements.  The  geometry 
of  this  lens  is  similar  to  that  shown  in 
Fig.  2-6  and  is  indicated  in  Fig.  2-12.  By 
adjusting  the  dimensions  of  this  lens  prop- 
erly it  is  possible  to  ground  Ai  and  have 
the  beam  stay  in  focus  for  fairly  wide  vari- 
Hence,  no  focusing  control  is  needed  with 
such  a tube,  which  is  a distinct  advantage. 

For  some  applications  (for  example,  one  type  of  radar  indicator)  it  is 
necessary  to  have  a rotating  radial  deflection.  This  is  easily  obtained 
with  magnetic  deflection  since  the  sweep  coil  can  be  rotated  mechanically 
around  the  neck  of  the  tube. 

2-11.  The  Magnetic  and  Mass  Spectrographs.  The  charge,  mass,  and 
velocity  of  electrons  and  ions  emitted  from  various  sources  under  different 
types  of  excitation  have  been  determined  experimentally  by  applying 
known  electric  and  magnetic  fields  to  regions  through  which  these  parti- 
cles are  directed  and  studying  the  subsequent  motions.  Several  appli- 
cations of  the  theory  of  Sec.  1-11  to  these  problems  will  now  be  given. 
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Fig.  2-12.  Geometry  of  the  self- 
focusing  electrostatic  lens. 

ations  in  anode  voltage  E„. 
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Suppose  that  PP'  (Fig.  1-7),  which  is  reproduced  in  Fig.  2-13,  is  a 
photographic  plate  with  a small  opening  at  0 through  which  charged 
particles  may  be  introduced  into  the  magnetic  field.  If  the  particle  is  an 
electron,  it  will  be  deflected  to  the  right  as  shown  (the  reader  should  verify 
this  by  means  of  the  direction  rule)  and  will  expose  the  plate  at  O'.  The 
distance  00'  equals  the  diameter  of  the  circular  path,  and  if  elm  is  known, 
V can  be  calculated  with  the  aid  of  Eq.  (1-35).  It  is  in  this  way  that  the 
velocity  of  the  electrons  emitted  from  radioactive  matter  (the  ;S-rays)  is 
measured. 


If,  instead  of  the  radioactive  substance  at  0,  there  is  a metal  surface 
being  bombarded  by  electrons,  the  velocity  of  the  secondary  electrons 
emitted  can  be  measured  in  the  manner  indicated  above.  Similarly, 
if  the  surface  at  0 has  radiation,  either  visible  or  invisible,  falling  on  it, 
then  the  velocity  of  the  emitted  photoelectrons  can  be  studied.  An  appa- 
ratus of  the  type  here  considered  is  known  as  a magnetic  spectrograph. 

If  the  particles  entering  the  field  at  0 have  a known  energy,  for  example, 
if  the  potential  through  which  they  have  fallen  is  known,  it  is  then  pos- 
sible from  the  setup  of  Fig.  2-13  to  determine 
the  mass  of  the  particle,  provided  that  the  fn°to'^paper^'^ 

charge  of  the  particle  is  known.  If,  therefore,  x x x x^x  x 

particles  possessing  the  same  charge  but  differ-  x * x_x  x x 

ing  slightly  in  mass  are  accelerated  through  the 
same  potential,  the  photographic  plate  will  \ 

reveal  several  different  spots.  It  was  shown  in  O o' 

essentially  this  way  that  most  chemical  elements  Fig.  2-13.  The  principle  of 
consist,  not  entirely  of  particles  of  one  mass,  but  gpec^ograph 
rather  of  a mixture  of  atoms  of  slightly  different 

mass.  Atoms  of  the  same  element  that  possess  the  same  electronic  charge 
and  differ  but  slightly  in  mass  are  known  as  isotopes.  The  instruments 
used  to  measure  the  masses  of  the  isotopes  that  are  based  upon  these 
considerations,  although  they  may  differ  widely  in  detail,  are  known  as 
mass  spectrographs.^^ 

Commercial  application  has  been  made  of  mass  spectrographs  for  the 
quantitative  and  qualitative  measurement  of  the  components  of  gaseous 
mixtures^®  and  for  the  detection  of  leaks  in  large  vacuum  systems.  In 
the  latter  application  the  mass  spectrograph  is  connected  to  the  vacuum 
chamber,  and  a stream  of  helium  is  played  over  the  surface  of  the  system 
where  a leak  is  suspected.  If  there  actually  is  a leak  at  this  point,  a read- 
ing is  obtained  on  an  output  meter.  The  mass  spectrograph  contains  an 
electron  gun  for  ionizing  the  helium  atoms  and  a voltage  supply  for  accel- 
erating the  ions  before  they  enter  the  magnetic  field.  The  sensitivity  of 
such  a system  is  claimed  to  be  one  part  helium  to  a few  hundred  thousand 
parts  air. 


O o' 

Fig.  2-13.  The  principle  of 
the  magnetic  or  the  mass 
spectrograph. 
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If  ions  of  a known  mass  and  velocity  are  under  consideration,  then  this 
magnetic  analysis  can  be  used  to  determine  the  charge  on  the  ions.  The 
method  has  been  used  to  study  the  various  stages  of  ionization  in  a dis- 
charge tube. 

2-12.  The  Cyclotron.  The  principles  of  Sec.  1-11  were  first  employed 
by  Lawrence  and  Livingston'*  to  develop  an  apparatus  called  a magnetic 
resonator  or  cyclotron.  This  device  imparts  very  high  energies  (tens  of 
millions  of  electron  volts)  to  positive  ions.  These  high-energy  positive 
ions  are  then  allowed  to  bombard  some  substances  which  then  become 


radioactive  and  generally  disintegrate.  Because  of  this,  the  cyclotron  has 
popularly  become  known  as  an  atom  smasher. 

The  basic  principles  upon  which  the  cyclotron  operates  are  best  under- 
stood with  the  aid  of  Fig.  2-14.  The  essential  elements  are  the  “dees,” 
the  two  halves  of  a shallow,  hollow,  metallic  “pillbox”  which  has  been 
split  along  a diameter  as  shown;  a strong  magnetic  field  which  is  parallel  to 
the  axis  of  the  dees;  and  a high-frequency  a-c  potential  applied  to  the  dees. 

A moving  positive  ion  released  near  the  center  of  the  dees  will  be  accel- 
erated in  a semicircle  by  the  action  of  the  magnetic  field  and  will  reappear 

at  point  1 at  the  edge  of  dee  I.  Assume 
that  dee  II  is  negative  at  this  instant  with 
, I Particle  respect  to  dee  I.  Then  the  ion  will  be 
Top  ( [ /'  . accelerated  from  point  1 to  point  2 across 

view  I j '^schematic)  amount  of  energy 

'v  y corresponding  to  the  potential  difference 

between  these  two  points.  Once  the  ion 
L_o  o-J  passes  inside  the  metal  dee  II,  the  electric 

^'^^oscHkjtor^^  is  zero,  and  the  magnetic  field  causes 

I it  to  mcfve  in  the  semicircle  from  point  2 

North  pole  | to  point  3.  If  the  frequency  of  the  applied 

SJde  I — ' ~ potential  is  such  that  the  potential  has 

[ ....  Vacuum  reversed  in  the  time  necessary  for  the  ion 

j South  pole  I to  go  from  point  2 to  point  3,  then  dee  I 

Fig.  2-14.  The  cyclotron  principle,  now  negative  with  respect  to  dee  II  and 

the  ion  will  be  accelerated  across  the  gap 
from  point  3 to  point  4.  With  the  frequency  of  the  accelerating  voltage 
properly  adjusted  to  this  “resonance”  value,  the  ion  continues  to  receive 
pulses  of  energy  corresponding  to  this  difference  of  potential  again  and 
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Fig.  2-14.  The  cyclotron  principle. 


again. 

Thus,  after  each  half  revolution  the  ion  gains  energy  from  the  electric 
field,  resulting,  of  course,  in  an  increased  velocity.  The  radius  of  each 
semicircle  is  then  larger  than  the  preceding  one,  in  accordance  with  Eq. 
(1-35),  so  that  the  path  described  by  the  whirling  ion  will  approximate  a 
planar  spiral. 
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Example.  Suppose  that  the  oscillator  that  supplies  the  power  to  the  dees  of  a given 
cyclotron  imparts  50,000  volts  to  heavy  hydrogen  atoms  (deuterons),  each  of  atomic 
number  1 and  atomic  weight  2.0147,  at  each  passage  of  the  ions  across  the  accelerating 
gap.  Calculate  the  magnetic-field  intensity,  the  frequency  of  the  oscillator,  and  the 
time  that  it  will  take  for  an  ion  introduced  at  the  center  of  the  chamber  to  emerge  at 
the  rim  of  the  dee  with  an  energy  of  5 million  electron  volts  (5  Mev).  Assume  that  the 
radius  of  the  last  semicircle  is  15  in. 

Solution.  The  mass  of  the  deuteron  is 

m = 2.01  X 1.66  X lO-^^  = 3.34  X lO-^^  kg 


The  velocity  of  the  5-Mev  ions  is  given  by  the  energy  equation 


or 


= (5  X 10«)(1.60  X 10-i«)  = 8.00  X 10-i»  joule 


V 


(2  X 8.00  X 10-»=*y 
V 3.34  X 10-27  ) 


= 2.20  X 107  m/sec 


The  magnetic  field,  given  by  Eq.  (1-35), 


_rm  ^ (3.34  X 10-^7)  (2.20  X lO^) 

“ eR  (1.60  X 10-19)  (15  X 2.54  X 0.01) 


1.20  webers/m2 


is  needed  in  order  to  bring  these  ions  to  the  edge  of  the  dees. 

The  frequency  of  the  oscillator  must  be  equal  to  the  reciprocal  of  the  time  of  revolu- 
tion of  the  ion.  This  is,  from  Eq.  (1-37), 

J.  ^ ^ = 1-60  X 10-19  X 1.20 
J - T ~ 2irm  2t  X 3.34  X 10-^7 
= 9.15  X 10*  cps  = 9.15  megacycles /sec 

Since  the  ions  receive  5 Mev  energy  from  the  oscillator  in  50-kv  steps,  they  must 
pass  across  the  accelerating  gap  100  times.  That  is,  the  ion  must  make  50  complete 
revolutions  in  order  to  gain  the  full  energy.  Thus,  from  Eq.  (1-37),  the  time  of  flight  is 


t = 507’  = 


50  X 1 
9.15  X 10® 


= 5.47  X 10  9 sec 


In  order  to  produce  a uniform  magnetic  field  of  1.2  webers/m^  over  a circular  area 
whose  radius  is  at  least  15  in.,  with  an  air  gap  approximately  6 in.  wide,  an  enormous 
magnet  is  required,  the  weight  of  such  a magnet  being  of  the  order  of  60  tons.  Also, 
the  design  of  a 50-kv  oscillator  for  these  high  frequencies  and  the  method  of  coupling 
it  to  the  dees  present  some  difficulties,  since  the  dees  are  in  a vacuum-tight  chamber. 
Further,  means  must  be  provided  for  introducing  the  ions  into  the  region  at  the  center 
of  the  dees  and  also  for  removing  the  high-energy  particles  from  the  chamber,  if 
desired,  or  for  directing  them  against  a target. 

The  bombardment  of  the  elements  with  the  high-energy  protons,  deu- 
terons, or  helium  nuclei  which  are  normally  used  in  the  cyclotrons  renders 
the  bombarded  elements  radioactive.  These  radioactive  elements  are  of 
the  utmost  importance  to  physicists,  since  they  permit  a glimpse  into  the 
constitution  of  nuclei.  They  are  likewise  of  extreme  importance  in  medi- 
cal research,  since  they  offer  a substitute  for  radium.  Radioactive  sub- 
stances can  be  followed  through  any  physical  or  chemical  changes  by 
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observing  their  emitted  radiations.  This  “tracer”  or  “tagged-atom” 
technique  is  used  in  industry,  medicine,  physiology,  and  biology. 

It  is  shown  in  Sec.  1-8  that  if  an  electron  falls  through  a potential  of 
more  than  3 kv  a relativistic  mass  correction  must  be  made,  indicating 
that  its  mass  increases  with  its  energy.  Thus,  if  electrons  were  used  in  a 
cyclotron,  their  angular  velocity  would  decrease  as  their  energy  increased, 
and  they  would  soon  fall  out  of  step  with  the  high-frequency  field.  For 
this  reason  electrons  are  not  introduced  into  the  cyclotron. 

For  positive  ions  whose  mass  is  several  thousand  times  that  of  the  elec- 
tron the  relativistic  correction  becomes  appreciable  when  energies  of  a few 
tens  of  millions  of  electron  volts  are  reached.  For  greater  energies  than 
these  the  ions  will  start  to  make  their  trip  through  the  dees  at  a slower 
rate  and  slip  behind  in  phase  with  respect  to  the  electric  field.  This  diffi- 
culty is  overcome  in  the  synchro-cyclotron  or  j-m  cyclotron  by  decreasing 
the  frequency  of  the  oscillator  (frequency  modulation)  in  accordance  with 
the  decrease  in  the  angular  velocity  of  the  ion.  With  such  an  f-m  cyclo- 
tron, deuterons,  a particles,  and  protons  have  been  accelerated  to  several 
hundred  million  electron  volts. 

It  is  possible  to  give  particles  energies  in  excess  of  those  for  which  the 
relativistic  correction  is  important  even  if  the  oscillator  frequency  is  fixed, 
provided  that  the  magnetic  field  is  slowly  increased  in  step  with  the 
increase  in  the  mass  of  the  ions  so  as  to  maintain  a constant  angular 
velocity.  Such  an  instrument  is  called  a synchrotron.  The  particles  are 
injected  from  a gun,  which  gives  them  a velocity  approaching  that  of 
light.  Since  the  radius  of  the  orbit  is  given  by  R = mv/Be  and  since 
the  ratio  m/B  is  kept  constant  and  v changes  very  little,  there  is  not 
much  of  an  increase  in  the  orbit  as  the  energy  of  the  electron  increases. 
The  vacuum  chamber  is  built  in  the  form  of  a “doughnut”  instead  of 
the  cyclotron  “pillbox.”  The  magnet  has  the  form  of  a hollow  cylinder 
since  there  is  need  for  a magnetic  field  only  transverse  to  the  path.  This 
results  in  a great  saving  in  weight  and  expense.  The  dees  of  the  cyclotron 
are  replaced  by  a single-cavity  resonator.  Electrons  have  been  acceler- 
ated to  70  Mev^®  and  protons  to  several  billion  electron  volts  (Bev)^^  in 
synchrotrons.  The  larger  the  number  of  revolutions  the  particles  make, 
the  higher  will  be  their  energy.  The  defocusing  of  the  beam  limits  the 
number  of  allowable  cycles.  With  the  discovery  of  alternating-gradient 
magnetic-field  focusing, higher-energy  particle  accelerators  are  expected. 
A general  discussion  of  cyclotrons  and  problems  and  trends  in  their 
design  in  1956  is  given  in  Ref.  23. 

2-13.  The  Betatron. In  Sec.  1-11  it  is  shown  that  no  energy  can  be 
gained  by  a particle  in  a magnetic  field  that  is  constant  in  time.  How- 
ever the  situation  is  completely  different  if  the  field  changes  with  time. 
Consider  an  electron  moving  with  a speed  in  a magnetic  field  whose 
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instantaneous  value  is  Bo.  If  the  rate  of  change  of  the  magnetic  field  is 
small  compared  with  the  time  required  for  the  electron  to  traverse  its 
path,  this  path  will  be  almost  circular,  with  a radius  ro,  where 


To  = 


mv 

eBo 


(2-11) 


An  amount  of  flux  (webers)  is  enclosed  by  the  electron  in  traversing  this 
path,  and  as  this  flux  is  changing  with  time,  an  emf  equal  to  d^{dt  (volts) 
is  induced,  in  accordance  with  Faraday’s  law  of  induction.  From  the 
definition  of  potential  (Sec.  1-4)  it  follows  that  an  effective  tangential 
electric  field  8 must  exist  around  the  circumference  of  the  circle  of  radius  ro 
and  that  the  emf  must  equal  27rroS.  Hence  8 is  given  by 


1 d4» 
2xro  dt 


(2-12) 


Since  the  energy  of  the  particle  increases  as  it  traverses  its  orbit,  the 
tangential  velocity  will  change,  and  as  a result  the  radius  will  change. 
A particle  in  such  a field  will  spiral  out- 
ward as  the  magnetic  field  increases, 
picking  up  energy  as  it  continues  in  its 
path.  However,  if  the  radial  variation 
of  the  magnetic  field  is  properly  chosen, 
the  radius  ro  of  the  electron  orbit  can  be 
made  to  remain  unchanged.  If  the 
magnetic-field  intensity  were  constant 
in  space,  then  the  total  flux  included 
within  the  orbit  would  be  4>  = irVo^Bo. 

It  turns  out  that  in  order  to  have  a 
stable  path  the  flux  density  must  be 
nonuniform  in  such  a manner  that  the 
total  flux  must  equal  just  twice  the 
above  value.  This  principle  is  referred 
to  as  the  1 : 2 condition  for  orbit  stability 
and  is  satisfied  by  having  a strong  central  field  and  a tapered  weaker  field 
at  the  electron  orbit. 

The  concepts  discussed  above  are  made  use  of  in  the  hetatron^^  invented 
by  Kerst.  The  essential  features  of  the  betatron  are  shown  in  Fig.  2-15. 
The  particles  are  injected  into  the  doughnut-shaped  vacuum  chamber 
from  an  electron  gun  at  energies  of  about  50  kv,  near  the  equilibrium 
orbit.  This  gun  is  triggered  for  a few  microseconds  at  the  beginning  of 
each  cycle  of  the  magnetic  field.  The  electrons  are  accelerated  during  the 
time  the  magnetic  field  passes  from  zero  to  its  peak  value,  or  one-quarter 
of  the  cycle  of  the  field  current.  If  the  electrons  were  to  remain  in  the 
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Fig.  2-15.  The  betatron  principle. 
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tube  during  the  second  quarter  cycle  when  the  field  is  decreasing,  they 
would  be  decelerated  and  would  give  up  their  energy.  They  must  be 
removed  before  this  happens,  which  requires  destroying  the  1 :2  condition, 
in  order  to  have  the  electrons  leave  the  equilibrium  orbit.  It  is  accom- 
plished by  applying  a short  pulse  to  an  auxiliary  system  of  coils  on  the 
pole  faces  at  the  end  of  the  first  quarter  cycle.  This  disturbance  causes 
the  electrons  to  spiral  away  from  their  orbit  and  hit  a tungsten  target, 
which  then  emits  very  penetrating  X rays.  The  betatron  is  used  as  an 
X-ray  tube  for  radiographing  metal  sections  several  feet  thick. 

It  is  customary  now  to  apply  a steady  d-c  biasing  field  which  is  equal  to 
the  peak  value  of  the  a-c  field.  The  electrons  are  injected  when  the  d-c 
and  a-c  fields  cancel  each  other,  and  they  remain  in  the  accelerating 
chamber  for  one-half  cycle  (from  peak  to  peak)  instead  of  one-quarter 
cycle.  Conseciuently  the  energy  possible  with  the  biased  betatron  is 
twice  that  of  the  unbiased  type. 

Example.  The  diameter  of  the  orbit  of  an  unbiased  betatron  is  66  in.  The  peak 
flux  density  at  the  orbit  is  0.4  weber/m^.  The  magnetic  field  varies  at  a 60-cycle  rate. 

a.  What  is  the  maximum  energy  acquired  by  the  electrons? 

h.  What  is  the  average  energy  imparted  to  an  electron  in  each  trip  around  the 
doughnut? 

c.  How  many  revolutions  does  the  electron  make? 

d.  What  is  the  average  transit  time  of  the  electron? 

Solution,  a.  The  energy  is  given  by  the  relativistic  equation  (1-22), 


eV  = rnc^  — moc* 


and  hence  we  must  first  find  the  maximum  mass  of  the  electron.  From  Eq.  (2-11)  the 
maximum  momentum  is 


and  from  Eq.  (1-23) 


so  that 


mv  = eB^ro 


m 


mo 

\/l  — v^/c^ 


mov 

x/l  — v^/c^ 


eBoro 


(2-13) 


If  the  abbreviation  ^ = v/c  is  introduced,  then 

|8  _ eBoro  ^ (1.76  X 10>b(0.4)(33  X 2,54  X 10-==)  ^ - 

y/\  — (32  TOoC  3 X 10* 


Solving  for  0,  a value  very  close  to  unity  is  obtained.  Thus,  the  maximum  electronic 
velocity  is  almost  exactly  equal  to  the  velocity  of  light. 

Putting  /3  = 1 in  the  numerator  of  the  above  equation  gives 


1 

Vi  - 


197 
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and  from  Eq.  (1-23)  this  equals  m/nio.  Hence,  the  mass  of  the  electron  after  accelera- 
tion is  197  times  its  mass  at  injection!  Its  final  energy  is 


V = 


mc^  — moc^ 
e 


nioc^ 

e 


(197  --  1) 


9 X 1018  X 196 
1.76  X IQii 


10*  ev,  or  100  Mev 


b.  The  energy  in  electron  volts  given  to  the  electron  per  trip  around  the  doughnut  is 
d^/dl.  The  average  value  of  this  is  the  peak  flux  divided  by  the  time  it  takes  the  flux 
to  build  up  to  this  maximum  value,  which  in  this  example  is  one-quarter  of  a cycle. 
By  the  1 : 2 condition  the  peak  flux  is 

2xro2Ro  = 27r(33  X 2.54  X 10-2)2(0.4)  = 1.80  webers 


and  the  time  the  flux  takes  to  reach  this  value  is  X sec.  Hence,  the  aver- 

age voltage  per  trip  is  1.80  X 240  = 430  volts.  Since  the  flux  varies  sinusoidally  with 
time,  the  voltage  per  trip  varies  from  revolution  to  revolution.  It  is  a maximum  at 
injection  and  drops  to  zero  at  the  end  of  the  electronic  journey.  The  average  voltage 
per  trip  is  the  430  volts  calculated  above. 

c.  The  number  of  revolutions  made  by  each  electron  during  its  acceleration  cycle  is 


10*  volts 
430  volts/trip 


230,000  revolutions 


d.  The  average  transit  time  is  the 


1 

230,000  revolutions 


) 


1.79  X 10  ® sec /revolution 


The  transit  time  per  revolution  remains  almost  constant  throughout  the  electron’s 
journey.  This  can  be  seen  as  follows:  As  soon  as  the  electron  acquires  an  energy  of 
1 Mev,  its  velocity  is  94  per  cent  that  of  light.  Hence,  as  its  energj^  increases  from  1 to 
100  Mev,  its  velocity  changes  by  only  6 per  cent  (the  increased  energy  manifesting 
itself  in  an  increased  mass  rather  than  an  increased  speed).  The  transit  time  is  given 
by  and  since  ro  and  v are  almost  constant,  so  is  the  time.  For  example,  the 

transit  time  at  the  end  of  its  journey  is 


27rro  _ 27r(33  X 2.54  X lO-*) 
c 3 X 10* 


= 1.75  X 10  * sec 


which  agrees  well  with  the  average  time  calculated  above. 

The  above  illustrative  example  applies  to  the  General  Electric  Co.^^ 
100-Mev  betatron.  The  steel  in  the  magnet  of  this  instrument  weighs 
130  tons!  It  is  of  some  interest  to  note  that  it  is  desirable  to  correct  for 
the  poor  power  factor  which  exists  because  the  magnet  is  such  a large 
inductive  load.  A tremendous  bank  of  capacitors  is  used  for  this  purpose. 
These  constitute  a large  fraction  of  the  total  cost  and  space. 

Since  the  electrons  make  230,000  revolutions,  then  the  effects  of  the 
mutual  repulsions  of  the  electrons  and  the  scattering  of  the  electrons  by 
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residual  gases  must  be  counterbalanced.  It  has  been  shown^®  that  proper 
focusing  can  be  obtained  if  the  magnetic-field  intensity  in  the  region  of 
the  orbit  varies  as  1/r",  where  0 < w < 1,  provided  that  the  field  at  the 
center  of  the  magnet  is  so  chosen  as  to  satisfy  the  1 : 2 condition. 

In  the  synchrotron  discussed  in  Sec.  2-12  the  magnetic  field  varies  with 
time,  and  hence  some  betatron  action  takes  place  in  this  instrument  also. 

2-14.  The  Magnetron.  Consider  a long,  straight  filament  of  radius 
Tk  and  a coaxial  cylindrical  plate  of  radius  Va  which  is  maintained  at  a 
positive  potential  with  respect  to  the  cathode.  Assume  that  the  elec- 
trons that  leave  the  filament  do  so  with  zero  initial  velocities.  A mag- 
netic field  parallel  to  the  axis  of  the  filament  is  superposed  upon  the 
electric  field.  This  is  the  so-called  magnetron  arrangement,  first  intro- 
duced by  Hull.^^  This  longitudinal  mag- 

Be  netic  field  may  be  obtained  by  placing  a long 

I solenoid  directly  over  the  tube,  the  strength 

/ \ of  the  magnetic  field  being  varied  by  control- 

B-Bcl  [ \b=0  ling  the  current  through  the  solenoid. 

/ The  electronic  paths  will  now  be  invest!- 

B>Bc  / gated  qualitatively.  Suppose  the  magnetic 

^ field  is  reduced  to  zero.  The  electron  starts 

Fig.  2-16.  The  electronic  path  c xuj  j-  ixj 

in  a magnetron  tor  several  ‘he  cathode  and  IS  accelerated 

values  of  magnetic  field.  radially  outward  toward  the  plate  by  the  elec- 

tric field.  If  a weak  magnetic  field  is  present, 
the  electronic  path  will  be  curved,  although  the  electron  will  strike  the 
plate.  These  conditions  are  illustrated  in  Fig.  2-16. 

As  the  field  is  further  increased,  the  path  becomes  more  and  more 
curved  until  a critical  value  Be  is  reached,  when  the  electronic  path 
becomes  tangent  to  the  plate.  If  the  field  is  increased  beyond  this  value, 
the  electron  does  not  strike  the  plate  at  all  but  instead  returns  to  the 
filament. 

A quantitative  analysis  of  this  problem  leads  to  the  following  expression 
involving  the  critical  field: 


Fig.  2-16.  The  electronic  path 
in  a magnetron  for  several 
values  of  magnetic  field. 


r('-S)' 


(2-14) 


Assume  that  a fixed  potential  Ei,  is  applied  between  the  cathode  and  the 
anode  and  that  the  plate  current  is  read  as  a function  of  the  applied  mag- 
netic field.  If  B is  less  than  the  critical  value  Be  given  by  Eq.  (2-14),  the 
plate  current  should  be  unaffected,  whereas  for  values  of  B greater  than 
Be  the  current  should  suddenly  drop  to  zero,  as  illustrated  by  the  curve  of 
Fig.  2- 17a.  Since  a reversal  of  the  direction  of  the  magnetic  field  simply 
reverses  the  direction  of  travel  of  the  electrons  about  the  tube  axis,  the 
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same  current  should  be  obtained  for  a given  positive  value  of  B as  for  an 
equal  negative  value  of  B as  observed  in  Fig.  2-17. 

In  a practical  tube  the  plate-current  cutoff  will  not  take  place  abruptly 
at  a definite  value  Be  of  magnetic  field  but  will  resemble  that  shown  in 
Fig.  2-176.  This  curve  results 
mainly  from  the  fact  that  the  com- 
mercial tubes  do  not  possess  the  ideal 
geometrical  arrangement  assumed  in 
the  mathematical  discussion;  that  is, 
the  cathode  may  not  be  coaxial  with 
the  anode  and  the  plate  is  not  a per- 
fect cylinder.  The  theory  assumes 
an  infinitely  long  emitter  and  collec- 
tor, a condition  never  satisfied  in  a 
commercial  tube,  although  it  can  be 
approximated  by  using  special  tubes 
with  “guard  rings.”  Also,  if  the  tube  contains  an  appreciable  amount 
of  gas,  the  plate-current  characteristic  will  deviate  appreciably  from  the 
ideal  curve. 

Very  little  practical  use  has  been  made  of  the  static  magnetron  dis- 
cussed here.  However,  it  has  been  found  that,  if  the  anode  is  formed 
into  a series  of  resonant  cavities,  the  tube  will  perform  efficiently  as  a very- 
high-power  oscillator  of  centimeter  waves  (microwaves).^®  One  most 
important  application  of  such  tubes  is  in  radar  systems. 

2-16.  Velocity  Modulation  and  Bunching.  All  electrons  leaving  an 
electron  gun  have  approximately  the  same  velocity,  that  corresponding 
to  the  anode  voltage.  If  they  then  pass  through  a region  known  as  the 
buncher  in  which  the  potential  varies  with  time,  they  will  emerge  from 
this  second  region  with  a speed  that  will  depend  upon  the  energy  that  they 
have  acquired.  Each  electron  will  have  a slightly  different  velocity  from 
the  preceding  one,  and  the  beam  is  said  to  be  velocity  modulated. 

If  the  modulated  beam  is  allowed  to  drift  in  a field-free  space,  then  it  is 
possible  for  a fast-moving  electron  to  catch  up  with  a slower-moving  one 
that  left  the  modulating  region  at  some  earlier  time.  The  density  of  the 
electron  stream  will  then  no  longer  be  uniform  with  distance  along  the 
drift  space,  and  the  beam  is  said  to  be  density  modulated.  It  is  possible 
for  this  modulation  to  be  intense  enough  for  the  electrons  to  form  in 
bunches  along  the  drift  space.  This  process  is  called  bunching. 

These  principles  are  made  use  of  in  the  klystron,  a microwave  oscillator. 
The  general  characteristics  of  the  modulating  portion  of  such  a tube  are 
illustrated  in  Fig.  2-18.  A quantitative  discussion  of  the  processes  men- 
tioned above  follows. 


Plote  current 


Fig.  2-17.  Magnetron  characteristics, 
(a)  Ideal  plate-current  curve,  (b) 
Actual. 
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The  effect  of  a superimposed  a-c  buncher  potential  on  the  d-c  gun  volt- 
age is  to  give  the  electrons  a speed  v as  follows: 

\'rmP-  = e{Ea  + Eb  sin  oit)  (2-15) 

where  co  is  the  angular  frequency  of  the  a-c  buncher  potential.  It  is 

assumed  that  the  buncher  grids  are 

^Banc/,er  Catcher^  close  together  that  the  electrons 

y\  i|  } pass  through  this  region  in  a time 

“1  I I Drift  space  j | very  short  compared  with  one  cycle 
Cathode  1 i i . , , , ■ 

1 — * ^ I j I ^ ^ j 01  tll6  IHOdU-lBitlllg  VOlt^gG.  i IlG 

^ ^ sin  ojt  velocity  of  the  electron  at  the 

„ ^ . „ . , . ^ , buncher  entrance  is 


Fig.  2-18.  A schematic  of  a klystron, 
showing  the  cathode,  the  buncher,  the 
drift  space,  and  the  catcher. 


^ l2eEa 

\ m 


(2-16) 


and  the  expression  for  the  velocity  beyond  the  buncher  is 


V = Vo  Vi  + a sin  oit 


(2-17) 


where  a is  the  ratio  EblEa.  It  is  possible  in  principle  for  a to  be  greater 
than  unity,  although  velocity-modulation  tubes  ordinarily  operate  with 
a much  less  than  1. 

Subject  to  the  limitations  that  a is  small,  the  expression  under  the 
square-root  sign  may  be  expanded  by  the  binomial  expansion,  and  we  find 
that  V is  approximately  given  by 

y = Vo  ^1  + ^ sin  (2-18) 

We  see  clearly  that  the  electrons  are  velocity  modulated  at  the  buncher 
frequency. 

At  a distance  I from  the  buncher  along  the  drift  tube  there  is  a second 
pair  of  grids,  called  the  catcher.  The  time  of  arrival  at  the  catcher  of 
an  electron  that  passed  the  buncher  at  the  time  t\  is 

= t\  -\ — (2-19) 

V 

or,  from  Eq.  (2-18), 

I 

^2  h + ^^^2)  sin  coti] 


Upon  expanding 
tion  as  before. 
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It  is  convenient  to  multiply  this  equation  by  co,  and  then  all  transit  times 
are  converted  into  transit  angles.  Introducing 

Ti  = ijit\  t2  = (jit'i  To  — — rad  (2-21) 

Vo 

where  ti  is  called  the  departure  angle,  t2  the  arrival  angle,  and  ro  the  transit 
angle  of  an  electron  passing  through  the  buncher  when  the  modulating  voltage 
is  zero,  and 

fc  = — bunching  parameter  (2-22) 

2^0  ZhiaVo 

the  above  equation  takes  the  form 

t2  = Ti  -f-  To  — k sin  Ti  rad  (2-23) 

This  equation  is  most  important  in  bunching  theory.  Its  significance 
can  be  seen  by  plotting  t2  as  a function  of  ti  for  various  values  of  the 


-3  -2  -1  0 1 2 3 -3  -2  -1  0 1 2 3 -3  -2  -1  0 1 2 3 

Deporture  time,  T,  rad.  I Departure  time,  t,  rod.  1 Deporture  time,  r,  rod. 

[a)k=0  [b]  k^O.5  [c)  k = !.0 


Fig.  2-19.  Arrival  time  as  a function  of  departure  time  (in  radians).  These  curves 
illustrate  the  formation  of  a bunch. 

parameter  k.  In  Fig.  2-1 9a,  k = 0,  which  means  that  there  is  no  modu- 
lation. We  see  that  a group  of  electrons  arriving  in  the  angular  interval 
dr2  came  from  an  angular  interval  of  equal  size,  namely,  dri  = dr^.  This 
means  that  the  catcher  current  equals  the  buncher  current  and  there  is 
no  bunching,  an  obviously  correct  conclusion  since  the  modulation  is  zero. 

In  Fig.  2-1 9b,  k = 0.5,  the  same-size  arrival  interval  dr 2 is  taken,  but 
it  is  seen  that  the  interval  from  which  the  electrons  departed  depends 
upon  the  time  ti.  In  the  vicinity  of  the  zero  reference  angle  (region  d.) 
electrons  are  collected  from  a longer  interval,  dr\  > dT2  (as  a matter  of 
fact,  dr  I = 2 dT2).  This  means  that  the  catcher  current  is  greater  than 
the  buncher  current,  or  that  a hunch  is  being  formed.  Physically,  this 
comes  about  because  the  faster  electrons  are  catching  up  with  the  slower 
ones  which  left  at  an  earlier  time.  In  region  B,  however,  dri  < dT2,  which 
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means  a smaller  catcher  current  than  buncher  current.  It  should  be  clear 
that  a plot  of  catcher  current  vs.  time  has  a peak  (greater  than  the 
electron-gun  current)  near  the  zero  reference  time  and  tapers  off  on  both 
sides  to  a value  below  the  beam  current,  as  shown  in  Fig.  2-20. 

In  Fig.  2-19c,  k = 1.0,  the  same-size  arrival  interval  dr 2 is  again  taken. 
It  is  now  seen  that,  near  the  origin,  the  electrons  are  collected  from  a very 

large  interval  dri,  that  is,  dn  ^ dT2. 
This  condition  represents  a very 
large  catcher  current.  As  a matter 
of  fact,  if  the  interval  dr2  were  taken 
very,  very  small  (approaching  zero) , 
electrons  would  still  be  collected 
from  a nonzero  interval  dr  1 or  a finite 
number  of  electrons  would  be  col- 
lected in  an  infinitesimal  time.  Since 
current  is  charge  per  unit  time,  this 
corresponds  to  an  infinite  current,  as 
indicated  in  Fig.  2-20. 

The  bunching  parameter  k may  be 
greater  than  unity.  An  analysis  of 
this  situation  shows  that  electrons 
collected  in  a time  dT2  may  have  left 
the  buncher  in  several  discrete  time  intervals  and  that  the  current  may 
contain  more  than  one  infinite  peak. 

The  above  considerations  can  be  made  quantitative  as  follows:  If  7i  is 
the  buncher  current,  then  7i  dt\  is  the  charge  leaving  the  buncher  in  the 
interval  dt\.  If  72  is  the  catcher  current,  then  1 2 dt2  is  the  charge  entering 
the  catcher  in  the  interval  dt2.  However,  all  electrons  departing  in  the 
interval  dti  arrive  in  the  time  d^2,  and  hence,  since  there  must  be  conser- 
vation of  charge, 

7i  dt\  — I2  dt2 


Arrival  time  Tg  -Tq  rodians 


Fig.  2-20.  Catcher  current  as  a function 
of  arrival  time. 


or,  since  the  buncher  current  is  constant  and 
current  7o, 


72  = 7 


equal  to  the  d-c  beam 
(2-24) 


From  Eq.  (2-23)  this  becomes 


I2  ^ 1 

7o  1 — A;  cos  ri 


(2-25) 


This  equation  clearly  shows  the  infinite  value  of  72  at  n = 0 for  fc  = 1. 
The  value  of  1 2 as  a function  of  ti  has  no  great  significance,  but  1 2 vs.  t2 
is  desired.  This  relationship  cannot  be  obtained  analytically  since  it 
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requires  solving  the  transcendental  equation  (2-23)  for  n in  terms  of  T2. 
The  graphs  of  Fig.  2-20  are  obtained  by  assuming  a value  of  ri  and  then 
solving  for  from  Eq.  (2-23)  and  for  /2//0  from  Eq.  (2-25). 
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CHAPTER  3 


METALS  AND  SEMICONDUCTORS 


In  this  chapter  we  present  physical  “pictures”  of  the  inside  of  a metal 
and  a semiconductor.  The  nature  of  conduction  in  a solid  and  the  laws 
governing  the  emission  of  electrons  from  the  surface  of  a metal  are 
considered. 

3-1.  Free  Electrons  in  Metals.  X-ray  and  other  studies  reveal  that 
most  metals  and  semiconductors  are  crystalline  in  structure.  A crystal 

consists  of  a space  array  of  atoms  or 
molecules  (strictly  speaking,  ions) 
^Ull  jmil  Jilk  regular  repetition  in  three 

^lilP  dimensions  of  some  fundamental 

. . structural  unit.  In  a metal  the  outer 

i ■ electrons  of  the  atom  are  as  much 

associated  with  one  ion  as  with  an- 
itSk  electron  attach- 

9IF  9llr  ment  to  any  individual  atom  is  prac- 

k : j tically  zero.  Depending  upon  the 

W BBr  9P  lEjP  * metal,  at  least  one  and  sometimes 

_ two  or  three  electrons  per  atom  are 

^^p  free  to  move  throughout  the  interior 

of  the  metal  under  the  action  of 

I Ife  A A I applied  forces. 

* 9IF  9lr  9F  " Figure  3-1  shows  the  charge  distri- 
Aliii,  JAk  AA  bution  within  a metal,  specifically, 

0 12  3 4 5 sodium.  The  plus  signs  represent 

A UNITS  the  heavy  positive  sodium  nuclei  of 

Fig.  3-1.  Arrangement  of  the  sodium  the  individual  atoms.  The  heavily 

TkllteTj.Xk  shaded  regions  represent  the  elec- 

1939.)  trons  m the  sodium  atom  that  are 

tightly  bound  to  the  nucleus.  These 
are  inappreciably  disturbed  as  the  atoms  come  together  to  form  the  metal. 
The  light  shading  represents  the  outer,  or  valence,  electrons  in  the  atom ; 
and  it  is  these  electrons  that  cannot  be  said  to  belong  to  any  particular 
atom.  Instead,  they  have  completely  lost  their  individuality  and  can 
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Fig.  3-1.  Arrangement  of  the  sodium 
atoms  in  one  plane  of  the  metal. 
(IF.  Shockley,  J.  Appl.  Phys.,  10,  543, 
1939.) 
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wander  freely  about  from  atom  to  atom  in  the  metal.  Thus  a metal  is 
visualized  as  a region  containing  a periodic  three-dimensional  array  of 
heavy,  tightly  bound  ions  permeated  with  a swarm  of  electrons  that  may 
move  about  quite  freely.  This  picture  is  known  as  the  ‘‘electron-gas” 
description  of  a metal. 

3-2.  Mobility  and  Conductivity.  According  to  the  electron-gas  theory  of 
a metal,  the  electrons  are  in  continuous  motion,  the  direction  of  flight  being 
changed  at  each  collision  with  the  heavy  (almost  stationary)  ions.  The 
average  distance  between  collisions  is  called  the  mean  free  path.  Since 
the  motion  is  random,  then,  on  an  average,  there  will  be  as  many  elec- 
trons passing  through  unit  area  in  the  metal  in  any  direction  as  in  the 
opposite  direction  in  a given  time.  Hence,  the  average  current  is  zero. 

Let  us  now  see  how  the  situation  is  changed  if  a constant  electric  field 
of  magnitude  S volts  per  meter  is  applied  to  the  metal.  As  a result  of 
this  electrostatic  force  the  electrons  would  be  accelerated  and  the  velocity 
would  increase  indefinitely  with  time,  were  it  not  for  the  collisions  with 
the  ions.  However,  at  each  inelastic  collision  with  an  ion  an  electron 
loses  energy,  and  a steady-state  condition  is  reached  where  a finite  value 
of  drift  speed  v is  attained.  This  drift  velocity  is  in  the  direction  opposite 
to  that  of  the  electric  field,  and  its  magnitude  is  proportional  to  8.  Thus, 

V = (3-1) 

where  p square  meters  per  volt-second  is  called  the  mobility  of  the 
electrons. 

According  to  the  above  theory,  a steady-state  drift  speed  has  been 
superimposed  upon  the  random  thermal  motion  of  the  electrons.  Such  a 
directed  flow  of  electrons  constitutes  a current.  If  the  concentration  of 
free  electrons  is  n electrons  per  cubic  meter,  then  the  current  density  J 
amperes  per  square  meter  is  (Sec.  1-10) 

J = nev  = nep&  = aS  (3-2) 

where 

0-  = nep  (ohm-meter)  (3-3) 

is  the  conductivity  of  the  metal.  Equation  (3-2)  is  recognized  as  Ohm’s 
law:  namely,  the  conduction  current  is  proportional  to  the  applied  volt- 
age. As  already  mentioned,  the  energy  which  the  electrons  acquire  from 
the  applied  field  is,  as  a result  of  collisions,  given  to  the  lattice  ions. 
Hence,  power  is  dissipated  within  the  metal  by  the  electrons,  and  the 
power  density  (Joule  heat)  is  given  by  J&  = o-S^  watts  per  cubic  meter. 

3-3.  The  Energy  Method  of  Analyzing  the  Motion  of  a Particle.  A 
method  is  considered  in  Chap.  1 by  which  the  motion  of  charged  particles 
may  be  analyzed.  It  consists  of  the  solution  of  Newton’s  second  law  in 
which  the  forces  of  electric  and  magnetic  origin  are  equated  to  the  product 
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of  the  mass  and  the  acceleration  of  the  particle.  Obviously,  this  method 
is  not  applicable  when  the  forces  are  as  complicated  as  they  must  be  in  a 
metal.  Furthermore,  it  is  neither  possible  nor  desirable  to  consider  what 
happens  to  each  individual  electron. 

It  is  necessary,  therefore,  to  consider  an  alternative  approach.  This 
method  employs  the  law  of  the  conservation  of  energy,  use  being  made  of 
the  potential-energy  curve  corresponding  to  the  field  of  force.  The  prin- 
ciples involved  may  best  be  understood  by  considering  specific  examples 
of  the  method. 

Example.  An  idealized  diode  consists  of  plane-parallel  electrodes,  5 cm  apart. 
The  anode  A is  maintained  10  volts  negative  with  respect  to  the  cathode  K.  An  elec- 
tron leaves  the  cathode  with  an  initial  energy  of  2 ev.  What  is  the  maximum  distance 
it  can  travel  from  the  cathode? 


Fig.  3-2.  Illustration  of  the  potential-energy  barrier  encountered  by  an  electron  in  a 
retarding  field. 

Solution.  This  problem  will  be  analyzed  by  the  energy  method.  Figure  3-2a  is  a 
linear  plot  of  potential  vs.  distance,  and  in  Fig.  3-2b  is  indicated  the  corresponding 
potential  energy  vs.  distance.  Since  potential  is  the  potential  energy  per  unit  charge 
(Sec.  1-4),  curve  h is  obtained  from  curve  a by  multiplying  each  ordinate  by  the  charge 
on  the  electron  (a  negative  number).  Since  the  total  energy  W of  the  electron  remains 
constant,  it  is  represented  as  a horizontal  line.  The  kinetic  energy  at  any  distance  x 
equals  the  difference  between  the  total  energy  W and  the  potential  energy  U at  this 
point.  This  difference  is  greatest  at  O,  indicating  that  the  kinetic  energy  is  a maxi- 
mum when  the  electron  leaves  the  cathode.  At  the  point  P this  difference  is  zero, 
which  means  that  no  kinetic  energy  exists,  so  that  the  particle  is  at  rest  at  this  point. 
This  distance,  xo,  is  the  maximum  that  the  electron  can  travel  from  the  cathode.  At 
point  P it  comes  momentarily  to  rest  and  then  reverses  its  motion  and  returns  to  the 
cathode.  From  geometry  it  is  seen  that  Xo/5  = or  xo  = 1 cm. 

Consider  a point  such  as  S which  is  at  a greater  distance  than  1 cm  from  the  cathode. 
Here  the  total  energy  QS  is  less  than  the  potential  energy  RS,  so  that  the  difference, 
which  represents  the  kinetic  energy,  is  negative.  This  is  an  impossible  physical  condi- 
tion, however,  since  negative  kinetic  energy  {\mv^  < 0)  implies  an  imaginary  velocity. 
We  must  conclude  that  the  particle  can  never  advance  a distance  greater  than  OP' 
from  the  cathode. 

The  foregoing  analysis  leads  to  the  very  important  conclusion  that  the  shaded  por- 
tion of  Fig.  3-26  can  never  be  penetrated  by  the  electron.  Thus,  at  point  P the  particle 
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acts  as  if  it  had  collided  with  a solid  wall,  hill,  or  barrier  and  the  direction  of  its  flight 
had  been  altered.  Potential  energy  barriers  of  this  sort  will  play  important  roles  in  the 
analyses  to  follow. 

It  must  be  emphasized  that  the  words  “collides  with”  or  “rebounds  from ” a poten- 
tial “hill”  are  convenient  descriptive  phrases  and  that  an  actual  encounter  between 
two  material  bodies  is  not  implied. 

As  a second  illustration,  consider  a mathematical  pendulum  of  length  I, 
consisting  of  a “point”  bob  of  mass  m that  is  free  to  swing  in  the  earth’s 
gravitational  field.  If  the  lowest  point  of  the  swing  (point  0,  Fig.  3-3)  is 
chosen  as  the  origin,  then  the  potential  energy  of  the  mass  at  any  point  P 
corresponding  to  any  angle  6 of  the  swing  is  given  by 

U = mgy  = mgl{l  — cos  d)  (3-4) 

where  g is  the  acceleration  of  gravity.  This  potential-energy  function  is 
illustrated  graphically  in  Fig.  3-4. 

u 

Y 


O 

Fig.  3-3.  Point  P repre- 
sents the  mass  m of  a 
mathematical  pendulum 
swinging  in  the  earth’s 
gravitational  field. 

Consider  the  resultant  motion  of  the  bob  if  it  is  given  a potential 
energy  IJ \ by  raising  it  through  an  angle  do  and  releasing  it  with  zero 
initial  velocity.  If  dissipation  is  neglected,  the  particle  will  swing  back 
and  forth  through  the  angle  29o,  going  from  do  on  one  side  to  do  on  the 
other  side  of  the  vertical  axis.  How  might  we  analyze  the  motion  of  the 
physical  system  if  only  the  potential-energy  field  of  Fig.  3-4  were  given 
without  specifying  the  physical  character  of  the  system? 

The  procedure  is  the  same  as  that  followed  in  the  simple  diode  problem 
considered  above.  A horizontal  line  aehc  is  drawn  at  a height  equal  to  the 
total  energy  W i of  the  particle.  At  any  point,  such  as  e,  the  total  energy 
is  represented  hy  eg  — W i,  and  the  potential  energy  is  represented  by  fg. 
The  difference  between  these  two,  namely,  ef,  represents  the  kinetic 
energy  of  the  particle  when  the  angle  of  swing,  given  by  the  intercept 
of  eg  on  the  axis,  corresponds  to  Og.  In  other  words,  the  difference 
between  the  total-energy  line  and  the  potential-energy  curve  at  any  angle 
represents  the  kinetic  energy  of  the  particle  under  these  conditions.  This 
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Fig.  3-4.  The  potential  energy  of  the 
bob  in  Fig.  3-3  plotted  as  a function  of 
the  angle  of  swing. 
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difference  is  greatest  at  0,  indicating  that  the  kinetic  energy  is  a maxi- 
mum at  the  bottom  of  the  swing,  an  almost  evident  result.  At  the 
points  a and  h this  difference  is  zero.  This  condition  means  that  no 
kinetic  energy  exists,  or  that  the  particle  is  at  rest  at  these  points. 
This  result  is  evident,  since  corresponding  to  the  points  a {6  = do)  and 
6 (0  = —do),  the  particle  is  about  to  reverse  its  motion. 

Consider  a point  in  the  shaded  region  outside  the  range  —do  to  -i-0o, 
such  as  h.  Here  the  total  energy  ch  is  less  than  the  potential  energy  dh. 
This  impossible  condition  is  interpreted  by  our  previous  reasoning  to 
mean  that  the  particle  whose  total  energy  is  TTi  can  never  swing  to  the 
angle  Oh,  so  that  the  motion  must  be  confined  to  the  region  ab.  The 
shaded  portions  of  Fig.  3-4  represent  the  potential  barrier  which  can 
never  be  penetrated  by  the  bob,  if  its  total  energy  is  no  greater  than  Wi. 
This  type  of  constrained  motion  about  a point  0 is  closely  analogous  to 
that  of  the  so-called  “bound’’  electrons  in  a metal,  as  will  be  seen  later. 

Now  consider  the  case  when  the  bob  has  a total  energy  equal  to  W2, 
which  is  greater  than  the  maximum  of  the  potential-energy  curve. 
Clearly  from  Fig.  3-4  the  horizontal  line  corresponding  to  this  energy 
cannot  intersect  the  curve  at  any  point.  Consequently,  the  particle  does 
not  “collide”  with  the  potential  barrier,  and  its  course  is  never  altered, 
so  that  it  moves  through  an  ever-increasing  angle.  Of  course,  its  kinetic 
energy  varies  over  wide  limits,  being  maximum  for  0 = 0,  2t,  4t,  . . . 
and  minimum  for  d = t,  Stt,  5ir,  ....  Physically,  this  type  of  motion 
results  when  the  bob  has  enough  energy  to  set  it  spinning  completely 
around  in  a circular  path.  This  type  of  motion  is  somewhat  analogous 
to  that  experienced  by  the  so-called  “free”  electrons  in  a metal. 

This  simple  but  powerful  energy  method  facilitates  the  discussion  of 
the  motion  of  a particle  in  a conservative  field  of  force,  such  as  that 
found  in  the  body  of  a metal.  It  will  also  be  applied  to  many  other 
types  of  problem.  For  example,  the  method  of  analysis  just  considered 
is  extremely  useful  in  determining  whether  electrons  will  possess  suf- 
ficient energy  to  pass  through  grids  and  reach  the  various  electrodes  in  a 
vacuum  tube,  whether  or  not  electrons  or  ions  will  be  able  to  penetrate 
electron  clouds  in  a vacuum  tube  or  ion  sheaths  in  a gaseous-discharge 
tube,  and  whether  charge  carriers  can  cross  a semiconductor  junction. 
This  method  will  now  be  applied  to  the  analysis  of  the  motion  of  elec- 
trons in  metals. 

3-4.  The  Potential-energy  Field  in  a Metal.  It  is  desired  to  set  up  the 

potential-energy  field  for  the  three-dimensional  array  of  atoms  that  exists 
in  the  interior  of  a metal  and  to  discuss  the  motion  of  electrons  in  this  field. 
The  resultant  potential  energy  at  any  point  in  the  metal  is  simply  the  sum 
of  the  potential  energies  produced  at  this  point  by  all  the  ions  of  the 
lattice.  To  determine  the  potential  energy  due  to  one  ion,  it  is  noted  that 
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an  atom  of  atomic  number  Z has  a net  positive  charge  Ze  on  its  nucleus. 
Surrounding  this  nucleus  is  an  approximately  spherical  cloud,  or  shell,  of 
Z electrons.  By  Gauss’s  law  the  potential  at  a point  at  a distance  r from 
the  nucleus  varies  inversely  as  r and  directly  as  the  total  charge  enclosed 
within  a sphere  of  radius  r.  Since  the  potential  V equals  the  potential 
energy  U per  unit  charge  (Sec.  1-4),  then  U = —eV.  The  minus  sign  is 
introduced  since  e represents  the  magnitude  of  the  (negative)  electronic 
charge. 

The  potential  of  any  point  may  be  chosen  as  the  zero  reference  of 
potential  because  it  is  only  differences  of  potential  that  have  any  physi- 
cal significance.  For  the  present  discussion  it  is  convenient  to  choose 
zero  potential  at  infinity,  and  then  the  potential  at  any  point  in  space  is 
negative.  Enough  has  been  said  to  make  plausible  the  potential-energy 
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Fig.  3-5.  The  potential  energy  of 
an  electron  as  a function  of  radial 
distance  from  an  isolated  nucleus. 


Fig.  3-6.  The  potential  energy 
resulting  from  two  nuclei  a and  (3. 


curve  illustrated  in  Fig.  3-5.  Here  a represents  a nucleus,  the  potential 
energy  of  which  is  given  by  the  curve  aia^.  The  vertical  scale  repre- 
sents U,  and  the  horizontal  scale  gives  the  distance  r from  the  nucleus. 
It  must  be  emphasized  that  r represents  a radial  distance  from  the  nucleus 
and  hence  can  be  taken  in  any  direction.  If  the  direction  is  horizontal 
but  to  the  left  of  the  nucleus,  then  the  dashed  curve  represents  the 
potential  energy. 

To  represent  the  potential  energy  at  every  point  in  space  requires  a 
four-dimensional  picture,  three  dimensions  for  the  three  space  coordinates 
and  a fourth  for  the  potential-energy  axis.  This  difficulty  is  avoided  by 
plotting  U along  some  chosen  line  through  the  crystal,  say  through  a row 
of  ions.  From  this  graph  and  the  method  by  which  it  is  constructed  it  is 
easy  to  visualize  what  the  potential  energy  at  any  other  point  might  be. 
In  order  to  build  up  this  picture,  consider  first  two  adjacent  ions,  and 
neglect  all  others.  The  construction  is  shown  in  Fig.  3-6.  0:10:2  is  the  U 

curve  for  nucleus  a,  and  ^1^2  is  the  corresponding  U curve  for  the  adjacent 
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nucleus  If  these  were  the  only  nuclei  present  in  the  metal,  the  result- 
ant U curve  in  the  region  between  a and  j3  would  be  the  sum  of  these  two 
curves,  as  shown  by  the  dashed  curve  0:17181  (since  ad  = ah  ac).  It  is 
seen  that  the  resultant  curve  is  very  nearly  the  same  as  the  original  curves 
in  the  immediate  vicinity  of  a nucleus,  but  it  is  lower  and  flatter  than 
either  individual  cuiwe  in  the  region  between  the  nuclei. 

Let  us  now  single  out  an  entire  row  of  nuclei  o,  7,  5,  e,  . . . from  the 
metallic  lattice  (Figs.  3-1  and  3-7)  and  sketch  the  potential  energy  as 
we  proceed  along  this  line  from  one  nucleus  to  the  other,  until  the  surface 
of  the  metal  is  reached.  Following  the  same  type  of  construction  as 
above,  but  considering  the  influence  of  other  nearby  nuclei,  an  energy 
distribution  somewhat  as  illustrated  in  Fig.  3-7  is  obtained. 

According  to  classical  electrostatics,  which  does  not  take  the  atomic 
structure  into  account,  the  interior  of  a metal  is  an  equipotential  region. 


Fig.  3-7.  The  potential-energy  distribution  within  and  at  the  surface  of  a metal. 

The  present,  more  accurate,  picture  shows  that  the  potential  energy  varies 
appreciably  in  the  immediate  neighborhoods  of  the  nuclei  and  actually 
tends  to  — 00  in  these  regions.  However,  the  potential  is  approximately 
constant  for  the  greatest  volume  of  the  metal,  as  indicated  by  the  slowly 
varying  portions  of  the  diagram  in  the  regions  between  the  ions. 

Consider  the  conditions  that  exist  near  the  surface  of  the  metal.  It  is 
evident,  according  to  the  present  point  of  view,  that  the  exact  position  of 
the  ‘‘surface”  cannot  be  defined.  It  is  located  at  a small  distance  from 
the  last  nucleus  e in  the  row.  It  is  to  be  noted  that,  since  no  nuclei  exist 
to  the  right  of  e,  there  can  be  no  lowering  and  flattening  of  the  potential- 
energy  curve  such  as  prevails  in  the  region  between  the  nuclei.  This 
leads  to  a most  important  conclusion,  viz.:  A 'potential-energy  “hill”  or 
“harrier,”  exists  at  the  surface  of  the  metal. 

3-6.  Bound  and  Free  Electrons.  The  motion  of  an  electron  in  the 
potential-energy  field  of  Fig.  3-7  will  now  be  discussed  by  the  method 
given  in  Sec.  3-3.  Consider  an  electron  in  the  metal  that  possesses  a total 
energy  corresponding  to  the  level  A in  Fig.  3-7.  This  electron  collides 
with,  and  rebounds  from,  the  potential  walls  at  a and  h.  It  cannot  drift 
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very  far  from  the  nucleus  but  can  move  about  only  in  the  neighborhood  ah 
of  the  nucleus.  Obviously  this  electron  is  strongly  bound  to  the  nucleus 
and  so  is  called  a hound  electron.  It  is  evident  that  these  bound  electrons 
contribute  very  little  to  the  conductivity  of  the  metal  since  they  cannot 
drift  in  the  metal,  even  under  the  stimulus  of  an  externally  applied  elec- 
tric field.  These  electrons  are  responsible  for  the  heavy  shading  in  the 
neighborhood  of  the  nuclei  of  Fig,  3-1. 

Our  present  interest  is  in  the  free,  or  conduction,  electrons  in  the  metal 
rather  than  in  the  bound  ones.  A free  electron  is  one  having  an  energy 
corresponding  to  the  level  B of  the  figure.  At  no  point  within  the  metal 
is  its  total  energy  entirely  converted  into  potential  energy.  Hence,  at 
no  point  is  its  velocity  zero,  and  the  electron  travels  more  or  less  freely 
throughout  the  body  of  the  metal.  However,  when  the  electron  reaches 
the  surface  of  the  metal,  it  collides  with  the  potential-energy  barrier  there. 
At  the  point  C,  its  kinetic  energy  is  reduce^d  to  zero,  and  the  electron  is 
turned  back  into  the  body  of  the  metal.  An  electron  having  an  energy 
corresponding  to  the  level  D collides  with  no  potential  walls,  not  even  the 
one  at  the  surface,  and  so  it  is  capable  of  leaving  the  metal. 

In  our  subsequent  discussions  the  bound  electrons  will  be  neglected 
completely  since  they  in  no  way  contribute  to  the  phenomena  to  be 
studied.  Attention  will  be  focused  on  the 
free  electrons.  The  region  in  which  they 
find  themselves  is  essentially  a potential 
plateau,  or  equipotential  region.  It  is  only 
for  distances  close  to  an  ion  that  there  is  any 
appreciable  variation  in  potential.  Since 
the  regions  of  rapidly  varying  potential 
represent  but  a very  small  portion  of  the 
total  volume  of  the  metal,  we  shall  hence- 
forth assume  that  the  field  distribution 
within  the  metal  is  equipotential  and  the 
free  electrons  are  subject  to  no  forces  whatsoever.  The  present  view- 
point is  therefore  essentially  that  of  classical  electrostatics. 

Figure  3-7  is  redrawn  in  Fig.  3-8,  all  potential*  variations  within  the 
metal  being  omitted,  with  the  exception  of  the  potential  barrier  at  the 
surface.  For  the  present  discussion,  the  zero  of  energy  is  chosen  at  the 
level  of  the  plateau  of  this  diagram.  This  choice  of  the  zero-energy 

* This  figure  really  represents  potential  energy  and  not  potential.  However,  the 
phrase  "potential  barrier”  is  much  more  common  in  the  literature  than  the  phrase 
"potential-energy  barrier.”  Where  no  confusion  is  likely  to  arise,  these  two  expres- 
sions will  be  used  interchangeably.  These  barriers  will  be  measured  in  electron  volts, 
and  hence  the  symbol  E will  replace  the  U of  the  preceding  sections.  It  must  be 
emphasized  that  one  unit  of  E represents  1.60  X 10“^®  joule  of  energy. 


Fig.  3-8.  For  the  free  electrons, 
the  interior  of  a metal  may  be 
considered  an  equipotential  vol- 
ume, but  there  is  a potential 
barrier  at  the  surface. 
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reference  level  is  valid  since,  as  has  already  been  emphasized,  only  differ- 
ence of  potential  has  physical  significance.  The  region  outside  the  metal 
is  now  at  a potential  equal  to  Eb,  the  height  of  the  potential-energy 
barrier  in  electron  volts. 

3-6.  Energy  Distribution  of  Electrons.  In  order  to  be  able  to  escape, 
an  electron  inside  the  metal  must  possess  an  amount  of  energy  at  least  as 
great  as  that  represented  by  the  surface  barrier  Eb.  It  is  therefore 
important  to  know  what  energies  are  possessed  by  the  electrons  in  a 
metal.  This  relationship  is  called  the  energy  distribution  function.  We 
shall  digress  briefly  in  order  to  make  clear  what  is  meant  by  a distribution 
function. 

Suppose  that  we  were  interested  in  the  distribution  in  age  of  the  people 
in  the  United  States.  A sensible  way  to  indicate  this  relationship  is 
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Fig.  3-9.  The  distribution  function  in  age  of  the  people  in  the  United  States. 

shown  in  Fig.  3-9,  where  the  abscissa  is  age  and  the  ordinate  is  pa,  the 
density  of  the  population  in  age.  This  density  gives  the  number  dN a of 
people  whose  ages  lie  in  the  range  between  A and  A -(-  dA,  or 

dNA  = PA  dA  (3-5) 

The  data  for  such  a plot  are  obtained  from  census  information.  We  see, 
for  example,  that  the  number  of  persons  having  ages  between  10  and  12 
years  is  represented  by  dNA,  with  pA  = 2.25  million  per  year  chosen  as 
the  mean  ordinate  between  10  and  12  years,  and  dA  is  taken  as  12  — 10  = 
2 years.  Thus  dNA  = pa  dA  = 4.50  million.  Geometrically,  this  is  the 
shaded  area  of  Fig.  3-9.  Evidently,  the  total  population  N is  given  by 

N = f dNA  = fpA  dA  (3-6) 

or  simply  the  total  area  under  the  curve. 

We  shall  now  be  concerned  with  the  distribution  in  energy  of  the  free 
electrons  in  a metal.  By  analogy  with  Eq.  (3-5),  we  may  write 

dN E ~ pe  dE 


(3-7) 
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where  dNs  represents  the  number  of  free  electrons  per  cubic  meter  whose 
energies  lie  in  the  energy  interval  dE  electron  volts  and  where  pe  gives 
the  density  of  electrons  in  this  interval.  The  question  that  immediately 
presents  itself  is;  What  is  the  mathematical  expression  for  the  density 
function  Fermi/  and  independently  Dirac/  taking  into  account  the 
quantum  nature  of  the  electron,  other  physical  facts,  and  the  laws  of 
probability,  deduced  this  most  probable  distribution  function^  for  elec- 
trons. The  application  of  this  statistics  to  the  theory  of  metals  is  due 
primarily  to  Sommerfeld.  The  Fermi-Dirac-Sommerfeld  energy  density 
function  may  be  expressed  in  the  form 


yE^ 

p®  = rr  ^(E—Em)/Et 

where  7 is  a constant  defined  by 


(electrons/ m^)  / ev 


(electrons  / m^)  / (ev)  ^ 


(3-8) 


and  where  m is  the  mass  of  the  electron  in  kilograms,  is  a constant  (its 
dimensions  are  joule-seconds)  first  introduced  by  Planck,  e is  the  base  of 
natural  logarithms,  E is  the  energy  of  the  electron  in  electron  volts,  Em  is 
a parameter  to  be  discussed  later,  and  Et  is  defined  by  the  relationship 

eEr  = kT  (3-9) 

where  k is  the  Boltzmann  gas  constant  in  joules  per  degree  Kelvin,  T is 
the  temperature  in  degrees  absolute  or  Kelvin,  and  e is  the  electronic 
charge  in  coulombs.  The  quantity  Et  is  called  the  electron-volt  equivalent 
of  temperature*  and  is  a convenient  abbreviation.  The  numerical  values 
of  the  physical  constants  introduced  here  are  contained  in  Appendix  I. 
Equation  (3-9)  becomes,  upon  substituting  numerical  values  for  the  con- 
stants contained  in  the  equation. 


T 

Et  = 

^ 11,600 


(3-10) 


This  permits  a rapid  conversion  from  temperature  to  the  electron-volt 
equivalent. 

Several  points  must  be  emphasized  before  discussing  Eq.  (3-8).  Since 
our  interests  are  confined  only  to  the  free  electrons,  it  will  be  assumed  that 
there  are  no  potential  variations  within  the  metal.  Hence,  there  must  be, 
a priori,  the  same  number  of  electrons  in  each  cubic  meter  of  the  metal. 
That  is,  the  density  in  space  (electrons  per  cubic  meter)  is  a constant. 
However,  within  each  unit  volume  of  metal  there  will  be  electrons  having 
all  possible  energies.  It  is  this  distribution  in  energy  (per  cubic  meter  of 
the  metal)  that  is  expressed  by  Eq.  (3-8). 
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At  a temperature  of  absolute  zero,  Eq.  (3-8)  attains  a very  striking 
form  known  as  the  completely  degenerate  function.  When  T = 0°K,  then 
Et  = 0,  and  two  possible  conditions  exist:  (1)  If  E > Em,  then  the 
exponential  term  becomes  infinite,  whence  ps  = 0.  Consequently,  there 
are  no  electrons  with  energies  greater  than  Em  cit  absolute  zero  of  temperature. 
That  is,  Em  is  the  maximum  energy  that  any  electron  may  possess  at 
absolute  zero.  This  important  quantity  Em  is  often  referred  to  as  the 
“Fermi  characteristic  energy”  or  the  “Fermi  level.”  (2)  li  E < Em, 
then  the  exponential  in  Eq.  (3-8)  becomes  zero.  Hence 


Pe  — yE^  for  E <C.  Em  1 
P£  = 0 for  E > Em  J 


when  Et  = 0 


(3-11) 


A plot  of  the  distribution  in  energy  given  by  Eqs.  (3-8)  and  (3-11)  for 
metallic  tungsten  at  T = 0°K  and  T = 2500°K  is  shown  in  Fig.  3-10. 
The  area  under  each  curve  is  simply  the  total  number  of  particles  per 
cubic  meter  of  the  metal,  whence  the  two  areas  must  be  equal.  Also,  the 
curves  for  all  temperatures  must  pass  through  the  same  ordinate,  namely, 

PE  = at  the  point  E = Em,  as  is 

evident  from  Eq.  (3-8). 

A most  important  characteristic  is  to 
be  noted,  viz.,  the  distribution  function 
changes  only  very  slightly  with  tempera- 
ture, even  though  the  temperature  change 
is  as  great  as  2500°K.  The  effect  of  the 
high  temperature  is  merely  to  give  those 
electrons  having  the  high  energies  at  abso- 
lute zero  (those  in  the  neighborhood  of  Em) 
still  higher  energies,  whereas  those  having 
lower  energies  have  been  left  practically  undisturbed.  Since  the  curve  for 
T — 2500°K  approaches  the  energy  axis  asymptotically,  a few  electrons 
will  have  large  values  of  energy. 

An  expression  for  Em  may  be  obtained  on  the  basis  of  the  completely 
degenerate  function.  The  area  under  the  curve  of  Fig.  3-10  represents 
the  total  number  of  free  electrons  (as  always,  per  cubic  meter  of  the 
metal) . Thus 

N = y&  dE  = 


Fio.  3-10.  Energy  distribution 
in  metallic  tungsten  at  O'’  and 
2500°K. 


or 


(3-12) 


Inserting  the  numerical  value  (6.82  X 10^’^)  of  the  constant  y in  this 
expression,  there  results 


Em  = 3.64  X 


ev 


(3-13) 
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Since  the  density  N (electrons  per  cubic  meter)  varies  from  metal  to 
metal,  then  Em  will  also  vary  among  metals.  Knowing  the  specific 
gravity,  the  atomic  weight,  and  the  number  of  free  electrons  per  atom, 
it  is  a simple  matter  to  calculate  N,  and  so  Em-  For  most  metals  the 
numerical  value  of  Em  is  less  than  10  ev. 


Example.  The  specific  gravity  of  tungsten  is  18.8,  and  its  atomic  weight  is  184.0.* 
Assume  that  there  are  two  free  electrons  per  atom.  Calculate  the  numerical  values  of 
N and  Em. 

Solution.  A quantity  of  any  substance  equal  to  its  molecular  weight  in  grams  is  a 
mole  of  that  substance.  Further,  1 mole  of  any  substance  contains  the  same  number 
of  molecules  as  1 mole  of  any  other  substance.  This  number  is  Avogadro’s  number  and 
equals  6.02  X lO^^  molecules  per  mole.  Thus 


. w .r.,,  molecules  , 1 mole  o g electr^ 

N = 6.02  X 10^^  mol—  X ^ cm3  X 

. 12,3  X . 1.23  X 

cm3  m^ 


X 


1 atom 
molecule 


since  for  tungsten  the  atomic  and  the  molecular  weights  are  the  same.  Therefore,  for 
tungsten, 

Em  = 3.64  X 10-i»(123  X lO^’)^  = 8.95  ev 

3-7.  Work  Function.  In  Fig.  3-11,  Fig.  3-10  has  been  rotated  90  deg 
counterclockwise  and  combined  with  Fig.  3-8  so  that  the  vertical  axis 
represents  energy  for  both  sets  of  curves.^  At  0 K it  is  impossible  for  an 
electron  to  escape  from  the  metal  because  this  requires  an  amount  of 
energy  equal  to  Eb  and  the  maximum  energy  possessed  by  any  electron  is 
only  Em-  It  is  necessary  to  supply 
an  additional  amount  of  energy  equal 
to  the  difference  between  Eb  and  Em 
in  order  to  make  this  escape  possible. 

This  difference,  written  Ew,  is  known 
as  the  work  function  of  the  metal. 

Ew  = Eb  — Em  (3-14) 

Thus  the  work  function  of  a metal 
represents  the  minimum  amount  of 
energy  that  must  be  given  to  the  fastest-moving  electron  at  the  absolute 
zero  of  temperature  in  order  for  this  electron  to  be  able  to  escape  from 
the  metal. 

The  experiments  of  Davisson  and  Germer®  and  of  Rupp^  on  the  dif- 
fraction of  electrons  in  passing  through  matter  have  verified  the  existence 
of  the  potential-energy  barrier  at  the  surface  of  the  metal.  In  fact,  based 
on  the  results  of  these  experiments  together  with  experimentally  deter- 
mined values  of  Ew,  it  is  possible  to  calculate  the  values  of  Em  for  the 

* The  atomic  weights  of  the  elements  are  given  in  the  periodic  table  (Appendix  III). 


Electron 

volts 


Fig.  3-11.  Energy  diagram  used  to 
define  the  work  function. 
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metals  used.  These  data  show  fair  agreement  between  the  experimental 
and  theoretical  values. 

A second  physical  meaning  of  the  term  “work  function”  may  be 
obtained  by  considering  what  happens  to  an  electron  as  it  escapes  from 
a metal,  without  particular  regard  to  the  conditions  within  the  interior 
of  the  metal.  A negative  electron  will  induce  a positive  charge  on  a 
metal  from  which  it  escapes.  There  will  then  be  a force  of  attraction 
between  the  induced  charge  and  the  electron.  Unless  the  electron  pos- 
sesses sufficient  energy  to  carry  it  out  of  the  region  of  influence  of  this 
image  force  of  attraction,  it  will  be  returned  to  the  metal.  The  energy 
required  for  the  electron  to  escape  from  the  metal  is  the  work  function  Ew 
(based  upon  this  classical  electrostatic  model). 

3-8.  Thermionic  Emission.  The  curves  of  Fig.  3-1 1 show  that  the  elec- 
trons in  a metal  at  absolute  zero  are  distributed  among  energies  which 
range  in  value  from  zero  to  the  maximum  energy  Em.  Since  an  electron 
must  possess  an  amount  of  energy  at  least  as  great  as  in  order  to  be 
able  to  escape,  no  electrons  can  leave  the  metal.  Suppose  now  that  the 
metal,  in  the  form  of  a filament,  is  heated  by  sending  a current  through  it. 
Thermal  energy  is  then  supplied  to  the  electrons  from  the  lattice  of  the 
heated  metal  crystal.  The  distribution  of  the  electrons  changes,  owing  to 
the  increased  temperature,  as  indicated  in  Fig.  3-11.  As  the  temperature 
is  raised,  some  of  the  electrons  represented  by  the  tail  of  the  curve  of 
Fig.  3-11  will  have  energies  greater  than  Eb  and  so  may  be  able  to  escape 
from  the  metal. 

Using  the  analytical  expression  from  the  distribution  function,  it  is 
possible  to  calculate  the  number  of  electrons  which  strike  the  surface  of 
the  metal  per  second  with  sufficient  energy  to  be  able  to  surmount  the 
surface  barrier  and  hence  escape.  Based  upon  such  a calculation, « the 
thermionic  current  is  given  by 

Ith  = *SAoT^e  or  Ith  = amp  (3-15) 

where  S = area  of  filament,  m^ 

Ao  = constant  whose  dimensions  are  amp/(m^)(°K2) 

T = temperature,  °K 
Et  = T/ 11,600  is  defined  in  Eq.  (3-9) 

Ew  = work  function,  ev 

ho  = n,600Ew,  °K 

Equations  (3-15)  are  two  forms  of  the  equation  of  thermionic  emission. 
They  are  sometimes  referred  to  as  the  “Dushman  equations”  and  some- 
times as  the  “Richardson  equations,”  since  both  workers  developed  equa- 
tions of  this  form  theoretically.  The  constant  Ew,  which  has  been  termed 
the  work  function,  is  known  also  as  the  “latent  heat  of  evaporation 
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of  electrons”  from  the  metal,  from  the  analogy  of  electron  emission  with 
the  evaporation  of  molecules  from  a liquid. 

The  thermionic-emission  equation  has  received  considerable  experimen- 
tal verification.®  The  graphical  representation  between  the  thermionic- 
emission  current  and  the  temperature  is  generally  obtained  by  taking  the 
logarithm  of  Eq.  (3-15),  viz., 

logiQ  Ith  — 2 logio  T — logic  ~ 0.4346o  (3-16) 

where  the  factor  0.434  represents  logic  e.  Hence,  if  we  plot  logic  Ith  — 

2 logic  T vs.  l/T,  the  result  should  be  a straight  line  having  a slope  equal 
to  — 0.4345o.  The  verification  of  this  equation  requires  a knowledge  of 
the  cathode  temperature.  In  those  cases  where  the  cathode  is  sufficiently 
exposed,  the  temperature  can  most  accurately  be  determined  by  means  of 
an  optical  pyrometer.  Often,  however,  it  is  difficult  or  entirely  impossi- 
ble to  see  the  cathode.  Under  these  conditions  a method  that  is  based 
upon  the  energy  radiated  by  the  cathode  is  usually  employed. 

If  a certain  amount  of  power  is  supplied  to  a cathode,  it  will  become 
heated  and  the  temperature  will  increase  until  temperature  equilibrium 
occurs.  Equilibrium  exists  when  the  rate  of  heat  removal  by  all  causes 
equals  the  rate  of  heat  produced  as  a result  of  the  electrical  input.  Since 
the  cathode  is  generally  a thin  filament  in  a vacuum,  no  convection  of  heat 
can  occur.  A small  amount  of  heat  will  be  conducted  away  by  the  leads, 
but  most  of  the  heat  loss  is  due  to  the  radiated  energy.  The  rate  at  which 
energy  is  radiated  from  the  heated  surface  is  expressed  explicitly  as  a func- 
tion of  the  temperature  of  the  body  by  the  Stefan-Boltzmann  relation 

p = 5.67  X lO~^eTT*  watts/m^  (3-17) 

where  P is  the  power  radiated,  in  watts  per  square  meter,  by  the  surface 
whose  emissivity  is  Bt',  the  factor  5.67  X 10“^  watt/(m^)(°K^)  is  known 
as  the  Stefan-Boltzmann  constant;  and  T is  the  temperature  in  degrees 
Kelvin.  The  value  of  Ct  is  always  less  than  unity  for  all  practical  cases. 
It  varies  slightly  with  temperature  and  must  be  determined  experimen- 
tally. Forsythe  and  Worthing^®  and  Jones  and  Langmuir^  have  deter- 
mined the  temperature  of  tungsten  as  a function  of  the  input  power  per 
square  centimeter,  over  wide  ranges  of  temperature.  These  data  deter- 
mine Bt.  Hence,  by  measuring  P,  the  temperature  T is  found. 

An  early  form  of  an  emission  equation  suggested  on  the  basis  of  the 
classical  kinetic  theory  by  O.  W.  Richardson^®  is 

hn  = (3-18) 

where  A'  is  a quantity  that  depends  upon  the  material  and  h'  is  a quantity 
related  to,  but  not  equal  to,  K.  Experimentally,  it  is  impossible  to  dis- 
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tinguish  between  Eqs.  (3-15)  and  (3-18).  This  difficulty  arises  from  the 
fact  that  both  equations  predict  the  same  exponential  dependence  upon 
the  temperature;  and  since  this  factor  is  such  a rapidly  varying  one,  it 
overshadows  the  dependence  upon  the  or  the  T'^  term.  For  example, 
it  follows  from  the  second  of  Eqs.  (3-15),  by  taking  the  derivative  of  the 
natural  logarithm  of  this  equation,  that 


dith 

Ilh 


(3-19) 


For  tungsten,  bo  = 52,400,  so  that  at  a normal  operating  temperature  of 
2400°K  the  fractional  change  in  current  dith/lth  is  2 -f-  22  times  the 
fractional  change  in  the  temperature.  It  is  to  be  noted  that  the  term 
22  (=  ho/T)  arises  from  the  exponential  term  in  the  Dushman  equation, 
and  the  term  2 arises  from  the  term.  Because  of  this  slight  depend- 
ence upon  the  power  of  the  T term,  it  is  impossible  to  use  the  experi- 
mental results  as  a criterion  to  favor  one  or  the  other  equation.  We 
observe  in  passing  that  the  thermionic  current  is  a very  sensitive  func- 
tion of  the  temperature,  since  a 1 per  cent  change  in  T results  in  a 24  per 
cent  change  in  Im- 

It  must  be  emphasized  that  Eqs.  (3-15)  give  the  electron  emission  from 
a metal  at  a given  temperature  provided  that  there  are  no  external  fields 
present.  If  there  are  either  accelerating  or  retarding  fields  at  the  surface, 
then  the  actual  current  collected  will  be  greater  or  less  than  the  emission 
current,  respectively.  The  effect  of  such  surface  fields  is  discussed  later 
in  this  chapter. 

3-9.  Contact  Potential.  Consider  two  metals  in  contact  with  each 
other,  as  at  the  junction  C in  Fig.  3-12.  The  contact  difference  of  poten- 
tial between  these  two  metals  is  defined  as  the 
potential  difference  Eab,  between  a point  A just 
outside  metal  1 and  a point  B just  outside 
metal  2.  The  reason  for  the  existence  of  the 
difference  of  potential  is  easily  understood. 
When  the  two  metals  are  j oined  at  the  boundary 
C,  electrons  will  flow  from  the  lower-work-f unc- 
tion metal,  say  1,  to  the  other  metal,  2.  This 
flow  will  continue  until  metal  2 has  acquired  so 
much  negative  charge  that  a retarding  field  has  built  up  which  repels  any 
further  electrons.  A detailed  analysis‘s  of  the  requirement  that  the  num- 
ber of  electrons  traveling  from  metal  1 across  junction  C into  metal  2 is 
the  same  as  that  in  the  reverse  direction  across  C leads  to  the  conclusion 
that  this  equilibrium  condition  is  attained  when  the  Fermi  energies  Em 
of  the  two  metals  are  located  at  the  same  height  on  the  energy-level 
diagram.  To  satisfy  this  condition  the  potential-energy  diagram  for  the 


Fig.  3-12.  Two  metals  in 
contact  at  the  junction  C. 
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two  metals  must  be  drawn  as  in  Fig.  3-13.  The  barriers  at  the  two  sur- 
faces A and  B are  indicated  as  vertical  lines  instead  of  curves  as  in  Fig.  3-8 
because  the  distance  between  the  surfaces  A and  B is  very  large  in  com- 
parison with  atomic  dimensions. 

The  diagram  should  be  clear  if  it  is  recalled  that  Ew  = Eb  - E M- 
From  this  figure  it  is  seen  that 

Eab  = Ew2  — Ewi  (3-20) 

which  means  that  the  contact  difference  of  potential  between  two  metals  equals 
the  difference  between  their  work  junctions.  This  result  has  been  verified 
experimentally  by  numerous  investigators. 

If  metals  1 and  2 are  similar,  the  contact  potential  between  them  is  evi- 
dently zero.  If  they  are  dissimilar  metals,  the  metal  having  the  lower 


B 


Fig.  3-13.  The  potential-energy  system  of  two  metals  in  contact. 

work  function  becomes  charged  positively  and  the  higher- work-function 
metal  becomes  charged  negatively.  In  a vacuum  tube  the  cathode  is 
usually  the  lowest-work-function  metal.  If  it  is  connected  to  any  other 
electrode  externally  by  means  of  a wire,  then  the  effective  voltage  between 
the  two  electrodes  is  not  zero  but  equals  the  difference  in  the  work  func- 
tions. This  potential  difference  is  in  such  a direction  as  to  repel  the  elec- 
trons being  emitted  from  the  cathode.  If  a battery  is  connected  between 
the  two  electrodes,  then  the  effective  potential  is  the  algebraic  sum  of  the 
applied  voltage  and  the  contact  potential. 

3-10.  Energies  of  Emitted  Electrons.  Since  the  electrons  inside  a 
metal  have  a distribution  of  energies,  then  those  which  escape  from  the 
metal  will  also  have  an  energy  distribution.  It  is  easy  to  demonstrate 
this  experimentally.  Thus  consider  a plane  emitter  and  a plane-parallel 
collector.  The  current  is  measured  as  a function  of  the  retarding  volt- 
age Er  (the  emitter  positive  with  respect  to  the  collector).  If  all  the 
electrons  left  the  cathode  with  the  same  energy,  then  the  current  would 
remain  constant  until  a definite  voltage  was  reached  and  then  it  would 
fall  abruptly  to  zero.  For  example,  if  they  all  had  2 ev  energy,  then  when 
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the  retarding  voltage  was  greater  than  2 volts  the  electrons  could  not  sur- 
mount the  potential  barrier  between  cathode  and  anode  and  no  particles 
would  be  collected.  Experimentally  no  such  sudden  falling  off  of  current 
is  found,  but  instead  there  is  an  exponential  decrease  of  current  with 
voltage  according  to  the  equation 

h = (3-21) 

This  result  may  be  obtained  theoretically  as  follows:  Since  Ith  is  the  cur- 
rent for  zero  retarding  voltage,  then  the  current  obtained  when  the  barrier 
height  is  increased  by  Er  is  determined  from  the  right-hand  side  of  the 
first  of  Eqs.  (3-15)  by  changing  Ew  to  Ew  Er.  Hence, 

If  Eb  is  the  applied  (accelerating)  anode  potential  and  if  E'  is  the 
(retarding)  contact  potential,  then  Er  = E'  ^ Eb,  and  Eq.  (3-21)  becomes 

Ib  = (3-22) 

where 

I ^ (3-23) 

represents  the  current  which  is  collected  at  zero  applied  voltage.  Since 
E'  > Et,  this  current  7 is  a small  fraction  of  Ith.  If  Eb  is  increased  from 
zero,  the  current  h increases  exponentially  until  the  magnitude  of  the 
applied  voltage  Eb  equals  the  contact  potential  E'.  At  this  voltage 

Er  = 0,  and  the  thermionic  current 
is  collected.  If  Eb  > E',  then  the 
field  acting  on  the  emitted  electrons 
is  in  the  accelerating  direction  and 
the  current  remains  at  the  value  I a. 
A plot  of  the  term  logioj/  vs.  Ej  should 
be  of  the  form  shown  in  Fig.  3-14. 
The  nonzero  slope  of  this  broken-line 
curve  is  (11,600  logio€)/T  = 5,030/T'. 
From  the  foregoing  considerations, 
the  potential  represented  by  the  dis- 
tance from  0 to  O'  is  the  contact 
potential  E'.  Because  most  com- 
mercial diodes  do  not  even  approxi- 
mate a plane  cathode  with  a plane-parallel  anode,  the  volt-ampere 
characteristic  indicated  in  Fig.  3-14  is  only  approached  in  practice.  Fur- 
thermore, since  the  effect  of  space  charge  (Chap.  4)  has  been  completely 
neglected,  Eq.  (3-21)  is  valid  only  for  low  values  (microamperes)  of  cur- 
rent. For  larger  values  of  Ib,  the  current  varies  as  the  three-halves  power 
of  the  plate  potential  (Sec.  4-4). 


Fig.  3-14.  To  verify  the  retarding- 
potential  equation,  logic  I is  plotted  vs. 

Eb. 
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Example.  What  percentage  of  the  electrons  leaving  a tungsten  filament  at  2700°K 
can  surmount  a barrier  whose  height  is  1 ev? 

Solution.  Using  Eq.  (3-21),  with  Er  = 1,  and  remembering  that  Et  = 2Vll,600 
yields 

Jih.  = 600X0/2,700  = ^-4.28  ^0.014 

Eh 

Hence,  only  about  1.4  per  cent  of  the  electrons  have  energies  in  excess  of  1 ev. 

If  the  emitter  is  an  oxide-coated  cathode  operating  at  1000°K,  then  a 
calculation  similar  to  the  above  gives  the  result  that  only  about  0.001  per 
cent  of  the  electrons  have  a surface-directed  energy  in  excess  of  1 ev! 

A statistical  analysis^®  shows  that  the  average  energy  of  the  escaping 
electrons  is  given  by  the  expression 

E = 2Et  ev  (3-24) 

For  operating  temperatures  of  2700°  and  1000°K  the  average  energies  of 
the  emitted  electrons  are  0.47  and  0.17  ev,  respectively. 

These  calculations  demonstrate  the  validity  of  the  assumption  made  in 
Chap.  1 in  the  discussion  of  the  motion  of  electrons  in  electric  and  mag- 
netic fields,  viz.,  that  the  electrons  begin  their  motions  with  very  small 
initial  velocities.  In  most  applications  the  initial  velocities  are  of  no 
consequence,  but  they  are  of  significance  in  tubes  which  are  operated  at 
low  electrode  voltages. 

3-11.  Accelerating  Fields.  Under  normal  operating  conditions,  the 
field  applied  between  the  cathode  and  the  collecting  anode  is  accelerating 
rather  than  retarding,  and  so  the  field  aids  the  electrons  in  overcoming 
the  image  force  at  the  surface  of  the  metal.  This  accelerating  field  tends, 
therefore,  to  lower  the  work  function  of  the  metal  and  so  results  in  an 
increased  thermionic  emission  from  the  metal.  It  can  be  shown*®  that 
the  current  I under  the  condition  of  an  accelerating  field  of  8 volts  per 
meter  at  the  surface  of  the  emitter  is 

/ = (3_25) 

where  Eh  is  the  zero-field  thermionic  current  and  T is  the  cathode  temper- 
ature in  degrees  Kelvin.  The  fact  that  the  measured  thermionic  currents 
continue  to  increase  as  the  applied  potential  between  the  cathode  and  the 
anode  is  increased  is  often  referred  to  as  the  Schottky  effect,  after  the  man 
who  first  predicted  this  effect.  Some  idea  of  the  order  of  magnitude  of 
this  increase  can  be  obtained  from  the  following  illustration. 

Example.  Consider  a cylindrical  cathode  of  radius  0.01  cm  and  a coaxial  cylindrical 
anode  of  radius  1.0  cm.  The  temperature  of  the  cathode  is  2500°K.  If  an  acceler- 
ating potential  of  500  volts  is  applied  between  the  cathode  and  the  anode,  calculate 
the  percentage  increase  in  the  zero-external-field  thermionic-emission  current  because 
of  the  Schottky  effect. 
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Solution.  The  electric-field  intensity  at  any  point  r (meters)  in  the  region  between 
the  electrodes  of  a cylindrical  capacitor,  according  to  classical  electrostatics,  is  given 
by  the  formula 

Eh  1 

^ ° In  (r./rt)  r ®-20) 

where  In  denotes  the  logarithm  to  the  natural  base  e,  Eh  is  the  plate  voltage,  Va  is  the 
anode  radius,  and  is  the  cathode  radius.  Thus  the  electric-field  intensity  at  the 
surface  of  the  cathode  is 

^ = ^03  logio  100  1^4  = 1-085  X 10«  volts/m 

It  follows  from  Eq.  (3-25)  that 


/_  (0.434) (0.44) (1.085  X 10«)1  ^ 

Poo 

Hence,  I/Iih  = 1.20,  which  shows  that  the  Schottky  theory  predicts  a 20  per  cent 
increase  over  the  zero-field  emission  current. 


3-12.  High-field  Emission.  Suppose  that  the  accelerating  field  at  the 
surface  of  a “cold”  cathode  (one  for  which  the  thermionic-emission  cur- 
rent is  negligible)  is  very  intense.  Under  these  circumstances  the  vari- 
ation of  the  emission-current  density  with  the  strength  of  the  electric-field 
intensity  at  the  surface  of  the  metal  has  been  calculated  by  several  investi- 
gators. The  result  obtained  by  Fowler  and  Nordheim  is 


where 


J = CS^e  amp/m^ 


(3-27) 


C = 


6.2  X 10-^  (E^ 

E B \Fiv  / 


amp/volt^ 


D ==  6.8  X 10 'Ew^  volts/m 


(3-28) 


This  equation  has  received  direct  experimental  verification.  This 
effect  is  called  high-field,  cold-cathode  or  autoelectronic  emission.  The 
electric-field  intensity  at  an  electrode  whose  geometry  includes  a sharp 
point  or  edge  may  be  very  high  even  if  the  applied  voltage  is  moderate. 
Hence,  if  high-field  emission  is  to  be  avoided,  it  is  very  important  to 
shape  the  electrodes  in  a tube  properly  so  that  a concentration  of  electro- 
static lines  of  flux  does  not  take  place  on  any  metallic  surface.  On  the 
other  hand,  the  cold-cathode  effect  has  been  used  to  provide  several 
thousand  amperes  in  an  X-ray  tube  used  for  high-speed  radiography.^® 
3-13.  Secondary  Emission. The  number  of  secondary  electrons  that 
are  emitted  from  a material,  either  a metal  or  a dielectric,  when  subjected 
to  electron  bombardment  has  been  found  experimentally  to  depend  upon 
a number  of  factors.  Among  these  are  the  number  of  primary  electrons, 
the  energy  of  the  primary  electrons,  the  angle  of  incidence  of  the  electrons 
on  the  material,  the  type  of  material,  and  the  physical  condition  of  the 
surface.  The  secondary-emission  ratio,  defined  as  the  ratio  of  the  number 
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of  secondary  electrons  per  primary  electron,  is  small  for  pure  metals,  the 
maximum  value  being  between  1.5  and  2.  It  is  increased  markedly  by 
the  presence  of  a contaminating  layer  of  gas  or  by  the  presence  of  an 
electropositive  or  alkali  metal  on  the  surface.  For  such  composite  sur- 
faces, secondary-emission  ratios  as  high  as  10  or  15  have  been  detected. 
This  ratio  as  a function  of  the  energy  of  the  impinging  primary  electrons 
on  a cesium-antimony  and  a silver- 
magnesium  surface  is  shown  in  Fig. 

3-15. 

The  maximum  in  the  secondary- 
emission  ratio  curve  can  be  explained 
qualitatively.  For  low-energy  pri- 
maries, the  number  of  secondaries 
that  are  able  to  overcome  the  surface 
attraction  is  small.  As  the  energy  of 
the  impinging  electrons  increases, 
more  energetic  secondaries  are  pro- 
duced and  the  secondary-emission 
ratio  increases.  Since,  however,  the 
depth  of  penetration  increases  with 
the  energy  of  the  incident  electron, 
the  secondaries  must  travel  a greater 
distance  in  the  metal  before  they 
reach  the  surface.  This  increases  the 
probability  of  collision  in  the  metal, 
with  a consequent  loss  of  energy  of 
these  secondaries.  Thus,  if  the  pri- 
mary energy  is  increased  too  much, 
the  secondary-emission  ratio  must  pass  through  a maximum. 

Most  secondary  electrons  are  emitted  with  small  energies.  There  is 
evidence^^  that  more  than  85  per  cent  of  the  secondary  electrons  emitted 
from  a surface  have  energies  of  less  than  3 ev.  This  condition  is  to  be 
expected  since  a rapidly  moving  inner  electron  should  be  able  to  induce 
the  same  type  of  phenomenon  as  a fast-moving  primary  electron.  The 
small  percentage  of  high-energy  electrons  that  is  present  is  attributed  to 
those  primary  electrons  which  have  been  reflected  from  the  surface,  rather 
than  to  true  secondary  electrons. 

It  is  possible  to  induce  electron  emission  by  bombarding  a surface  with 
positive  ions  instead  of  with  electrons. This  process  is  much  less 
efficient  than  electron  bombardment.  As  a result,  the  energies  of  the 
impinging  ions  must  be  much  greater  than  those  of  electrons  in  order  to 
yield  a comparable  secondary-emission  ratio.  Nevertheless,  this  process 
plays  a fundamental  role  in  some  types  of  discharge  to  be  discussed  later. 


Energy  in  electron  volts 

Fig.  3-15.  Variation  of  secondary- 
emission  ratio  with  primary  voltage. 
{Courtesy  of  A.  B.  Du  Mont  Laboratories, 
Inc.) 
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3-14.  Semiconductors.^^  From  Eq.  (3-3)  we  see  that  the  conductivity 
is  proportional  to  the  concentration  n of  free  electrons.  For  a good  con- 
ductor, n is  very  large  electrons/m^) ; for  an  insulator,  n is  very 

small  (=10^) ; and  for  a semiconductor,  n lies  between  these  two  extremes. 
The  valence  electrons  in  a semiconductor  are  not  free  to  wander  about  as 
they  are  in  a metal  but  rather  are  trapped  in  a bond  between  two  adjacent 
ions,  as  will  now  be  explained. 

Germanium  and  silicon  are  the  two  most  important  semiconductors 
used  in  electronic  devices.  The  crystal  structure  of  these  materials  con- 
sists of  a regular  repetition  in  three  dimensions  of  a unit  cell  in  the  form 
of  a tetrahedron  with  an  atom  at  each  corner.  This  structure  is  illus- 
trated symbolically  in  two  dimensions  in  Fig.  3-16.  Germanium  has  a 
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Fig.  3-16.  Crystal  structure  of  german- 
ium, illustrated  symbolically  in  two 
dimensions. 
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Fig.  3-17.  Germanium  crystal  with  a 
broken  covalent  bond. 


total  of  32  electrons  in  its  atomic  structure,  and,  of  these,  4 are  valence 
electrons,  so  that  the  atom  is  tetravalent.  The  inert  ionic  core  of  the 
germanium  atom  carries  a positive  charge  of  4-4  measured  in  units  of  the 
electronic  charge.  The  binding  forces  between  neighboring  atoms  result 
from  the  fact  that  each  of  the  valence  electrons  of  a germanium  atom  is 
shared  by  one  of  its  four  nearest  neighbors.  This  electron-pair  bond,  or 
covalent  bond,  is  represented  in  Fig.  3-16  by  the  two  dashed  lines  which 
join  each  atom  to  each  of  its  neighbors.  The  fact  that  the  valence  elec- 
trons serve  to  bind  one  atom  to  the  next  also  results  in  the  valence 
electron  being  tightly  bound  to  the  nucleus.  Hence,  in  spite  of  the 
availability  of  four  valence  electrons,  the  crystal  has  a low  conductivity. 

At  a low  (say,  0°K)  temperature  the  ideal  structure  of  Fig.  3-16  is 
approached,  and  the  crystal  behaves  as  an  insulator,  since  no  free  carriers 
of  electricity  are  available.  However,  at  a higher  (say  room)  temper- 
ature some  of  the  covalent  bonds  will  be  broken  because  of  the  thermal 
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energy  supplied  to  the  crystal,  and  conduction  is  made  possible.  This 
situation  is  illustrated  in  Fig.  3-17.  Here  an  electron,  which  for  the  far 
greater  period  of  time  forms  part  of  a covalent  bond,  is  pictured  as  being 
dislodged  and  therefore  free  to  wander  in  a random  fashion  throughout 
the  crystal.  The  energy  Eg  required  to  break  such  a covalent  bond  is 
about  0.75  ev  for  germanium  and  1.12  ev  for  silicon.  The  absence  of  the 
electron  in  the  covalent  bond  is  represented  by  the  small  circle  in  Fig. 
3-17,  and  such  an  incomplete  covalent  bond  is  called  a hole.  The  impor- 
tance of  the  hole  is  that  it  may  serve  as  a carrier  of  electricity  which  is 
comparable  in  effectiveness  to  the  free  electron. 

The  mechanism  by  which  a hole  contributes  to  the  conductivity  is 
qualitatively  as  follows:  When  a bond  is  incomplete  so  that  a hole  exists, 
it  is  relatively  easy  for  an  electron  in  a neighboring  atom  to  leave  its 
covalent  bond  to  fill  this  hole.  An  electron  moving  from  a bond  to  fill  a 
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Fig.  3-18.  The  mechanism  by  which  a hole  contributes  to  the  conductivity. 

hole  leaves  a hole  in  its  initial  position.  Hence,  the  hole  effectively 
moves  in  the  direction  opposite  to  that  of  the  electron.  This  hole,  in  its 
new  position,  may  now  be  filled  by  an  electron  from  another  covalent 
bond,  and  the  hole  will  correspondingly  move  one  more  step  in  the  direc- 
tion opposite  to  the  motion  of  the  electron.  Here  we  have  a mechanism 
for  the  conduction  of  electricity  which  does  not  involve  the  free  electron. 
The  above  phenomenon  is  illustrated  schematically  in  Fig.  3-18,  where  a 
circle  with  a dot  in  it  represents  a completed  bond  and  an  empty  circle 
designates  a hole.  Figure  3-18a  consists  of  a row  of  10  ions  with  a broken 
bond,  or  hole,  at  ion  6.  Now  imagine  that  an  electron  from  ion  7 moves 
into  the  hole  at  ion  6 so  that  the  configuration  of  Fig.  3-186  results.  If 
we  compare  this  figure  with  Fig.  3-18a,  it  looks  as  if  the  hole  in  (a)  has 
moved  toward  the  right  in  (6)  (from  ion  6 to  ion  7).  This  discussion 
indicates  that  the  motion  of  the  hole  in  one  direction  actually  means  the 
transport  of  a negative  charge  an  equal  distance  in  the  opposite  direction. 
So  far  as  the  flow  of  electric  current  is  concerned,  the  hole  behaves  like  a 
positive  charge  equal  in  magnitude  to  the  electronic  charge.  We  can 
consider  that  the  holes  are  physical  entities  whose  movement  constitutes 
a flow  of  current. 

In  a pure  semiconductor  the  number  of  holes  is  equal  to  the  number 
of  free  electrons.  Thermal  agitation  continues  to  produce  new  hole- 
electron  pairs,  while  other  hole-electron  pairs  disappear  as  a result  of 
recombination. 
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3-16.  Conductivity  of  a Semiconductor.  With  each  hole-electron  pair 
created,  two  current-carrying  “particles”  are  formed.  One  is  negative 
(the  free  electron),  of  mobility  and  the  other  is  positive  (the  hole), 
of  mobility  jup-  These  particles  move  in  opposite  directions  in  an  electric 
field  8,  but  since  they  are  of  opposite  sign  the  current  of  both  is  in  the 
same  direction.  Hence,  the  current  density  J is  given  by  (Sec.  3-2) 

J — (nun  + piJLp)e&  = a&  (3-29) 

where  n equals  the  free-electron  (negative)  concentration,  p equals  the 
hole  (positive)  concentration,  and  a is  the  conductivity.  Hence, 

<r  = {nun  + Pfip)e  (3-30) 

For  the  pure  (called  intrinsic)  semiconductor  considered  here,  n = p = ni, 
where  ni  is  the  intrinsic  concentration. 

In  pure  germanium  at  room  temperature  there  is  about  one  hole- 
electron  pair  for  each  5 X lO'"  germanium  atoms.  With  increasing  tem- 
perature, the  density  of  hole-electron  pairs  increases  and  correspondingly 
the  conductivity  increases.  If  Fermi-Dirac  statistics  is  applied  to  a semi- 
conductor^'^  it  is  found  that  the  intrinsic  concentration  varies  with  tem- 
perature in  accordance  with  the  relationship 

ni^  = (3-31) 

The  constants  Ao,  Eg,  pn,  Pp  and  many  other  important  physical  quantities 
for  germanium  and  silicon  are  given  in  Table  3-1. 


TABLE  3-1 

PROPERTIES  OF  GERMANIUM  AND  SILICON 


Property 

Ge 

Si 

Atomic  number 

32 

14 

Atomic  weight 

72.6 

28.1 

Density  (g/cm^) 

5.32 

2.33 

Dielectric  constant  (relative) 

16 

12 

Ao  [Eq.  (3-31)]  (cm;~®(°K)“=’ 

9.3  X 10^1 

7.8  X 1032 

Eg  [Eq.  (3-31)]  (ev) 

0.75 

1.12 

n,  at  300°K  [Eq.  (3-31)]  (cm)“® 

2.5  X 1013 

6.8  X 101" 

Intrinsic  resistivity  at  300°K  (ohm-cm)* 

47 

230,000 

fin  (cm^/volt  sec)* 

3,800 

1,300 

fip  (cmVvolt  sec)* 

1,800 

500 

Dn  (cm^/sec)  = finEp 

95 

33 

Dp  (cm^/sec)  = fipEp 

45 

13 

* G.  L.  Peakson  and  W.  H.  Brattain,  “History  of  Semiconductor  Research,” 
Proc.  IRE,  43,  1794-1806,  December,  1955.  All  values  not  marked  with  an  asterisk 
are  from  E.  M.  Conwell,  “Properties  of  Silicon  and  Germanium,”  Proc.  IRE,  40, 
1327-1337,  November,  1952. 
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The  conductivity  of  germanium  is  found  from  Eq.  (3-31)  to  increase 
approximately  5 per  cent  per  degree  increase  in  temperature.  Such  a 
rapid  change  in  conductivity  with  temperature  places  a limitation  upon 
the  use  of  semiconductor  devices  in  some  circuits.  On  the  other  hand, 
for  some  applications  it  is  exactly  this  property  of  semiconductors  that  is 
used  to  advantage.  A semiconductor  used  in  this  manner  is  called  a 
thermistor. Such  a device  finds  extensive  application  in  thermometry, 
in  measurement  of  microwave-frequency  power,  as  a thermal  relay,  and 
in  control  devices  actuated  by  changes  in  temperature.  Silicon  and  ger- 
manium are  not  used  as  thermistors  because  their  properties  are  too 
sensitive  to  impurities.  Commercial  thermistors  consist  of  sintered  mix- 
tures of  such  oxides  as  NiO,  Mn203,  and  C02O3. 

The  exponential  decrease  in  resistivity  (reciprocal  of  conductivity)  of  a 
semiconductor  should  be  contrasted  with  the  small  and  almost  linear 
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increase  in  resistivity  of  a metal.  An  increase  in  temperature  of  a metal 
results  in  greater  thermal  motion  of  the  ions  and  hence  decreases  slightly 
the  mean  free  path  of  the  free  electrons.  The  result  is  a decrease  in  the 
mobility  and  hence  in  conductivity.  For  most  metals  the  resistance 
increases  about  0.4  per  cent  per  degree  increase  in  temperature.  It 
should  be  noted  that  a thermistor  has  a negative  coefficient  of  resistance, 
whereas  that  of  a metal  is  positive 
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and  of  much  smaller  magnitude.  By  ^ ^9(9 

including  a thermistor  in  a metallic 
circuit  it  is  possible  to  compensate 

for  temperature  changes  over  a range  ( * \ ' 1 f * ' 
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ties,  it,  to  pure  germanium,  a small 

amount  of  impurity  is  added  in  the  1 * \ I * \ I * \ 

form  of  a substance  with  five  valence  \ # / \ • 1 \ • / 

electrons,  the  situation  results  which  •Ge 

is  pictured  in  Fig.  3-19.  The  impurity  ^ 

atoms  will  displace  some  of  the  germa-  Ge 

nium  atoms  in  the  crystal  lattice.  Fig.  3-19.  Crystal  lattice  with  a 

Four  of  the  five  valence  electrons  will  germanium  atom  displaced  by  an 

atom  ot  a pentavalent  impurity. 

occupy  covalent  bonds,  while  the  fiitn 

will  be  nominally  unbound  and  will  be  available  as  a carrier  of  current. 
The  energy  required  to  detach  this  fifth  electron  from  the  atom  is  only 
of  the  order  of  0.01  ev.  Suitable  pentavalent  impurities  are  antimony, 
phosphorus,  or  arsenic.  Such  impurities  donate  excess  negative  electron 
carriers  and  are  therefore  referred  to  as  donor , or  n-type,  impurities. 

If  a trivalent  impurity  (boron,  gallium,  or  indium)  is  added,  then  only 
three  of  the  covalent  bonds  can  be  filled,  and  the  vacancy  that  exists  in 


• (+4)  •Ge 


Fig.  3-19.  Crystal  lattice  with  a 
germanium  atom  displaced  by  an 
atom  of  a pentavalent  impurity. 
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the  fourth  bond  constitutes  a hole.  This  situation  is  illustrated  in  Fig. 
3-20.  Such  impurities  make  available  positive  carriers  because  they 
create  holes  which  can  accept  electrons.  These  impurities  are  conse- 
quently known  as  acceptor,  or  p-type,  impurities.  The  amount  of  impu- 
rity required  to  be  added  to  have  an  appreciable  effect  on  the  conductivity 
is  very  small.  For  example,  if  a donor-type  impurity  is  added  to  the 

extent  of  1 part  in  10®,  the  con- 
ductivity of  germanium  at  30°C  is 
multiplied  by  a factor  of  12. 

In  intrinsic  germanium  both  elec- 
trons and  holes  are  available  as  car- 
riers. The  number  of  electrons  and 
holes  is  equal,  as  has  already  been 
emphasized.  If  intrinsic  germanium 
is  “ doped  ” with  n-type  impurities,  not 
only  does  the  number  of  electrons  in- 
crease, but  the  number  of  holes  de- 
creases below  that  which  is  available 
in  the  intrinsic  semiconductor.  The 
reason  for  the  decrease  in  the  number 
of  holes  is  that  the  larger  number  of 
electrons  present  increases  the  rate  of 
recombination  of  holes  with  electrons.  Similarly,  the  number  of  elec- 
tron carriers  in  a semiconductor  can  be  reduced  by  doping  with  p-type 
impurities. 

We  have  the  important  result  that  the  doping  of  an  intrinsic  semi- 
conductor not  only  increases  the  conductivity  but  serves  also  to  produce 
a conductor  in  which  the  electric  carriers  are  either  predominantly  holes 
or  predominantly  electrons.  In  an  n-type  semiconductor  the  electrons 
are  called  the  majority  carriers,  and  the  holes  are  called  the  minority 
carriers.  In  a p-type  material,  the  holes  are  the  majority  carriers,  and 
the  electrons  are  the  minority  carriers. 

3-17.  Charge  Densities  in  a Semiconductor.  Quantitatively  it  is 
found^®  that 
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Fig.  3-20.  Crystal  lattice  with  a 
germanium  atom  displaced  by  an 
atom  of  a trivalent  impurity. 


np  = ni^ 


(3-32) 


This  equation  (called  the  mass-action  law)  gives  one  relationship  between 
the  electron  n and  the  hole  p concentrations.  These  densities  are  further 
interrelated  by  the  law  of  electrical  neutrality  which  we  shall  now  state  in 
algebraic  form.  Let  Nd  equal  the  concentration  of  donor  atoms.  Since, 
as  mentioned  above,  these  are  practically  all  ionized,  Nd  positive  charges 
per  cubic  meter  are  contributed  by  the  donor  ions.  Hence,  the  total 
positive-charge  density  is  Nd  + p.  Similarly,  if  Na  is  the  concentration 
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of  acceptor  ions,  these  contribute  Na  negative  charges  per  cubic  meter. 
The  total  negative-charge  density  is  Na  + n.  Since  the  semiconductor  is 
electrically  neutral,  the  magnitude  of  the  positive-charge  density  must 
equal  that  of  the  negative  concentration,  or 

Nd  + p = Na-\-n  (3-33) 

Consider  an  n-type  material  such  that  Na  = 0.  Since  the  number  of 
electrons  is  much  greater  than  the  number  of  holes  in  an  w-type  semi- 
conductor (n  ^ p),  then  Eq.  (3-33)  reduces  to 

n^Nd  (3-34) 

In  an  n-type  material  the  free-electron  concentration  is  approximately  equal 
to  the  density  of  donor  atoms. 

In  later  applications  we  shall  study  the  characteristics  of  n-  and  p-type 
materials  connected  together.  Since  some  confusion  may  arise  as  to 
which  type  is  under  consideration  at  a given  moment,  we  shall  add  the 
subscript  n or  p for  an  n-type  or  a p-type  substance,  respectively.  Thus, 
Eq.  (3-34)  is  more  clearly  written 

n„  ^ Nd  (3-35) 

The  concentration  p„  of  holes  in  the  n-type  semiconductor  is  obtained 
from  Eq.  (3-32),  which  is  now  written  n„p„  = n*^.  Thus, 

Similarly,  for  a p-type  semiconductor, 

ripPp  = nf  Pp'^  N a (3-37) 

3-18.  Diffusion.  In  addition  to  a conduction  current,  the  transport 
of  charges  in  a semiconductor  may  be  accounted  for  by  a mechanism, 
called  diffusion,  not  ordinarily  encountered  in  metals.  The  essential 
features  of  diffusion  will  now  be  discussed. 

We  shall  see  later  that  it  is  possible  to  have  a nonuniform  concen- 
tration of  particles  in  a semiconductor.  Under  these  circumstances  the 
concentration  p of  holes  varies  with  distance  x in  the  semiconductor,  and 
there  exists  a concentration  gradient  dp/dx  in  the  density  of  carriers. 
The  existence  of  a gradient  implies  that,  if  an  imaginary  surface  is  drawn 
in  the  semiconductor,  the  density  of  holes  immediately  on  one  side  of  the 
surface  is  larger  than  the  density  on  the  other  side.  The  holes  are  in  a 
random  motion  as  a result  of  their  thermal  energy.  Accordingly,  holes 
will  continue  to  move  back  and  forth  across  this  surface.  We  may  then 
expect  that  in  a given  time  interval  more  holes  will  cross  the  surface  from 
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the  more  dense  to  the  less  dense  side  than  in  the  reverse  direction.  This 
net  transport  of  charge  across  the  surface  constitutes  a flow  of  current. 
It  should  be  noted  that  this  net  transport  of  charge  is  not  the  result  of 
mutual  repulsion  among  charges  of  like  sign  but  is  simply  the  result  of  a 
statistical  phenomenon.  This  diffusion  is  exactly  analogous  to  that 
which  occurs  in  a neutral  gas  if  there  exists  a pressure  gradient  in  the 
gaseous  container.  The  diffusion  hole  current  density  is  proportional  to 
the  concentration  gradient  and  is  given  by 

Jp  = —eDp^  amp/m^  (3-38) 


where  Dp  (square  meters  per  second)  is  called  the  diffusion  constant  for 
holes.  A similar  relationship  exists  for  the  diffusion  electron  current 
[p  is  replaced  by  n,  and  the  minus  sign  is  replaced  by  a plus  sign  in 
Eq.  (3-38)].  Since  both  diffusion  and  mobility  are  statistical  thermo- 
dynamic phenomena,  these  two  parameters  are  not  independent.  The 
relationship  between  them  is  given  by  the  Einstein  equation 

— = — = Er  volts  (3-39) 


where  Et  = T/ 11,600  is  defined  as  in  Eq.  (3-9).  At  room  temperature 
(300°K),  u = 391).  Measured  values  of  /x  and  computed  values  of  D for 
silicon  and  germanium  are  given  in  Table  3-1  on  page  82. 


3-19.  The  Hall  Effect.  If  a 


z 


Fig.  3-21.  Pertaining  to  the  Hall  effect. 
The  carriers  (whether  electrons  or  holes) 
are  subjected  to  a force  in  the  negative 
Y direction. 


specimen  (metal  or  semiconductor) 
carrying  a current  I is  placed  in  a 
transverse  magnetic  field  B,  an  elec- 
tric field  8 is  induced  in  the  direction 
perpendicular  to  both  I and  B.  This 
phenomenon,  known  as  the  Hall 
effect,  is  used  to  determine  whether 
a semiconductor  is  n or  p type  and 
to  find  the  carrier  concentration. 
Also,  by  simultaneously  measuring 
the  conductivity  a,  the  mobility  u 
can  be  calculated. 


The  physical  origin  of  the  Hall  effect  is  not  difficult  to  find.  If  in 
Fig.  3-21  I is  in  the  positive  X direction  and  B is  in  the  positive  Z direc- 
tion, then  a force  will  be  exerted  in  the  negative  Y direction  on  the  cur- 
rent carriers.  If  the  semiconductor  is  n type  so  that  the  current  is  carried 
by  electrons,  these  electrons  will  be  forced  downward  toward  side  1 in 
Fig.  3-21,  and  side  1 becomes  negatively  charged  with  respect  to  side  2. 
Hence,  a potential  Vh,  called  the  Hall  voltage,  appears  between  the  sur- 
faces 1 and  2.  In  the  equilibrium  state  the  electric-field  intensity  8 due 
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to  the  Hall  effect  must  exert  a force  on  the  carrier  which  just  balances 
the  magnetic  force,  or 

eS  = Bev  (3-40) 


where  e is  the  magnitude  of  the  charge  on  the  carrier  and  v is  the  drift 
speed.  From  Eq.  (1-14),  S = Vn/d,  where  d is  the  distance  between 
surfaces  1 and  2.  From  Eq.  (1-34),  J = pv  = Ildw,  where  J is  the  cur- 
rent density,  p is  the  charge  density,  and  w is  the  width  of  the  specimen 
in  the  direction  of  the  magnetic  field.  Combining  these  relationships, 
we  find 


Vh  = Bvd  = 


BJd 

P 


m 

pW 


(3-41) 


If  Vh,  B,  I,  and  w are  measured,  then  the  charge  density  p can  be  deter- 
mined from  Eq.  (3-41).  If  the  polarity  of  Vh  is  positive  at  terminal  2, 
then,  as  explained  above,  the  carriers  must  be  electrons,  and  p = ne, 
where  n is  the  electron  concentration.  If,  on  the  other  hand,  terminal  1 
becomes  charged  positively  with  respect  to  terminal  2,  then  the  semi- 
conductor must  be  p type,  and  p = pe,  where  p is  the  hole  concentration. 

It  is  customary  to  introduce  the  Hall  coefficient  Rh  defined  by 


Hence 


Rh  = 


VhW 

~~BT 


(3-42) 

(3-43) 


If  conduction  is  due  primarily  to  charges  of  one  sign,  then  the  con- 
ductivity <r  is  related  to  the  mobility  p by  Eq.  (3-3),  or 

O'  = pp  (3-44) 

If  the  conductivity  is  measured  together  with  the  Hall  coefficient,  then 
the  mobility  can  be  determined  from 

p = aRn  (3-45) 

We  have  assumed  in  the  above  discussion  that  all  particles  travel  with 
the  mean  drift  speed  v.  Actually,  the  current  carriers  have  a random 
thermal  distribution  in  speed.  If  this  distribution  is  taken  into  account, 
it  is  found  that  Eq.  (3-43)  remains  valid  provided  that  Rh  is  defined  by 
3x/8p.  Also,  Eq.  (3-45)  must  be  modified  to  p = (8a/3x)i2if. 

3-20.  Energy  Bands  in  Solids.  Quantum  theory  proves  that  in  a 
periodic  potential  field  such  as  exists  in  a crystal  there  are  bands  of  allowed 
energies  which  may  be  separated  by  forbidden  energy  regions.  A metal 
is  characterized  by  the  fact  that  the  band  occupied  by  the  free  or 
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“valence”  electrons  is  not  completely  filled  and  that  there  are  no  for- 
bidden levels  at  higher  energies.  Recall  that  in  a metal,  at  absolute  zero, 
the  energies  of  the  electrons  range  from  zero  to  a value  Em-  If  some 
additional  energy  is  given  to  the  crystal,  the  electrons  are  raised  to  higher 

energy  levels.  If  the  energy  is  sup- 
plied by  an  externally  applied  volt- 
age, conduction  results  and  hence 
this  energy  band  is  also  called  the 
conduction  hand.  The  overlapping 
of  the  valence  and  conduction 
bands  in  a metal  is  indicated  sche- 
matically in  Fig.  3-22a. 

The  band  structure  of  an  insula- 
tor is  different  from  that  of  a metal 
in  that  the  valence  electrons  com- 
pletely fill  one  band.  The  next 
empty  band  of  allowed  energy 
states  is  separated  from  the  filled  band  by  a forbidden  region  Eg  which 
may  be  many  electron  volts  high,  as  shown  in  Fig.  3-226.  The  energy 
that  can  be  supplied  to  an  electron  from  an  applied  field  is  generally  too 
small  to  carry  the  electron  from  the  filled  band  into  the  empty  band  and 
hence  no  conduction  takes  place. 

A semiconductor  is  a material  in  which  the  width  of  the  forbidden 
region  (the  energy  gap  Eg)  is  relatively  narrow  (^1  ev).  Such  a sub- 
stance acts  as  an  insulator  at  low  temperatures  because  the  electrons  in 


(a)  (b) 

Fig.  3-22.  Energy-band  structure  of  (a) 
a metal  and  (b)  an  insulator. 


Fig.  3-23.  Energy-band  structure  of  a semiconductor,  (a)  Intrinsic,  (b)  n-type. 
(c)  p-type. 


the  valence  band  do  not  have  enough  energy  to  enter  the  conduction 
band.  This  situation  corresponds  to  Fig.  3-16,  which  shows  completely 
filled  covalent  bonds. 

As  the  temperature  is  increased,  some  of  the  valence  electrons  acquire 
an  energy  greater  than  Eg  and  hence  enter  the  conduction  band.  The 
departing  electrons  leave  “holes”  in  the  valence  band.  This  behavior 
of  the  intrinsic  semiconductor  is  pictured  in  Figs.  3-23a  and  Fig.  3-17. 
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As  explained  in  Sec.  3-14,  both  the  electrons  in  the  conduction  band  and 
the  holes  in  the  valence  band  contribute  to  the  conductivity. 

The  band  structure  for  an  n-type  semiconductor  is  indicated  in  Fig. 
3-236.  To  the  diagram  of  the  intrinsic  material  we  have  added  a donor 
level  in  the  forbidden  region  which  is  very  closely  spaced  (^0.01  ev) 
to  the  bottom  edge  of  the  conduction  band.  Hence,  even  at  room  tem- 
perature almost  all  the  donors  are  ionized,  and  they  contribute  electrons 
to  the  conduction  band.  This  process  leaves  the  donor  ions  positively 
charged,  as  indicated  by  the  plus  signs  in  Fig.  3-236.  This  energy  dia- 
gram indicates  schematically  the  physical  behavior  of  the  semiconductor 
as  depicted  in  Figs.  3-17  and  3-19. 

The  band  structure  for  a p-type  material  is  indicated  in  Fig.  3-23c. 
The  acceptor  level  is  in  the  forbidden  region  but  neighboring  the  valence 
band.  The  acceptor  atoms  can  take  electrons  from  the  filled  valence 
levels  and  thus  leave  holes  in  this  band.  Since  after  they  receive  these 
electrons  the  acceptors  are  negative  ions,  they  are  indicated  by  minus 
signs  in  Fig.  3-23c.  This  energy  diagram  corresponds  to  the  physical 
pictures  shown  in  Figs.  3-17  and  3-20. 
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CHAPTER  4 


VACUUM-DIODE  CHARACTERISTICS 


The  properties  of  practical  thermionic  cathodes  are  discussed  in  this 
chapter.  The  thermionic-emission  current  is  the  maximum  current  that 
can  be  collected  at  any  given  temperature.  In  order  to  obtain  this  cur- 
rent an  anode  is  placed  close  to  the  cathode  in  an  evacuated  envelope 
If  an  accelerating  field  is  applied,  it  is  found  that  the  plate  current 
increases  as  the  anode  voltage  is  increased.  However,  if  the  plate  poten- 
tial is  large  enough  to  collect  the  thermionic-emission  current  Ith,  then 
the  anode  current  will  remain  constant  at  the  value  la  even  though  the 
plate  voltage  is  increased  further.  The  limitation  of  the  current  which 
can  be  collected  in  a diode  because  of  the  space  charge  of  the  emitted 
electrons  is  discussed  in  detail  in  this  chapter. 

Finally , practical  diode  volt-ampere  characteristics  are  considered,  and 
an  analysis  of  a circuit  containing  a diode  is  given.  ^ 

4-1.  Cathode  Materials.  The  three  most  important  practical  emitters 
are  pure  tungsten,  thoriated  tungsten,  and  oxide-coated  cathodes.  The 
most  important  properties  of  these  emitters  will  now  be  discussed. 

Tungsten.  Unlike  the  other  cathodes  discussed  below,  tungsten  does 
not  have  an  active  surface  layer  which  can  be  damaged  by  positive-ion 
bombardment.  Hence,  tungsten  is  used  as  the  cathode  in  high-voltage 
high-vacuum  tubes.  These  include  X-ray  tubes,  diodes  for  use  as  recti- 
fiers above  about  5,000  volts,  and  large  power-amplifier  tubes  for  use  in 
communication  transmitters. 

Tungsten  has  the  disadvantage  that  the  cathode  emission  efficiency 
defined  as  the  ratio  of  the  emission-current  density,  in  amperes  per  square 
meter,  to  the  heating  power,  in  watts,  is  small.  However,  a copious  sup- 
ply of  electrons  can  be  provided  by  operating  the  cathode  at  a sufficiently 
high  temperature.  The  higher  the  temperature,  however,  the  greater 
will  be  the  evaporation  of  the  filament  during  its  operation  and  the  sooner 
It  will  burn  out.  Economic  considerations  dictate  that  the  temperature 
o 2500°K,  which  gives  it  a life  of  approximately 

hr.  The  melting  point  of  tungsten  is  3650°K.  The  important 
constants  for  a tungsten  emitter  are  summarized  in  Table  4-1. 

92 


VACUUM-DIODE  CHARACTERISTICS 


93 


TABLE  4-1 

COMPARISON  OF  THERMIONIC  EMITTERS 


Type  of 
cathode 

Dushman  constants 

Approximate 

operating 

temperature, 

°K 

Efficiency,* 
amp/  (m2) 
(watt) 

Plate 

voltage, 

volts 

Gas  or 

vacuum 

tube 

Ao  X 10-h 
amp/  (ni2) 
(°K2) 

bo, 

°K 

Ew, 

ev 

Tungsten 

60.2 

52 , 400 

4.52 

2500 

20  100 

Above 

Vacuum 

5,000 

Thoriated  tungsten 

3.0 

30 , 500 

2.63 

1900 

50-1,000 

750-5 , 000 

Vacuum 

Oxide-coated 

0.01 

11,600 

1.0 

1000 

100-10,000 

Below  750 

Vacuum 

BaO  -f  SrO 

or  gas 

=i-  K.  R.  Spangenberg,  “Vacuum  Tubes,”  McGraw-Hill  Book  Company,  Inc.,  New  York,  1948. 


Thoriated  Tungsten.  In  order  to  obtain  copious  emission  of  electrons  at 
moderately  low  temperatures,  it  is  necessary  for  the  material  to  have  a 
low  work  function.  Unfortunately  the  low-work-function  metals,  such  as 
cesium,  rubidium,  and  barium,  in  some  cases  melt  and  in  other  cases  boil 
at  temperatures  necessary  for  appreciable  thermionic  emission.  How- 
ever, it  is  possible  to  apply  a very  thin  layer  of  low-work-function  mate- 
rial, such  as  thorium,  on  a filament  of  tungsten.  The  base  metal  holds 
the  adsorbed  layer  at  high  temperatures,  even  above  the  point  at  which 
the  pure  thorium  would  normally  evaporate.  Such  a filament  possesses 
emission  properties  that  are  considerably  better  than  those  of  the  pure 
tungsten. 

Thoriated-tungsten  filaments  are  obtained  by  adding  a small  amount 
(1  or  2 per  cent  by  weight)  of  thorium  oxide  to  the  tungsten.  After  the 
tungsten  is  drawn  and  mounted  in  a tube,  the  envelope  is  exhausted,  and 
the  glass  and  the  metal  structure  are  outgassed  by  baking  the  tube  in  an 
oven.  The  metallic  parts  are  further  heated  with  a high-frequency  induc- 
tion furnace.  Just  as  the  tube  is  sealed  off  from  the  pumping  system,  a 
getter  is  “flashed.”  The  getter  consists  of  an  active  chemical  substance, 
such  as  magnesium,  which  absorbs  the  residual  gas  and  tends  to  main- 
tain a high  vacuum.  This  getter  is  usually  visible  in  commercial  tubes, 
it  being  the  silvery  deposit  on  the  glass  envelope  of  the  tube. 

Following  the  evacuation  process,  the  filament  must  be  activated. 
This  process  requires  essentially  three  steps.  The  filament  is  heated  to 
about  2800°K  for  several  minutes.  At  this  high  temperature,  the  tung- 
sten surface  is  cleaned  and  some  of  the  thoria  inside  the  tungsten  is 
reduced  to  metallic  thorium.  The  filament  is  then  maintained  at  a tem- 
perature of  2100°K  for  about  30  min.  At  this  temperature  the  rate  of 
diffusion  of  thorium  to  the  surface  is  still  rather  high,  although  the  rate 
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of  evaporation  from  the  surface  is  rather  low.  In  this  way  an  adsorbed 
layer,  approximately  one  molecule  thick,  of  thorium  atoms  accumulates 
on  the  surface.  Finally,  the  temperature  of  the  filament  is  reduced  to  the 
operating  range,  from  1800°  to  2000°K. 

Under  the  conditions  of  normal  operation  the  layer  of  thorium  atoms 
slowly  evaporates  from  the  filament.  This  evaporation  is  compensated 
for  by  the  continued  diffusion  of  thorium  atoms  to  the  surface.  In  order 
to  increase  the  life  of  thoriated-tungsten  filaments,  the  process  of  carboni- 
zation has  been  developed.  A surface  layer  of  tungsten  carbide  is  formed 
which  reduces  the  rate  of  evaporation  of  the  thorium  layer  to  about  one- 
sixth  that  of  noncarbonized  filament.^ 

The  limitation  to  the  use  of  thoriated-tungsten  emitters  is  the  deacti- 
vation due  to  positive-ion  bombardment.  The  effect  of  even  a few  ions 
is  severe  at  high  potentials,  so  that  these  filaments  are  confined  to  use  in 
tubes  that  operate  with  potentials  less  than  about  5,000  volts.  Higher- 
voltage  tubes  use  pure-tungsten  filaments.  Most  of  the  “800”  series  of 
transmitting  tubes  use  thoriated-tungsten  filaments. 

It  is  rather  difficult  to  obtain  representative  values  for  the  emission 
constants  in  the  Dushman  equation,  since  these  values  depend  markedly 
upon  the  fraction  of  the  surface  that  is  covered  by  thorium.  Though 
several  values  of  Ao  and  bo  are  to  be  found  in  the  literature,  the  values^ 
given  in  Table  4-1  are  representative.  The  presence  of  the  monatomic 
layer  of  thorium  on  the  surface  of  the  tungsten  does  not  alter  the  thermal 
properties  of  the  tungsten,  and  it  is  possible  to  determine  the  temper- 
ature of  the  filament  from  the  thermal  data  for  pure  tungsten. 

Example.  The  saturation  current  from  a certain  thoriated-tungsten  filament  oper- 
ating at  2000  K is  100  ma.  W hat  would  be  the  emission  from  a pure-tungsten  fila- 
ment of  the  same  area  operating  at  the  same  temperature? 

Solution.  Equation  (3-15)  for  tungsten  is 

I = (-S)(60.2  X loq (2,000) 2e-«2, 400/2, 000 
Similarly,  for  thoriated  tungsten,  Eq.  (3-15)  becomes 

100  X 10-3  = (S)(3.0  X 10")  (2,000)  2g— 30,600/2.000 
Upon  dividing  these  two  equations,  there  results 


or 


0.1 


52,400  30,500 

, 2,000  2,000 
3.0 


/ = 2.01e-i«-36 


This  quantity  can  be  evaluated  with  the  aid  of  logarithms.  Thus, 

logio  I = logio  (2.01)  - (0.434)  (10.95) 

= 0.30  - 4.75  = -4.45  = 0.55  - 5 
T = 3.55  X 10-®  or  35.5Ma 
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Oxide-coated  Cathodes.^  The  modern  oxide-coated  cathode  is  the  most 
efficient  type  of  emitter  that  has  been  developed  commercially.  It  con- 
sists of  a metallic  base  of  platinum,  nickel,  nickel  with  a few  per  cent  of 
cobalt  or  silicon,  or  Konal  metal.  Konal  metal  is  an  alloy  consisting  of 
nickel,  cobalt,  iron,  and  titanium.  Konal-metal  sleeves  are  used  very 
extensively  as  the  indirectly  heated  cathode  of  radio  receiving  tubes. 
The  wire  filaments  or  the  metallic  sleeves  are  coated  with  oxides  of  the 
alkaline-earth  group,  especially  barium  and  strontium  oxides. 

Before  the  oxide-coated  cathode  shows  appreciable  electron  emission, 
it  must  be  activated.  The  activation  process  consists  essentially  in  oper- 
ating the  cathode  for  several  minutes  at  a temperature  which  is  above 
the  normal  operating  temperature.  The  cathode  is  then  maintained  at 
a lower  temperature  for  a longer  period  of  time,  an  anode  potential  being 
applied  so  as  to  draw  electron  current.  During  this  process,  the  emission 
increases  rapidly  to  a high  value.  The  activation  process  probably  results 
in  the  reduction  of  some  oxide  to  the  pure  metallic  form,  which  will  be 
distributed  throughout  the  body  of  the  coating. 

Four  characteristics  of  the  coating  account  for  its  extensive  use.  The 
first  is  its  long  life,  several  thousand  hours  under  normal  operating  con- 
ditions being  common.  At  reduced  filament  power  several  hundred 
thousand  hours  have  been  obtained.  The  second  is  the  fact  that  it  can 
easily  be  manufactured  in  the  form  of  the  indirectly  heated  cathodes 
(Sec.  4-2),  The  third  is  the  ability  to  give  tremendous  outputs  under 
pulsed  conditions.  Thus  it  has  been  found  that  for  (microsecond)  pulses 
current  densities  in  excess  of  10®  amp/m^  may  be  obtained.^  The  fourth 
is  its  very  high  cathode  efficiency. 

Oxide-coated  cathodes  are  subject  to  deactivation  by  positive-ion  bom- 
bardment and  so  are  generally  used  in  low-voltage  tubes  only.  The 
emission  properties  of  an  oxide-coated  cathode  are  influenced  by  many 
factors,  for  example,  the  proportion  of  the  contributing  oxides,  the  thick- 
ness of  the  oxide  coating,  possibly  the  core  material,  and  the  details  of  the 
processing.  Hence,  the  emission  characteristics  change  with  the  age  of 
the  cathode  and  vary  markedly  from  tube  to  tube.  The  determination 
of  the  relationship  between  the  power  input  and  the  emissivity  or  tem- 
perature is  very  difficult.®-®  Hence,  unique  values  of  Ew  and  Aq  for 
oxide-coated  cathodes  cannot  be  given.  However,  the  mass  of  experi- 
mental data  available  indicates  that  a reasonable  value  for  the  work 
function  is  of  the  order  of  1 to  1.5  volts  and  for  Ao  of  approximately 
0.01  X 10®  amp/(m2)(°K^),  as  given  in  Table  4-1. 

Since  the  emission  characteristics  of  oxide-coated  cathodes  are  so  varia- 
ble, the  reader  may  have  wondered  how  tubes  using  these  cathodes  can 
serve  satisfactorily  in  any  circuit.  It  is  shown  in  Sec.  4-4  that  tubes 
usually  operate  under  conditions  of  space-charge  limitation  and  not 
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under  conditions  of  temperature  limitation.  This  statement  means  that 
the  current  is  determined  by  the  plate  voltage  and  not  by  the  cathode  temperature. 
Thus,  despite  their  rather  unpredictable  emission  characteristics,  oxide- 
coated  cathodes  make  excellent  tube  elements  provided  only  that  their 
thermionic-emission  current  never  falls  below  that  required  by  the  circuit. 

Oxide-coated  cathodes  are  used  in  the  greatest  percentage  of  com- 
mercial electron  tubes.  Almost  all  receiving  tubes,  many  low-voltage 
transmitting  tubes,  and  practically  all  gas  tubes  use  such  cathodes. 

4-2.  Commercial  Cathodes.  The  cathodes  used  in  thermionic  tubes 
are  sometimes  directly  heated  filaments  in  the  form  of  a V,  a W,  or  a 
straight  wire,  although  most  tubes  use  indirectly  heated  cathodes. 

The  indirectly  heated  cathode  was  developed  so  as  to  minimize  the  hum 
(Sec.  15-11)  arising  from  the  various  effects  of  a-c  heater  operation.  The 
general  forms  of  indirectly  heated  cathodes  for  use  in  vacuum  tubes  are 
illustrated  in  Fig.  4-1 . The  heater  wire  is  contained  in  a ceramic  insulator 

which  is  enclosed  by  a nickel  or  Konal- 
metal  sleeve  on  which  the  oxide  coat- 
ing is  placed.  The  cathode  as  a unit 
is  so  massive  that  its  temperature  does 
not  vary  appreciably  with  instantane- 
ous variations  in  the  magnitude  of  the 
heater  currents.  Further,  since  the 
sleeve  is  the  emitting  surface,  the  cath- 
ode is  essentially  equipotential.  The 
5Z4  25A6  6K7  25L6  heater  wire  within  the  ceramic  insula- 

Fig.  4-1.  Typical  indirectly  heated  tor  is  tungsten  or  an  alloy  of  tungsten 
cathodes.  (Courtesy  of  Radio  Cor-  j i uj  mi  • • 

voration  of  America  ) molybdenum.  The  ceramic  m- 

sulator  which  acts  to  isolate  elec- 
trically the  heater  wire  from  the  cathode  must,  of  course,  be  a good  heat 
conductor.  Materials  that  are  extensively  used  for  this  purpose  are  the 
oxides  of  beryllium  and  aluminum.  Under  normal  conditions  of  opera- 
tion, the  heater  is  maintained  at  about  1000°C,  which  results  in  the  cathode 
temperature  being  at  approximately  850°C. 

If  an  excessive  potential  difference  is  maintained  between  the  heater 
and  the  cathode,  the  thin  layer  of  insulation  may  break  down.  This 
consideration  is  frequently  of  extreme  importance  in  practice,  where  it 
may  be  desired  to  heat  several  cathodes  that  are  at  different  potentials 
with  respect  to  ground  from  the  same  heater  circuit.  Recommended 
practice  is  to  limit  the  potential  difference  between  the  heater  and  the 
cathode  to  about  100  volts,  unless  the  manufacturer  specifies  a larger 
allowable  voltage.  If  the  difference  in  voltage  between  two  cathodes  is 
greater  than  this  recommended  value,  then  separate  heater  transformers 
must  be  used. 
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4-3.  The  Potential  Variation  between  the  Electrodes.  Consider  a 
simple  thermionic  diode,  whose  cathode  can  be  heated  to  any  desired 
temperature  and  whose  anode  potential  may  be  maintained  at  any  desired 
value.  It  will  be  assumed  for  the  present  that  the  cathode  is  a plane 
equipotential  surface  and  that  the  collecting  anode  is  also  a plane  which  is 
parallel  to  it.  The  potential  variation 
between  the  electrodes  is  to  be  investi- 
gated for  a given  value  of  anode  voltage- 

To  a first  approximation,  the  electrons 
are  emitted  from  the  cathode  with  zero 
initial  velocities.  Under  these  circum- 
stances, the  curves  showing  the  variation 
of  potential  in  the  interelectrode  space 
for  various  temperatures  of  the  cathode 
are  given  in  Fig.  4-2.  The  general  shape 
of  these  curves  may  be  explained  as 
follows:  At  the  temperature  Ti  at  which 
no  electrons  are  emitted,  the  potential 
gradient  is  constant,  so  that  the  potential 
variation  is  a linear  function  of  the  dis- 
tance from  the  cathode  to  the  anode. 

Use  was  made  of  this  linear  potential 
distribution  in  Chap.  1,  where  the  motion  of  an  electron  in  a constant 
electric  field  of  force  was  under  consideration. 

At  the  higher  temperature  T^,  an  appreciable  density  of  electrons  exists 
in  the  interelectrode  space.  The  potential  variation  will  be  somewhat  as 
illustrated  by  the  curve  marked  T2  in  Fig.  4-2.  The  increase  in  temper- 
ature can  change  neither  the  potential  of  the  cathode  nor  the  potential  of 
the  anode.  Hence,  all  the  curves  must  pass  through  the  fixed  end  points 
K and  A.  Since  negative  charge  (electrons)  now  exists  in  the  space 
between  K and  A,  then,  by  Coulomb’s  law,  the  potential  at  any  point  will 
be  lowered.  The  greater  the  space  charge,  the  lower  will  be  the  potential. 
Thus,  as  the  temperature  is  increased,  the  potential  curves  become  more 
and  more  concave  upward.  At  Tz,  the  curve  has  drooped  so  far  that  it  is 
tangent  to  the  X axis  at  the  origin.  That  is,  the  electric-field  intensity 
at  the  cathode  for  this  condition  is  zero.  One  may  sketch  the  broken 
curve  of  Fig.  4-2  to  represent  the  potential  variation  at  a temperature 
higher  than  Tz-  This  curve  contains  a potential  minimum.  Such  a con- 
dition is  physically  impossible,  if  the  initial  velocities  of  the  emitted  elec- 
trons are  assumed  negligible.  That  this  is  so  follows  from  the  discussion 
given  below. 

Consider  the  potential-energy  curves  corresponding  to  Fig.  4-2.  Since 
the  potential  energy  is  equal  to  the  product  of  the  potential  V and  the 


Fig.  4-2.  The  potential  variation 
between  plane-parallel  electrodes 
for  several  values  of  cathode 
temperature. 
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charge  —e,  then  the  curves  of  Fig.  4-3  are  simply  those  of  Fig.  4-2 
inverted,  the  unit  of  the  ordinates  being  changed  to  electron  volts.  It  is 
immediately  evident  that  the  broken  curve  represents  a potential-energy 
barrier  at  the  surface  of  the  cathode.  Several  such  potential-energy  bar- 
riers have  already  been  considered  in 
Potential  ^ Chap.  3.  On  the  basis  of  our  previ- 

energy  e v discussions,  it  is  clear  that  only 

those  electrons  which  possess  an  ini- 
tial energy  greater  than  Em,  the  maxi- 
mum height  of  the  barrier,  can  escape 
from  the  cathode  and  reach  the 
anode.  Consequently,  the  assumed 
condition  of  zero  initial  velocities  of 
the  emitted  electrons  precludes  the 
possibility  of  any  electrons  being 
emitted.  As  a result,  the  barrier  will 
be  broken  down,  since  the  applied 
Fig.  4-3.  The  potential-energy  vari-  field  will  cause  those  electrons  which 
ations  corresponding  to  the  curves  of  p„duce  the  barrier  to  leave  the  inter- 

electrode  space  and  become  part  of 
the  anode  current.  This  automatic  growth  and  collapse  of  the  potential 
barrier  outside  the  cathode  may  be  considered  as  a self-regulating  valve 
that  allows  a certain  definite  number  of  electrons  per  second  to  escape 
from  the  cathode  and  reach  the  anode,  for  a given  value  of  plate  voltage. 

It  can  be  inferred  from  the  foregoing  argument  that  the  maximum  cur- 
rent that  can  be  drawn  from  a diode  for  a fixed  plate  voltage  and  any 
temperature  whatsoever  is  obtained  under  the  condition  of  zero  electric 
field  at  the  surface  of  the  cathode.  Thus,  for  optimum  conditions, 

8 = — ^ = 0 at  X = 0 (d-1) 

ax 

This  condition  is  based  on  the  assumption  that  the  emitted  electrons  have 
zero  initial  energies.  Because  the  initial  velocities  are  not  truly  zero,  the 
potential  variation  within  the  tube  may  actually  acquire  the  form  illus- 
trated by  the  broken  curve  of  Fig.  4-2.  However  since  the  potential 
minimum  in  Fig.  4-2  is  usually  small  in  comparison  with  the  applied 
potential,  it  will  be  neglected  and  the  condition  (4-1)  will  be  assumed  to 
represent  the  true  status  when  space-charge  current  is  being  drawn. 

In  the  next  section  the  analytical  expression  for  the  potential  as  a func- 
tion of  distance  will  be  derived.  The  starting  point  in  this  derivation  is 
Poisson’s  equation,  which  relates  the  density  of  electrons  with  the  poten- 
tial at  any  point  in  the  interelectrode  space.  The  derivation  of  this 
equation  is  given  in  Appendix  V.  It  is  simply  a mathematical  restate- 
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ment  of  Coulomb’s  law  relating  the  potential  with  the  charge,  except  that 
the  space-charge  cloud  is  treated  as  a continuous  volume  density  of  charge 
rather  than  an  ensemble  of  discrete  point  charges. 

Poisson’s  equation  is 


^ P 

dx^  €0 


(4-2) 


where  x is  the  distance  from  the  cathode  in  meters,  V is  the  potential  in 
volts,  p is  the  magnitude  of  the  electronic  volume  charge  density  in  cou- 
lombs per  cubic  meter,  and  eo  is  the  permittivity  of  free  space  in  the  mks 
system.  The  shapes  of  the  curves  in  Fig.  4-2  conform  to  this  equation. 
Thus,  for  T = Ti  where  p = 0,  Eq.  (4-2)  becomes 


dW  ^ dV  , 

= 0 O'-  S = 

This  equation  represents  a straight  line,  as  shown  in  Fig.  4-2.  Further- 
more, the  curve  for  any  other  temperature  must  be  concave  upward 
because,  from  Eq.  (4-2),  dW /dx"^  is  a positive  number.  A positive  second 
derivative  means  that  the  change  in  slope  dV /dx,  between  two  adjacent 
points,  must  be  positive.  We  may  readily  verify  that 


dx 


iPi 


is  positive  for  any  two  neighboring  points  Pi  and  P2  of  Fig.  4-2.  Further, 
the  change  in  slope  is  greater  for  larger  values  of  p,  corresponding  to  higher 
temperatures. 

4-4.  Space -charge  Current.  We  shall  now  obtain  the  analytical  rela- 
tionship between  the  anode  current  and  voltage  in  a diode.  The  elec- 
trons flowing  from  the  cathode  to  the  anode  constitute  the  current.  The 
magnitude  of  the  current  density  J is  given  by  Eq.  (1-34),  viz., 

J = pv  amp/m^  (4-3) 


where  v is  the  drift  velocity  of  these  electrons  in  meters  per  second  and 
where  p is  the  volume  density  of  electric  charge  in  coulombs  per  cubic 
meter.  Both  p and  v are  functions  of  the  distance  from  the  origin  (the 
cathode).  However,  the  product  is  constant,  since  the  number  of  elec- 
trons passing  through  unit  area  per  second  must  be  the  same  for  all  points 
between  a plane  cathode  and  a parallel  anode.  This  statement  expresses 
the  principle  of  conservation  of  electric  charge.  Therefore,  at  the  cathode, 
where  the  velocity  of  the  electrons  is  very  small  (the  velocities  being  the 
initial  velocities) , the  charge  density  must  be  very  large.  In  the  neighbor- 
hood of  the  anode,  the  velocity  is  a maximum;  hence  the  charge  density  is 
a minimum.  If  the  initial  velocities  are  neglected,  the  velocity  of  the 
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electrons  at  any  point  in  the  interelectrode  space  may  be  determined  from 
the  equation  that  relates  the  kinetic  energy  of  the  particle  with  the  poten- 
tial through  which  it  has  fallen,  viz., 


^mv^  — eV 

(4-4) 

There  results,  from 

Eqs. 

(4-2),  (4-3),  and  (4-4), 

dW  _ 

p 

J T 

dx^ 

€0 

— = — V — i — IcV — 

^60  [2(e/m)]i60 

(4-5) 

where 

] - 

[2(e/m)]Ieo 

(4-6) 

is  a constant,  independent  of  x. 

The  solution  of  Eq.  (4-5)  is  obtained  as  follows:  Let  y = dV/dx,  and 
this  equation  becomes 


or 

Hence, 

which  integrates  to 


d^ 

dx 


= kv-^ 


dy  = kV-i  dx  = kV-^  — 

y 

y dy  = kV-^  dV 

I'  = 2kVi  + C, 


(4-7) 


The  constant  of  integration  (7i  is  zero  because  at  the  cathode  7 = 0 and 
y = dV /dx  = 0,  from  Eq.  (4-1).  By  taking  the  square  root  of  Eq.  (4-7) 
there  results 

?/  = ^ = 2/b^Fi  and  7-i  dV  = 2B  dx 


This  equation  integrates  to 

■ff7*  = 2k^x  -|-  C2 

The  constant  of  integration  C2  is  zero  because  7 = 0 at  x = 0.  Finally, 

7 = {§)mx-  (4-8) 

It  is  seen  that  the  potential  depends  upon  the  four-thirds  power  of  the 
interelectrode  spacing.  For  example,  the  curve  marked  T3  in  Fig.  4-2  is 
expressed  by  the  relation 

7 = ax^  o (4-9) 

where  a is  readily  found  in  terms  of  constants  and  the  current  density  J 
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from  the  foregoing  equations.  However,  a may  also  be  written  as  Eb/d% 
where  d is  the  separation  of  the  electrodes  and  Eh  is  the  plate  potential. 
This  is  so  because  Eq.  (4-9)  is  valid  for  the  entire  interelectrode  space, 
including  the  boundary  x = d where  V = Eh. 

The  complete  expression  for  the  current  density  is  obtained  by  com- 
bining Eqs.  (4-8)  and  (4-6).  The  result  is 

J = 1(2-^  €0  ^ amp/m2  (4-10) 

9 \ m/ 

In  terms  of  the  boundary  values,  this  becomes,  upon  inserting  the  value 
of  e/m  for  electrons  and  60  = 10“®/367r, 

J = 2.33  X 10-e  amp/m2  (4_11) 

Therefore,  the  plate  current  varies  as  the  three-halves  power  of  the  plate 
potential.  This  result  was  established  by  Langmuir,®  although  it  had 
been  previously  published  in  a different  connection  by  Child. It  is 
known  by  several  different  names,  for  example,  the  Langmuir-Child  law, 
the  three-halves-power  law,  or  simply  the  space-charge  equation. 

It  will  be  noticed  that  this  equation  relates  the  current  density,  and  so 
the  current,  in  terms  only  of  the  applied  potential  and  the  geometry  of  the 
tube.  The  space-charge  current  does  not  depend  upon  either  the  temper- 
ature or  the  work  function  of  the  cathode.  Hence,  no  matter  how  many 
electrons  a cathode  may  be  able  to  supply,  the  geometry  of  the  tube  and 
the  potential  applied  thereto  will  determine  the  maximum  current  that 
can  be  collected  by  the  anode.  Of  course,  it  may  be  less  than  the  value 
predicted  by  Eq.  (4-11),  if  the  electron  supply  from  the  cathode  is 
restricted  (because  the  temperature  is  too  low).  To  summarize,  the  plate 
current  in  a given  diode  depends  only  upon  the  applied  potential,  provided 
that  this  current  is  less  than  the  temperature-limited  current. 

The  velocity  of  the  electrons  as  a function  of  position  between  the 
cathode  and  anode  can  be  found  from  Eq.  (4-4)  with  the  aid  of  Eq.  (4-10) . 
Then  the  charge  density  as  a function  of  x can  be  found  from  Eq.  (4-3) . 
It  is  easily  found  (Prob.  4-7)  that  v varies  as  the  two-thirds  power  of  x 
and  that  p varies  inversely  as  the  two-thirds  power  of  x.  This  physically 
impossible  result  that  at  the  cathode  the  charge  density  is  infinite  is  a 
consequence  of  the  assumption  that  the  electrons  emerging  from  the 
cathode  all  do  so  with  zero  initial  velocity.  Actually,  of  course,  the 
initial  velocities  are  small,  but  nonzero,  and  the  charge  density  is  large, 
though  finite. 

It  will  be  found  that  conditions  in  certain  portions  of  a gaseous  dis- 
charge (Sec.  12-21)  are  precisely  the  same  as  those  discussed  above,  except 
that  the  current-carrying  particles  are  positive  ions  of  mass  m*  instead  of 
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electrons  of  mass  Under  these  conditions,  the  space-charge  equa- 
tions must  be  modified  in  order  to  take  into  account  this  difference  in 
mass  and,  if  any,  the  difference  in  charge  that  is  carried  by  the  ion. 
Equation  (4-10)  is  to  be  replaced  in  these  cases  by  the  expression 

J = 2.33  X 10-«  U amp/m^  (4-12) 

4-6.  Cylindrical  Diodes.  Systems  that  possess  plane-parallel  elec- 
trodes were  considered  above  because  the  simplicity  of  this  geometry 
made  it  easy  to  understand  the  physical  principles  involved.  However, 


such  tube  geometry  is  almost  never  met  in  practice.  More  frequently, 
tubes  are  constructed  with  cylindrical  symmetry,  the  anode  being  in  the 
form  of  a cylinder  that  is  coaxial  with  a cathode  of  either  the  directly  or 
the  indirectly  heated  type.  The  solution  of  the  space-charge  equation 
for  such  a system,  subject  to  the  conditions  that  field  distortion  due  to 
the  end  effects  is  negligible,  that  both  the  anode  and  the  cathode  are 
equipotential  surfaces,  and  that  the  electrons  emerge  from  the  cathode 
with  zero  initial  velocities,  is  found  to  be^ 

/ft  = 14.6  X 10“®  — amp  (4-13) 

a P 

In  this  expression  is  the  plate  voltage,  is  the  plate  radius,  I is  the 
length  of  the  plate,  and  is  determined  from  the  ratio  r„/rfc  from  Fig.  4-4. 
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A comparison  of  Eqs.  (4-11)  and  (4-13)  reveals  that  the  current  varies 
inversely  as  the  square  of  the  distance  between  the  electrodes  in  the  case 
of  plane-parallel  electrodes  and  varies  inversely  as  the  first  power  of  the 
anode  radius  in  the  case  of  cylindrical  electrodes,  provided  that  the  ratio 
Taj Tk  is  sufficiently  large  so  that  /3^  may  be  considered  approximately  equal 
to  unity. 

Attention  is  called  to  the  fact  that  the  plate  current  depends  upon  the 
three-halves  power  of  the  plate  potential  for  both  the  plane-parallel  sys- 
tem and  the  one  possessing  cylindrical  symmetry.  This  is  a general 
relationship,  since  it  is  possible  to  demonstrate®  that  an  expression  of  the 
form 

h = GE,i  (4-14) 

where  h is  the  plate  current,  applies  for  any  geometrical  arrangement  of 
cathode  and  anode,  provided  that  the  same  restrictions  as  imposed  in  the 
foregoing  analyses  are  true.  The  specific  value  of  the  constant  G,  called 
the  perveance,  that  exists  in  this  expression  depends  upon  the  geometry 
of  the  system. 

Example.  Given  a cylindrical  cathode  1.8  cm  long  and  0.16  cm  in  diameter  whose 
thermionic  emission  is  40  ma  at  the  operating  temperature.  An  anode  1.0  cm  in 
diameter  is  coaxial  with  this  cathode.  What  is  the  plate  current  when  the  plate 
potential  is  50  volts?  If  the  plate  potential  is  increased  to  100  volts,  what  is  the  new 
value  of  plate  current? 

Solution.  The  space-charge-limited  current  is  calculated  from  Eq.  (4-13).  The 
value  of  (3^  corresponding  to  Va/vk  = 0.5  cm/0.08  cm  = 6.24  is  found  from  Fig.  4-4  to 
be  0.85.  Hence 

- 14.6  X 10- = (14.6  X 10-)  (^)  (II)  = 21.8  ma 

Since  this  is  less  than  the  thermionic  current,  then  the  plate  current  will  be  the  space- 
charge  current,  of  21.8  ma. 

For  Eb  = 100  volts,  which  is  double  the  voltage  used  above,  the  three-halves-power 
current  will  be  2^  times  the  value  just  calculated,  or 

/ft  = 2^  X 21.8  = 61.7  ma 

Since  this  exceeds  the  thermionic  current,  then  the  plate  current  will  be  the  thermionic 
current,  or  40  ma. 

This  example  emphasizes  the  fact  that,  if  the  thermionic  and  space-charge  currents 
are  calculated,  the  plate  current  will  always  equal  the  smaller  of  these  two  values. 

4-6.  Factors  Influencing  Space -charge  Current.  Several  factors 
modify  the  equations  for  space  charge  given  above,  particularly  at  low 
plate  voltages.  Among  these  factors  are; 

1.  Filament  Voltage  Drop.  The  space-charge  equations  were  derived 
on  the  assumption  that  the  cathode  is  an  equipotential  surface.  This  is 
not  a valid  assumption  for  a directly  heated  emitter,  and  the  voltage 
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across  the  ends  of  the  filament  causes  a deviation  from  the  three-halves- 
power  equation.  In  fact,  the  results  depend  on  whether  the  plate  cur- 
rent is  returned  to  the  positive  or  to  the  negative  end  of  the  filament. 

If  the  plate  current  is  returned  to  the  negative  end  of  the  filament,  the 
actual  voltage  of  the  various  portions  of  the  filament  is  less  than  the 
applied  voltage,  because  of  the  repelling  action  of  the  filament  voltage. 
Hence,  the  space-charge  current  is  less  than  that  which  can  be  obtained 
from  a geometrically  similar  equipotential  cathode.  If  the  cathode  lead 
is  returned  to  the  positive  end  of  the  filament,  an  increased  current  is 
obtained.  The  effect  of  filament  voltage  drop  is  largely  eliminated  by 
returning  the  plate  current  to  the  filament  mid-point,  if  this  is  available, 
or  to  a center-tapped  resistor  across  the  filament.  If  the  filament  is 
heated  with  a transformer,  the  plate  is  returned  to  the  center  tap  of  the 
secondary  winding. 

2.  Contact  Potential.  In  every  space-charge  equation,  the  symbol  Ei 
must  be  understood  to  mean  the  sum  of  the  applied  voltage  from  plate  to 
cathode  plus  the  contact  potential  between  the  two.  For  plate  voltages 
of  only  a few  volts,  this  effect  may  be  quite  appreciable. 

3.  Asymmetries  in  Tube  Structure.  Commercial  tubes  seldom  possess 
the  ideal  geometry  assumed  in  deriving  the  space-charge  equations. 

4.  Gas.  The  presence  of  even  minute  traces  of  gas  in  a tube  can  have 
marked  effects  on  the  tube  characteristics.  If  the  voltage  is  sufficiently 
high  to  cause  ionization  of  the  residual  gas  molecules,  the  plate  current 

will  rise  above  that  demanded  by  the  space- 
charge  equations  because  the  positive  ions  that 
are  formed  neutralize  the  electronic-charge  den- 
sity. Modern  vacuum  tubes  are  exhausted  to 
pressures  of  about  10“®  mm  Hg. 

5.  Initial  Velocities  of  Emitted  Electrons.  If 
the  initial  velocities  of  the  electrons  are  not 
neglected,  then  the  equilibrium  condition  will 
no  longer  be  that  of  zero  electric  field  at  the 
cathode.  Instead,  the  variation  of  potential 
with  interelectrode  spacing  will  be  somewhat  as 
depicted  by  the  broken  curve  of  Fig.  4-2,  which 
is  reproduced  in  Fig.  4-5  for  convenience.  This 
represents  a potential-energy  barrier  at  the 
cathode  surface,  and  so  it  is  only  those  electrons 
whose  energies  are  greater  than  the  height  Em  of  this  barrier  that  can 
escape  from  the  cathode.  The  height  of  this  barrier  is,  from  the  results 
of  Sec.  3-10,  a fraction  of  1 ev. 

At  a distance  Xm  from  the  surface  of  the  thermionic  emitter,  the  point 
of  the  potential  minimum,  the  electric-field  intensity  passes  through  zero. 


Fig.  4-5.  The  potential 
variation  in  a plane-parallel 
space-charge  diode,  with 
the  initial  velocities  of  the 
electrons  taken  into  ac- 
count. 
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Hence  the  point  M may  be  considered  as  the  position  of  a “virtual” 
cathode.  Evidently,  the  distance  that  will  enter  into  the  resulting  space- 
charge  equation  will  be  d — Xm,  and  not  d.  Likewise,  the  effective  plate 
potential  will  be  Eb  + Em,  and  not  Eb  alone.  Both  of  these  factors  will 
tend  to  increase  the  current  above  that  which  exists  when  the  initial 
velocities  are  neglected. 

The  exact  mathematical  formulation  of  the  space-charge  equation  tak- 
ing into  account  the  energy  distribution  of  the  electrons  is  somewhat 
involved.  It  can  be  found  in  the  literature.^” 

To  summarize,  the  plate  current  in  a diode  is  not  strictly  a function 
only  of  the  plate  potential  but  does  depend,  to  a small  extent,  upon  the 
temperature  of  the  cathode. 

If  all  the  factors  discussed  above  are  neglected,  theory  predicts  that  a 
plot  of  log  h vs.  log  Eb  should  be  a straight  line  having  a slope  equal  to 
1.5,  since  from  the  equation  h = GEb^  we  find 

logio  Jb  — logio  (?  + f logio  Eb 

Dishington^^  has  determined  this  slope  for  22  types  of  commercial  diode. 
The  values  ranged  from  1.24  to  1.49  with  the  average  at  1.42. 

4-7.  Diode  Characteristics.  The  discussion  in  this  and  in  the  preced- 
ing chapter  has  revealed  that  the  two  most  important  factors  that  deter- 
mine the  characteristics  of  diodes  are  thermionic  emission  and  space 
charge.  The  first  gives  the  temperature  saturated  value,  i.e.,  the  maxi- 
mum current  that  can  be  collected  at  a given  cathode  temperature, 
regardless  of  the  magnitude  of  the  applied  accelerating  potential.  (This 
statement  is  strictly  true  only  if  the  Schottky  effect  is  neglected.)  The 
second  gives  the  space-charge-limited  value,  or 
the  voltage  saturated  value,  and  specifies  the 
maximum  current  that  can  be  collected  at  a 
given  voltage  regardless  of  the  temperature  of 
the  filament. 

The  volt-ampere  characteristics  obtained  ex- 
perimentally for  an  oxide-coated  cathode  are 
shown  in  Fig.  4-6.  It  should  be  noted  that  the 
space-charge  currents  corresponding  to  the  differ- 
ent temperatures  do  not  coincide  but  that  the 
currents  decrease  slightly  as  the  temperature 
decreases.  Further,  there  is  no  abrupt  transition 
between  the  space-charge-limited  and  the  tem- 
perature-limited portions  of  the  curves,  but  rather  a gradual  transition 
occurs.  Also,  the  current  for  the  temperature-limited  regions  gradually 
rises  with  increased  anode  potentials. 


ode  characteristics  for 
various  filament  temper- 
atures. 
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The  temperature-current  curves  obtained  experimentally  for  a tungsten- 
filament  tube  are  illustrated  in  Fig.  4-7.  The  curve  for  Ej,  — 250  volts  is 
actually  a plot  of  the  Dushman  equation  for  temperatures  up  to  about 
2400°K.  Beyond  this  temperature,  the  curve  shows  a changing  curva- 
ture that  indicates  that  the  current  is  becoming  space-charge-limited. 
That  is,  the  plate  voltage  is  not  high  enough  to  collect  saturation  current. 

The  bend  in  the  curves  is  much 
more  noticeable  for  the  lower  plate 
voltages.  Again  we  see  that  there 
is  no  abrupt  change  from  the 
temperature-limited  to  the  space- 
charge-limited  regions.  As  a mat- 
ter of  fact,  the  true  space-charge 
current  is  not  reached  at  all  with 
the  higher  voltages  and  is  only 
approached  for  Ej,  = 100  volts,  as 
is  evident  from  the  curves. 

The  explanation  of  the  shapes  of 
the  diode  characteristics  lies  in  a 
consideration  of  the  numerous  con- 
tributing factors.  For  example,  in 
the  case  of  a directly  heated  cath- 
ode, the  drop  in  potential  along  the 
cathode  will  cause  the  different  por- 
tions of  the  cathode  to  be  at  differ- 
ent values  of  voltage  saturation. 
Another  appreciable  factor  affect- 
ing the  shape  of  the  curves  is  that  the  filament  is  not  all  at  the  same 
temperature.  The  consequence  of  the  different  temperatures  existing  at 
different  parts  of  the  cathode  will  result  in  temperature-limited  currents 
that  are  limited  at  different  values  of  temperature.  Evidently  the  tem- 
perature effects  are  less  pronounced  when  indirectly  heated  cathodes  are 
used. 

The  application  of  the  high  anode  potentials  in  order  to  collect  the  space 
current  will  give  rise  to  an  appreciable  increase  in  current  because  of  the 
Schottky  effect.  This  effect  may  become  particularly  marked  in  the  case 
of  thoriated-tungsten  and  oxide-coated  cathodes,  since  hot  spots  may 
result  and  consequently  the  thermionic  emission  may  be  increased. 

4-8.  Diode  Resistance  and  Capacitance.  An  ideal  diode  is  defined  as 
a two-terminal  circuit  element  having  the  volt-ampere  characteristic 
shown  in  Fig.  4-8a.  When  the  diode  conducts,  the  ratio  of  the  applied 
voltage  Cb  to  the  current  4,  called  the  forward  resistance  Rf,  is  zero.  For 
negative  voltages,  the  ratio  eb/ij,,  called  the  hack  resistance  Rb,  is  infinite. 


Filament  temperature,  °K 


Fig.  4-7.  Temperature-current  curves  of 
the  General  Electric  FP  85  tungsten- 
filament  diode  with  the  plate  voltage  as  a 
parameter. 
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The  ideal  diode  has  characteristics  which  are  independent  of  temperature. 
Additionally,  in  an  ideal  diode,  the  capacitance  shunting  the  diode  is 
assumed  to  be  negligible.  A thermionic-diode  characteristic,  for  voltages 


Fig.  4-8.  Diode  characteristics,  (a)  Ideal  diode,  (b)  Thermionic  diode. 


below  saturation,  is  sketched  in  Fig.  4-86.  This  real  diode  differs  from 
the  ideal  tube  in  the  following  respects: 

1.  The  forward  resistance  is  not  zero,  but  Rf  lies  in  the  approximate 
range  of  100  to  1,000  ohms. 

2.  The  value  of  R/ is  not  constant  but  depends  upon  the  applied  volt- 
age. It  is  sometimes  convenient  to  introduce  the  dynamic  or  incremental 
plate  resistance  r^,  defined  by 


Tp  — 


deb 

dib 


(4-15) 


Of  course,  if  the  volt-ampere  characteristic  were  a straight  line  passing 
through  the  origin,  then  Rf  would  be  equal  to  r^.  For  low  values  of 
current  we  have  from  Eq.  (3-22)  that 

rp  = ^ (4_16) 


On  the  other  hand,  for  space-charge-limited  currents  we  have  from  Eq. 
(4-14)  that 


3.  The  back  resistance  is  not  infinite  although  values  of  hundreds  or 
even  thousands  of  megohms  are  attainable  even  for  small  negative  applied 
voltages. 

4.  The  “break”  in  the  characteristic  (the  division  between  the  high- 
and  low-resistance  regions)  is  not  sharp  and  may  not  occur  at  zero  applied 
voltage. 

5.  As  already  mentioned  in  Sec.  4-6,  the  volt-ampere  characteristic  is 
not  strictly  space-charge-limited  but  does  depend  somewhat  upon  the 
filament  temperature.  Experiment  reveals  that  there  is  a shift  in  the 
characteristic  of  about  0.1  volt  for  a 10  per  cent  change  in  heater  voltage. 
The  higher  the  filament  voltage,  the  more  the  curves  shift  to  the  left. 
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because  the  increase  in  the  initial  velocities  of  the  electrons  with  increase 
in  temperature  results  in  higher  currents  at  a given  voltage.  The  shift 
with  tube  replacement  or  tube  aging  is  found  in  practice  to  be  of  the 
order  of  +0.25  volt. 

6.  Since  a diode  consists  of  two  metallic  electrodes,  a cathode  and  an 
anode,  separated  by  a dielectric,  a vacuum,  this  device  constitutes  a 
capacitor.  The  order  of  magnitude  of  this  capacitance  is  S^juf-  To  this 
value  must  be  added  the  wiring  capacitance  introduced  when  the  diode  is 
inserted  into  a circuit. 

4-9.  Rating  of  Vacuum  Diodes.  The  rating  of  a vacuum  diode,  i.e., 
the  maximum  current  that  it  may  normally  carry  and  the  maximum 
potential  difference  that  may  be  applied  between  the  cathode  and  the 
anode,  is  influenced  by  a number  of  factors. 

1.  A definite  limitation  is  set  by  the  cathode  efficiency  (Table  4-1), 
which  is  the  ratio  of  the  emission-current  density  to  the  heating  power 
of  the  cathode. 

2.  The  temperature  to  which  the  glass  envelope  of  the  tube  may  be 
safely  allowed  to  rise  also  furnishes  a limitation  to  the  normal  rating.  In 
order  that  the  gas  adsorbed  by  the  glass  walls  should  not  be  liberated,  the 
temperature  of  the  envelope  must  not  be  allowed  to  exceed  the  tempera- 
ture to  which  the  tube  was  raised  in  the  outgassing  process. 

3.  Probably  the  most  important  factor  limiting  the  rating  of  a tube  is 
the  allowable  temperature  rise  of  the  anode.  When  a diode  is  in  oper- 
ation, the  anode  becomes  heated  to  a rather  high  temperature  because  of 
the  power  that  must  be  dissipated  by  the  anode.  This  power  may  be 
considered  either  in  terms  of  the  kinetic  energy  carried  by  the  electrons 
and  transferred  to  the  plate  when  they  are  collected,  or  in  terms  of  the 
product  of  the  plate  current  and  the  plate  potential.  The  instantaneous 
power  may  be  expressed  in  either  of  the  forms 

= NeCb  = ibCb  watts 

where  N is  the  number  of  electrons  per  second  carried  by  the  beam,  e is  the 
charge  of  the  electron  in  coulombs,  m is  the  electronic  mass  in  kilograms, 
V is  the  electronic  velocity  at  the  anode  in  meters  per  second,  4 is  the 
instantaneous  plate  current  in  amperes,  and  Cb  is  the  instantaneous  plate 
potential  in  volts.  In  addition  to  the  power  carried  by  the  anode  current, 
the  anode  will  also  be  heated  to  some  extent  by  the  heat  that  it  intercepts 
from  the  cathode.  This  term  depends  upon  the  degree  to  which  the  anode 
surrounds  the  cathode  and  so  intercepts  heat  radiation  from  it. 

The  temperature  of  the  anode  will  rise  until  the  rate  at  which  the  energy 
supplied  to  the  anode  from  all  sources  just  equals  the  rate  at  which  the 
heat  is  dissipated  from  the  anode  in  the  form  of  radiation.  Consequently, 
for  a given  power  supplied  to  the  anode,  the  temperature  to  which  it  will 
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rise  will  depend  upon  the  area  of  the  anode  and  the  material  of  which  it  is 
constructed,  in  accordance  with  Eq.  (3-17).  The  most  common  metals 
used  for  anodes  are  nickel  and  iron  for  receiving  tubes  and  tantalum, 
molybdenum,  and  graphite  for  transmitting  tubes.  The  surfaces  are 
often  roughened  or  blackened  in  order  to  increase  the  thermal  emissivity 
and  permit  higher-power  operation.  These  anodes  may  be  operated  at  a 
cherry-red  heat  without  excessive  gas  emission  or  other  deleterious  effects. 
For  the  larger  tubes,  it  is  necessary  that  the  anodes  be  cooled.  The  heat 
is  carried  away  either  by  circulating  water  through  special  cooling  coils 
or  by  forced-air  cooling^^  on  radiator  fins  which  are  attached  to  the 
anode. 

4.  The  voltage  limitation  of  a high-vacuum  diode  is  not  always  deter- 
mined by  the  permissible  heating  of  the  anode.  For  the  case  of  a tube  in 
which  the  filament  and  anode  leads  are  brought  out  side  by  side  through 
the  same  glass  press,  conduction  may  take  place  between  the  filament 
leads  and  the  anode  lead  through  the  glass  itself,  especially  if  the  voltage 
between  these  leads  is  high.  For  this  reason,  high-voltage  rectifiers  are 
generally  provided  with  filament  leads  and  the  anode  lead  at  opposite  ends 
of  the  glass  envelope. 

Also,  the  separation  of  the  leads  of  high-voltage  rectifiers  must  be  large 
enough  to  preclude  the  possibility  of  flashover  through  the  air.  In  fact, 
it  is  the  highest  voltage  that  may  be  safely  impressed  across  the  electrodes 
with  no  flow  of  charge  that  determines  the  safe  voltage  rating  of  a tube. 
Since,  with  an  alternating  potential  applied  between  the  cathode  and 
anode,  no  current  must  exist  during  the  portion  of  the  cycle  when  the 
anode  is  negative  with  respect  to  the  cathode,  the  maximum  safe  rating 
of  a rectifying  diode  is  known  as  the  peak  inverse-voltage  rating. 

Commercial  vacuum  diodes  are  made  to  rectify  currents  at  very  high 
voltages,  up  to  about  200,000  volts.  Such 
units  are  used  with  X-ray  equipment, 
high-voltage  cable-testing  equipment,  and 
high-voltage  equipment  for  nuclear-phys- 
ics research. 

4-10.  The  Diode  as  a Circuit  Element. 

The  basic  diode  circuit  of  Fig.  4-9  consists 
of  the  tube  in  series  with  a load  resistance 
Rl  and  an  input  signal  source  e volts. 

Since  the  heater  plays  no  part  in  the 
analysis  of  the  circuit,  it  has  been  omitted 
from  Fig.  4-9,  and  the  diode  is  indicated  as  a two-terminal  device.  This 
circuit  will  now  be  analyzed. 

The  instantaneous  plate  current  is  4,  and  the  instantaneous  voltage 
across  the  diode  is  eb,  when  the  instantaneous  input  voltage  is  e.  Evi- 


Fig.  4-9.  The  basic  diode  circuit. 
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dently,  by  Kirchhoff’s  voltage  law, 

ei  = e — ihRt  (4-18) 

where  Rl  is  the  magnitude  of  the  load  resistance.  This  one  equation  is  not 
sufficient  to  determine  the  two  unknowns  eb  and  4 in  this  expression. 
However,  a second  relation  between  these  two  variables  is  given  by  the 

static  plate  characteristic  of  the 
diode  (Fig.  4-6).  In  Fig.  4-10  there 
is  indicated  the  simultaneous  solu- 
tion of  Eq.  (4-18)  and  the  diode 
plate  characteristic.  The  straight 
line,  which  is  represented  by  Eq. 
(4-18),  is  called  the  ‘Toad  line.” 
The  load  line  passes  through  the 
points  ib  = 0,  Bb  = e and  4 = e/ Rl, 
Bb  = 0.  That  is,  the  intercept  with 
the  voltage  axis  is  e and  with  the 
current  axis  is  b/Rl-  The  slope  of 
this  line  is  determined,  therefore,  by 
Rl.  It  may  happen  that  ib  = e/ Rl 
is  too  large  to  appear  on  the  printed  volt-ampere  characteristic  supplied 
by  the  manufacturer.  If  h does  appear  on  this  characteristic,  then  one 
point  on  the  load  line  is  4 = lo,  Bb  — b — IoRl  and  the  second  point  is 

4 d,  Bb  B. 

The  point  of  intersection  A of  the  load  line  and  the  static  curve  gives 
the  current  Ia  that  will  flow  under  these  conditions.  This  construction 
determines  the  current  in  the  circuit  when  the  instantaneous  input  poten- 
tial is  B.  This  current  is  plotted  vertically  above  e at  point  B in  the 
diagram.  If  the  input  voltage  is  permitted  to  vary,  the  corresponding 
current  will  vary.  Clearly,  the  slope  of  the  load  line  does  not  vary  since 
Rl  is  fixed.  Thus,  when  the  applied  potential  has  the  value  e',  the  corre- 
sponding current  is  Ia'-  This  current  is  plotted  vertically  above  b'  at  B' . 
The  resulting  curve  OB'B  that  is  generated  as  e varies  is  called  the 
“dynamic  characteristic.” 

It  is  to  be  emphasized  that,  regardless  of  the  shape  of  the  static  charac- 
teristic or  the  wave  form  of  the  input  voltage,  the  resulting  wave  form 
of  the  current  in  the  output  circuit  can  always  be  found  graphically  from 
the  dynamic  characteristic.  This  construction  is  indicated  in  Fig.  4-11. 
The  input-signal  wave  form  (not  necessarily  sinusoidal)  is  drawn  with  its 
time  axis  vertically  downward  so  that  the  voltage  axis  is  horizontal. 
Suppose  that  the  input  voltage  has  the  value  indicated  by  the  point  A 
at  an  instant  t'.  The  corresponding  current  is  obtained  by  drawing  a 
vertical  line  through  A and  noting  the  current  a where  this  line  intersects 
the  dynamic  curve.  This  current  is  then  plotted  at  an  instant  of  time 


Fig.  4-10.  The  method  of  constructing 
the  dynamic  curve  from  the  static 
curve  and  the  load  line. 
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equal  to  t'.  Similarly,  points  h,c,d,  . . . of  the  current  wave  form  corre- 
spond to  points  B,  C,  D,  . . . of  the  input-voltage  wave  form. 

The  construction  of  Fig.  4-11  indicates  that,  for  negative  input  volt- 
ages, zero  output  current  is  obtained.  If  the  dynamic  characteristic  is 
linear,  then  the  output  voltage  Co  = hRl  is  an  exact  replica  of  the  input 
voltage  e except  that  the  negative  portion  of  e is  missing.  In  this  appli- 
cation the  diode  acts  as  a clipper.  If  the  diode  polarity  is  reversed,  the 
positive  portion  of  the  input  voltage  is  clipped.  The  clipping  level  need 
not  be  at  zero  (or  ground)  potential.  For  example,  if  a reference  battery 


Fig.  4-11.  The  method  of  obtaining  the  output-current  wave  form  from  the  dynamic 
curve  for  a given  input-voltage  wave  form. 

F/fi  is  added  in  series  with  Rl  of  Fig.  4-9  (with  the  negative  battery  termi- 
nal at  ground),  then  signal  voltages  smaller  than  Er  will  be  clipped. 
Many  other  wave-shaping  circuits^^  employ  diodes. 

One  of  the  most  important  applications  of  a diode  is  rectification.  If 
the  input  voltage  is  sinusoidal,  then  the  output  consists  of  only  positive 
sections  (resembling  half  sinusoids).  The  important  fact  to  note  is  that, 
whereas  the  average  value  of  the  input  is  zero,  the  output  contains  a 
nonzero  d-c  value.  Hence,  rectification,  or  the  conversion  from  alter- 
nating to  direct  voltage,  has  taken  place.  Practical  rectifier  circuits  are 
discussed  in  Chaps.  14  and  19.  Diodes  also  find  extensive  application  in 
digital  computers  and  in  circuits  used  to  detect  radio-frequency  signals. 
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CHAPTER  5 


SEMICONDUCTOR-DIODE  CHARACTERISTICS 


In  this  chapter  we  demonstrate  that  if  a junction  is  formed  between  a 
sample  of  p-type  and  one  of  n-type  semiconductor  this  combination  pos- 
sesses the  properties  of  a rectifier.  The  volt-ampere  characteristics  of 
such  a junction  are  derived.  A detailed  study  of  the  electron  and  hole 
currents  as  a function  of  distance  is  made.  The  capacitance  across  the 
junction  is  calculated.  Finally,  other  types  of  semiconductor  rectifiers 
are  discussed. 

Although  the  transistor  is  a triode  semiconductor,  it  may  be  considered 
as  one  diode  biased  by  the  current  from  a second  diode.  Hence  most  of 
the  theory  developed  in  this  chapter  will  be  exploited  later  in  connection 
with  our  study  of  the  transistor. 

6-1.  Qualitative  Theory  of  the  p-n  Junction.^  If  donor  impurities  are 
introduced  into  one  side  and  acceptors  into  the  other  side  of  a single 
crystal  of  a semiconductor,  say  germanium,  a p-n  junction  is  formed. 
Such  a system  is  illustrated  in  Fig.  5-la.  The  donor  ion  is  indicated 
schematically  by  a plus  sign  because  after  this  impurity  atom  “donates” 
an  electron  it  becomes  a positive  ion.  The  acceptor  ion  is  indicated  by  a 
minus  sign  because  after  this  atom  “accepts”  an  electron  it  becomes  a 
negative  ion.  Initially  there  are  nominally  only  p-type  carriers  to  the 
left  of  the  junction  and  only  n-type  carriers  to  the  right.  As  a result  of 
the  density  gradient  across  the  junction,  holes  will  diffuse  to  the  right 
across  the  junction  and  electrons  to  the  left. 

As  a result  of  the  displacement  of  these  charges,  an  electric  field  will 
appear  across  the  junction.  When  the  field  becomes  large  enough,  the 
process  of  diffusion  will  be  restrained  and  equilibrium  will  be  established. 
The  general  shape  of  the  charge  distribution  may  be  as  illustrated  in 
Fig.  5-16.  The  electric  charges  are  confined  to  the  neighborhood 
cm)  of  the  junction  and  consist  of  immobile  ions.  We  see  that  the  posi- 
tive holes  which  neutralized  the  acceptor  ions  near  the  junction  in  the 
p-type  germanium  have  disappeared  as  a result  of  combination  with  elec- 
trons which  have  diffused  across  the  junction.  Similarly,  the  neutralizing 
electrons  in  the  n-type  germanium  have  combined  with  holes  which  have 
crossed  the  junction  from  the  p material.  The  unneutralized  ions  in  the 
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neighborhood  of  the  junction  are  referred  to  as  uncovered  charges.  Since 
the  region  of  the  junction  is  depleted  of  mobile  charges,  it  is  called  the 
depletion  region,  the  space-charge  region,  or  the  transition  region. 
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Fig.  5-1.  A schematic  diagram  of  a p-n  junction  including  the  charge  density  and 
t potential-energy  barriers  at  the  junction. 

The  electrostatic  potential  variation  in  the  depletion  region  is  shown  in 
Fig.  5-lc.  This  variation  constitutes  a potential-energy  barrier  against 
the  further  diffusion  of  holes  across  the  barrier.  The  form  of  the  poten- 
tial-energy barrier  against  the  flow  of  electrons  from  the  n side  across  the 
junction  is  shown  in  Fig.  5-ld.  It  is  similar  to  that  shown  in  Fig.  5-lc 
except  that  it  is  inverted,  since  the  electronic  charge  is  negative. 
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The  necessity  for  the  existence  of  a potential  barrier  at  the  junction 
will  now  be  considered  further.  Under  open-circuited  conditions  the  net 
hole  current  must  be  zero.  If  this  statement  were  not  true,  the  hole 
density  at  one  end  of  the  semiconductor  would  continue  to  increase  indefi- 
nitely with  time,  a situation  which  is  obviously  physically  impossible. 
Since  the  concentration  of  holes  in  the  p side  is  much  greater  than  that  in 
the  n side,  a very  large  diffusion  current  tends  to  flow  across  the  junction 


from  the  p to  the  n material.  Hence,  an 
electric  held  must  build  up  across  the  junction 
in  such  a direction  that  a drift  current  will 
tend  to  flow  across  the  junction  from  the  n to 
the  p side  in  order  to  counterbalance  the  diffu- 
sion current.  This  equilibrium  condition  of 


Fig.  5-2.  A p-n  junction  bi- 
ased in  the  reverse  direction. 


zero  resultant  hole  current  allows  us  to  calcu- 


late the  height  of  the  potential  barrier  Fo  (Prob.  5-12)  in  terms  of  the 
donor  and  acceptor  concentrations.  The  numerical  value  for  Fo  is  of  the 
order  of  magnitude  of  a few  tenths  of  a volt. 

The  essential  electrical  characteristic  of  a p-n  junction  is  that  it  consti- 
tutes a diode  which  permits  the  easy  flow  of  current  in  one  direction  but 
restrains  the  flow  in  the  opposite  direction.  We  consider  now  quali- 
tatively how  this  diode  action  comes  about.  In  Fig.  5-2,  a battery  is 
shown  connected  across  the  terminals  of  a p-n  junction.  The  negative 
terminal  of  the  battery  is  connected  to  the  p side  of  the  junction  and  the 
positive  terminal  to  the  n side.  The  polarity  of  connection  is  such  as  to 
cause  both  the  holes  in  the  p type  and  the  electrons  in  the  n type  to  move 
away  from  the  junction.  Consequently  the  region  of  negative-charge 
density  is  spread  to  the  left  of  the  junction  (Fig.  5-16),  and  the  positive- 
charge-density  region  is  spread  to  the  right.  However,  this  process  can- 
not continue  indefinitely,  because  in  order  to  have  a steady  flow  of  holes 
to  the  left  these  holes  must  be  supplied  across  the  junction  from  the 
n-type  germanium.  And  there  are  very  few  holes  in  the  n-type  side. 
Hence,  nominally  zero  current  results.  Actually,  a small  current  does 
flow  because  a small  number  of  hole-electron  pairs  are  generated  through- 
out the  crystal  as  a result  of  thermal  energy.  The  holes  so  formed  in  the 
n-type  germanium  will  wander  over  to  the  junction.  A similar  remark 
applies  to  the  electrons  thermally  generated  in  the  p-type  germanium. 
This  small  current  is  the  diode  reverse  saturation  current,  and  its  magni- 
tude is  designated  by  I o.  This  reverse  current  will  increase  with  increas- 
ing temperature  [Eq.  (5-37)],  and  hence  the  back  resistance  of  a crystal 
diode  decreases  with  increasing  temperature. 

The  mechanism  of  conduction  in  the  reverse  direction  may  be  described 
alternatively  in  the  following  way.  When  no  voltage  is  applied  to  the 
p-n  diode,  the  potential  barrier  across  the  junction  is  shown  in  Fig.  5-lc. 


> 
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When  a voltage  V is  applied  to  the  diode  in  the  direction  shown  in  Fig.  5-2, 
the  height  of  the  potential-energy  barrier  is  increased  by  the  amount  V. 
This  increase  in  the  barrier  height  serves  to  reduce  the  flow  of  majority 
carriers  {i.e.,  holes  in  p type  and  electrons  in  n type).  However,  the 
minority  carriers  {i.e.,  electrons  in  p type  and  holes  in  n type),  since  they 
fall  down  the  potential-energy  hill,  are  uninfluenced  by  the  increased 
height  of  the  barrier.  The  applied  voltage  in  the  direction  indicated  in 
Fig.  5-2  is  called  the  reverse  or  blocking  bias. 

An  external  voltage  applied  with  the  polarity  shown  in  Fig.  5-3  (oppo- 
site to  that  indicated  in  Fig.  5-2)  is  called  a forward  bias.  An  ideal  diode 
is  defined  as  one  having  zero  ohmic  voltage  drop  across  the  body  of  the 

crystal.  For  such  a diode  the  height  of  the 
potential  barrier  across  the  junction  will  be 
lowered  by  the  applied  forward  voltage  V. 
The  equilibrium  which  was  initially  established 

„ r r.  * • between  the  forces  tending  to  produce  diffusion 

Fig.  5-3.  A p-n  junction  . . . ^ ^ 

biased  in  the  forward  direc-  “ majority  carriers  and  the  restraining  mfiu- 

tion.  ence  of  the  potential-energy  barrier  at  the 

junction  will  be  disturbed.  Hence,  for  a 
forward  bias  the  holes  cross  the  junction  from  the  p type  to  the  n type, 
and  the  electrons  cross  the  junction  in  the  opposite  direction.  These 
majority  carriers  can  then  travel  around  the  closed  circuit,  and  a rela- 
tively large  current  will  flow. 

6-2.  Semiconductor-diode  Volt -Ampere  Characteristic.  The  potential 
barrier  in  Fig.  5-1  keeps  the  majority  carriers  from  crossing  the  junction. 
If  a potential  V is  applied  in  the  forward  direction,  this  retarding  barrier 
is  lowered  by  the  voltage  V,  and  the  current  increases  exponentially  in 
the  form  where  A is  a constant.  This  situation  is  analogous  to 

that  which  exists  when  the  retarding  potential  is  decreased  at  the  surface 
of  a thermionic  emitter  (Sec.  3-10).  The  IRE  Standards  on  semicon- 
ductor symbols  recommend  V for  voltage.  Hence,  the  electron-volt 
equivalent  of  temperature,  for  which  the  symbol  Et  is  used  in  connection 
with  a vacuum  tube,  is  designated  by  Fr  for  a semiconductor  device. 
By  definition, 


-^llR 


T 

11,600 


(5-1) 


where  k is  the  Boltzmann  constant  in  j oules  per  degree  Kelvin  and  e is  the 
magnitude  of  the  electronic  charge.  If  a large  reverse  bias  (F  ^ — oo) 
is  applied  to  the  p-n  junction,  the  reverse  saturation  current  — /o  is 
collected.  Hence,  the  current  / which  flows  at  an  applied  forward  volt- 
age F is  given  by 


I = 
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For  zero  applied  voltage  (a  short-circuited  junction)  the  current  must  be 
zero.  If  this  statement  were  not  true,  the  resultant  current  would  gener- 
ate heat  in  the  body  of  the  semiconductor.  But  there  is  no  energy  source 
present  to  supply  this  heat.  Hence,  for  F - 0,  / = 0,  and  therefore 
A = /o,  so  that 

7 = /,(eV/Vr  _ 1)  (5_2) 

The  volt-ampere  characteristic  of  a semiconductor  diode  with  an 
assumed  reverse  saturation  current  of  10  /ua  is  plotted  in  Fig.  5-4. 


Fig.  5-4.  The  p-n  junction  volt-ampere  characteristic.  Note  that  the  current  scale  for 
the  forward  direction  is  different  from  that  for  the  reverse  direction. 

Because  the  forward  current  is  so  much  larger  than  the  reverse  current, 
the  vertical  scale  is  in  milliamperes  in  the  forward  direction  and  in  micro- 
amperes in  the  reverse  direction.  It  is  this  change  of  scale  which  accounts 
for  the  apparent  discontinuity  of  the  slope  at  the  origin  of  the  curves  in 
Fig.  5-4.  At  0.1  volt  forward  bias  the  current  is  approximately  0.5  ma, 
whereas  at  0.2  volt  it  is  30  ma,  which  indicates  the  exponential  behavior 
of  current  with  voltage.  If  the  forward  bias  is  increased  beyond  a few 
tenths  of  a volt  so  as  to  reduce  the  junction  barrier  to  zero,  the  above 
theory  is  no  longer  valid.  The  current  is  now  determined  by  Ohm’s  law. 
We  must  take  into  account  the  resistance  through  the  body  of  the  semi- 
conductor, the  resistances  of  the  external  metallic  connections  to  the 
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diode,  and  any  external  resistance  present.  The  volt-ampere  character- 
istic now  changes  from  that  indicated  by  Eq.  (5-2)  to  a linear  relationship. 
The  crystal  may  easily  burn  out  if  the  forward  voltage  is  too  high. 

We  shall  now  consider  the  reverse-bias  characteristic  of  the  diode. 
The  quantity  Vt  has  the  value  0.026  volt  at  room  temperature  (25°C). 
Therefore  when  V in  Eq.  (5-2)  is  negative  and  large  in  magnitude  in 
comparison  with  0.026  volt,  the  reverse  current  which  flows  is  Iq. 
However,  as  the  magnitude  of  the  reverse-biasing  voltage  is  increased, 
a critical  voltage  Vz  is  finally  reached  where  the  diode  volt-ampere  char- 
acteristic exhibits  an  abrupt  and  marked  departure  from  Eq.  (5-2),  as  is 
indicated  in  Fig.  5-4  by  the  dashed  portion  of  the  curve.  At  this  critical 
voltage  large  reverse  currents  flow  and  the  diode  is  said  to  be  in  the 
breakdown  region.  We  discuss  next  the  physical  basis  for  the  occurrence 
of  the  breakdown. 

As  the  reverse  voltage  across  the  diode  junction  increases,  the  height 
of  the  barrier  increases  and  the  maximum  electric  field  encountered  in 
the  junction  region  also  increases.  When  the  field  becomes  sufficiently 
large,  the  electrons  which  constitute  the  current  carriers  may  acquire 
enough  velocity  to  produce  new  carriers  by  removing  valence  electrons 
from  their  covalent  bonds.  These  new  carriers  may,  in  turn,  produce 
additional  carriers  again  through  the  process  of  ionization  by  collision,  etc. 
This  cumulative  process,  which  is  referred  to  as  avalanche  multiplication, 
results  in  the  flow  of  large  reverse  current,  and  the  diode  is  said  to  be  in 
the  region  of  avalanche  breakdown.  Even  if  the  initially  available  car- 
riers do  not  acquire  sufficient  energy  to  produce  ionization  by  collision, 
it  is  possible  to  initiate  breakdown  through  a direct  rupture  of  the  cova- 
lent bonds  because  of  the  existence  of  the  strong  electric  field.  Under 
these  circumstances,  the  breakdown  is  referred  to  as  a Zener  breakdown, 
and  the  reverse  voltage  at  which  the  breakdown  occurs  is  called  the  Zener 
voltage,  Vz.  However,  in  either  case,  at  breakdown,  the  reverse  current 
becomes  very  large,  and  the  current  is  largely  independent  of  the  voltage. 
The  situation  within  the  diode  before  breakdown  as  well  as  the  volt- 
ampere  characteristic  after  breakdown  is  very  closely  analogous  to  what 
occurs  in  a glow  tube  (Sec.  13-12). 

A point  of  interest  in  connection  with  breakdown  in  junction  diodes  is 
that  the  diode  will  recover  when  the  magnitude  of  the  reverse  voltage  is 
reduced  below  the  breakdown  voltage,  provided  that  the  diode  has  not 
been  damaged  by  excessive  heat  dissipation  in  the  breakdown  region. 
As  a result,  it  has  been  possible  to  manufacture  junction  diodes  which 
are  suitable  as  voltage-reference  or  constant-voltage  sources.  The  volt- 
ampere  characteristic  in  the  reverse  direction  for  a typical  low-voltage 
silicon  voltage-reference  diode  is  shown  in  Fig.  5-5.  It  should  be  observed 
that  these  characteristics  are  temperature-sensitive.  Breakdown  diodes 
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are  available  with  reference  voltages  in  the  range  from  several  volts  to 
several  hundred  volts. 

The  dynamic  resistance  r of  a semiconductor  diode  (corresponding  to  the 
plate  resistance  Vp  of  a vacuum  diode)  is  defined  by 


dV 

dl 


(5-3) 


The  conductance  g,  which  is  the  reciprocal  of  r,  is  given  from  Eq.  (5-2)  by 


g 


dl 

dV 


h 

Vt 


,V/Vt  — 


/ + /o 
Vt 


(5-4) 


For  a reverse  bias  greater  than  a few  tenths  of  a volt  (so  that  1F/Ft|  ^ 1) 
g is  extremely  small  and  r is  very  large. 

On  the  other  hand,  for  a forward 
bias  greater  than  a few  tenths  of  a 
volt,  / ^ /o,  and  g and  r are  given 
(approximately)  by 
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(5-5) 


The  conductance  is  proportional  to 
the  direct  current  I,  and  the  resist- 
ance varies  inversely  with  I.  At 
room  temperature,  Vt  = 0.026  volt 
and  hence 
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Fig.  5-5.  Zener  characteristics  of  the 
type  653C4  silicon  diode.  {Courtesy 
of  the  Texas  Instrument  Company.) 


where  I is  expressed  in  milliamperes 
and  r in  ohms.  For  a current  of  26  ma 
the  dynamic  resistance  is  1 ohm.  The 
ohmic  body  resistance  of  the  semi- 
conductor may  be  of  the  same  order 
of  magnitude  or  may  greatly  exceed  this  value. 

6-3.  Space-charge  or  Transition  Capacitance  Ct.  As  mentioned  in 
Sec.  5-1,  a reverse  bias  causes  majority  carriers  to  move  away  from  the 
junction,  thereby  uncovering  more  immobile  charges.  Hence,  the  thick- 
ness of  the  space-charge  layer  at  the  junction  increases  with  reverse  volt- 
age. This  increase  in  uncovered  charge  with  applied  voltage  may  be 
considered  a capacitive  effect.  We  may  define  an  incremental  capaci- 
tance Ct  by 

dQ 


dV 


Ct  = 


(5-7) 
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where  dQ  is  the  increase  in  charge  caused  by  a change  dV  in  voltage. 
It  follows  from  this  definition  that  a change  in  voltage  dV  in  a,  time  dt 
will  result  in  a current  i = dQ/dt  given  by 

i = (5-8) 


p-fype 


n - type 


la) 


Charge  density 


Therefore,  a knowledge  of  Ct  is  important  in  considering  a diode  (or  a 

transistor)  as  a circuit  element.  The  quan- 
tity Ct  is  referred  to  as  the  transition-region, 
space-charge,  harrier,  or  depletion-region  ca- 
pacitance. We  shall  now  consider  Ct  quan- 
titatively. It  will  turn  out  that  this  ca- 
pacitance is  not  a constant  but  depends  upon 
the  magnitude  of  the  reverse  voltage.  It  is 
for  this  reason  that  Ct  is  defined  by  Eq.  (5-7) 
rather  than  as  the  ratio  Q/V. 

Consider  a junction  in  which  there  is  an 
abrupt  change  from  acceptor  ions  on  one  side 
to  donor  ions  on  the  other  side.  Such  a 
junction  is  formed  experimentally,  for  exam- 
ple, by  placing  indium,  which  is  trivalent, 
against  w-type  germanium  and  heating  the 
combination  to  a high  temperature  for  a 
short  time.  Some  of  the  indium  dissolves 
into  the  germanium  to  change  the  germanium 
from  n type  to  p type  at  the  junction.  Such 
a junction  is  called  an  alloy  or  fusion  junc- 
tion. It  is  not  necessary  that  the  concentra- 
tion Na  of  acceptor  ions  equal  the  concen- 
tration Nd  oi  donor  impurities.  As  a matter 
of  fact,  it  is  often  advantageous  to  have  an 
unsymmetrical  junction.  Figure  5-6  shows 
the  charge  density  as  a function  of  distance 
from  an  alloy  junction  in  which  the  acceptor 
impurity  density  is  assumed  to  be  much 
concentration.  Since  the  net  charge  must  be 


Ic) 

Fig.  5-6.  The  charge-density 
and  potential  variation  at  a 
fusion  p-n  junction. 


smaller  than  the  donor 
zero,  then 


eNaWp  = eNdWn 


(5-9) 


If  Na  <3C  Nd,  then  Wp TF„.  For  simplicity,  we  shall  neglect  Wn  and 
shall  assume  that  the  entire  barrier  potential  Vb  appears  across  the 
uncovered  acceptor  ions.  The  relationship  between  potential  and  charge 
density  is  given  by  Poisson’s  equation.  Starting  with  Coulomb’s  law. 
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this  relationship  is  derived  in  Appendix  V and  is  found  to  be 


= V"  (5-10) 

where  e is  the  permittivity  of  the  semiconductor.  If  K is  the  (relative) 
dielectric  constant  and  eo  is  the  permittivity  of  free  space  (Appendix  IV) , 
then  e = Ke^.  The  electric  lines  of  flux  start  on  the  positive  donor  ions 
and  terminate  on  the  negative  acceptor  ions.  Hence,  there  are  no  flux 
lines  to  the  left  of  the  boundary  a;  = 0 in  Fig.  5-6,  and  8 = —dV/dx  = 0 
at  X = 0.  Also,  since  the  zero  of  potential  is  arbitrary,  we  shall  choose 
F = 0 at  a:  = 0.  Integrating  Eq.  (5-10)  subject  to  these  boundary  con- 
ditions yields 

F = (5-11) 


At  X = Wp  = TF,  F = Fb,  the  barrier  height. 

p N 

Fb  = 


(5-12) 


If  we  now  reserve  the  symbol  F for  the  applied  bias,  then  Fb  = Fo  - F, 
where  F is  a negative  number  for  an  applied  reverse  bias  and  Fo  is  the 
zero-voltage  barrier  height  (Fig.  5-1).  This  equation  confirms  our  quali- 
tative conclusion  that  the  thickness  of  the  depletion  layer  increases  with 
applied  reverse  voltage.  We  now  see  that  TF  varies  as  Fb^ 

If  A is  the  area  of  the  junction,  then  the  charge  in  the  distance  IF  is 
Q = eNaW A.  The  transition  capacitance  Ct,  given  by  Eq.  (5-7),  is 


^ dQ  .j,  dW 
Cr=  jy  ^eN.A 

From  Eq.  (5-12),  \dW /dV\  = t/eNaW  and  hence 


(5-13) 


(5-14) 


It  is  interesting  to  note  that  this  formula  is  exactly  the  expression  which  is 
obtained  for  a parallel-plate  capacitor  of  area  A (square  meters)  and  plate 
separation  IF  meters  containing  a material  of  permittivity  e.  The  barrier 
capacitance  is  not  a constant  but  varies  with  applied  voltage.  The  larger 
the  reverse  voltage,  the  larger  IF  and  hence  the  smaller  the  capacitance. 
Similarly,  for  an  increase  in  forward  bias  (F  positive),  TF  decreases  and 
Ct  increases.  The  order  of  magnitude  of  Ct  is  5 to  100  nni  for  com- 
mercially available  junction  diodes.  If  the  concentration  Nd  is  not 
neglected,  the  above  results  are  modified  only  slightly.  In  Eq.  (5-12) 
TF  represents  the  total  space-charge  width,  and  \/Na  is  replaced  by 
1/Va  + l/Vd.  Equation  (5-14)  remains  valid. 
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A second  form  of  junction,  called  a grown  junction,  is  obtained  by  draw- 
ing a single  crystal  from  a melt  of  germanium  whose  type  is  changed  dur- 
ing the  drawing  process  by  adding  first  p-type  and  then  n-type  impurities. 
For  such  a grown  junction  the  charge  density  varies  gradually  (almost 
linearly),  as  indicated  in  Fig.  5-7.  If  an  analysis  similar  to  that  given 
above  is  carried  out  for  such  a junction,  Eq.  (5-14)  is  found  to  be  valid 
where  W equals  the  total  width  of  the  space-charge  layer.  However,  it 
now  turns  out  that  W varies  as  Fb*  instead  of  V (Prob.  5-10). 

6-4.  Diffusion  Capacitance.  For  a forward  bias  a capacitance  which 
is  much  larger  than  that  considered  in  the  preceding  section  comes  into 
play.  The  origin  of  this  capacitance  will  now  be  discussed.  If  the  bias 
is  in  the  forward  direction,  the  potential  barrier  at  the  junction  is  lowered 
and  holes  from  the  p side  enter  the  n side.  Similarly,  electrons  from  the 


Fig.  5-7.  The  charge-den-  Fig.  5-8.  The  hole  density  vs. 

sity  variation  at  a grown  distance  in  the  n side, 

p-n  junction. 


n side  move  into  the  p side.  This  process  is  called  minority-carrier  injec- 
tion. Let  us  concentrate  our  attention  on  the  holes.  What  happens  to 
these  after  they  are  injected  into  the  n side?  The  answer  to  this  query  is 
that  they  will  diffuse  away  from  the  junction  and  recombine  with  elec- 
trons which  are  plentiful  in  the  n side.  As  a result  of  this  recombination, 
the  hole  density  falls  off  exponentially  with  distance,  as  indicated  in  Fig. 
5-8.  (For  a proof  of  this  statement  see  Appendix  VI.)  The  area  under 
this  curve  is  the  charge  stored  at  the  junction  (per  unit  cross-sectional 
area).  As  explained  in  Sec.  5-3,  it  is  convenient  to  introduce  an  incre- 
mental capacitance  defined  as  the  rate  of  change  of  charge  with  applied 
voltage.  This  capacitance  is  called  the  diffusion  capacitance  Cd  ov  the 
storage  capacitance  for  holes.  In  Sec.  5-8  it  is  shown  that 

Cd  = ^»  (5-15) 

where  Lp  is  the  mean  distance  that  a hole  travels  before  recombination 
and  is  called  the  diffusion  length  for  holes.  A similar  expression  is  valid 


SEMICONDUCTOR-DIODE  CHARACTERISTICS  123 


for  electrons.  The  symbol  g is  the  dynamic  conductance  of  the  diode 
and  is  defined  by  Eq.  (5-4). 

For  a reverse  bias,  g is  very  small  and  Cd  may  be  neglected  compared 
with  Ct-  For  a forward  bias  which  is  greater  than  a few  tenths  of  a volt, 
g is  given  by  Eq.  (5-5),  and  we  see  that  the  conductance  and  hence  the 
diffusion  capacitance  are  proportional  to  the  direct  current.  For  Lp  = 
0.1  cm  and  for  germanium  {Dp  = 45  cm^/sec),  Cd  at  / = 26  ma  (at  which 
current  g = I mho)  is 

It  should  be  noted  that  this  value  is  far  larger  than  the  barrier  capaci- 
tance Ct-  Despite  this  large  value  of  Cd,  the  time  constant  tCd  (which 
is  of  importance  in  circuit  applications)  may  not  be  excessive  because  the 
dynamic  forward  resistance  r is  small.  From  Eq.  (5-15),  this  time  con- 
stant is  given  by 

tCd  = ^ (5-16) 

and  is  independent  of  current.  For  the  numerical  values  assumed  above, 
tCd  = 220  iusec.  Values  from  about  1 to  1,000  /xsec  have  been  reported. 

On  an  average,  a hole  will  exist  for  Tp  seconds  before  combining  with  a 
free  electron.  This  time  Tp  is  called  the  mean  lifetime  of  the  hole.  Since 
Lp  is  the  average  distance  between  recombinations  and  Tp  is  the  average 
time  between  recombinations,  then  these  two  parameters  are  not  inde- 
pendent. In  Appendix  VI  it  is  shown  that 

Lp  = \/DpTp  (5-17) 

Experimentally  the  mean  lifetime  is  found  to  vary  greatly  between  speci- 
mens which  appear  to  be  alike  in  all  other  properties.  It  is  concluded 
that  the  recombination  process  must  be  controlled  by  imperfections  in 
the  crystal.  The  word  deathnium  has  been  introduced^  to  describe  these 
not-too-w ell-understood  imperfections.  It  is  also  found  that  recombi- 
nation takes  place  at  the  surface  as  well  as  within  the  body  of  the  semi- 
conductor, and  one  speaks  of  a deathnium  layer  at  the  surface.  For  a 
specimen  of  small  volume  the  surface  recombination  is  the  dominant 
process  in  determining  the  mean  lifetime  and  is  markedly  dependent  upon 
the  physical  and  chemical  state  of  the  surface.  V alues  of  Tp  of  from  about 
1 to  1,000  Msec  have  been  observed.*  For  germanium  we  find  from  Eq. 
(5-17)  that  Lp  lies  in  the  range  0.007  to  0.2  cm.  Because  of  the  above 
relationship  between  Lp  and  Tp,  Eq.  (5-16)  reduces  to 

tCd  = 


T- 


(5-18) 
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which  states  that  the  time  constant  is  numerically  equal  to  the  mean 
lifetime. 

The  time  constant  discussed  above  places  a serious  limitation  upon  the 
use  of  the  junction  diode  at  high  frequencies.  For  example,  consider  a 
diode  which  is  conducting  in  the  forward  direction  to  which  is  suddenly 
applied  a large  negative  step  of  voltage.  This  bias  is  in  the  direction  to 
force  the  stored  minority  carriers  across  the  junction.  Hence,  immedi- 
ately after  the  application  of  the  negative  step  a large  reverse  current 
flows,  and  it  is  only  after  the  stored  charge  is  removed  that  the  current 
falls  to  the  low  reverse  saturation  value.  The  time  required  for  the  back 
resistance  to  increase  to  a high  value  is  called  the  back  recovery  time^  or 
storage-time  delay.  This  recovery  time  depends  not  only  upon  the  value 
of  rCn  but  also  upon  the  circuit  in  which  the  diode  is  used.  There  is 
also  a forward  recovery  time,  but  this  is  usually  not  of  great  importance 
because  the  forward  resistance  reaches  a low  value  almost  instantly  even 
though  the  time  to  reach  the  final  forward  resistance  may  be  relatively 
long. 

Because  of  the  capacitive  effects  discussed  above,  the  junction  diode  is 
limited  to  relatively  low-frequency  applications,  such  as  a rectifier  to  con- 
vert from  alternating  (up  to  about  50  kc)  to  direct  voltages.  An  example 
is  the  1N94  diffused-j unction  germanium  diode,  which  has  the  following 
ratings;  d-c  output  current  = 500  ma,  peak  forward  current  = 1.57  amp, 
surge  current  = 25  amp,  peak  inverse  voltage  = 380  volts,  and  forward 
resistance  at  full  load  = 0.5  ohm. 

6-6.  Point-contact  Diode.  There  is  available  commercially  another 
type  of  diode,  called  the  'point-contact  diode,  which  consists  of  a pointed 

tungsten  or  gold  wire  in  the  form  of  a 
spring  which  presses  against  a wafer 
of  n-type  germanium  or  silicon  of 
extremely  small  dimensions  (about 
1 by  1 by  1 mm).  A typical  unit,  the 
1N34A  general-purpose  diode,  is  indi- 
cated in  Fig.  5-9.  The  glass  enclosure 
acts  as  a protection  against  contami- 
nation and  humidity.  The  entire 
unit,  exclusive  of  the  leads,  is  about 
0.5  in.  long  and  0.25  in.  in  diameter.  In  the  manufacturing  process 
a surge  of  current  is  passed  through  the  diode  and  a p-n  junction  of 
extremely  small  area  is  formed  at  the  point  contact.  The  capacitances 
associated  with  this  diode  are  much  smaller  than  the  corresponding  values 
for  the  junction  diode.  Hence,  the  point-contact  diode  is  used  in  high- 
frequency  or  pulse  applications.  For  a point-contact  diode  the  back 
recovery  time  lies  in  the  range  0.01  to  10  Msec. 
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Although  the  point-contact  diode  is  historically  much  older  than  the 
junction  diode,  the  former  is  much  less  well  understood  than  the  latter. 
The  volt-ampere  characteristic  is  similar  to  that  given  in  Fig.  5-4  except 
that  the  point-contact  diode  shows  no  reverse  saturation.  The  reverse 
current  increases  with  reverse  voltage,  probably  because  of  the  increased 
heating  at  the  tiny  point  contact  with  increased  voltage.  It  is  also  found 
that  the  forward  current  is  usually  larger  than  that  predicted  from 
Eq.  (5-2). 

6-6.  Quantitative  Theory  of  the  p-n  Junction.  We  have  seen  that, 
when  a forward  bias  is  applied  to  a diode,  holes  are  injected  into  the 
n side  and  electrons  into  the  p side.  We  show  in  Appendix  VI  that  the 
number  of  these  injected  minority  carriers  falls  off  exponentially  with 
distance  from  the  junction.  From  the  concentration  gradient  we  can 
calculate  the  diffusion  current  of  minority  carriers.  In  this  manner  we 
shall  find  the  hole  current  7p„  in  the  n-type  material  as  a function  of  dis- 
tance. Similarly,  we  shall  calculate  the  electron  current  Inp  in  the  p side 
as  a function  of  distance.  The  sum  of  the  hole  and  electron  currents 
equals  the  total  current  I.  In  particular,  at  the  junction  (x  = 0), 

I = IpniO)  + InpiO)  (5-19) 

Since  the  current  is  the  same  throughout  a series  circuit,  I is  independent 
of  X.  The  electron  current  Inn  in  the  n material  may  therefore  be  calcu- 
lated as  a function  of  distance  from 

I = Ipnix)  -f  Inn{x)  (5-20) 

A similar  expression  allows  the  hole  current  Ipp{x)  in  the  p side  to  be 
evaluated. 

The  objectives  of  this  and  the  next  two  sections  are  (1)  to  find  the 
four  current  components  as  a function  of  distance  from  the  junction, 
(2)  to  find  the  total  current  as  a function  of  the  applied  voltage  (the 
diode  volt-ampere  characteristic),  (3)  to  find  the  reverse  saturation  cur- 
rent as  a function  of  the  physical  parameters  of  the  semiconductor  and 
of  the  temperature,  and  (4)  to  evaluate  the  diffusion  capacitance  Cd- 
Furthermore,  the  theory  developed  here  and  the  results  obtained  will  be 
most  useful  later  in  our  study  of  the  transistor. 

Before  proceeding  with  the  analysis,  a few  observations  will  be  made  to  help  clarify 
the  notation.  If  the  letters  p and  n both  appear  in  a symbol,  the  first  letter  refers  to  the 
type  of  carrier  and  the  second  to  the  type  of  material.  For  example, 

Ipn  = hole  current  in  n-type  semiconductor 
Up  = electron  concentration  in  p material 

If  a quantity  is  a function  of  distance,  this  fact  may  be  indicated  explicitly  by  insert- 
ing an  X in  parentheses  after  the  symbol.  For  example, 

Pn{x)  = hole  concentration  in  n side  as  a function  of  x 
Pn  (0)  = hole  concentration  in  n side  at  the  junction  x = 0 
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A subscript  o indicates  a thermal-equilibrium  value.  For  example, 

Pno  = thermal-equilibrium  hole  concentration  in  the  n side 
The  value  of  the  concentration  in  excess  of  the  thermal-equilibrium  value  is  called  the 


Fig.  5-10.  Defining  the  several  com- 
ponents of  hole  concentration  in  the  n 
side. 


ness  and  hence  we  shall  neglect  th 
follow.  The  diffusion  current  7p„  i 


injected  concentration  and  is  designated  by 
a capital  letter  for  the  type  of  carrier.  For 
example, 

Pn{x)  = Pn{x)  — Pno  (5-21) 

where  Pn{x)  is  the  injected-hole  concentra- 
tion in  the  n material  at  any  position  x from 
the  junction.  The  various  hole-concentra- 
tion components  in  the  n side  are  indicated 
in  Fig.  5-10. 

The  diffusion  length  is  very  much 
larger  than  the  depletion-layer  thick- 
e barrier  width  in  the  discussion  to 
1 given  by  Eq.  (3-38),  namely, 


I 


pn 


= —AeDp 


dpn 

dx 


From  Eq.  (A6-13)  the  concentration  is  given  by 

Vn  = Pno  + 

and  taking  the  derivative  we  obtain 


7 


pn 


AeDpPniO) 

Lp 


£ j*/ L p 


(5-22) 


This  equation  indicates  that  the  hole  current  decreases  exponentially  with 
distance  into  the  n side.  However,  since  the  total  current  7 must  be 
independent  of  x,  then  there  must  exist  an  electron  current  7„„  in  the 
n side,  given  by  Eq.  (5-20).  These  current  components  are  indicated  in 
Fig.  5-11  for  an  unsymmetrically  doped  junction  diode. 

The  analysis  for  the  p side  is  identical  to  that  given  above  for  the 
n side,  and  corresponding  quantities  are  obtained  by  interchanging  the 
symbols  p and  n.  For  example,  the  free-electron  current  Inp  in  the  p side 
is  given  by 


7np 


_ AeDnNpifS) 


Lji 


x/Ln 


(5-23) 


where  L„  is  the  free-electron  diffusion  length,  Np{0)  is  the  injected-electron 
concentration  from  the  n side  into  the  p side  at  the  junction,  etc.  Simi- 
larly, there  is  a hole  current  Ipp  in  the  p side  such  that 

7 np  I 7pp  7 


(5-24) 
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The  hole  and  electron  currents  on  both  sides  of  the  junction  are  plotted  in 
Fig.  5-11.  Note  that  deep  into  the  p side  the  current  is  a drift  (con- 
duction) current  Ipp  of  holes  sustained  y 

by  the  small  electric  field  in  the  semi- 
conductor. As  the  holes  approach 
the  junction,  some  of  them  recombine 
with  the  electrons  which  are  injected 
into  the  p side  from  the  n side. 


Hence,  part  of  the  current  Ipp  becomes 
a negative  diffusion  current  just  equal 
in  magnitude  to  the  diffusion  current 
Inp.  The  current  Ipp  thus  decreases 
toward  the  junction  (at  just  the  proper 
rate  to  maintain  the  total  current 
constant,  independent  of  distance). 
What  remains  of  Ipp  at  the  junction 
enters  the  n side  and  becomes  the  hole 
diffusion  current  Ipn.  Similar  re- 
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Fig.  5-11.  The  hole  and  electron-cur- 
rent components  vs.  distance  in  a p-n 
junction  diode. 


marks  can  be  made  with  respect  to 
current  Inn.  Hence,  in  a forward-biased  p-n  diode  the  current  enters  the 
p side  as  a hole  current  and  leaves  the  n side  as  an  electron  current  of  the 
same  magnitude. 

6-7.  The  Boundary  Condition.®  Before  proceeding  with  the  theory  of 
the  p-n  junction  it  is  necessary  to  consider  the  effect  of  the  applied  volt- 
age upon  the  injected-carrier  density.  This  boundary  condition  can  be 
obtained  from  the  Boltzmann  relationship  which  states  that  the  density 
N 1 of  particles  in  a region  1 is  related  to  the  density  A2  in  region  2 by  the 
equation 

iVi  = (5-25) 


where  F21  is  the  potential  energy  of  region  2 with  respect  to  region  1. 
This  relation  can  be  used,  for  example,  to  find  the  variation  of  atmos- 
pheric density  or  pressure  with  height  above  the  earth’s  surface.  In 
general,  the  particles  in  a solid  obey  Fermi-Dirac  statistics  but  it  is  found 
that  the  density  of  holes  in  the  valence  band  and  of  the  electrons  in  the 
conduction  band  of  a semiconductor  is  low  enough  so  that  the  Boltzmann 
relation  is  valid  to  a good  approximation. 

Consider  an  open-circuited  p-n  junction  with  region  1 the  p side, 
region  2 the  n side,  and  holes  as  the  particles  under  consideration.  Then 
= ppo,  N2  = Pno,  and  F21  = Fo  so  that  Eq.  (5-25)  is  equivalent  to 

Ppo  = Pnoe^^'^^  (5-26) 

Consider  now  a junction  biased  in  the  forward  direction  by  an  applied 
voltage  V.  The  barrier  potential  is  F21  = Vb  = Vo  — V.  The  hole  con- 
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centration  throughout  the  p region  is  constant  and  equal  to  the  thermal- 
equilibrium  value  ppo  = iVi.  The  hole  concentration  varies  with  dis- 
tance from  the  junction  in  the  n region,  as  indicated  in  Fig.  5-10.  Hence 
region  2 will  be  considered  to  be  just  inside  the  n material  beyond  the 
depletion  layer.  Since  the  width  of  this  space-charge  layer  is  small  com- 
pared with  the  diffusion  length,  we  shall  assume  that  the  potential  barrier 
has  zero  width.  Under  this  assumption  the  concentration  A7’2  is  the  value 
at  a;  = 0 ov  N 2 — Pn(0).  The  Boltzmann  relation  (5-25)  is,  for  this  case, 

Ppo  = (5-27) 

Combining  this  equation  with  Eq.  (5-26)  we  obtain 

Pn(0)  = Pnoe^^^^  (5-28) 

This  boundary  condition  indicates  that  for  U > 0,  a forward  bias,  the 
hole  concentration  at  the  junction  is  greater  than  the  thermal-equilibrium 
value.  Equation  (5-28)  is  one  of  the  most  fundamental  relationships  in 
junction  theory. 

An  alternative  and  informative  approach  to  the  boundary  condition  is 
the  following:®  We  saw  in  Sec.  5-1  that  for  an  open-circuited  junction 
the  net  hole  current  must  be  zero.  Hence,  equating  the  negative  of  the 
hole  diffusion  current  to  the  hole  drift  current  we  have 

eDp  ^ = eiJLpp&  (5-29) 

The  Einstein  relation  [Eq.  (3-39)]  is 

^ - Fr  (5-30) 

where  the  electron-volt  equivalent  of  temperature  Fr  is  defined  by  Eq. 
(5-1).  Substituting  Eq.  (5-30)  into  Eq.  (5-29)  and  remembering  the  rela- 
tionship Eq.  (1-15)  between  field  intensity  and  potential,  we  obtain 

dp  Zdx  dV 

— = = - -y-  (5-31) 

P Vt  V T 

If  this  equation  is  integrated  between  limits  which  extend  across  the 
junction  from  the  p-  to  the  n-type  material,  the  result  is 

Ppo  = Pnoe^'^^’^ 

This  equation  is  identical  with  Eq.  (5-26)  obtained  from  the  Boltzmann 
relation.  From  this  relationship,  Fo  can  be  calculated  in  terms  of  the 
concentrations  Na  and  Na,  respectively,  of  acceptor  and  donor  atoms 
and  the  intrinsic  concentration  Ui  (Prob.  5-12). 
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By  a similar  argument  to  that  given  in  Sec.  5-1  we  conclude  that  the 
sum  of  the  diffusion  and  drift  electron  currents  must  be  zero  for  an  open- 
circuited  junction.  This  condition  again  leads  to  exactly  the  same  rela- 
tionship [Eq.  (5-26)]  for  the  barrier  potential  Eo. 

If  a junction  is  forward-biased,  then  the  net  hole  current  ip  is  no  longer 
zero.  However,  the  diffusion  and  drift  currents  are  individually  very 
much  larger  than  ip.  Hence,  to  a good  approximation,  we  may  again 
equate  the  magnitudes  of  the  diffusion  and  drift  currents.  (If  the  differ- 
ence between  two  very  large  numbers  is  a small  number,  the  two  large 
numbers  are  approximately  equal  to  one  another.)  Starting  with  Eqs. 
(5-29)  and  (5-30)  and  integrating  over  the  junction,  Eq.  (5-26)  is  again 
obtained. 

6-8.  Quantitative  Theory  of  the  p-n  Junction  (Continued).  By  mak- 
ing use  of  the  boundary  condition  [Eq.  (5-28)],  we  can  now  obtain  the 
diode  volt-ampere  equation.  For  a forward  bias  F,  the  retarding  poten- 
tial barrier  at  the  junction  is  lowered  by  V volts  and  more  holes  enter 
the  n side.  The  hole  concentration  at  the  junction  increases  from  the 
thermal-equilibrium  value  p„o  to  a new  value  which  is  Hence, 

from  Eq.  (5-21)  the  hole  concentration  F™(0)  injected  into  the  n side  at 
the  junction  is 

Pn(0)  = - 1)  (5-32) 

The  corresponding  expression  for  the  electron  density  A^p(O)  injected  into 
the  p side  at  the  junction  is 

iVp(O)  = Upoie^'^^  - 1)  (5-33) 


Density 


Equations  (5-32)  and  (5-33)  are  also  valid  for  reverse  bias.  In  this  case 
V is  negative,  and  the  injected- 
minority-carrier  density  is  negative 
so  that  the  concentration  near  the 
junction  falls  below  its  thermal- 
equilibrium  value.  The  correspond- 
ing diffusion  current  will  be  nega- 
tive, which  signifies  a current  flow 
in  the  reverse  direction.  The  mi- 
nority-carrier densities  near  a p-n 
junction  are  indicated  in  Fig.  5-12 
for  both  forward  bias  (a)  and  reverse 
bias  (5). 

The  total  current  I is  found  (Fig.  5-11)  by  adding  Ipn  and  at  a:  = 0. 
Hence,  from  Eqs.  (5-22)  and  (5-23), 

, AeDpPni^)  , AeDnNp{Q)  /p. 


centrations  vs.  distance  in  a p-n  junj- 
tion  diode,  (o)  Forward  bias,  il) 
Reverse  bias. 
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Using  Eqs.  (5-32),  (5-33),  and  (5-34),  we  find 
I ^ _ 1) 

where 

j 

■ ~~L^  + 

is  the  magnitude  of  the  reverse  saturation  current  (the  current  for  V = 
— CO  being  —Iq).  The  above  derivation  of  the  diode  volt-ampere  charac- 
teristic justifies  the  somewhat  heuristic  proof  given  in  Sec.  5-2. 

The  parameters  upon  which  the  reverse  saturation  depends  are  clearly 
indicated  in  Eq.  (5-36).  Another  form  of  this  equation  in  terms  of  con- 
ductivities is  given  in  Prob.  5-15.  The  temperature  dependence  of  h is 
found  from  Eqs.  (5-36),  (3-36),  (3-37),  and  (3-31)  to  be 


(5-35) 

(5-36) 


h = 


AeA 


( Dp  , Dn  \ 
" \N,L^  NaLj 


(5-37) 


where  the  values  of  Ao  and  Vg  = Eg  are  given  in  Table  3-1.  From  Eq. 
(5-37)  it  can  be  shown  that  the  saturation  current  for  germanium  increases 
about  11  per  cent  per  degree  rise  in  temperature.  The  corresponding 
increase  for  silicon  is  15  per  cent.  However,  the  value  of  the  saturation 
current  for  silicon  is  very  much  smaller  than  for  germanium  and  hence  a 
silicon  diode  can  be  used  at  a very  much  higher  temperature  than  can  a 
germanium  diode. 

Let  us  make  a quantitative  calculation  of  the  diffusion  capacitance  Cd- 
If  the  applied  forward  voltage  increases  by  AF,  the  height  of  the  bar- 
rier decreases  by  AF  and  the  injected  charge  increases  by  AQ.  Hence, 
we  can  define  Cd  by  the  relationship  Cd  = dQ(dV.  Let  us  compute  Cd^,, 
the  diffusion  capacitance  due  to  holes.  The  total  charge  Qp  of  holes 
injected  into  the  n side  is  equal  to  the  area  under  the  exponential  curve 
of  Fig.  5-10  multiplied  by  the  diode  cross  section  A and  the  electronic 
charge  e.  Hence, 

Qp  = eAPn{0)e-^^^p  dx  = AeLpP„(0)  (5-38) 

and 

Cd,  = AeL„  (5-39) 


The  hole  current  Ipn  is  given  by  the  first  term  in  Eq.  (5-34),  or 


and 


I 


pn 


AeZ)^P„(0) 

Lp 


dPn(0)  _ Lp  dipn  _ Lp 

dV  AeDp  dV  ~ AeDp 


(5-40) 


(5-41) 
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where  Qp  = dIpnIdV  = conductance  due  to  holes.  Combining  Eqs. 
(5-41)  and  (5-39)  yields 

Cd.  = (5-42) 

A similar  expression  with  p replaced  by  n gives  the  diffusion  capacitance 
(7d„  due  to  electrons.  Since  the  total  capacitive  current  i is  the  sum  of 
the  hole  and  electron  capacitive  currents,  then 

r,  dV  . ^ dV 


Hence,  it  is  convenient  to  write  i = Co  dVfdt,  where  Cd,  the  total  diffu- 
sion capacitance,  is  defined  hy  Cd  = Cd^  Cd„  and  is  given  by 

Cd  = ^ -h  ^ (5-44) 

Up  Ufi 

or,  using  Eq.  (5-17), 

Cd  I TnQn  (5—45) 

If  the  hole  current  is  very  much  larger  than  the  electron  current,  Qp  ^ Qn, 
and 

Cd  = TpQp  ^ TpQ  (5-46) 


where  g = dl/dV  = is  the  diode  conductance. 

In  the  above  derivation  the  steady-state  charge  distribution  of  Fig. 
5-10  was  used.  It  was  implicitly  assumed  that,  after  the  input  voltage 
was  changed,  sufficient  time  was  allowed  to  pass  for  a new  equilibrium 
distribution  to  be  established  before  the  net  change  in  charge  was  calcu- 
lated. If  the  input  voltage  varies  with  time,  it  may  not  be  possible  to 
define  diffusion  capacitance  in  a unique  manner.  For  the  important 
special  case  where  the  voltage  varies  sinusoidally  with  time  with  a fre- 
quency /,  the  diffusion  capacitance  may  be  obtained  from  the  reactive 
component  of  current.  Thus,  if  the  a-c  component  of  voltage  is 
(w  = 27r/),  then  a current  term  in  the  form  results,  and  this 

expression  defines  Cz).  If  the  equation  of  continuity  [Eq.  (A6-9)]  is  solved 
for  a sinusoidal  input  voltage  (see  Prob.  5-20),  it  is  found  that  the  diffu- 
sion capacitance  is  a function  of  frequency.  The  results  of  such  an 
analysis  are 


and 


2'^p9p 


if  coTp  <<C  1 1 


if  OiTp  ^ 1 


(5-47) 


where  Qp  = diode  conductance  due  to  holes  at  zero  frequency. 
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5-9.  Metallic  Rectifiers.®  Even  prior  to  the  discovery  of  the  p-n 
junction  diode  there  were  in  existence  devices  in  which  rectification 
depended  upon  the  presence  of  a semiconductor.  These  so-called 
“metallic  rectifiers”  contain  a nonohmic  junction  between  a metal  and 
a semiconductor  rather  than  between  two  semiconductors.  The  elements 
of  a metallic  rectifier  are  illustrated  in  Fig.  5-13  and  consist  of  a sandwich 
of  a metal  base  plate,  a semiconductor,  and  a metallic  contact  surface 
electrode.  When  the  cell  is  formed,  a thin  nonohmic,  harrier,  or  blocking 
layer  is  formed  either  between  the  base  metal  and  the  semiconductor  or 
between  the  semiconductor  and  the  metallic  electrode.  As  a result  of 
the  nonohmic  layer  the  cell  possesses  unilateral  properties.  In  Fig.  5-13 


Base 
metal 
[i.e  copper] 


Electron  flow 


Rectifying  or 
blocking  layer 


Semiconductor 
[i.e.  cuprous  oxide] 


Metallic  contact 
electrode 
[i.e.  nickel) 

Ohmic  contact 


Forward  current 

Fig.  5-13.  The  elements  of  a blocking- 
layer  metallic-rectifier  cell. 
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[ie.  cadmium] 

- Ohmic  contact 


Forward  current 

Fig.  5-14.  Cross  section  of  a selenium 
cell. 


the  semiconductor  is  p type  and  hence  the  forward  (low-resistance)  direc- 
tion is  from  the  semiconductor  to  the  base  metal  through  the  blocking 
layer. 

Two  commercially  important  metallic-rectifier  disks  exist,  these  being 
known  as  copper  oxide  cells’’  and  selenium  cells. ^ The  copper  oxide  cell  is 
illustrated  in  Fig.  5-13.  These  cells  are  produced  by  heating  a copper 
disk  or  plate  in  a furnace  to  approximately  1000°F  and  then  quenching  it 
in  water.  This  treatment  produces  a thin  layer  of  red  cuprous  oxide 
with  an  outer  layer  of  black  cupric  oxide.  The  cupric  oxide  is  then 
removed,  leaving  the  cell  with  a layer  of  cuprous  oxide  on  the  base  copper. 
Contact  with  the  oxide  surface  can  be  made  in  either  of  two  ways.  One 
method  is  to  use  a lead  disk  which  is  held  against  the  oxide  surface  at  a 
definite  pressure.  The  other  way  is  to  plate  a metallic  conductor,  such 
as  nickel,  on  the  oxide  surface.  This  plated  film  is  then  used  as  the 
contact  surface. 

The  selenium  cell  is  illustrated  in  Fig.  5-14.  It  consists  of  a base  metal 
of  nickel,  iron,  or  aluminum  which  is  covered  with  a thin  film  of  selenium. 
An  electrode  of  a cadmium  alloy  is  sprayed  onto  the  free  surface  of  the 
selenium.  The  rectifying  or  blocking  layer  forms  between  the  selenium 
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and  the  cadmium  alloy  upon  the  application  of  an  a-c  potential.  The 
selenium  is  p type  and  hence  the  forward  direction  is  from  the  semi- 
conductor to  the  contact  electrode  through  the  blocking  layer. 

The  most  important  characteristics  of  copper  oxide,  selenium,  ger- 
manium, and  silicon  rectifiers  are  summarized  in  Table  5-1.  Germanium 
and  silicon  have  far  superior  properties  than  the  other  two  but  are  more 
costly. 


TABLE  5-1 

SEMICONDUCTOR  RECTIFIER  CHARACTERISTICS* 


Characteristic 

Copper 

oxide 

Selenium 

Germanium 

Silicon 

Back/front  resistance  ratio 

10» 

103 

4 X 103 

106 

Maximum  current  density,  amp/in.^ 

0.25 

0.32 

300 

1,000 

Maximum  operating  temperature,  °C . . . . 

60 

100 

65 

150 

Maximum  back  voltage  per  cell,  volts . . . 

5 

36 

200 

300 

* From  K.  R.  Spangenberg,  “Fundamentals  of  Electron  Devices,”  p.  177, 
McGraw-Hill  Book  Company,  Inc.,  New  York,  1957. 
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CHAPTER  6 


PHOTOELECTRIC  DEVICES 


The  liberation  of  electrons  from  matter  under  the  influence  of  light  is 
known  as  the  photoelectric  effect,  first  observed  by  Hertz  in  1887.  Today, 
many  commercial  devices  are  based  upon  this  discovery. 

The  photoelectric  effect  includes  (1)  the  liberation  of  electrons  from  a 
metallic  surface  and  (2)  the  generation  of  hole-electron  pairs  in  a semi- 
conductor when  these  solids  are  subjected  to  radiation.  The  first  phe- 
nomenon is  called  the  photoemissive  effect  and  is  exploited  in  vacuum  and 
gas  phototubes.  Photoeffects  in  semiconductors  may  be  subdivided  into 
two  types:  (1)  the  photoconductive  effect;  the  electrical  conductivity  of  a 
semiconductor  bar  depends  upon  the  light  intensity,  and  (2)  the  junction 
photoeffect;  the  current  across  a reverse-biased  p-n  junction  is  deter- 
mined by  the  intensity  of  the  illumination.  If  the  p-n  junction  is  open- 
circuited,  then  an  emf  is  generated.  This  latter  phenomenon  is  called 
the  photovoltaic  effect. 

This  chapter  discusses  photoelectric  theory,  considers  practical  photo- 
devices, and  shows  how  these  are  used  in  a circuit. 

6-1.  Photoemissivity.  The  experimental  features  that  are  character- 
istic of  the  photoemissive  effect  are  the  following:^ 

1.  The  photoelectrons  liberated  from  the  photosensitive  surface  possess 
a range  of  initial  velocities.  However,  a definite  negative  potential  when 
applied  between  the  collector  and  the  emitting  surface  will  retard  the 
fastest-moving  electrons.  This  indicates  that  the  emitted  electrons  are 
liberated  with  all  velocities  from  zero  to  a definite  maximum  value.  The 
maximum  velocity  of  the  emitted  electrons  is  given  by  the  relation 

where  Er  is  the  retarding  potential,  in  volts,  necessary  to  reduce  the 
photocurrent  to  zero.  As  the  potential  is  increased,  the  number  of  elec- 
trons to  the  collector  increases  until  saturation  occurs.  It  is  to  be  noted 
from  Fig.  6-1,  in  which  are  plotted  curves  showing  the  variation  of  photo- 
current Iph  with  collector  potential  (the  light  intensity  j is  a parameter), 
that  Er  and  hence  are  independent  of  the  light  intensity. 

2.  If  the  photoelectric  current  is  measured  as  a function  of  the  collector 
potential  for  different  light  frequencies  / and  equal  intensities  of  the  inci- 
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dent  light,  the  results  obtained  are  essentially  those  illustrated  in  Fig.  6-2.^ 
It  is  observed  that  the  greater  the  frequency  of  the  incident  light,  the 
greater  must  be  the  retarding  potential  to  reduce  the  photocurrent  to 
zero.  This  means,  of  course,  that  the  maximum  velocity  of  emission  of 
the  photoelectrons  increases  with  the  frequency  of  the  incident  light. 
Experimentally,  it  is  found  that  a linear  relationship  exists  between 
Er  and  /. 

The  experimental  facts  listed  under  1 and  2 may  be  summarized  in  the 
statement  that  the  maximum  energy  of  the  electrons  liberated  photoelectri- 
cally  is  independent  of  the  light  intensity  hut  varies  linearly  with  the  fre- 
quency of  the  incident  light. 


Fig.  6-1.  Photocurrent  vs.  plate  voltage  Fig.  6-2.  Photocurrent  vs.  plate  poten- 

with  light  intensity  as  a parameter.  tial  with  the  frequency  of  incident  light 

The  frequency  of  the  incident  light  is  a as  a parameter.  The  light  intensity  is  a 
constant.  constant. 

3.  If  the  saturation  current  is  plotted  as  a function  of  the  light  inten- 
sity, we  find  that  the  photoelectric  current  is  directly  proportional  to  the 
intensity  of  the  light. 

4.  The  foregoing  photoelectric  characteristics  are  practically  independ- 
ent of  temperature,  within  wide  ranges  of  temperature. 

5.  The  electrons  are  emitted  immediately  upon  the  exposure  of  the  sur- 
face to  light.  The  time  lag  has  been  determined  experimentally®  to  be  less 
than  3 X sec. 

6.  Photoelectric  cells  are  selective  devices.  This  means  that  a given 
intensity  of  light  of  one  wave  length,  say  red  light,  will  not  liberate  the 
same  number  of  electrons  as  an  equal  intensity  of  light  of  another  wave 
length,  say  blue  light.  That  is,  the  photoelectric  yield,  defined  as  the 
photocurrent  (in  amperes)  per  watt  of  incident  light,  depends  upon  the 
frequency  of  the  light.  Alternative  designations  of  the  term  “photoelec- 
tric yield”  to  be  found  in  the  literature  are  relative  response,  quantum  yield, 
spectral  sensitivity,  specific  photosensitivity , and  current-wave-length  charac- 
teristic. The  relative  response  curves  for  the  alkali  metals  are  shown  in 
Fig.  6-3. 

Curves  of  these  types  are  obtained  experimentally  in  the  following  way : 
Light  from  an  incandescent  source  is  passed  through  the  prism  of  a mono- 
chromator for  dispersion,  a narrow  band  of  wave  lengths  being  selected  by 
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means  of  an  appropriately  placed  slit  system.  The  current  given  by  the 
photoelectric  surface  when  exposed  to  the  light  passing  through  the  sys- 
tem of  slits  is  noted.  The  current 
given  by  a blackened  thermopile  when 
exposed  to  the  same  light  is  also  noted. 
The  ratio  of  these  two  readings  is 
plotted  vs.  the  wave  length  of  the  in- 
cident light.  Blackened  thermopiles 
are  used  because  they  absorb  all  radia- 
tion incident  upon  them  equally,  re- 
gardless of  the  wave  length.  This 
procedure  permits  a measure  of  the 
energy  contained  in  any  part  of  the 
spectrum  to  be  made.  An  automatic 
spectral-sensitivity-curve  tracer  has 
been  designed  for  obtaining  these 
curves  quickly  with  the  aid  of  a cathode-ray  tube.^ 

6-2.  Photoelectric  Theory.  The  foregoing  experimental  facts  find  their 
explanation  in  the  electronic  theory  of  metals  and  in  the  light-quantum 
hypothesis  of  Planck.  The  birth  of  the  quantum  theory  occurred  in  1900 
when  Planck  made  the  fundamental  assumption  that  radiant  energy  is 
not  continuous  but  can  exist  only  in  discrete  quantities  called  quanta  or 
photons.  With  the  aid  of  this  concept,  Planck  was  able  to  correlate  satis- 
factorily the  theory  and  measurements  of  infrared  radiation.  Bohr  used 
this  same  theory  of  photons  to  explain  the  spectra  of  atoms  (Secs.  12-3 
and  12-5).  Einstein  applied  the  same  hypothesis  to  explain  photo- 
emission, as  we  shall  now  demonstrate.  Planck’s  basic  assumption  is 
that  associated  with  light  of  frequency  f {cycles  per  second)  are  a number 
of  photons,  each  of  which  has  an  energy  hf  {joules),  where  h (joule-seconds) 
is  called  Planck's  constant  (Appendix  I).  The  greater  the  intensity  of 
the  light,  the  larger  is  the  number  of  photons  present,  but  the  energy 
of  each  photon  remains  unchanged.  Of  course,  if  the  light  beam  is  hetero- 
geneous rather  than  monochromatic,  then  the  energy  of  the  photons  there- 
with associated  will  vary  and  will  depend  upon  the  frequency. 

If  monochromatic  light  of  frequency  / falls  upon  a metal  whose  work 
unction  is  Ew,  the  velocity  of  the  emitted  electron  is,  according  to  Ein- 
stein’s equation,® 

^ hf  — eEw  (6-2) 

The  significance  of  this  equation  becomes  apparent  when  considered  in  the 
light  of  the  electronic  theory  of  matter.  Since  photoelectric  devices  are 
operated  at  low  (room)  temperatures,  the  completely  degenerate  distribu- 
tion function  must  be  employed.  Figure  6-4  shows  the  energy  distribu- 


Fig.  6-3.  Spectral  sensitivity  as  a 
function  of  wave  length  for  the  alkali 
metals.  (E.  F.  Seiler,  Astrophys.  J., 
62,  129,  1920.) 
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tion  function  at  low  temperatures,  and  also  the  potential-energy  barrier 
at  the  surface  of  the  metal  (Fig.  3-11). 

This  figure  indicates  that  the  electrons  within  the  metal  exist  in  energy 
levels  ranging  from  zero  to  a maximum  energy,  Em  electron  volts,  but 
none  has  energies  greater  than  this  value.  If  an  electron  possessing  the 
energy  Em  receives  the  photon  of  light  energy  hf  and  travels  normal  to 
the  surface  of  the  metal,  the  kinetic  energy  that  it  will  have,  upon  escap- 
ing from  the  metal,  will  be  hf  - eEw  joules.  This  follows  directly  from 
the  significance  of  the  work  function  Ew,  which  is  the  minimum  energy 
that  must  be  supplied  at  0°K  in  order  to  permit  the  fastest-moving 
surface-directed  electron  just  to  surmount  the  potential  barrier  at  the 
surface  of  the  metal  and  to  escape. 


Electron 

volts 


Fig.  6-4.  Energy-level  diagram  for  the  free  electrons  within  a metal.  The  potential- 
energy  barrier  at  the  surface  of  the  metal  is  also  shown. 


Since  some  of  the  electrons  which  have  energies  less  than  Em  may 
absorb  the  incident  photons,  an  energy  greater  in  magnitude  than  Ew 
will  be  expended  when  they  escape.  This  fact  explains  the  inequality  of 
Eq.  (6-2). 

According  to  this  equation,  the  retarding  potential  Er  that  will  just 
repel  the  fastest-moving  electron  is  given  by 

eEr  = = hf  - eEw  (6-3) 

which  is  in  agreement  with  the  experimental  facts  1 and  2.  This  result 
shows  that  the  maximum  energy  of  the  escaping  electrons  varies  linearly 
with  the  frequency  and  is  independent  of  the  light  intensity.  This  latter 
condition  follows  from  the  fact  that  the  intensity  of  the  incident  light  does 
not  enter  into  this  expression.  This  equation  was  verified  experimentally 
by  Millikan.®  He  plotted  retarding  voltage  vs.  frequency  and  obtained  a 
straight  line.  The  slope  of  this  line  gives  the  value  of  the  ratio  h/ e.  The 
value  of  this  ratio  found  by  this  method  agrees  very  well  with  that  from 
other  experiments.  The  intercept  of  the  Einstein  line  with  the  axis  of 
abscissa  gives  Ew  (provided  that  corrections  are  made  for  contact  differ- 
ence of  potential).  The  value  of  the  work  function  obtained  photoelectri- 
cally  agrees  well  with  that  measured  thermionically  for  the  same  emitter. 
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The  minimum  frequency  of  light,  known  as  the  threshold  frequency  fc, 
that  can  be  used  to  cause  photoelectric  emission  can  be  found  from  Eq. 
(6-3)  by  setting  the  velocity  equal  to  zero.  The  result  is 

j.  eE\y 

(6-4) 


The  corresponding  wave  length,  known  as  the  long-wave-length  limit  or  the 
threshold  wave  length  X^,  beyond  which  photoelectric  emission  cannot  take 
place  is 


^ _ c/i  _ 12,400 

fc  eEw  Ew 


(6-5) 


where  A denotes  the  angstrom  unit  (10  m)  and  where  Ew  is  expressed 
in  electron  volts.  For  response  over  the  entire  visible  region,  4,000  to 
8,000  A,  the  work  function  of  the  photosensitive  surface  must  be  less  than 
1.55  volts.  This  statement  follows  directly  from  Eq.  (6-5). 


Example.  A tungsten  surface  having  a work  function  of  4.52  ev  is  irradiated  with 
the  mercury  line,  2,537  A.  What  is  the  maximum  speed  of  the  emitted  electrons? 

Solution.  The  electron-volt  equivalent  of  the  energy  of  the  incident  photons  is 
12,400/2,537  = 4.88  ev.  According  to  the  Einstein  equation,  the  maximum  energy 
of  the  emitted  electrons  is 


4.88  - 4.52  = 0.36  ev 

From  Eq.  (1-13)  the  corresponding  velocity  is 

= 5.93  X 10®  V0i36  = 3.56  X 10®  m/sec 

The  fact  that  the  photoelectric  current  is  strictly  proportional  to  the 
light  intensity  is  readily  explained.  A greater  light  intensity  merely 
denotes  the  presence  of  a larger  number  of  photons.  Further,  since  each 
photon  is  equally  effective  in  ejecting  electrons,  the  number  of  electrons 
per  second  ejected  must  be  proportional  to  the  light  intensity. 

If  it  is  remembered  that  the  distribution  function  of  electrons  in  metals 
varies  very  little  with  temperature,  then  fact  4 is  evident.  Strictly  speak- 
ing, however,  the  totally  degenerate  distribution  function  applies  only  at 
the  temperature  0°K.  At  room  temperature,  therefore,  a few  electrons 
will  have  emission  velocities  greater  than  those  predicted  by  Eq.  (6-3). 
Hence  no  absolutely  sharp  long-wave-length  limit  exists  for  any  sub- 
stance, since  the  curves,  such  as  those  of  Fig.  6-1,  approach  the  axis 
asymptotically.  Fowler ^ investigated  this  matter  theoretically,  and  this 
theory  provides  a method  of  determining  the  photoelectric  work  function 
independent  of  the  temperature  of  the  surface.  For  most  practical  pur- 
poses the  use  of  the  completely  degenerate  distribution  function  even  at 
room  temperatures  is  quite  reasonable.  Hence,  it  is  justifiable  to  con- 
sider cutoff  to  occur  sharply  for  frequencies  below  the  critical  value  /,. 
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A qualitative  explanation  for  the  shapes  of  the  spectral  response  curves 
of  Fig.  6-3  is  readily  found.  There  can  be  no  response  for  frequencies 
below /c)  hence  cutoff  occurs  at  the  point  / = /«.  As /increases  above /c, 
the  energy  of  the  incident  photon  hf  increases  and  some  electrons  in  levels 
below  the  maximum  energy  state  are  permitted  to  escape.  As  a result, 
the  response  increases  as  the  frequency  increases  or,  correspondingly,  as 
the  wave  length  decreases.  However,  a point  of  maximum  response  must 
exist.  This  conclusion  follows  from  the  fact  that  if  the  energy  of  the  light 
is  W joules,  then  the  number  of  photons  in  the  light  beam  is  W/hf.  But 
since  this  number  decreases  with  increasing  frequency,  the  photocurrent 
must  decrease  as  / increases  because  of  the  decreased  number  of  photons 
present.  A second  peak  is  sometimes  found  to  occur  at  the  short  wave 
lengths.  This  is  ascribed  to  the  interaction  of  the  radiation  with  the 
more  tightly  bound  conduction  electrons  of  the  matter.  This  volume 
photoeffect  becomes  significant  for  light  in  the  violet  or  near  ultraviolet. 
A complete  quantitative  explanation  for  the  shapes  of  these  curves  has 
not  yet  been  given. 

6-3.  Phototubes.  The  essential  elements  of  a phototube  are  a sensitive 
cathode  surface  of  large  area  and  a collecting  electrode,  contained  in  an 
evacuated  glass  bulb.  These  electrodes  may  be  arranged  in  numerous 
ways.  In  the  older  type  of  tube,  the  cathode  was  made  by  distilling  the 
photosensitive  material,  generally  an  alkali  metal  (usually  cesium),  on 
the  inner  surface  of  the  bulb,  which  first  was  silvered  in  order  to  ensure 
good  conduction.  The  anode  was  made  in  the  form  of  a straight  wire  or 
ring,  in  any  case  being  small,  so  that  it  did  not  obstruct  the  light  that  was 
incident  upon  the  cathode.  Many  of  the  present-day  phototubes  consist 
of  a semicylindrical  metallic  cathode  on  which  the  photosensitive  sub- 
stance has  been  evaporated.  The  anode  is  a straight  wire  that  is  practi- 
cally coaxial  with  the  cathode.  Phototubes  of  modern  design  are  shown 
in  Fig.  6-5. 

The  glass  bulb  either  may  be  highly  evacuated  or  may  contain  an  inert 
gas  at  low  pressure.  The  volt-ampere  characteristics  of  the  ordinary  vac- 
uum phototubes  are  shown  in  Fig.  6-6.  The  current  that  exists  at  zero 
accelerating  potential  results  from  the  initial  velocities  of  the  electrons. 
Note  that  a retarding  potential  must  be  applied  in  order  to  reduce  the 
current  to  zero. 

As  the  anode-cathode  potential  is  increased,  the  current  to  the  anode 
increases  very  rapidly  at  first,  the  nonsaturation  resulting  from  the  possi- 
ble space-charge  effects,  and  also  from  the  fact  that  some  electrons  are 
missing  the  wire  anode  on  their  journey  from  the  cathode,  since  the  attrac- 
tive field  is  small  at  these  low  potentials.  The  current  very  soon  reaches 
a saturation  value,  for  the  field  becomes  sufficient  to  attract  all  the  elec- 
trons liberated  from  the  cathode  under  the  influence  of  the  incident  light. 
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The  continued  increase  in  photocurrent  as  the  anode  potential  is  increased 
results  partly  from  the  more  complete  collection  of  the  electrons  and 
possibly  from  the  reduction  of  the  work  function  of  the  material  of  the 
cathode  surface  as  a consequence  of  the  presence  of  the  applied  electric 
field  at  the  cathode  (the  Schottky  effect;  Sec.  3-11). 
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Fig.  6-5.  A group  of  typical  phototubes.  {W estinghouse  Staff,  “Industrial  Electricity 
Reference  Book,”  courtesy  of  John  Wiley  & Sons,  Inc.,  New  York,  1948.) 


Fig.  6-6.  Volt-ampere  characteristics  of  a vacuum  phototube  with  light  intensity  as  a 
parameter. 

By  filling  the  glass  envelope  with  an  inert  gas,  such  as  neon  or  argon, 
at  a pressure  of  the  order  of  0.5  mm,  the  current  yield  for  a given  inten- 
sity of  illumination  is  greatly  increased,  as  illustrated  in  Fig.  6-7.  As 
described  in  Sec.  12-13,  the  increased  current  is  produced  by  the  field- 
intensified  or  Townsend  discharge.  It  is  important  never  to  raise  the 
potential  across  the  tube  to  the  point  where  a glow  discharge  occurs,  for 
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this  will  cause  cathode  sputtering  with  a consequent  permanent  damage 
to  the  cathode  surface. 

For  purposes  of  comparison,  the  outputs  of  the  vacuum  and  the  gas- 
filled  phototubes  (specifically,  the  results  obtained  under  identical  experi- 
mental conditions  with  the  General  Electric  PJ-22  and  PJ-23  phototubes) 
are  illustrated  in  Fig.  6-8.  These  tubes  are  identical  in  all  respects. 


Fig.  6-7.  Volt-ampere  characteristics  of  a gas-filled  phototube  with  light  intensity  as  a 
parameter. 


Plate  voltoge,  volts 


Fig.  6-8.  Comparison  of  the  volt-ampere  characteristics  of  vacuum  and  gas-filled 
tubes  with  similar  photosurfaces.  The  same  light  intensity  was  used  for  both  tubes. 


except  for  the  fact  that  one  is  a vacuum  tube  and  the  other  is  an  argon- 
filled  tube.  It  is  observed  that  the  curves  have  the  same  shape  until 
ionization  by  collision  occurs  in  the  gas  tube.  Beyond  this  point,  the 
sensitivity  of  the  gas  tube  continues  to  increase  with  increased  anode 
potentials,  owing  to  the  contribution  to  the  current  by  the  electrons 
resulting  from  the  ionization  of  the  gas.  The  gas  amplification  ratio  of 
a gas-filled  tube  is  of  the  order  of  4 for  an  anode  voltage  of  80  volts. 
From  Fig.  6-8,  this  ratio  is  seen  to  depend  upon  the  amount  of  incident 
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light  flux  and  upon  the  applied  anode  voltage.  If  an  attempt  is  made  to 
obtain  amplification  ratios  larger  than  about  10,  a glow  discharge  usually 
takes  place. 

6-4.  Sensitivity  of  Phototubes.  According  to  the  above  discussion,  the 
static  sensitivity  of  a phototube  may  be  defined  as  the  ratio  of  the  d-c 
anode  current  to  the  incident  radiant  flux  of  constant  value.  In  a similar 
way,  the  dynamic  sensitivity  of  a phototube  is  the  ratio  of  the  alternating 
component  of  the  anode  current  to  the  alternating  component  of  the  inci- 
dent radiant  flux.  The  dynamic  characteristics  are  very  important  in 
sound  projectors,  television,  and  facsimile  systems  and  in  fact  in  any  sys- 
tem which  depends  for  its  operation  on  changes  in  light  intensity. 

For  a vacuum  phototube,  the  two  sensitivities  are  equal.  For  a gas- 
filled  photocell,  there  is  a falling  off  of  sensitivity  with  an  increase  in  the 
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Moduloted  light  frequency,  cycles  per  sec 

Fig.  6-9.  Average  sensitivity  characteristic  of  an  RCA  868  gas-filled  phototube.  The 
anode  voltage  is  90  volts.  {Courtesy  of  Radio  Corporation  of  America.) 

frequency  at  which  the  incident  light  is  interrupted  or  modulated.  The 
average  sensitivity  characteristic  of  an  RCA  type  868  gas-filled  phototube 
is  shown  in  Fig.  6-9.  The  explanation  of  the  shape  of  this  curve  lies  in 
the  amplification  characteristics  of  the  gas  contained  in  the  cell.  It  takes 
a negligible  time  for  the  photoelectrons  to  appear  after  the  cathode  surface 
has  been  illuminated.  However,  a finite  amount  of  time  is  required  for 
these  electrons  to  build  up  the  steady-state  amplified  current  in  the  cell. 
This  delay  results  from  two  causes.  The  one  of  minor  importance  is  the 
time  required*  for  the  relatively  slow  ions  that  are  formed  by  the  electron- 
collision  process  to  travel  to  the  cathode.  These  times  are  measured  in 
microseconds.  The  more  important  limitation  is  imposed  by  the  diffu- 
sion times  of  the  metastable  atoms  (Sec.  12-10),  which  move  slowly,  as 
they  are  electrically  neutral  and  are  not  affected  by  the  applied  field. 
These  atoms  bombard  the  cathode  and  emit  electrons.  Such  metastable 
diffusion  times  are  of  the  order  of  milliseconds,  so  that  for  modulating  fre- 
quencies above  1,000  cps  the  sensitivity  will  drop,  as  indicated  in  Fig.  6-9. 
This  feature  restricts  such  gas  tubes  to  applications  for  lower  frequencies 
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of  light  interruption,  since  a sudden  change  in  light  intensity  is  not  accom- 
panied by  corresponding  instantaneous  change  in  photocurrent. 

Another  disadvantage  of  gas-hlled  cells  is  the  lack  of  linearity  of  cur- 
rent with  incident  flux.  The  photocurrent  increases  more  rapidly  than 
the  illumination  for  anode  voltages  that  are  higher  than  the  ionization 
potential  of  the  gas.  This  is  illustrated  in  Fig.  6-10  for  the  PJ-23  tube. 
The  linear  response  of  the  PJ-22  vacuum  cell  is  also  shown.  Gas  photo- 
tubes are  used  primarily  for  on-off  (relay)  operation  or  with  sound- 
reproduction  equipment,  where  the  slight  nonlinearity  and  the  variation 
of  dynamic  sensitivity  with  frequency  are  not  too  important. 

It  should  be  kept  in  mind  that  the  curves  shown  in  this  chapter,  and 
also  those  supplied  by  the  phototube  manufacturers,  are  typical  rather 
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Fig.  6-10.  Photocurrent  as  a function  of  illumination  for  a vacuum  cell  (PJ-22)  and  a 
gas-filled  cell  (PJ-23). 

than  specific  for  any  particular  tube  type.  Large  variations  may  exist  in 
the  characteristics  of  phototubes  manufactured  under  presumably  identi- 
cal conditions.  This  results  from  the  fact,  already  noted,  that  the  num- 
ber of  photoelectrons  emitted  for  a given  illumination  varies  appreciably 
for  even  slight  changes  in  the  surface  preparation  of  the  cathode.  For 
the  same  reason,  it  is  often  found  that  different  portions  of  the  same 
emitting  surface  may  possess  different  sensitivities.  It  is  advisable, 
therefore,  to  illuminate  a large  part  of  the  cathode  uniformly  whenever 
possible,  rather  than  to  focus  the  light  source  on  only  a portion  of  the 
photoemissive  surface. 

In  any  particular  application,  careful  consideration  must  be  given  to 
the  choice  of  the  light  source  as  well  as  to  the  photocell  characteristics. 
For  example,  it  is  desirable  that  the  source  emit  strongly  in  the  frequency 
range  in  which  the  photocell  is  most  sensitive,  if  large  photocurrents  are 
to  be  obtained.  Commercial  phototubes  are  now  available  with  photo- 
electric yields®  that  have  peaks  in  various  portions  of  the  visible  spec- 
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trum.  Figure  6-11  shows  the  spectral  response  of  the  three  most  common 
photosurfaces. 

Surface  S-l  consists  of  a composite  silver-cesium  oxide-cesium  surface. 
Such  a surface  is  sensitive  throughout  the  entire  visible  region  and  has  a 


S-1  S-3  S-4 


Fig.  6-11.  The  relative  response  of  three  commercial  surfaces  as  a function  of  wave 
length.  The  phototubes  using  these  surfaces  are  listed  on  each  diagram.  {From 
Zworykin  and  Ramberg,  ‘^Photoelectricity  and  Its  Applications,”  courtesy  of  John  Wiley 
& Sons,  Inc.) 

fair  sensitivity  in  the  infrared.  As  a result,  this  composite  surface  is  used 
extensively  in  commercial  phototubes.  Surface  S-3  is  a silver-rubidium 
oxide-rubidium  surface  which  has  a sensitivity  largely  confined  to  the  visi- 
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Fig.  6-12.  The  relative  sensitivity  of  the 
eye,  a Cs-CsO-Ag  photosurface,  and 
the  energy  distribution  from  an  in- 
candescent tungsten  lamp  as  a function 
of  wave  length. 


ble  region,  although  it  has  its  great- 
est sensitivity  in  the  blue  end  of  the 
spectrum.  Surface  >S-4  shows  the 
response  of  an  antimony-cesium  sur- 
face that  is  very  sensitive  to  the 
green,  blue,  and  near  ultraviolet  and 
is  insensitive  to  red  and  infrared 
radiation.  This  is  the  most  sensitive 
surface  commercially  available  to- 
day. The  tube  has  a sensitivity  of 
120  Aia/lumen  when  daylight  is  used 
as  the  source.  When  a tungsten 
lamp,  operating  at  a filament  tem- 
perature of  2870°K,  is  the  source  of 
light,  the  sensitivity  of  the  /S-l  sur- 


face is  20,  of  the  /S-3  surface  6.5,  and  of  the  /S-4  surface  45  jua/lumen. 


Figure  6-12  contains  curves  showing  the  spectral  sensitivities  of  the 


Cs-CsO-Ag  photosurface,  the  eye,  and  the  energy  distribution  curve  of 
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Fig.  6-13.  The  basic 
phototube  circuit. 


the  output  from  an  incandescent  tungsten  lamp  for  purposes  of  com- 
parison. It  will  be  noticed  that  the  Cs-CsO-Ag  photosurface  is  sensitive 
over  a wide  range  of  wave  lengths  and  so  is  very  well  adapted  for  use  with 
a tungsten  lamp  as  the  source  of  illumination.  Of  course,  if  a photocell  is 
desired  that  has  a response  somewhat  resembling  that  of  the  human  eye, 
the  Cs-CsO-Ag  surface  would  not  be  suitable. 

6-6.  Phototube  Applications.  The  basic  circuit  employing  a phototube 
is  shown  in  Fig.  6-13.  As  the  luminous  flux  that  is  incident  on  the  cell 
varies,  the  output  current  changes  and  a changing 
voltage  appears  across  the  load  resistor  Rl. 

Although  the  basic  circuits  are  the  same,  there  are 
three  important  types  of  application  of  phototubes : 

(1)  A definite  fixed  amount  of  illumination  is  to  be 
measured.  (2)  Rapid  variations  in  light  intensity 
are  to  be  faithfully  reproduced.  (3)  A definite  large 
change  in  light  intensity  is  to  be  detected. 

The  field  of  photometry  and  colorimetry  offers  many  examples  of  the 
first  type  of  application.  In  such  cases,  Rl  might  simply  be  the  internal 
resistance  of  the  indicating  instrument.  If  the  incident  light  is  too  small 
to  be  measurable  directly,  a d-c  amplifier  might  be  used.  In  this  case, 
Rl  will  be  the  input  resistance  of  the  amplifier.  The  light  beam  of  vary- 
ing intensity  that  has  been  modulated  by  the  sound  track  of  a motion- 
picture  film  or  by  the  scanning  process  in  a television  tube  is  of  the  second 
class.  Applications  of  the  third  type  are  exemplified  by  “on”  and  “off” 
circuits.  In  such  cases  the  phototube  is  used  in  conjunction  with  a relay 
so  that  some  circuit  is  either  energized  or  deenergized  when  the  light  inten- 
sity exceeds  or  falls  below  some  preassigned  value.  Many  of  the  common 
applications  of  the  “electric  eye”  belong  to  this  third  class.  A few  illus- 
trations are  the  counting  or  sorting  of  objects  on  a conveyer  belt;  the 
automatic  opening  of  a door  as  it  is  approached;  devices  for  the  protection 
of  human  life;  and  fire-alarm  systems.^® 

In  order  to  determine  the  current  that  will  flow  in  a phototube  circuit 
for  a given  light  flux,  battery  voltage,  and  load  resistance,  it  is  necessary 
to  use  the  volt-ampere  tube  characteristics.  The  straight  line,  expressed 
by  the  relation 

66  = Rhb  — ihRh  (6"fi) 


is  superposed  on  this  set  of  static  characteristics.  This  is  the  same  load 
line  that  was  discussed  in  connection  with  the  diode  rectifier  in  Sec.  4-10. 
It  is  drawn  through  the  point  R = 0,  = E^h,  and  with  a slope  deter- 

mined by  the  load  resistor  Rl,  as  shown  in  Fig.  6-14. 

The  intersection  of  the  load  line  with  each  volt-ampere  curve  gives  the 
current  output  at  the  value  of  intensity  for  which  that  curve  was  con- 
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structed.  In  this  way  a curve  of  current  vs.  intensity  or  flux  for  each 
value  of  load  resistance  can  be  found.  The  curves  for  Ul  = 10,  25,  and 
50  megohms  and  Ebb  = 250  volts  for  the  RCA  929  vacuum  phototube  are 


Fig.  6-14.  Volt-ampere  characteristics  of  an  RCA  929  vacuum  phototube.  The  load 
lines  for  a plate  supply  voltage  of  250  volts  and  resistances  of  1.0,  25,  and  50  megohms 
are  also  shown.  {Courtesy  of  RCA  Manufacturing  Co.) 

reproduced  in  Fig.  6-15.  It  is  noted  that  these  curves  are  practically 
linear  and  almost  independent  of  the  load  resistance.  This  results  from 
the  fact  that  the  volt-ampere  characteristics  of  Fig.  6-14  are  essentially 

horizontal  lines  that  are  equally 
spaced  for  equal  intervals  of  light 
flux.  Since,  for  a given  light  inten- 
sity, the  plate  current  is  nearly  inde- 
pendent of  voltage,  except  for  small 
voltages,  the  vacuum  'photocell  may  he 
considered  to  be  a constant-current  gen- 
erator. This  characteristic  is  made 
use  of  in  certain  applications. 

The  output-voltage  curves  corre- 
sponding to  these  current  curves  are 
shown  in  Fig.  6-16.  The  voltage 
drop  across  the  load  resistor  is  plotted 
as  a function  of  light  flux.  It  is  ob- 
served that  a given  change  in  light  flux 
results  in  larger  changes  in  voltage  for  the  higher  load  resistances.  This 
would  seem  to  favor  very  large  values  of  load  resistances.  The  practical 
upper  limit  to  the  resistance  that  can  be  used  in  such  a circuit  is  set  by  the 
leakage  currents  that  are  ever  present.  Thus,  Rl  must  be  kept  consider- 
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Fig.  6-15.  Photocurrent  as  a function  of 
light  flux  (dynamic  curves)  for  load 
resistances  of  10,  25,  and  50  megohms. 
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Fig.  6-16.  Load  voltages  as  a func- 
tion of  light  flux  corresponding  to 
the  current  curves  of  Fig.  6-15. 


ably  below  the  resistance  between  the  cathode  and  anode  of  the  phototube 
(and  also  below  that  between  the  cathode  and  grid  of  the  associated 
amplifier,  if  one  is  used).  It  is  desirable,  therefore,  to  reduce  the  leak- 
age currents  as  much  as  possible.  In  certain  tubes  a long  leakage  path  is 
provided  by  bringing  the  leads  from  the 
electrodes  through  opposite  ends  of  the 
glass  envelope  (Fig.  6-5).  For  very  sen- 
sitive measurements,  it  is  desirable  to 
clean  the  glass  surface  carefully  and  then 
coat  the  bulb  with  a thin  layer  of  ceresin 
wax.  This  reduces  the  leakage  currents 
to  very  small  values. 

If  the  load  resistance  is  too  high,  or  if 
the  plate  supply  voltage  is  low,  the  load 
line  will  intersect  the  volt-ampere  curves 
for  the  higher  intensities  in  the  region 
near  the  origin,  where  the  curves  are 
close  together.  Under  these  circum- 
stances, a curve  of  current  vs.  light  flux 
will  no  longer  be  linear.  In  fact,  it  will  show  a saturation  value,  as  indi- 
cated in  Fig.  6-17,  and  bottoming  is  said  to  have  taken  place.  This 
expression  arises  from  the  fact  that  the  tube  voltage  remains  at  the  bottom 
of  the  characteristic  (approximately  zero  voltage)  although  the  excitation 

is  increased.  Where  modulated  light  is  to 
be  translated  into  proportional  electrical 
voltages,  this  condition  is  to  be  avoided. 
However,  such  a characteristic  may  be  highly 
desirable  in  certain  special  applications. 

The  analysis  of  a gas-phototube  circuit  is 
performed  in  exactly  the  same  manner  as 
above.  Since  the  volt-ampere  character- 
istics of  such  cells  (Fig.  6-7)  are  no  longer 
horizontal  equidistant  lines  for  equal  inter- 
vals of  light  flux,  the  output  will  not,  in 
general,  be  proportional  to  the  light-flux 
variations,  except  for  small  variations.  Fur- 
thermore, as  discussed  in  Sec.  6-4,  the  graph- 
ical construction  considered  above  is  valid  only  at  low  frequencies,  since 
the  dynamic  sensitivity  of  a gas  cell  decreases  with  the  frequency. 

6-6.  Multiplier  Phototubes.  Very  weak  light  intensities  must  be  meas- 
ured in  many  applications  such  as  nuclear-radiation  detection,  television 
pickup  devices,  colorimetry,  astronomy,  and  many  industrial  processes. 
A very  sensitive  device  suitable  for  such  applications  is  obtained  by 
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dynamic  curve  resulting  from 
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voltage  or  too  high  a load 
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amplifying  the  current  from  a photoelectric  surface  by  means  of  secondary 
emission. 

The  principle  of  operation  of  a photomultiplier  tube  is  illustrated  in 
Fig.  6-18.  Light  impinges  upon  the  cathode  and  emits  photoelectrons 

which  are  directed  toward  a plate 
A called  a dynode.  Upon  collision 
with  A,  secondary  electrons  are 
liberated.  These,  in  turn,  travel  to 
dynode  B,  where  more  secondary 
electrons  are  released.  The  charges 
leaving  B are  directed  toward  the 
next  plate  (if  more  are  included) , and 
the  electrons  from  the  last  dynode 
are  finally  collected  by  the  anode. 
If  the  ratio  of  the  number  of  second- 
ary to  primary  electrons  is  5 and  if  there  are  n dynodes,  the  current  at 
the  collector  is 

i = foS”  (6-7) 

where  io  is  the  initial  current  at  the  photocathode.  The  over-all  current 
gain  is  5”. 

One  of  the  earliest  photomultiplier  tubes^^  employed  a configuration  of 
perpendicular  electric  and  magnetic  fields  both  to  focus  and  to  direct  the 
beam  from  dynode  to  dynode.  In  Fig.  6-18  the  magnetic  field  is  perpen- 
dicular to  the  plane  of  the  paper,  and  the  electrons  move  in  practically 
cycloidal  paths,  as  shown.  However,  if  an  electron  starts  from  rest  at  the 
cathode  it  will  have  zero  velocity  when  it  reaches  the  first  dynode.  Under 
these  circumstances,  the  electrons  from  the  cathode  could  cause  no  sec- 
ondary emission  at  this  emitter.  For  this  reason,  an  additional  potential 
gradient  must  exist  from  the  cathode  to  the  first  dynode  and  from  the  first 
to  the  second  emitter,  etc.  The  addition  of  this  field  distorts  the  original 
field,  making  an  exact  determination  of  the  paths  of  the  particles  very 
difficult.  The  effect  of  the  initial  velocities  is  to  cause  a slight  defocusing 
of  the  beam  in  passing  from  one  emitter  to  the  next.  This  deforming 
imposes  a practical  limitation  upon  the  number  of  emitters  that  may  be 
used  and  so  upon  the  subsequent  gain  of  the  unit. 

Because  of  the  need  for  a magnetic  field  as  well  as  an  electric  field,  a 
great  deal  of  attention  has  been  given  to  the  development  of  electrostatic 
secondary-emission  multipliers.  These  use  no  magnetic  field,  but  the 
shapes  and  the  orientations  of  the  electrodes  are  such  that  the  electrons 
pass  progressively  from  one  dynode  to  the  next.  The  development  of 
these  units  has  been  guided  to  a marked  extent  by  the  rubber-model 
method  (Sec.  1-15).  Two  different  types  of  electrostatic  multipliers  are 
illustrated  in  Fig.  6-19. 


Fig.  6-18.  The  approximate  cycloidal 
path  in  a magnetic  secondary-emission 
electron  multiplier.  The  magnetic  field 
is  perpendicular  to  the  plane  of  the 
paper. 
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The  RCA  type  931-A  tube  with  nine  dynodes  has  a current  amplifi- 
cation of  200,000  and  a sensitivity  of  2 amp/lumen.  This  tube  is  about 
the  size  of  a small  receiving  tube.  The  Du  Mont  tube  uses  an  end 


{a) 


First 

dynode 


Fig.  6-19.  (a)  A circular  photomultiplier.  {Courtesy  of  Radio  Corporation  of  America.) 
(b)  A linear  photomultiplier.  {Courtesy  of  A.  B.  Du  Mont  Laboratories,  Inc.) 


window  with  a semitransparent  cesium-antimony  photoemissive  surface. 
Light  impinges  on  one  side,  and  the  photoelectrons  emitted  from  the  other 
side  are  focused  onto  the  first  dynode  by  means  of  the  focusing  shield. 
The  box-type  dynodes  are  in  the  shape  of  one-fourth  of  a “pill  box,”  as 
indicated  in  Fig.  6-20.  The  secondary-emission  surfaces 
are  of  silver-magnesium  for  which  5 equals  about  3 or  4 
at  the  recommended  operating  voltages.  Tubes  with 
photocathode  diameters  ranging  from  f to  14  in.  are 
available,  and  most  of  these  are  built  with  10  secondary 
emitters.  The  dynode  voltages  (100  to  150  volts  per 
stage)  are  obtained  by  means  of  a resistive  divider 
arrangement  from  a high-voltage  power  supply.  With 
these  Du  Mont  multiplier  phototubes  it  is  possible  to 
obtain  a current  amplification  of  3,000,000  and  a sensitivity  of  100 
amp/lumen. 

6-7.  Photoelectric  Effects  in  Semiconductors.^^  If  radiation  falls  upon 
a semiconductor,  its  conductivity  increases.  This  photoconductive  effect 
is  explained  as  follows:  The  conductivity  of  a material  is  proportional  to 
the  concentration  of  charge  carriers  present,  as  indicated  in  Eq.  (3-29). 


Fig.  6-20.  Box- 
type  dynodes. 
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Radiant  energy  supplied  to  the  semiconductor  causes  covalent  bonds  to 
be  broken,  and  hole-electron  pairs  in  excess  of  those  generated  thermally 
are  created.  These  increased  current  carriers  decrease  the  resistance  of 
the  material,  and  hence  such  a device  is  called  a photoresistor.  The 
Transistor  Products,  Inc.,  type  11 A photoresistor  consists  of  an  n-type 
germanium  crystal  of  dimensions  which  are  approximately  6 by  1 by 
1 mm  whose  dark  resistance  is  4,000  ohms.  For  a light  intensity  of 
300  ft-candles  (lumens/ft^)  the  resistance  of  this  device  drops  to  2,000 
ohms. 


If  a reverse-biased  p-n  junction  is  illuminated,  the  current  varies  almost 
linearly  with  the  light  flux.  This  effect  is  exploited  in  the  semiconductor 
photodiode.  If  a p-n  junction  is  open-circuited,  then  an  emf  is  generated 


whose  magnitude  depends  upon  the 


0.3" 


Fig.  6-21.  The  construction  of  a semi- 
conductor photodiode. 


incident  radiation.  These  junction 
photoeffects  are  discussed  in  detail  in 
the  next  two  sections. 

6-8.  The  Semiconductor  Photo- 
diode. A device  which  finds  greater 
application  than  the  photoresistor  is 
the  photodiode  (sometimes  called  the 
phototransistor)  which  consists  of  a 
p-n  germanium  junction  embedded 
in  a clear  plastic,  as  indicated  in  Fig. 
6-21.  Radiation  is  allowed  to  fall 


upon  one  surface  across  the  junction.  The  remaining  sides  of  the  plastic 
are  either  painted  black  or  enclosed  in  a metallic  case.  The  entire  unit 
is  extremely  small,  measuring  approximately  0.4  by  0.3  by  0.2  in. 

If  reverse  voltages  in  excess  of  a few  tenths  of  a volt  are  applied,  then 
an  almost  constant  current  (independent  of  the  magnitude  of  the  reverse 
bias)  is  obtained.  The  dark  current  corresponds  to  the  reverse  satu- 
ration current  due  to  the  thermally  generated  minority  carriers.  As 
explained  in  Sec.  5-1,  these  minority  carriers  “fall  down”  the  potential 
hill  at  the  junction,  whereas  this  barrier  does  not  allow  majority  carriers 
to  cross  the  junction.  Now  if  light  falls  upon  the  surface,  additional 
electron-hole  pairs  are  formed.  Since  the  concentration  of  majority  car- 
riers greatly  exceeds  that  of  minority  carriers,  the  per  cent  increase  in 
majority  carriers  is  much  smaller  than  the  per  cent  increase  in  minority 
carriers.  Hence,  it  is  justifiable  to  ignore  the  increase  in  maj  ority  density 
and  to  consider  the  radiation  solely  as  a minority-carrier  injector.  These 
injected  minority  carriers  (for  example,  electrons  in  the  p side)  diffuse  to 
the  junction,  cross  it,  and  contribute  to  the  current.  Hence,  when  a sur- 
face is  illuminated,  the  reverse  saturation  current  increases  in  proportion 
to  the  light  intensity. 

A typical  photodiode  volt-ampere  characteristic  is  indicated  in  Fig. 
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6-22.  The  curves  (with  the  exception  of  the  dark-current  curve)  do  not 
pass  through  the  origin.  The  characteristics  in  the  millivolt  range  of 
potentials  are  discussed  in  the  following  section.  The  slope  of  the  curves 
of  Fig.  6-22  (for  voltages  greater  than  a few  volts)  corresponds  to  a 
dynamic  resistance  of  the  order  of  a few  megohms  to  hundreds  of  meg- 
ohms. These  characteristics  resemble  the  volt-ampere  curves  of  a vac- 
uum photocell  (Fig.  6-14),  but  there  are  several  important  differences 
between  vacuum  and  semiconductor  photodiodes.  The  dark  current  in 
a vacuum  cell  is  zero,  whereas  that  in  a junction  diode  may  be  as  high  as 
20  /xa.  The  characteristics  of  a vacuum  photocell  are  almost  independent 
of  temperature,  whereas  those  of  a semiconductor  diode  vary  very  rapidly 
with  temperature.  In  Sec.  5-8  it  was  pointed  out  that  the  reverse  satu- 
ration current  in  germanium  increases  about  11  per  cent  per  degree 
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Fig.  6-22.  A typical  photodiode  volt- 
ampere  characteristic. 
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Fig.  6-23.  Sensitivity  of  a semiconduc- 
tor photodiode  as  a function  of  the 
distance  of  the  light  spot  from  the 
junction. 


increase  in  temperature.  It  is  found  that  the  light  current  increases  even 
more  rapidly  with  temperature  than  does  the  dark  current,  resulting  in 
an  increased  sensitivity  at  elevated  temperatures.  This  increased  sensi- 
tivity results  from  the  temperature  variations  of  mobility,  diffusion  con- 
stant, and  lifetime  of  the  minority  carriers.  The  sensitivity  of  the  type 
929  photocell  is  0.045  Ma/millilumen  (with  a tungsten  lamp  as  light  source) 
whereas  that  of  the  type  1N188  junction  photodiode  is  about  10  jua/milli- 
lumen,  which  represents  an  improvement  by  a factor  of  200. 

The  current  in  a semiconductor  photodiode  depends  upon  the  diffusion 
of  minority  carriers  to  the  junction.  If  the  radiation  is  focused  into  a 
small  spot  far  away  from  the  junction,  the  injected  minority  carriers  can 
recombine  before  diffusing  to  the  junction.  Hence,  a much  smaller  cur- 
rent will  result  than  if  the  minority  carriers  were  injected  near  the  junc- 
tion. The  photocurrent  as  a function  of  the  distance  from  the  junction 
at  which  the  light  spot  is  focused  is  indicated  in  Fig.  6-23.  The  curve  is 
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Fig.  6-24.  The  spectral  response 
germanium. 
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somewhat  asymmetrical  because  of  the  differences  in  the  diffusion  lengths 
of  minority  carriers  in  the  n and  p sides  (Prob.  6-15). 

The  spectral  response  of  a semiconductor  photodiode  is  indicated  in 
Fig.  6-24  and  is  similar  in  shape  to  that  of  a vacuum  photocell.  The 
long-wave-length  limit  is  given  by  Eq.  (6-5)  with  Ew  replaced  by  Vg,  the 
energy  required  to  break  a covalent  bond.  For  germanium,  Vg  = 0.75 
volt  and  hence  X,,  = 12,400/0.75  = 16,400  A,  or  1.64  p.  It  is  found  that 

some  small  current  exists  for  wave 
lengths  up  to  about  1.8  p,  probably 
because  of  the  photoionization  of 
those  donor  or  acceptor  atoms  which 
are  not  already  thermally  ionized. 
The  peak  of  the  spectral-response 
curve  is  broad  and  occurs  over  ap- 
proximately the  same  wave-length 
range  as  that  of  a tungsten  lamp 
(Fig.  6-12).  It  is  this  coincidence 
of  peak  spectral  responses  which 
accounts  for  the  very  high  sensitivity  of  the  semiconductor  photodiode. 

The  junction  photocell  will  undoubtedly  replace  the  vacuum  phototube 
in  many  applications  because  of  the  following  properties:  The  semiconduc- 
tor photodiode  has  a high  sensitivity,  is  very  small  in  size,  is  rugged,  has  a 
very  long  life,  operates  at  low  voltages,  and  has  low  noise.  It  may  even 
be  operated  under  short-circuited  or  open-circuited  conditions  (Sec.  6-9). 
However,  it  is  found  that  the  semiconductor  photodiode  characteristics 
drift  with  age.  Also,  the  frequency  response  of  such  a device  is  inferior 
to  that  of  the  vacuum  phototube,  the  cutoff  frequency  being  of  the  order 
of  2 X 10®  cps. 

6-9.  The  Photovoltaic  Effect.  In  Fig.  6-22  we  see  that  an  almost  con- 
stant reverse  current  due  to  injected  minority  carriers  is  collected  for  large 
reverse  voltages.  If  the  applied  voltage  is  reduced  in  magnitude,  the 
barrier  at  the  junction  is  reduced.  This  decrease  in  the  potential  hill 
does  not  affect  the  minority  current  (since  these  particles  fall  down  the 
barrier),  but  when  the  hill  is  reduced  sufficiently  then  some  majority  car- 
riers can  also  cross  the  junction.  These  carriers  correspond  to  a forward 
current,  and  hence  such  a flow  will  reduce  the  net  (reverse)  current.  It  is 
this  increase  in  majority-carrier  flow  which  accounts  for  the  drop  in  the 
reverse  current  near  the  zero-voltage  axis  in  Fig.  6-22.  An  expanded 
view  of  the  origin  in  this  figure  is  indicated  in  Fig.  6-25.  (Note  that  the 
first  quadrant  of  Fig.  6-22  corresponds  to  the  third  quadrant  of  Fig. 
6-25.) 

We  see  from  Fig.  6-25  that  a definite  current  (approximately  10  /la/ 
millilumen)  is  obtained  at  zero  applied  voltage.  Hence,  a junction  photo- 
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cell  can  be  used  under  short-circuit  conditions.  The  current  is  propor- 
tional to  the  light  flux  and  is  zero  for  a darkened  cell. 

If  a forward  bias  is  applied,  the  potential  barrier  is  lowered  and  the 
majority  current  increases  rapidly.  When  this  majority  current  equals 
the  minority  current  the  total  current  is  reduced  to  zero.  The  voltage 
at  which  zero  resultant  current  is  obtained  is  called  the  photovoltaic  poten- 
tial. Since  certainly  no  current 
flows  under  open-circuited  condi- 
tions, the  photovoltaic  emf  is  ob- 
tained across  the  open  terminals  of 
a p-n  junction. 

An  alternative  (but,  of  course, 
equivalent)  physical  explanation  of 
the  photovoltaic  effect  is  the  follow- 
ing: In  Sec.  5-1  we  see  that  the 
height  of  the  potential  barrier  at 
an  open-circuited  (nonilluminated) 
p-n  junction  adjusts  itself  so  that 
the  resultant  current  is  zero,  the  electric  field  at  the  junction  being 
in  such  a direction  as  to  repel  the  majority  carriers.  If  light  falls 
on  the  surface,  minority  carriers  are  injected,  and  since  these  fall 
down  the  barrier,  then  the  minority  current  increases.  Since  under 
open-circuited  conditions  the  total  current  must  remain  zero,  the  majority 
current  (for  example,  the  hole  current  in  the  p side)  must  increase  the 
same  amount  as  does  the  minority  current.  This  rise  in  maj  ority  current 
is  possible  only  if  the  retarding  field  at  the  junction  is  reduced.  Hence, 
the  barrier  height  is  automatically  lowered  as  a result  of  the  radiation. 
Across  the  diode  terminals  there  appears  a voltage  just  equal  to  the 
amount  by  which  the  barrier  potential  is  decreased.  This  potential  is 
the  photovoltaic  emf  and  is  of  the  order  of  magnitude  of  0.15  volt. 

If  a resistor  R is  placed  directly  across  the  diode  terminals,  the  cur- 
rent which  flows  can  be  found  by  drawing  the  load  line  corresponding  to 
R and  passing  through  the  origin,  as  shown  in  Fig.  6-25. 

The  copper-copper  oxide  rectifier  of  Fig.  5-13  may  be  used  as  a photo- 
voltaic cell,  provided  that  the  contact  electrode  is  made  semitransparent. 
Such  a device  is  available  commercially  under  the  name  Photox  cell.^^ 
Radiation  passes  through  the  semitransparent  layer  and  emits  minority 
carriers  in  the  p-type  copper  oxide,  resulting,  as  explained  above,  in  the 
generation  of  an  open-circuit  voltage.  These  devices  are  called  front  wall 
cells,  since  the  barrier  layer  is  in  the  direction  of  incidence  of  the  light. 
A hack  wall  cell  has  also  been  manufactured  in  which  the  barrier  layer  lies 
at  the  boundary  between  the  semiconductor  and  the  back  metallic  con- 
tact (as  in  Fig.  5-14).  The  sensitivity  of  the  front  wall  cell  is  greater 
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Fig.  6-25.  Volt-ampere  characteristics 
of  a p-n  junction  photodiode.  {Approxi- 
mately those  of  type  X-4,  Transistor 
Products,  Inc.) 
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than  that  of  the  back  wall  type  because  the  light  does  not  have  to  pene- 
trate the  cuprous  oxide  to  get  to  the  rectifying  layer. 

The  iron-selenium  Photronic^"^  cell  is  of  the  front  wall  type  and  consists 
essentially  of  a base  plate  of  iron  on  which  is  placed  a thin  layer  of  iron 
selenide,  which  is  covered  with  a semitransparent  layer  of  gold  or  silver. 
The  variation  of  the  generated  emf  with  the  intensity  of  illumination  is 
illustrated  in  Fig.  6-26.  The  chief  application  of  this  device  is  as  a 
photographic  exposure  meter. 

Illuminotion,  lumens 
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Fig.  6-26.  Generated  voltage  in  a Photronic  cell  as  a function  of  light  intensity. 
{Courtesy  of  Weston  Electrical  Instrument  Corp.) 

A silicon  photovoltaic  cell  giving  high  (=7  per  cent)  photoelectric  con- 
version efficiencies  in  sunlight  has  been  developed  by  the  Bell  Telephone 
Laboratories  and  is  called  a Bell  Solar  Battery A slab  of  n-type  silicon 
is  exposed  to  boron  trichloride  vapor  at  a high  temperature,  resulting  in 
the  formation  of  a thin  p layer  on  the  surface.  When  it  is  exposed  to 
direct  noonday  sunlight  an  open-circuited  voltage  of  about  0.6  volt  is 
generated. 
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CHAPTER  7 


VACUUM-TRIODE  CHARACTERISTICS 


In  1906  DeForest  introduced  a third  electrode,  called  a grid,  into  a 
vacuum  diode.  This  triode  was  found  to  be  capable  of  amplifying  small- 
signal  voltages,  a discovery  of  such  great  practical  importance  that  it 
made  possible  the  electronics  industry. 

In  this  chapter  we  shall  study  the  volt-ampere  characteristics  of  the 
triode  and  define  certain  parameters  which  are  useful  in  describing  these 
curves.  We  shall  carry  through  the  analysis  of  a simple  circuit  contain- 
ing a triode  and  show  that  such  a circuit  is  indeed  an  amplifier. 


Fig.  7-1.  Schematic  arrangement  of  the 
electrodes  in  a triode.  The  tube  has 
cylindrical  symmetry. 
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•2.  Sketch  of  a plane-electrode 
showing  the  paths  for  the  po- 
pro files  given  in  Fig.  7-4. 


The  Potential  Variation  in  a Triode.  Suppose  that  the  mechani- 
cal structure  of  a vacuum  diode  is  altered  by  inserting  an  electrode  in  the 
form  of  a wire  grid  structure  between  the  cathode  and  the  anode,  thus 
converting  the  tube  into  a triode.  A schematic  arrangement  of  the  elec- 
trodes in  a triode  having  cylindrical  symmetry  is  shown  in  Fig.  7-1. 

A study  of  the  potential  variation  within  a triode  is  very  instructive. 
For  simplicity,  consider  a plane  cathode  and  a parallel  anode  each  of 
infinite  extent.  The  grid  is  assumed  to  consist  of  parallel  equidistant 
wires  lying  in  a plane  parallel  to  the  cathode.  The  diameter  of  the  wires 
is  small  compared  with  the  distance  between  wires.  Such  an  arrange- 
ment is  shown  in  Fig.  7-2.  If  we  assume  that  the  cathode  is  so  cold  that 
it  emits  no  electrons,  then  the  potential  at  any  point  in  the  tube  can  be 
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Fig.  7-3.  Equipotential  contours  in  the  plane-electrode  triode.  (a)  Grid  beyond  cut- 
off potential,  (b)  Grid  at  cutoff  potential;  (c)  Grid  negative  at  one-half  cutoff 
value,  (d)  Grid  at  zero  potential,  (e)  Grid  positive.  {From  K,  R.  Spangenberg, 
“Vacuum  Tubes,”  McGraw-Hill  Book  Company,  Inc.) 
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found  by  an  electrostatic  analysis.  The  results  of  such  a calculation  are 
shown  in  Fig.  7-3,  where  equipotential  surfaces  are  indicated  for  various 
values  of  grid  voltage.  Since  the  electrodes  are  assumed  to  be  of  infinite 
extent,  then  it  is  only  necessary  to  plot  the  equipotentials  over  a distance 
corresponding  to  the  spacing  between  grid  wires.  Each  picture  is  to  be 
imagined  repeated  indefinitely  to  the  right  and  left. 

It  should  be  noted,  in  particular,  that  the  grid  structure  does  not  pro- 
duce an  equipotential  plane  at  the  position  of  the  grid.  If  it  did,  there 
could  never  be  plate  current  for  any  value  of  negative  grid  voltage  because 
the  electrons  would  find  themselves  in  a retarding  field  as  soon  as  they  left 
the  cathode.  (This  assumes,  for  the  moment,  that  the  cathode  is  heated 
but  that  the  electrons  leave  with  zero  initial  velocity.)  Because  of  the 
influence  of  the  positive  plate  potential,  it  is  possible  for  an  electron  to  find 
a path  between  grid  wires  such  that  it  does  not  collide  with  a potential- 
energy  barrier  (provided  that  the  grid  is  not  too  highly  negative).  Thus, 
the  potential  variation  between  cathode  and  anode  depends  upon  the 
path.  The  potential  vs.  distance  curves  (called  '‘profile  presentations”) 
corresponding  to  Fig.  7-3  are  given  in  Fig.  7-4  for  the  two  extreme  con- 
ditions, a path  midway  between  grid  wires  (upper  curve)  and  a path 
directly  through  the  grid  wdres  (lower  curve). 

If  an  electron  finds  itself  in  a retarding  field  regardless  of  what  part  of 
the  cathode  it  comes  from,  then  it  certainly  cannot  reach  the  anode.  This 
situation  is  pictured  in  (a)  of  Figs.  7-3  and  7-4  and  corresponds  to  con- 
ditions beyond  cutoff.  In  (6)  are  shown  the  conditions  just  at  cutoff, 
where  the  electric-field  intensity  at  the  cathode  is  everywhere  zero. 
Actually,  cutoff  is  obtained  at  a grid  voltage  slightly  less  than  this  value 
so  that  the  field  at  the  cathode  is  somewhat  negative  and  hence  repels 
all  the  emitted  electrons.  It  should  be  clear  from  a study  of  these  figures 
that  the  current  distribution  is  not  constant  along  paths  at  different  dis- 
tances from  the  grid  wires.  If  the  grid  is  made  sufficiently  negative,  then 
cutoff  will  occur  throughout  the  entire  region.  This  condition  prevails 
for  all  grid  voltages  more  negative  than  that  indicated  in  (&).  If  the  grid 
voltage  is  made  more  positive  than  this  cutoff  value,  then,  as  shown  in 
(c),  current  will  flow  only  in  the  region  midway  between  the  grid  wires, 
because  any  electrons  starting  out  toward  a grid  will  be  repelled.  This 
situation  corresponds  to  the  usual  operating  conditions  of  a triode  voltage 
amplifier.  In  (d)  the  grid  is  at  cathode  potential,  and  in  (e)  it  is  held 
positive  with  respect  to  the  cathode.  Under  these  conditions,  electrons 
can  reach  the  anode  by  all  paths  unless  they  collide  with  a grid  wire  and 
are  collected  as  grid  current. 

It  should  be  emphasized  that  these  diagrams  represent  space-charge- 
free  conditions.  In  Chap.  4 it  was  shown  that  under  space-charge  con- 
ditions the  electric-field  intensity  at  the  cathode  is  reduced  to  zero. 
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(6) 


(«•) 

Fig.  7-4.  Potential  profiles  of  a plane-electrode  triode.  (a)  Grid  at  twice  the  cutoff 
value  of  potential;  (b)  grid  at  the  cutoff  value  of  potential;  (c)  grid  negative  at  one-half 
the  cutoff  value  of  potential;  (d)  grid  at  zero  potential;  (e)  grid  positive.  (From 
K.  R.  Spangenberg,  “Vacuum  Tubes,”  McGraw-Hill  Book  Company,  Inc.) 
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Hence,  for  a hot  cathode,  the  diagrams  (c),  (d),  and  (e)  must  be  modified 
(lowered)  somewhat  and  must  have  zero  slope  at  the  cathode. 

7-2.  The  Electrode  Currents.  From  the  qualitative  discussion  already 
given,  it  follows  that  the  plate  current  should  depend  upon  the  space- 
charge-free  cathode  field  intensity.  This  electrostatic  field,  in  turn,  is  a 
linear  function  of  the  grid  and  plate  potentials.  Since  the  grid  is  much 
closer  to  the  cathode  than  the  plate,  a given  change  in  potential  of  the 
grid  has  a much  greater  effect  on  the  field  intensity  at  the  cathode  than 
does  the  same  change  in  potential  of  the  anode.  For  example,  if  the  plate 
voltage  is  changed  slightly  in  Fig.  7-4,  then  it  will  affect  the  slope  of  the 
potential  curve  at  the  cathode  very  little.  If  the  grid  voltage  is  altered 
the  same  amount,  the  slope  will  change  by  a very  much  larger  amount. 
In  view  of  this  discussion  and  the  known  three-halves-power  law  for 
diodes,  it  is  anticipated  that  the  plate  current  may  be  represented 
approximately  by  the  equation 


where  et  is  the  plate  potential,  Cc  is  the  grid  potential,  and  where  the 
factor  /i  is  a measure  of  the  relative  effectiveness  of  the  grid  and  plate 
potentials.  The  parameter  m is  known  as  the  “amplification  factor  ” and 
is  substantially  constant  and  independent  of  current.  The  exponent  n is 
approximately  equal  to  |.  The  constant  G is  called  the  “perveance.'’ 

The  validity  of  Eq.  (7-1)  has  been  verified  experimentally  for  many 
triodes.  No  rigorous  theoretical  derivation  of  this  equation  exists,  even 
for  a triode  of  relatively  simple  geometry.  In  particular,  the  exact 
dependence  of  the  constant  G upon  the  dimensions  of  the  tube  is  not 
known.  ^ However,  the  value  of  the  amplification  factor  fj,  can  be  calcu- 
lated with  a fair  degree  of  accuracy  from  equations  that  are  based  on 
certain  electrostatic  considerations.^  Semiempirical  relationships  that 
are  suitable  for  design  calculations  are  available.^ 

Deviations  from  Eq.  (7-1)  exist  for  the  same  reasons  that  deviations 
from  the  three-halves-power  law  exist  for  diodes,  viz.,  the  effects  of  con- 
tact potential,  initial  velocities,  nonuniform  structure,  etc.  (Sec.  4-6). 
Fortunately,  it  is  seldom  necessary  to  know  the  exact  mathematical  rela- 
tionship that  exists  among  %,  and  Cc-  Hence  the  principal  emphasis 
in  what  follows  will  be  on  the  experimentally  determined  relationships 
among  these  variables. 

If  the  grid  potential  be  made  positive,  the  electron  stream  will  increase 
because  of  the  combined  action  of  both  the  grid  and  the  plate.  With  a 
positive  potential  on  the  grid,  some  of  the  electrons  will  be  attracted  to  it 
and  a current  into  the  grid  will  result.  Unless  the  grid  is  designed  to 
dissipate  the  power  represented  by  the  current  to  it,  when  maintained  at 
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a positive  potential,  the  grid  structure  may  be  seriously  damaged.  The 
grid  is  generally  maintained  negative,  although  positive-grid  triodes  for 
power-amplifier  applications  are  available.  Also,  in  many  pulse-forming 
circuits  the  grid  is  driven  positive  during  a portion  of  the  wave  form. 
The  positive  grid  characteristics  of  a 6SN7  triode  are  given  in  Fig.  A9-9. 

The  plate  and  grid  currents  as  a function  of  grid  voltage  are  illustrated 
in  Fig.  7-5.  In  this  diagram,  the  plate  potential  is  assumed  to  be  con- 
stant. It  is  seen  that  cutoff  occurs  if  the  grid  potential  is  sufficiently 
negative.  As  the  grid  potential  is  made 
less  negative,  the  plate  current  follows  a 
smooth  curve,  this  variation  being  ex- 
pressed analytically  with  fair  approxima- 
tion by  Eq.  (7-1).  As  the  grid  potential  is 
made  positive  with  respect  to  the  cathode, 
an  appreciable  grid  current  is  obtained. 

Once  the  grid  potential  is  made  positive  q voltage  e 

so  that  a grid  current  t.  exists,  Eq.  (7-1)  is  ,,5 

no  longer  applicable,  since  only  a portion  total  cathode  current  4 in  a 

of  the  total  space-charge  current  is  collected  triode  as  a function  of  grid  volt- 
, ,1  1 tti  X-  j • age  for  a constant  plate  voltage, 

by  the  anode.  Equation  (7-1)  does  give  a 

good  representation  of  the  total  cathode  current  4 = 4 + %■  Hence,  as 
the  grid  potential  is  made  increasingly  positive,  the  plate  current  increases 
rapidly,  but  not  according  to  Eq.  (7-1). 

Because  the  electrons  are  emitted  with  finite  initial  velocities,  some  of 
these  will  be  collected  by  the  grid  even  when  its  potential  is  slightly 
negative.  This  grid  current  may  be  of  the  order  of  a few  microamperes 
when  the  grid  voltage  is,  say,  volt  negative,  whereas  at  zero  grid  volt- 
age ic  may  be  as  large  as  0.5  ma.  For  many  triodes  the  grid  current 
increases  in  the  range  of  0.5  to  4.0  ma  for  each  volt  increase  in  positive 
grid  potential.  This  rate  corresponds  to  an  effective  static  grid  resistance 
rc,  defined  by  rc  = edic,  of  250  to  2,000  ohms. 

If  the  grid  voltage  is  made  a few  volts  negative,  it  is  found  that  the 
direction  of  the  grid  current  reverses.**  This  negative  current  is  due  to 
positive  ions  which  are  attracted  to  the  grid.  Since  the  positive-ion  cur- 
rent comes  from  the  residual  gas  in  a “vacuum  tube,”  it  is  very  variable 
from  tube  to  tube,  although  it  is  usually  a small  fraction  of  a microampere 
(it  is  too  small  to  be  noticeable  in  Fig.  7-5).  Negative  grid  current  can 
also  result  from  thermionic  and  photoelectric  emission  from  the  grid. 

7-3.  Triode  Characteristics.  The  plate  current  depends  upon  the 
plate  potential  and  upon  the  grid  potential  and  may  be  expressed  mathe- 
matically by  the  functional  relationship 


ib  fifib]  Cc) 


(7-2) 
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This  equation  is  read  “4  is  some  function  / of  Cb  and  Cc.”  This  relation- 
ship is  sometimes  written  as  % = fbCcb,  ^c),  the  quantities  in  the  parenthe- 
ses designating  the  variables  upon  which  the  function  / (or  %)  depends. 
If  it  is  assumed  that  the  grid  current  is  zero,  then  the  approximate  explicit 
form  of  this  function  is  that  expressed  by  Eq.  (7-1).  Of  course,  the  plate 
current  also  depends  upon  the  heater  current ; but  as  this  is  usually  main- 
tained constant  at  the  rated  value,  and  this  is  such  as  to  provide  perhaps 
five  to  ten  times  the  normal  required  space-charge  current,  this  parameter 
does  not  enter  into  the  functional  relationship. 

The  important  variables  that  give  a complete  description  of  the  char- 
acteristics of  the  triode  are,  as  already  noted,  ib,  Cb,  and  Cc.  By  plotting 
these  three  variables  on  a three-dimensional  system  of  axes,  a space  dia- 
gram is  obtained.  The  traces  of  this  surface  on  the  three  coordinate 


Fig.  7-6.  (o)  Plate  and  (6)  transfer  characteristic  curves  of  a triode. 

Eel  ^ Ec2  ^ EcZ  ^ Eei  Ebl  > Ebi  Ebz 

planes  (and  on  planes  parallel  to  these)  give  three  families  of  characteristic 
curves.  These  curves,  which  are  easy  to  visualize,  are  given  in  Figs.  7-6 
and  7-7. 

Figure  7-6a  shows  a family  of  characteristic  curves  known  as  the  “plate 
characteristics,”  since  they  give  the  variation  of  the  plate  current  with  the 
plate  potential  for  various  values  of  grid  potential,  Cc  = Ed,  Ec2,  etc. 
The  effect  of  making  the  grid  more  negative  is  to  shift  the  curves  to  the 
right  without  changing  the  slopes  appreciably.  If  the  grid  potential  is 
made  the  independent  variable  and  if  the  plate  voltage  is  held  constant 
as  a parameter,  Cb  ==  Ebi,  Eb2,  etc.,  the  family  of  curves  known  as  the 
“mutual”  or  “transfer”  characteristics,  illustrated  in  Fig.  7-66,  is 
obtained.  The  effect  of  making  the  plate  potential  less  positive  is  to 
shift  the  curves  to  the  right,  the  slopes  again  remaining  substantially 
unchanged.  These  conditions  are  readily  evident  if  it  is  remembered 
that  the  sets  of  curves  in  these  diagrams  are  plots  of  Eq.  (7-1)  with  either 
Cc  or  Cb  maintained  constant  as  a parameter. 
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The  simultaneous  variation  of  both  the  plate  and  the  grid  potentials  so 
that  the  plate  current  remains  constant,  % — hi,  hi,  etc.,  gives  rise  to  a 
third  group  of  curves,  known  as  the  “constant-current”  characteristics, 
illustrated  in  Fig.  7-7. 

The  most  important  family  of  characteristics  is  the  plate  family,  and 
these  are  supplied  in  convenient  form  in  data  books  provided  by  the  tube 
manufacturers.  The  plate  character- 
istics for  several  representative  tubes 
are  reproduced  in  Appendix  IX. 

These  curves  are  average  values,  and 
the  characteristics  for  a specific  tube 
may  differ  appreciably  from  these 
published  values.  The  Joint  Army- 
Navy  Specifications,  JAN-IA,  for 
Electron  Tubes  give  the  limits  of 
variability  which  may  be  expected  in 
a given  tube  type. 

The  volt-ampere  characteristics 
vary  with  heater  temperature  and 
with  aging  of  the  tube.  As  with  a 
diode,  so  for  a multielement  tube  the 
temperature  effect  is  found  experimentally  to  be  equivalent  to  a 0.1  volt 
shift  in  cathode  voltage  (relative  to  the  other  electrodes)  for  each  10  per 
cent  change  in  heater  voltage. 

7-4.  Triode  Parameters.  In  the  analysis  of  networks  using  triodes  as 
circuit  elements  (Chap.  8),  it  is  found  necessary  to  make  use  of  the  slopes 
of  the  characteristic  curves  of  Figs.  7-6  and  7-7.  Hence  it  is  convenient 
to  introduce  special  symbols  and  names  for  these  quantities.  This  will 
now  be  done. 

The  slope  of  the  constant-current  characteristic  gives  the  amplification 
factor  n introduced  in  Eq.  (7-1).  That  is,  the  amplification  factor  is 
defined  as  the  ratio  of  the  change  in  plate  voltage  to  the  change  in  grid 
voltage  for  a constant  plate  current.  Mathematically,  n is  given  by  the 
relation 


Fio.  7-7.  Constant-current  character- 
istic curves  of  a triode. 

IbX  > Ib2  > hi 


M = 


(7-3) 


The  subscript  h denotes  that  the  plate  current  remains  constant  in  per- 
forming the  indicated  partial  differentiation.  In  order  that  /x  be  a posi- 
tive number,  the  minus  sign  is  necessary  because  an  increasing  plate 
voltage  will  require  a decreasing  grid  potential,  if  the  current  is  to  remain 
unchanged.  The  reciprocal  of  the  amplification  factor  is  called  the 
“durchgriff”  or  the  “penetration  factor.” 
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The  quantity  {dSh/di^E,,  which  expresses  the  ratio  of  an  increment  of 
plate  potential  to  the  corresponding  increment  of  plate  current  when  the 
grid  potential  is  kept  constant,  has  units  of  resistance  and  is  known  as  the 
“plate  resistance”  of  the  tube.  It  is  designated  by  the  symbol  We 
note  that  the  plate  resistance  is  the  reciprocal  of  the  slope  of  the  plate 
characteristics  of  Fig.  7-6a.  It  should  be  recalled  that  the  dynamic  plate 
resistance  of  a diode  was  defined  in  a similar  manner.  The  reciprocal  of 
the  plate  resistance  is  called  the  “plate  conductance,”  Qp  = l/r^. 

The  quantity  {dib/dec)Eb,  which  gives  the  ratio  of  an  increment  of  plate 
current  to  the  corresponding  increment  in  grid  potential  for  constant  plate 
potential,  has  the  units  of  conductance.  This  quantity  is  known  as  the 
“ plate-grid  transconductance  ” and  represents  the  change  of  current  in  the 
plate  circuit  for  unit  change  in  potential  of  the  grid.  The  plate-grid 
transconductance  is  frequently  referred  to  simply  as  the  “mutual  con- 
ductance” and  is  designated  by  the  symbol  Qm-  The  quantity  Qm  is  the 
slope  of  the  mutual  characteristic  curves  of  Fig.  7-66. 

To  summarize:  The  triode  coefficients,  parameters,  or  “constants,” 
which  are  characteristic  of  the  tube,  are 


= Tp,  plate  resistance 
= Qm,  mutual  conductance  • 
= /i,  amplification  factor 


(7-4) 


Since  there  is  only  one  equation  (7-2)  relating  the  three  quantities  4, 
and  Cc,  the  three  partial  derivatives  cannot  be  independent.  The  interre- 
lationship may  be  shown  to  be  (Sec.  8-4) 


M 'f’pQm  (7-5) 

The  variations  of  these  parameters  for  a 6SN7  tube  as  a function  of 
plate  current  (for  three  particular  values  of  plate  voltage)  are  shown  in 
Fig.  7-8.  It  is  noticed  that  the  plate  resistance  varies  over  rather  wide 
limits.  It  is  very  high  at  zero  plate  current  and  varies  approximately 
inversely  as  the  one-third  power  of  the  plate  current  (Prob.  7-3).  The 
transconductance  increases  with  plate  current  from  zero  at  zero  plate 
current  and  varies  directly  as  the  one-third  power  of  the  plate  current. 
The  amplification  factor  is  observed  to  remain  reasonably  constant  over 
a wide  range  of  currents,  although  it  falls  off  rapidly  at  the  low  currents. 

The  usual  order  of  magnitude  of  the  tube  parameters  for  conventional 
triodes  is  approximately  as  follows: 
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ijl:  from  2.5  to  100. 

Vp'.  from  0.5  to  100  kilohms. 

Qm'-  from  0.5  to  10  millimhos. 

Among  the  most  commonly  used  triodes  are  those  listed  in  Table  7-1. 
These  contain  two  triode  units  in  one  envelope,  and  each  section  has, 
at  the  recommended  operating  point,  the  parameters  given  in  the  table. 


Fig.  7-8.  The  parameters  m,  rp,  and  gm  for  a 6SN7  triode  as  a function  of  plate  current 
for  three  values  of  plate  voltage.  {Courtesy  of  General  Electric  Co.) 


TABLE  7-1 


SOME  TRIODE  PARAMETERS 


Triode  type 

M 

Tpj 

kilohms 

dm, 

millimhos 

6SL7 

70 

44 

1.6 

6SN7 

20 

7.7 

2.6 

12AT7 

55 

5.5 

10 

12AU7 

17 

7.7 

2.2 

12AX7 

100 

62 

1.6 

5965 

47 

7.2 

6.5 

Since  the  plate  current  is  given  in  milliamperes  and  the  potentials  in 
volts,  it  is  convenient  to  express  the  plate  resistance  in  kilohms  and  the 
transconductance  in  millimhos.  Note  that  the  product  of  milliamperes 
and  kilohms  (K)  is  volts  and  that  the  reciprocal  of  kilohms  is  millimhos. 
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Example.  Find  approximate  values  of  Vp,  m,  and  gm  directly  from  the  plate  charac- 
teristics of  a 6SN7  at  the  operating  point  Eb  ~ 200  and  Ec  = —Q  volts. 

Solution.  The  plate  curves  are  given  in  Appendix  IX  and  are  reproduced  for  con- 
venience in  Fig.  7-9.  The  operating  point  is  designated  A and  is  seen  to  correspond  to 
7.6  ma.  To  find  the  tube  parameters,  the  definitions  summarized  in  Eq.  (7-4)  are 


0 100  200  300  400  500 


Plote  volts 

Fig.  7-9.  The  plate  characteristics  of  a 6SN7  triode.  (The  straight  line  passing 
through  the  point  ib  = 0,  es  = 360  volts  is  discussed  in  Sec.  7-6.) 

used.  Approximate  values  of  the  partial  derivatives  are  obtained  by  taking  finite 
differences  instead  of  differentials.  Thus, 

(change  in  plate  voltage \ 
change  in  plate  current/  grid  voltage  const 

= ( 

\^ib)  Ec  EC 


The  point  B is  characterized  by  Eb  = 160,  Ib  = 7.6,  and  Ec  = —4.  The  point  C is 
specified  by  Fft  = 160,  h = 3.2,  and  = —6.  Hence  AB  = 200  — 160  = 40  volts, 
and  BC  = 7.6  — 3.2  = 4.4  ma. 


Similarly, 


(change  in  plate  currentX 
change  in  grid  voltage  / piate  voltage  const 
/ ^ AJ) 

K^CeJ  Eb  ACc 


The  point  D is  specified  by  Eb  = 200,  h = 3.4,  and  Ec  = —8.  Hence  AD  = 7.6  — 
3.4  = 4.2  ma,  and  Aec  = — 6 — (—8)  = 2 volts. 


4 2 

gm  = -ly-  = 2.1  millimhos 

Ai 
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Similarly, 


M = 


(change  in  plate  voltageX 
change  in  grid  voltage  / plate 


AB  40  _ 40 

Aec  ~ -6  - (-4)  2 


rrent  const 


20 


The  product  of  Vp  and  g„.  is  rpgm  =9.1  X 2.1  = 19,  which  checks  well  with  = 20, 
considering  the  large  increments  in  voltage  and  current  that  were  taken,  whereas, 
theoretically,  infinitesimal  changes  are  indicated. 

These  parameters  were  evaluated  at  the  point  A for  decreasing  currents  and  volt- 
ages. If  positive  increments  are  taken,  a new  set  of  values  is  obtained.  Thus, 


Hence 


EA 

FE 


GA 

Aec 


and 


M = 


For  point  E,  Eh  = 240,  Ib  = 7.6,  and  Ec 

For  point  F,  Eh  = 240,  Ii,  = 13.0,  and  Ec 

For  point  G,  Eh  = 200,  E = 13.2,  and  Ec 


EA 

Acc 

= -8 
= -6 
= -6 


_ 240  - 200  _ 40  _ 

13.0  - 7.6  5.4 

^ ~ M = 2.8  millimhos 

-4  - (-6)  2 

240  - 200  _ 40  _ 

= - -8  - (-6)  - T - 

rpgm  = 7.4  X 2.8  = 20.8 


which  checks  well  with  n — 20. 

It  should  be  noted  that,  for  increasing  currents,  the  plate  resistance  decreased,  the 
transconductance  increased,  and  the  amplification  remained  essentially  constant 
(actually  increased  slightly).  This  trend  is  consistent  with  Fig.  7-8.  The  average 
values  of  the  parameters  obtained  above  are  fi  — 20,  Vp  = 8.3  kilohms,  and  gm  = 2.5 
millimhos.  These  values  are  in  good  agreement  with  the  corresponding  quantities 
read  from  Fig.  7-8  at  Ib  = 7.6  ma  and  Eb  = 200  volts. 

If  Tp  were  constant,  then  the  slope  of  the  plate  characteristics  would 
everywhere  be  constant.  In  other  words,  these  curves  would  be  parallel 
lines.  If  were  constant,  then  the  horizontal  spacing  of  the  lines  {AB  or 
EA  in  the  above  example)  would  be  constant.  This  statement  assumes 
that  the  characteristics  are  drawn  with  equal  increments  in  grid  voltage 
(as  they  always  are).  If  Vp  and  n are  constant,  so  also  is  gm  = n/vp. 
Hence,  an  important  conclusion  can  be  drawn:  If  over  a 'portion  of  the 
ib-Bb  plane  the  characteristics  can  he  approximated  by  parallel  lines  which 
are  equidistant  for  equal  increments  in  grid  voltage,  then  the  parameters  u,  rp, 
and  gm  can  he  considered  constant  over  this  region.  It  is  shown  in  the  next 
chapter  that  if  the  tube  operates  under  this  condition  (tube  parameters 
sensibly  constant)  then  the  behavior  of  the  tube  as  a circuit  element  can 
be  obtained  analytically. 

7-6.  Symbols  and  Terminology.  Even  if  the  tube  characteristics  are 
very  nonlinear,  we  can  determine  the  behavior  of  the  triode  in  a circuit 
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by  a graphical  method,  as  will  now  be  demonstrated.  This  procedure  is 
essentially  the  same  as  that  which  is  used  (Sec.  4-10)  in  treating  the 
diode  as  a circuit  element,  except  that  the  diode  has  two  active  electrodes 

and  one  characteristic  curve,  whereas 
the  triode  has  three  active  elements 
and  a family  of  curves.  The  three 
terminals  are  marked  P (plate), 
K (cathode),  and  G (grid).  A 
grounded-cathode  circuit  in  which 
the  triode  acts  as  an  amplifier  is 
shown  in  Fig.  7-10.  Before  proceed- 
ing with  an  analysis  of  this  circuit,  it 
is  necessary  to  explain  the  mean'ngs  of  the  symbols  and  the  terminology 
to  be  used  in  this  and  subsequent  analyses. 

The  input  circuit  of  this  amplifier  refers  to  all  elements  of  the  circuit  that 
are  connected  between  the  grid  and  cathode  terminals  of  the  tube.  Simi- 
larly, the  output  or  plate  circuit  usually  refers  to  the  elements  that  are 
connected  between  the  plate  and  cathode  terminals.  In  the  circuit  illus- 
trated the  output  circuit  contains  a d-c  supply  voltage  which  is  in  series 
with  a load  resistor  Rl.  The  input  circuit  consists  of  a d-c  supply 
voltage  in  series  with  the  input  voltage.  The  input  signal  may  have 
any  wave  shape  whatsoever,  but  it  is  usually  chosen,  for  convenience  in 
analysis,  to  be  a sinusoidally  varying  voltage. 

Because  a variety  of  potentials  and  currents,  both  d-c  and  a-c,  are 
involved  simultaneously  in  a vacuum-tube  circuit,  it  is  necessary  that  a 
precise  method  of  labeling  be  established,  if  confusion  is  to  be  avoided. 
We  shall  adhere  to  the  IRE  Standards®  for  vacuum-tube  symbols,  which 
may  be  summarized  as  follows: 

1.  Instantaneous  values  of  quantities  which  vary  with  time  are  represented  by 
lower-case  letters  (f  for  current,  e for  voltage,  and  p for  power) . 

2.  Maximum,  average  (d-c),  and  effective,  or  root-mean-square  (rms),  values  are 
represented  by  the  upper-case  letter  of  the  proper  symbol  (/,  E,  or  P) . 

3.  D-c  values  and  instantaneous  total  values  are  indicated  by  the  subscript  h in 
the  plate  circuit  and  c in  the  grid  circuit. 

4.  Varying  component  values  are  indicated  by  the  subscript  p in  the  plate  circuit 
and  g in  the  grid  circuit. 

5.  If  necessary  to  distinguish  between  maximum,  average,  or  rms  values,  then 
maximum  and  average  values  may  be  distinguished  by  the  additional  subscript  m and 
av,  respectively. 

6.  Conventional  current  flow  into  the  plate  (or  grid)  from  the  external  circuit  is 
positive. 

7.  A single  subscript  is  used  if  the  reference  electrode  is  clearly  understood.  If 
there  is  any  possibility  of  ambiguity,  the  conventional  double-subscript  notation 
should  be  used.  For  example,  Cpk  = instantaneous  value  of  varying  component  of 
voltage  drop  from  plate  to  cathode  and  is  positive  if  the  plate  is  positive  with  respect 
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Input  1+  f + 
signal  eg  1 
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Fig.  7-10.  The  basic  circuit  of  a triode 
used  as  an  amplifier. 
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to  the  cathode.  If  the  circuit  of  Fig.  7-10  is  under  consideration,  then  the  symbol  Cpk 
may  be  shortened  to  Cp. 

8.  The  magnitude  of  the  supply  voltage  is  indicated  by  repeating  the  electrode  sub- 
script. The  plate  supply  voltage  Ebb  is  called  the  B supply,  and  the  grid  supply  volt- 
age is  called  the  C supply  or  the  grid  bias  voltage. 

Table  7-2  summarizes  the  notation  introduced  above.  In  the  table  are 
also  listed  some  symbols  not  yet  defined,  but  which  will  be  used  in  later 
sections.  This  table  should  serve  as  a convenient  reference  until  the 
reader  is  thoroughly  familiar  with  the  notation. 


TABLE  7-2 
TRIODE  SYMBOLS 


Grid  voltage 
with  respect 
to  cathode 

Plate  voltage 
with  respect 
to  cathode 

Current  in  direc- 
tion toward  plate 
through  the  load 

Instantaneous  total  value 

Cc 

et 

'^b 

Quiescent  value 

Instantaneous  value  of  varying 

Ec 

Eb 

h 

component 

Effective  value  of  varying  com- 

€p 

%p 

ponent 

Ea 

Ep 

Ip 

Amplitude  of  varying  component 

Egm 

E pm 

J pm 

Supply  voltage 

Ecc* 

Ebb* 

* These  are  positive  numbers  giving  the  magnitude  of  the  voltages. 


For  example,  if  the  input  signal  voltage  is  sinusoidal  and  of  the  form 
Cg  = Egm  sin  wt  = Eg  sin  eot 
then  the  net  instantaneous  grid  voltage  in  Fig.  7-10  is 

Cc  = — Ecc  “b  Cff  = — Ecc  “b  Egm  sin  coi  (7-6) 

7-6.  Graphical  Analysis  of  the  Grounded -cathode  Circuit.  Suppose 
for  the  moment  that  no  grid  signal  is  applied  in  Fig.  7-10,  so  that  eg  = 0. 
It  must  not  be  supposed  that  there  will  be  no  plate  current,  although  this 
might  be  true  if  the  bias  were  very  negative.  In  general,  a definite  direct 
current  will  exist  when  the  input  signal  is  zero.  The  value  of  this  current 
may  be  found  graphically  in  the  same  way  as  that  used  to  determine  the 
instantaneous  plate  current  in  the  diode  circuit  of  Fig.  4-9  for  a given 
instantaneous  input  voltage. 

Because  of  the  presence  of  the  load  resistor  Rl,  the  potential  that  exists 
between  the  plate  and  the  cathode  will  depend  upon  both  the  magnitude 
of  the  battery  supply  and  the  magnitude  of  the  current  in  the  load  resistor. 
It  follows  from  Fig.  7-10  that 

Cb  = Ebb  — ibEh 


(7-7) 
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This  one  equation  is  not  sufficient  to  determine  the  current  corresponding 
to  any  voltage  because  there  are  two  unknown  quantities  in  this 
expression,  Cb  and  %.  A second  relation  between  these  two  variables  is 
given  by  the  plate  characteristics  of  the  triode.  The  straight  line  repre- 
sented by  Eq.  (7-7)  is  plotted  on  the  plate  curves  of  Fig.  7-11.  This  line 
is  obviously  independent  of  the  tube  characteristics,  for  it  depends  only 
upon  elements  external  to  the  tube  itself.  The  intersection  of  this  load 
line  with  the  curve  for  Ce  = —E^c  is  called  the  ‘‘operating  point”  or  the 

“quiescent  point”  Q.  The  quies- 
cent current  in  the  external  circuit 
is  Ib,  and  the  corresponding  quies- 
cent plate  potential  is  Eb. 

The  simplest  method  of  draw- 
ing the  load  line  is  to  locate  two 
points  of  this  line  and  to  connect 
these  with  a straightedge.  One 
such  point  is  the  intersection  with 
the  horizontal  axis,  namely,  ib  = 0 
and  eb  = Ebb-  Another  is  the  inter- 
section with  the  vertical  axis, 
namely,  Cb  = 0 and  ib  = Ebb/Rh- 
These  are  illustrated  in  Fig.  7-11. 
Sometimes  this  latter  point  falls  off  the  printed  plate  characteristics  sup- 
plied by  the  manufacturer,  the  current  Ebb/Ri  being  considerably  greater 
than  the  rated  tube  current.  In  such  a situation  any  value  of  current, 
say  to,  that  is  given  on  the  plate  characteristics  is  chosen  and  the  corre- 
sponding plate  voltage  is  found  from  Eq.  (7-7),  namely.  Ebb  ~ ioRi- 


Fig.  7-11.  The  operating  point  Q is 
located  at  the  intersection  of  the  load 
line  and  the  plate  characteristic  for 
the  bias  ec  = —Ecc- 


Example.  One  section  of  a 6SN7  triode  is  operated  at  a bias  of  —8  volts  and  a 
plate  supply  of  360  volts.  If  the  load  resistance  is  20  K,  what  are  the  quiescent  current 
and  voltage  values? 

Solution.  The  plate  characteristics  of  the  6SN7  are  given  in  Fig.  7-9.  One  point 
on  the  load  line  is  4 = 0 and  eb  = 360.  Corresponding  to  e*,  = 0 the  value  of  4 is 
Ebb/Rh  = 360/20  = 18  ma,  whereas  the  largest  current  in  Fig.  7-9  is  16  ma.  Hence 
a second  point  on  the  load  line  is  found  by  choosing  4 = 10  = 4,  and  then 


eb  = Ebb  - uRl  = 360  - 10  X 20  = 360  - 200  = 160 


The  load  line  is  now  drawn  through  the  pair  {ib,  eb)  of  points  (0,  360)  and  (10,  160)  on 
Fig.  7-9.  This  line  is  found  to  intersect  the  plate  curve  corresponding  to  Ec  = —8 
at  a plate  current  of  6.4  ma  = Ib  and  a plate  voltage  of  233  volts  = Eb. 

If  the  voltage  of  the  grid  with  respect  to  the  cathode  in  the  above  exam- 
ple is  changed  to  — 14  volts,  then  the  plate  current  is  found  to  be  approxi- 
mately 2.6  ma  (this  is  the  intersection  of  the  load  line  with  Eg  = —14 
volts) . If  the  grid  voltage  is  changed  to  — 2 volts,  then  the  plate  current 
is  found  to  be  10.9  ma  (the  reader  should  check  these  values).  A change 
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in  input  voltage  of  —2  — (—14)  = 12  volts  has  resulted  in  a change  of 
plate  current  of  10.9  — 2.6  = 8.3  ma  and  a corresponding  change  in  out- 
put voltage  across  the  20-kilohm  load  of  20  X 8.3  = 168  volts.  Hence 
the  varying  component  of  the  output  voltage  is  -y®/-  = 13.8  times  as  great 
as  the  input  signal.  This  example  illustrates  that  a triode  can  be  an 
amplifier. 

The  above  method  of  finding  the  output  current  corresponding  to  a 
given  input  voltage  will  now  be  discussed  in  more  detail.  Suppose  that 


Fig.  7-12.  The  output  current  and  voltage  wave  forms  for  a given  input  grid  signal 
are  determined  from  the  plate  characteristics  and  the  load  line. 

the  grid  potential  is  given  by  Eq.  (7-6).  The  maximum  and  minimum 
values  of  Cc  will  be  —Ecc  ± Egm,  which  indicates  that  the  grid  swings 
about  the  point  —Ecc-  Consequently,  the  plate  current  and  the  plate 
voltage  will  then  swing  about  the  values  and  Ej,,  respectively.  The 
graphical  construction  showing  these  conditions  is  illustrated  in  Fig.  7-12. 
For  any  given  value  of  Oc,  the  corresponding  values  of  % and  e^  are  located  at 
the  intersection  of  the  load  line  and  the  %-eb  curve  corresponding  to  this  value 
of  Oc.  This  construction  is  valid  for  any  input  wave  form  and  is  not 
restricted  to  sinusoidal  voltages.  The  points  a',  c' , etc.,  of  the  output 
current,  and  the  points  a",  h",  c" , etc.,  of  the  output-voltage  wave  corre- 
spond, respectively,  to  the  points  A,  B,  C,  etc.,  of  the  input  grid-voltage 
wave  form. 
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A word  is  in  order  about  the  manner  in  which  the  grid  voltage  is  drawn 
on  the  diagram.  The  time  axis  is  shown  normal  to  the  load  line.  This 
representation  has  no  real  significance  but  is  used  to  indicate  that  the 
signal  voltage  Cg  causes  the  grid  voltage  to  vary  about  the  Q point  (cc  = 
Ec^  from  Ec5  at  one  extreme  of  the  signal-voltage  swing  to  Ed  at  the 
other  extreme  of  this  swing. 

7-7.  The  Dynamic  Transfer  Characteristic.  The  static  transfer  char- 
acteristic of  Fig.  7-66  gives  the  relationship  between  4 and  Cc  with  the 


Fig.  7-13.  The  dynamic  transfer  characteristic  is  used  to  determine  the  output  wave 
shape  for  a given  input  signal. 

plate  voltage  held  constant.  The  dynamic  transfer  characteristic  gives 
the  relationship  between  4 and  Cc  for  a given  plate  supply  voltage  E}^ 
and  a given  load  resistance  Rl.  This  functional  relationship  is  obtained 
from  the  plate  characteristics  and  the  load  line  by  the  graphical  con- 
struction described  in  the  preceding  section.  Thus  the  values  of  4 and 
Be  at  points  1,  Q,  and  2 in  Fig.  7-13  are  the  same  as  those  obtained  at  the 
corresponding  points  1,  Q,  and  2 in  Fig.  7-12.  The  dynamic  character- 
istic will,  in  general,  be  curved  although  often  it  may  be  approximated 
by  a straight  line. 

The  utility  of  the  dynamic  characteristic  is  that  it  allows  the  output 
wave  form  to  be  determined  for  any  given  input  wave  form.  The  con- 
struction should  be  clear  from  Fig.  7-13,  where  points  a',  6',  c',  etc.,  of  the 
output  current  correspond  to  points  A,  B,  C,  etc.,  respectively,  of  the 
input  grid-voltage  signal  Cg. 
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7-8.  Load  Curve.  Dynamic  Load  Line.  A graphical  method  of 
obtaining  the  operating  characteristics  of  a triode  with  a resistance  load  is 
given  in  Sec.  7-6.  It  is  there  shown  that  the  operating  region  in  the  ib-Cb 
plane  is  a straight  line,  which  is  called  the  “load  line.”  However,  if  the 
load  is  reactive,  then  the  work  curve  is  no  longer  a straight  line  but 
attains  the  form  of  an  ellipse.  This  result  follows  from  the  fact  that  the 
plate  current  and  the  plate  voltage  are  given  by 

e-p  = Epm  sin  ot  and  ip  = —I pm  sin  (cot  + 6)  (7-8) 

which  are  the  parametric  equations  of  an  ellipse.  If  the  angle  6 is  zero, 
the  ratio  of  these  equations  yields 


Zp 


E, 


— — Rl 


which  represents  the  load  line  for  a resistance  load.  This  load  line  and 
also  the  elliptical  work  curve  for  a reactive  load  are  shown  on  the  volt- 
ampere  characteristics  of  Fig.  7-14. 


Fig.  7-14.  The  load  line  for  a 
resistive  load  becomes  a load  curve 
(an  ellipse,  under  linear  operation) 
for  a reactive  load. 


Fig.  7-15.  An  i^C-coupled  circuit. 


The  above  analysis  depends  upon  the  tube  parameters  fi,  Vp,  and  Qm 
being  constant  over  the  range  of  operation  in  the  ib-eb  plane.  If  these 
parameters  are  not  constant,  the  operating  curve  will  no  longer  be  an 
ellipse.  No  simple  analysis  of  the  output  of  an  amplifier  with  a reactive 
load  exists  under  these  conditions. 

An  important  special  case  of  a reactive  load  is  indicated  in  Fig.  7-15. 
Here  the  output  is  taken  not  across  Rl  but  rather  across  Rg,  which  is 
isolated  from  the  plate  of  the  tube  by  means  of  a capacitor  C.  Since  a 
capacitor  cannot  pass  direct  current,  no  d-c  voltage  appears  across  Rg. 
The  a-c  signal  voltage  developed  across  Rg  may  then  be  applied  to  the 
input  of  another  amplifier  without  affecting  its  bias  voltage.  This 
method  of  connection  between  amplifier  stages  is  called  RC  coupling  and 
is  discussed  in  detail  in  Chap.  15. 
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Under  d-c  conditions  the  capacitor  C acts  as  an  open  circuit.  Hence 
the  quiescent  tube  current  and  voltage  are  obtained  as  in  Fig.  7-11  by 
drawing  a static  load  line  corresponding  to  the  resistance  Rl  through  the 
point  Cb  = Ebb,  ih  = 0.  If  we  assume,  as  is  often  the  case,  that  at  the 
signal  frequency  the  reactance  of  C is  negligible  compared  with  Rg,  then 


Fig.  7-16.  Static  and  dynamic 
load  lines  for  the  iJC-coupled 
circuit. 


Fig.  7-17.  A transformer- 
coupled  load. 


under  signal  conditions  the  effective  load  is  again  resistive.  This  dynamic 
load  represents  the  parallel  resistance  of  Rl  and  Rg  and  has  a value 
given  by 

RhRg 


RE  = 


Rl  + Rp 


The  dynamic  load  line  must  be  drawn  with  a slope  equal  to  —\/Rl 
through  the  quiescent  point  Q,  as  indicated  in  Fig.  7-16. 

For  the  i2(7-coupled  circuit  the  a-c  load  resistance  is  always  smaller 
than  the  d-c  resistance.  If  the  load  is  transformer-coupled  to  the  plate, 

as  indicated  in  Fig.  7-17,  then  the  con- 
verse is  true.  The  static  load  line  corre- 
sponds to  the  very  small  d-c  resistance  of 
the  transformer  primary  and  hence  is 
almost  a vertical  line,  as  indicated  in 
Fig.  7-18.  The  dynamic  load  line  corre- 
sponds to  the  much  larger  resistance  Rl 
reflected  into  the  plate  circuit. 

If  the  dynamic  load  resistance  were 
inflnite,  then  the  dynamic  load  line  would 
be  horizontal.  U nder  these  circumstances 
the  output  voltage  would  vary  with  signal  voltage  but  the  output  current 
would  remain  constant.  Hence,  a circuit  with  a very  large  effective  load 
acts  as  a constant-current  device. 

7-9.  Graphical  Analysis  of  a Circuit  with  a Cathode  Resistor.  Many 
practical  circuits  have  a resistor  Rk  in  series  with  the  cathode  in  addition 
to  (or  in  place  of)  the  load  resistor  Rl  in  series  with  the  plate.  The 


Fig.  7-18.  Static  and  dynamic 
load  lines  for  a transformer- 
coupled  load. 


VACUUM-TRIODE  CHARACTERISTICS  175 

resistor  Ru  is  returned  either  to  ground  or  to  a negative  supply  —Ecc, 
as  indicated  in  Fig.  7-19. 

We  consider  now  how  to  use  the  characteristic  curves  of  a vacuum 
tube  to  determine  such  matters  as  range  of  output- voltage  swing,  proper 
bias  voltage,  and  operating  point  for  any  arbitrary  input  voltage.  In 
7-19,  e,  Be,  Bb,  and  ib  are,  respectively,  the  total  instantaneous  input 


ib) 

Fig.  7-19.  (a)  A tube  with  both  a cathode  and  a load  resistor.  (6)  An  alternative 
representation  of  the  same  circuit. 

voltage,  grid-to-cathode  voltage,  plate-to-cathode  voltage,  and  plate  cur- 
rent. Kirchhoff’s  law  applied  to  the  plate  circuit  yields 

Ebb  + Ecc  = 66-1-  ibiRij  + Rk)  (7-9) 

Similarly,  from  the  grid  circuit  we  obtain 

6 = 6c  + ibRk  - Ecc  (7-10) 

Equation  (7-9)  is  the  equation  of  the  load  line  corresponding  to  an  effec- 
tive voltage  Ebb  + Ecc  and  a total  resistance  Rl  Rk.  The  procedure 
for  constructing  the  dynamic  characteristic  (plate  current  vs.  external 
input  voltage)  is,  then,  the  following: 

1.  On  the  plate  characteristics  draw  the  load  line  corresponding  to  the  given  values 
of  Ebb  -h  Ecc  and  Rl  + Rk- 

2.  Note  the  current  value  corresponding  to  each  point  of  intersection  of  the  load 
line  with  the  characteristic  curves.  In  each  case  relabel  the  individual  plate  charac- 
teristics with  an  input  voltage  e equal  to  Cc  + ibRk  — Ecc  in  accordance  with  Eq. 
(7-10).  The  procedure  is  illustrated  in  Fig.  7-20. 

3.  The  required  curve  is  now  a plot  of  the  plate  current  vs.  the  input  voltage.  For 
example,  ki  and  are  corresponding  values  on  the  graph. 

When  cutoff  occurs,  there  is,  of  course,  no  drop  across  the  cathode 
resistor.  Consequently,  the  externally  applied  voltage  required  to  attain 
cutoff  is  independent  of  the  size  of  the  cathode  resistor.  As  long  as  the 
tube  operates  within  its  grid  base,  the  potential  of  the  cathode  will  be 
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slightly  (perhaps  a few  volts)  positive  with  respect  to  the  grid.  Hence, 
if  the  grid  is  grounded  {e  — 0),  then  the  cathode  voltage  is  slightly  positive 
with  respect  to  ground,  independent  of  the  magnitudes  of  the  supply  voltages 
or  the  resistances.  As  the  input  voltage  e increases  positively,  the  grid- 
to-cathode  voltage  must  decrease  slightly  in  magnitude  in  order  to  supply 
the  increased  tube  current  demanded  by  this  increased  e.  Hence,  the 
cathode  tries  to  follow  the  grid  in  potential.  If  Rl  = 0,  it  turns  out 
(Sec.  7-10)  that  the  change  in  cathode  voltage  is  almost  exactly  equal  to 
the  change  in  grid  voltage.  Hence,  such  a circuit  is  called  a cathode 
follower.  The  grid  voltage  is  sometimes  driven  highly  (perhaps  several 


Fig.  7-20.  Construction  for  obtaining  the  dynamic  characteristic  of  a circuit  with 
both  a cathode  and  a load  resistor,  as  in  Fig.  7-19.  The  symbolism  Cci  — >•  ei  means 
that  eel  is  replaced  by  ei  = Cci  + UiRk  — Ecc- 

hundreds  of  volts)  positive  with  respect  to  ground.  The  maximum  input 
voltage  is  limited  by  grid  current  which  takes  place  approximately  where 
the  grid-to-cathode  voltage  is  zero. 

It  is  often  desirable  to  find  the  current  corresponding  to  a specified 
input  voltage  without  drawing  the  entire  dynamic  characteristic  as  out- 
lined above.  A very  simple  procedure  is  as  follows; 

1.  On  the  plate  characteristics  draw  the  load  line  as  in  Fig.  7-20. 

2.  Corresponding  to  each  value  of  Cc  for  which  there  is  a plotted  plate  characteristic, 
calculate  the  current  for  the  specified  value  of  input  voltage  E.  In  accordance  with 
Eq.  (7-10),  this  current  is  given  by 

E -f-  Ecc  — Cc 

% ~ p 

Uk 

The  corresponding  values  of  ib  and  ec  are  plotted  on  the  plate  characteristics,  as  indi- 
cated by  the  dots  in  Fig.  7-21.  The  locus  of  these  points  is  called  the  bias  curve. 

3.  The  intersection  of  the  bias  curve  and  the  load  line  gives  the  plate  current  Ib  cor- 
responding to  the  given  input  voltage  E. 
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The  procedure  outlined  above  is  very  easy  to  carry  out.  It  is  not 
really  necessary  to  use  all  values  of  but  only  two  adjacent  values  which 
give  currents  above  and  below  the  load  line,  as  indicated  by  points  A and 


Fig.  7-21.  The  intersection  of  the  load  line  and  the  bias  curve  gives  the  quiescent  point. 


B in  Fig.  7-21.  The  intersection  of  the  straight  line  connecting  A and  B 
with  the  load  line  gives  the  desired  current.  In  particular,  it  should  be 
noted  that,  if  FJ  -f  Ecc  is  large  compared  with  the  range  of  values  of  Cc, 
then  4 will  be  almost  constant  and  hence  the  curve  connecting  the  dots  in 
Fig.  7-21  will  be  approximately  a horizontal  straight 
line. 

Often  no  negative  supply  is  available,  and  self-bias 
is  obtained  from  the  quiescent  voltage  drop  across  Rk. 

For  example,  if  the  plate  current  and  the  grid-to-cath- 
ode  voltage  at  the  quiescent  point  are  Ib  and  Ec, 
respectively,  the  proper  bias  is  obtained  by  choosing 
Rk  = —Ed Ib-  On  the  other  hand,  if  a circuit  with  a 
definite  Rk  is  specified,  then  the  quiescent  point  is  ob- 
tained from  the  construction  in  Fig.  7-21.  For  the 
special  case  under  consideration,  E = Ecc  = 0,  and  the 
bias  curve  is  obtained  from  4 = —edRk- 

7-10.  Practical  Cathode-follower  Circuits.  In  order  to  see  why  it  is 
sometimes  advantageous  to  use  a negative  supply,  consider  the  cathode- 
follower  configuration  of  Fig.  7-22. 


lAOOv 


Fig.  7-22.  An  ex- 
ample of  a cathode- 
follower  circuit. 


Example.  Find  the  maximum  positive  and  negative  input  voltages  and  the  corre- 
sponding output  voltages.  Calculate  the  voltage  amplification. 

Solution.  From  the  plate  characteristics  and  the  load  line  it  is  found  that  the  cur- 
rent corresponding  to  Cc  = 0 is  4 = 10  ma.  Hence,  the  maximum  output  voltage  is 
ibRk  = 200  volts,  and  since  Ob  = 0,  the  maximum  input  voltage  is  also  200  volts. 
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The  cutoff  voltage  for  the  6SN7  corresponding  to  300  volts  is  found  to  be  — 18  volts. 
Hence,  the  cathode  follower  may  swing  from  -f200  volts  to  —18  volts  without  draw- 
ing grid  current  or  driving  the  tube  beyond  cutoff.  The  corresponding  output  swing 
is  from  +200  volts  to  zero.  Hence,  the  amplification  is  200/218  = 0.92.  (A  more 
general  proof  that  the  voltage  gain  of  a cathode  follower  is  approximately  unity  is 
given  in  Sec.  8-6.) 

In  passing  we  note  that  the  corresponding  input  range  for  an  amplifier  using  the 
same  tube  and  the  same  supply  voltage  is  only  0 to  — 18  volts,  which  is  far  narrower 
than  that  of  the  cathode  follower. 

In  the  above  illustration  the  input  could  swing  200  volts  in  the  positive 
direction  before  drawing  grid  current  but  could  go  only  18  volts  in  the 
negative  direction  before  driving  the  tube  to  cutoff.  If  a more  sym- 
metrical operation  is  desired,  the  tube  must  be  properly  biased.  One 
configuration  is  that  indicated  in  Fig.  7-19,  where  the  bottom  of  Rk  is 


Fig.  7-23.  Two  biasing  arrangements  for  a cathode-follower  circuit. 

made  negative  with  respect  to  ground,  = 0,  and  the  output  is  taken 
from  the  cathode.  Two  other  biasing  arrangements,  indicated  in  Fig. 
7-23a  and  h,  do  not  require  the  use  of  a negative  supply.  In  (a)  the 
grid  is  maintained  positive  with  respect  to  ground  by  the  use  of  a voltage 
divider  across  the  plate  supply.  In  (b)  self-bias  is  used,  the  self-biasing 
voltage  appearing  across  Ri.  That  is,  with  no  input  signal  the  grid-to- 
cathode  voltage  is  the  drop  across  R\.  This  resistor  is  chosen  so  that 
the  quiescent  voltage  across  Rk  is  approximately  one-half  the  peak-to- 
peak  output  swing.  In  the  above  example,  where  the  total  output  swing 
was  200  volts,  the  quiescent  value  is  chosen  as  100  volts  across  the 
20-K  resistor.  This  corresponds  to  a quiescent  plate  current  of  5 ma. 
From  the  plate  characteristics  of  the  6SN7  and  the  20-K  load  line,  the 
grid-to-cathode  voltage  corresponding  to  5 ma  is  —7  volts.  Hence,  Ri 
must  be  chosen  equal  to  K = 1.4  K. 
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CHAPTER  8 


TRIODE  LINEAR  EQUIVALENT  CIRCUITS 


If  the  triode  parameters  r^,  gm,  and  n are  reasonably  constant  in  some 
region  of  operation,  the  tube  behaves  linearly  over  this  range.  Two 
linear  equivalent  circuits,  one  involving  a voltage  source  and  the  other  a 
current  source,  will  be  derived  in  this  chapter.  Networks  involving 
triodes  will  be  replaced  by  these  linear  representations  and  solved 
analytically  (rather  than  graphically,  as  was  done  in  the  preceding 
chapter) . Also,  the  input  impedance  of  a triode  amplifier  will  be  obtained. 

8-1.  Variations  from  Quiescent  Values.  Suppose  that  in  Fig.  7-10 
eg  represents  the  output  from  a microphone  and  that  Rl  is  the  effective 
resistance  of  a loud-speaker.  There  is  no  particular  interest  in  the  quies- 
4;ent  current,  which  is  the  current  to  the  speaker  when  no  one  talks  into 
6^he  microphone.  (Actually,  the  speaker  would  be  transformer-coupled 
into  the  plate  circuit,  and  the  current  in  the  secondary  under  quiescent 
conditions  would  be  zero.)  The  principal  interest  is  in  the  speaker  output 
for  a given  microphone  output.  Thus  the  variations  in  current  and  volt- 
age with  respect  to  the  quiescent  values  are  most  important. 

If  the  load  is  a resistor  and  not  a speaker  and  if  the  output  from  this 
resistor  is  taken  through  a coupling  capacitor  (as  in  Fig.  7-15),  then 
^ under  zero  input  conditions  the  capacitor  will  charge  up  to  the  qujnscent 
^ voltage  E},.  The  voltage  across  Rg  is  zero  under  these  conditions.  If  a 
^ varying  grid  voltage  is  now  added  to  the  bias,  the  output  will  again 
represent  voltage  variations  about  the  quiescent  value. 

It  is  evident  that  the  significant  quantities  are  the  currents  and  volt- 
ages with  respect  to  their  quiescent  values.  To  examine  this  matter  in 
some  detail,  refer  to  Figs.  7-12  and  7-13.  For  convenience  the  latter  is 
repeated  in  Fig.  8-1.  We  see  that  the  output  current,  defined  by  the 

(8-1)* 


equation 


"T- 

I — ^6  -^6  1 

" is  simply  the  current  variation  about  the  quiescent-point  current  /&.  The 
output  voltage  which  is  similarly  defined,  represents  the  potential 
variations  about  the  Q point.  Consequently,  if  the  input  signal  is  a pure 
sinusoidal  wave  and  if  the  tube  characteristics  are  equidistant  lines  for 


equal  intervals  of  Cc, 


will  also  be  a sinusoidal  wave. 
180 


If  the  character- 
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istic  curves  are  not  equidistant  lines  over  the  range  1-2  for  equal  intervals 
of  Cc,  the  wave  form  of  ip  will  differ  from  that  of  the  input-signal  wave 
form.  The  latter  condition  will  give  rise  to  harmonics,  since  a non- 
sinusoidal  wave  may  be  expressed  as  a Fourier  series  in  which  some  of  the 
higher  harmonic  terms  are  appreciable.  These  considerations  should  be 
clear  if  reference  is  made  to  Figs.  7-12  and  8-1. 


Fig.  8-1.  The  dynamic  transfer  characteristic  is  used  to  determine  the  output  wave 
shape  for  a given  input  signal. 

Corresponding  to  Eq.  (8-1)  the  variables  ep  and  eg  are  defined  by  the 
equations 

ep  = Bb  Eb  e„  = Be  Ecc  (8-2) 

If  the  symbol  A is  used  to  denote  a change  from  the  quiescent  value, 
then 

Acft  = Bp  ACc  = Bg  Aij,  = ip  (8-3) 

An  inspection  of  Fig.  7-12  reveals  the  following  extremely  significant 
result : If  is  a sine  wave,  then  u and  e„  are  exactly  180  deg  out  of  phase 
jyith  each  other.  This  result  follows  from  the  fact  that  ip  is  a maximum, 
whereas  Bp  is  a minimum  at  the  point  1.  The  reverse  is  true  at  the 
point  2. 

8-2.  Equivalent  Voltage-source  Representation  of  a Triode.  As  dis- 
cussed in  the  preceding  section,  we  are  ordinarily  interested  only  in  the 
variation  in  voltage  and  current  about  the  Q point,  rather  than  in  tha 
total  values  of  these  quantities.  That  is,  the  primary  interest  is  in 
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determining  the  values  of  Cp  and  ip  for  a given  value  of  eg.  This  solution 
is  referred  to  as  the  ‘‘a-c  response”  of  the  tube,  since  eg  is  often  a period- 
ically varying  voltage. 

The  graphical  methods  of  the  previous  chapter  are  tedious  to  apply 
and  often  are  very  inaccurate.  Certainly  if  the  input  signal  is  very  small, 
say  0.1  volt  or  less,  then  values  cannot  be  read  from  the  plate  character- 
istic curves  with  any  degree  of  accuracy.  But  for  such  small  input 
signals,  the  parameters  n,  fp,  and  gm  will  remain  substantially  constant 
over  the  small  operating  range.  Under  these  conditions  it  is  possible 
to  replace  the  graphical  method  by  an  analytical  one.  This  is  often 
called  the  small-signal  method,  but  it  is  applicable  even  for  large  signals 
provided  only  that  the  tube  parameters  are  constant  over  the  range  of 
.operation.  The  constancy  of  the  parameters  is  judged  by  an  inspection 
’of  the  plate  characteristics.  If  these  are  straight  lines,  equally  spaced 
for  equal  intervals  of  grid  bias  over  the  operating  range,  then  the  param- 
eters are  constant.  Under  these  conditions  it  will  be  found  that  the  tube 
may  be  replaced  by  a simple  linear  system.  The  resulting  circuit  may 
then  be  analyzed  by  the  general  methods  of  a-c  circuit  analysis. 

Thevenin’s  theorem  may  be  used  to  find  the  small-signal  equivalent 
circuit  between  the  plate  and  cathode  terminals.  This  theorem  states 
that  any  two-terminal  linear  network  may  he  replaced  hy  a generator  equal 
to  the  open-circuit  voltage  between  the  terminals  in  series  with  the  equivalent 
output  impedance.  The  output  impedance  is  that  impedance  which 
appears  between  the  output  terminals  when  all  energy  sources  are 
replaced  by  their  internal  impedances.  From  the  definition  of  rp  given 
in  Eqs.  (7-4)  as 

- \mJe. 

this  dynamic  plate  resistance  is  the  output  impedance  between  the 
terminals  P and  K.  The  open-circuit  voltage  Cpk  between  P and  K is 
— pCgh.  This  result  follows  from  the  definition  of  y given  in  Eqs.  (7-4)  as 


Cpk 


Cgk 


\lb 


(8-4) 


where  use  has  been  made  of  the  definitions  in  Eqs.  (8-3)  and,  for  the 
sake  of  clarity,  Cp^Cg)  has  been  replaced  by  Cpkicgk)  to  represent  the. 
voltage  drop  from  plate  (grid)  to  cathode.  The  subscript  in  Eq.  (8-4) 
means  that  the  plate  current  is  constant,  a condition  which  certainly  is 
satisfied  if  the  plate  is  open-circuited  so  that  remains  at  zero.  From 
Thevenin’s  theorem  it  follows  that  the  tube  may  be  replaced,  viewed 
^om  its  output  terminals,  by  a generator  —yCak  in  series  with  a resistor  Vp. 
This  linear  equivalent  circuit  is  indicated  in  Fig.  8-2  for  instantaneous 
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voltages  and  currents.  This  diagram  also  includes  a schematic  of  the 
tube  itself  in  order  to  stress  the  correspondence  between  it  and  its 
equivalent  representation. 

A point  of  the  utmost  importance  is  that  no  gnarititips  are  iudicated 


(a)  {b) 


Fig.  8-2.  A triode  (a)  and  its  equivalent  voltage-source  representation  (b).  The 
brace  from  G to  K indicates  that  the  quantity  e^k  is  to  be  evaluated  by  traversing  the 
circuit  from  G to  K and  adding  all  the  voltage  drops  on  the  way. 


changes  about  the  0 point.  Moreover,  the  equivalent-tube-circuit  repre- 
sentation is  valid  for  any  type  of  load  whether  it  be  a pure  resistance, 
an  impedance,  or  another  tube.  This  statement  is  true  because  the  above 
derivation  was  accomplished  without  any  regard  to  the  external  circuit  in 
which  the  tube  is  incorporated.  The  only  restriction  is  that  the  para- 
meters Ml  r-o,  and  must  remain  ■ 
substantially  constant  over  the. 


Tube 


operating  range. 

If  sinusoidally  varying  quantities 
are  involved  in  the  circuit,  and  this 
is  usually  assumed  to  be  the  case, 
the  analysis  proceeds  most  easily  if 
the  phasors  (sinors)  of  elementary 
a-c  circuit  theory  are  introduced. 

The  circuit  notation  used  in  this 
text  is  discussed  in  Appendix  VIII, 
and  the  reader  is  urged  to  read  this 
very  carefully  before  proceeding 
further.  For  the  case  of  sinusoi- 
dally varying  quantities,  the  tube  is  replaced  by  the  equivalent  network 
shown  in  Fig.  8-3. 

8-3.  Linear  Analysis  of  a Triode  Circuit.  Based  on  the  foregoing  dis- 
cussion, a triode  circuit  may  be  replaced  by  an  equivalent  form  which 
permits  an  analytic  determination  of  its  a-c  operation.  The  following 


Fig.  8-3.  For  sinusoidally  varying  quanti- 
ties the  tube  is  replaced  by  this  simple 
network,  where  Ip,  Ep^,  and  E^tare  sinors. 
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simple  rules  should  be  adhered  to  in  drawing  the  equivalent  form  of  even 
relatively  complicated  amplifier  circuits. 


(1.  Draw  the  actual  wiring  diagram  of  the  circuit  neatly. 

2.  Mark  the  points  G,  P,  and  K on  this  circuit  diagram.  Locate  these  points  as  the 
start  of  the  equivalent  circuit.  Maintain  the  same  relative  positions  as  in  the  original 
circuit. 

3.  Replace  the  tube  by  its  linear  equivalent  form  (Fig.  8-3). 

4.  Transfer  all  circuit  elements  from  the  actual  circuit  to  the  equivalent  circuit  of 
the  amplifier.  Keep  the  relative  positions  of  these  elements  intact. 

5.  Replace  each  d-c  source  by  its  internal  resistance,  or  by  a short  circuit,  if  its 
resistance  is  negligible. 


A point  of  special  importance  is  that,  regardless  of  the  form  of  the  input 
circuit,  the  fictitious  generator  that  appears  in  the  equivalent  representa- 
tion of  the  tube  is  always  yE<gk,  where  is  the  drop  from  grid  to  cathode! 
The  positive  reference  terminal  of  the  generator  is  always  at  the  cathode. 


P G P 


(o)  (6) 


Fig.  8-4.  The  schematic  and  equivalent  circuits  of  a simple  amplifier. 

To  illustrate  the  application  of  these  rules,  four  examples  will  be  given. 
The  first  is  a single-mesh  circuit  involving  resistors  only,  the  results 
being  given  in  terms  of  symbols  rather  than  numerical  values.  ' .The 
second  illustration  is  a simple  circuit  which  includes  reactive  elements  and 
which  requires  a numerical  result.  The  third  is  a two-mesh  circuit. 
The  fourth  network  contains  two  tubes. 

Example  1.  Find  the  a-c  output  current  and  voltage  of  the  basic  triode  amplifier 
circuit  illustrated  in  Fig.  8-4a. 

Solution.  According  to  the  foregoing  rules,  the  equivalent  circuit  is  that  of  Fig. 
8-46.  Kirchhoff’s  voltage  law,  which  requires  that  the  sum  of  the  voltage  drops 
around  the  circuit  equal  zero,  yields 

T.pRij  — |—  Iprp  uEif-k  “ 0 

A glance  at  this  circuit  shows  that  the  voltage  drop  from  grid  to  cathode  is  E.  Hence 
"Egk  = E,  and  the  output  current  Ip  is 

T = mE 

Rl  + rp 

The  corresponding  output-voltage  drop  from  plate  to  cathode  is 


Epft  — 1.pRij 
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The  minus  sign  arises  because  the  direction  from  P to  A is  opposite  to  the  positive 
reference  direction  of  the  current  Ip. 

■ Pi  + rp 


The  voltage  gain,  or  voltage  amplification  A,  of  the  tube  circuit  is  defined 
as  the  ratio  of  the  output-  to  input-voltage  drops.  For  the  simple 
amplifier  of  Fig.  8-4, 


A = 


Eout 

Wn 


Epfc 


"E 


Rl 

^ Rl  + Vp 


1^ 

^ 1 Tp{ Rl 


(8-5) 


The  minus  sign  signifies  a phase  shift  of  180  deg  between  the  output  and 
the  input  voltages,  in  agreement  with  the 
result  obtained  from  the  graphical  analysis 
of  the  problem  in  Sec.  8-1. 

The  magnitude  of  the  gain  increases 
with  the  load  resistance  and  approaches  a 
maximum  value  as  Rl  becomes  much 
greater  than  Vp.  The  general  form  of  this 
variation  is  illustrated  in  Fig.  8-5.  We 
note  that  the  maximum  possible  gain  is  p, 
although  this  can  be  obtained  only  if 
= ao  . Too  large  a value  of  Rl  cannot 
be  used,  however,  since  for  a given  quies- 
cent current  this  would  require  an  im- 

practically  high  power  supply  voltage.  Nevertheless,  since  A increases 
rapidly  at  first  and  then  approaches  p asymptotically,  a gain  approach- 


Fig.  8-6.  The  gain  of  the  amplifier 
of  Fig.  8-4  as  a function  of  the  load 
resistance,  p and  are  assumed 
to  be  constant. 


ing  p may  be  realized  with  a reasonable  value  of  Rl. 

A = p/2. 


Fov  Rl  = Tp  then 


p 


K 

(6) 


Fig.  8-6.  A numerical  example,  (a)  Actual  circuit  and  (b)  equivalent  circuit. 

Example  2.  A 1-volt  rms  potential  at  800  cps  is  impressed  on  the  grid  of  a tube  for 
which  M = 8,  rp  = 5 K,  and  the  load  impedance  is  Zl  = 1 + ^6  = 6.08/80.5°  K. 
Calculate  the  voltage  amplification  of  the  circuit,  and  draw  the  complete  phasor  dia- 
gram of  the  system. 

Solution.  The  actual  and  equivalent  circuits  are  shown  in  Fig.  8-6.  In  numerical 
problems  we  shall  express  currents  in  mill  amperes  and  impedances  in  kilohms.  (Note 
that  the  product  of  milliamperes  and  kilohms  is  volts.)  Evidently  Egk  = 1,  and  the 
fictitious-generator  voltage  is  pEgu  = 8 volts  rms.  Employing  the  customary  analy- 
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sis  using  complex  numbers,  the  voltage  drop  from  G to  A is  1 -f  jQ.  This  voltage  is 
chosen  along  the  axis  of  reals,  for  convenience.  The  Thevenin’s  generator  E^a  is  in 
phase  with  this  voltage  and  equals  8 -|-  jQ.  Therefore, 

I.  = 5 +M  + ,-6)  - 

The  output-voltage  drop  is 

Epfc  = -IpZz,  = -0.943/ -45°  X 6.08/80.5°  = -5.73/35.5° 

= 5.73/  — 144.5°  volts 

The  voltage  gain  of  the  system  is 

A = output-voltage  drop  ^ 5.73/ -144.5°  _ 

input-voltage  drop  1 /0°  ‘ ^ — 

The  amplification  A is  a complex  number.  Its  magnitude  gives  the  ratio  of  output 
to  input  voltages.  Its  phase  angle  gives  the  number  of  degrees  by  which  the  output 


Fig.  8-7.  The  phasor  diagram  for  the  circuit  of  Fig.  8-6. 


leads  the  input.  In  this  illustration  the  input  leads  the  output  by  144.5  deg.  The 
complete  phasor  diagram  of  the  circuit  is  shown  in  Fig.  8-7. 

Example  3.  In  the  circuit  sketched  in  Fig.  8-8a  the  input  signal  E is  0.5  volt  rms 
at  2,000  cps.  If  the  12-K  resistor  represents  the  resistance  of  an  a-c  voltmeter,  what 
will  this  meter  read? 

Solution.  The  quiescent  values  will  first  be  found.  Since  the  capacitor  cannot  pass 
direct  current,  then  the  branch  of  the  circuit  containing  the  capacitor  is  effectively 
open  as  far  as  the  quiescent  point  is  concerned.  The  grid  bias  is  —6  volts  since  the 
d-c  drop  through  the  800  ohms  is  zero  (assuming  zero  grid  current).  A load  line 
corresponding  to  a load  of  6 -f-  4 = 10  kilohms  and  a plate  supply  of  300  volts  drawn 
on  Fig.  A9-8  give  h = 9.0  ma  and  Ei,  = 210  volts  at  = -6  volts.  From  Fig.  7-8 
we  find  that  at  this  quiescent  point  = 20  and  rp  = 7.5  K. 

The  equivalent  circuit  is  shown  in  Fig.  8-86.  The  magnitude  of  the  reactance  of 
the  capacitor  is 

1 10® 

""  2^  ^ (27r) (2,000)  (0.0025)  ^ ^ 

The  reference  directions  for  the  mesh  currents  are  completely  arbitrary  and  have 
been  chosen  clockwise.  It  is  most  important  to  note  that  Ej^  is  not  equal  to  the  input 
voltage.  It  can  be  found  by  traversing  the  network  from  the  grid  to  the  cathode  and 
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adding  all  the  voltage  drops  encountered.  Any  path  from  G to  A may  be  chosen  but 
the  most  direct  one  is  usually  taken  since  it  involves  the  least  amount  of  labor.  Thus 

= 0.5  + O.8I1  (8-6) 

Adding  the  voltage  drops  in  the  direction  of  the  current  Ii  and  equating  the  result  to 
zero  yield 

(12  + 0.8  + 4 - i31.8)I,  - 4I2  = 0 
or 

U = (4.2  - j7.95)Ii  (8-7) 

Similarly,  Kirchhoff’s  voltage  law  around  mesh  2 gives 

-41i  + (7.5  + 6-1-  4)12  + 20E^i.  = 0 (8-8) 

P P 


Fig.  8-8.  A network  with  two  meshes,  (a)  Actual  circuit  and  (b)  equivalent  circuit. 

Equations  (8-6),  (8-7),  and  (8-8)  determine  the  solution.  Thus,  putting  Eqs.  (8-6) 
and  (8-7)  into  (8-8)  yields 

-4Ii  + (17.5) (4.2  - j7.95)Ii  + (20) (0.5  + O.8I1)  = 0 
or 

Ii  = —0.032  — j0.052  ma 

Since  the  capacitor  blocks  the  quiescent  current  from  getting  to  the  meter,  it  will 
read  only  the  product  of  its  resistance  and  the  alternating  current  through  it.  It 
is  this  alternating  current  which  we  have  just  calculated  from  the  equivalent  circuit 
(which  is  valid  only  for  variations  from  the  quiescent  value).  The  rms  voltage  is 
therefore 

(12)[(0.032)2  + (0.052)2]5  = 0.73  volt 

Example  4.  Draw  the  equivalent  circuit  for  the  network  of  Fig.  8-9a,  and  set  up 
the  equations  from  which  the  alternating  currents  and  voltages  may  be  found.  Since 
there  are  two  generators  shown  in  the  network,  the  problem  is  not  uniquely  specified 
unless  the  phase  between  these  two  is  given.  Assume,  therefore,  that  with  the  refer- 
ence polarities  indicated,  E2  leads  Ei  by  30  deg  and  that  the  rms  value  of  Ei  is  1.50 
volts  and  that  of  E2  is  2.00  volts. 

Solution.  The  phasor  Ei  is  arbitrarily  chosen  along  the  horizontal  axis,  so  that 
El  = 1.50  +j0 

E,  = (2.00)730°  = (2.00) (cos  30°  + j sin  30°)  = 1.73  +il.00 


and 
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The  points  K,  P,  and  G are  indicated  for  each  tube.  The  subscript  1 or  2 is  used 
to  designate  which  tube  is  under  consideration.  For  example,  P2  is  the  plate  of  the 
second  tube;  represents  the  voltage  drop  from  grid  to  cathode  of  tube  1.  The 
rules  given  at  the  beginning  of  this  section  are  followed  for  each  tube  separately,  and 
the  resultant  equivalent  circuit  is  shown  in  Fig.  8-9&. 

The  positive  reference  directions  for  the  mesh  currents  are  arbitrarily  taken  clock- 
wise. For  any  network  the  fictitious  generators  fi^gk  of  each  tube  must  have  the  posi- 
tive reference  polarity  at  its  respective  cathode  independent  of  any  other  voltage  or 
current  polarities  in  the  circuit. 


Fig.  8-9.  A two-tube  problem,  (a)  Actual  circuit  and  (b)  equivalent  circuit. 


It  should  be  noted  that  the  battery  Ebi,  has  been  replaced  on  the  equivalent  network 
by  a short  circuit  from  the  plate  of  Pi  to  the  junction  of  Ri  and  R2.  (This  assumes 
that  the  battery  has  zero  internal  resistance.) 

The  most  systematic  way  of  setting  up  the  equations  is  as  follows : 

1.  Traverse  each  mesh  in  the  current  reference  direction. 

2.  Find  the  voltage  drops  due  to  Ii  flowing  through  all  the  passive  impedances  in 
this  mesh.  Use  a plus  sign  for  the  voltage  drops  if  traversing  the  circuit  in  the  current 
reference  direction  and  a minus  sign  if  traveling  in  the  opposite  direction. 

3.  Repeat  for  I2  and  all  other  currents. 

4.  Find  the  voltage  drops  of  all  the  generators  (in  the  chosen  traversing  direction). 


5.  Set  the  sum  of  all  these  equal  to  zero. 

Applying  these  rules  to  mesh  1 yields 

"1”  (r^i  -f-  Rs  T Tp2  — yAc)Ii  — {Rs  T Tp^\2  ( jXc)^z  T = 0 (8-9) 

Similarly  for  mesh  2,  there  is  obtained 

— {Rz  + rp2)Il  “b  {Ri  T Tpi  T .^3)12  — -^213  T"  iPRigki  = 0 (8-10) 

and,  for  mesh  3,  there  results 

-(-iXc)Ii  - Rili  + {Ri  - jXc  + Ri)lz  = 0 (8-11) 

Before  it  is  possible  to  solve  for  the  currents,  and  Eghi  must  be  found.  Adding 
drops  from  to  Ai  gives 

E,«  = 1.50  4-  ;0  + Rilz  (8-12) 

Adding  drops  from  G2  to  K2  yields 

E,;t2  = 1.73  -bjT.OO  + A2I2  - A2I3  (8-13) 


Substitute  from  Eqs.  (8-12)  and  (8-13)  into  Eqs.  (8-9)  and  (8-10).  The  resulting 
equations  and  Eq.  (8-11)  will  then  be  a set  of  three  for  the  three  unknowns  Ii,  I2,  and 
I3  in  terms  of  the  circuit  constants. 
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8-4.  Taylor’s  Series  Derivation  of  the  Equivalent  Circuit.  It  is 

instructive  to  obtain  the  equivalent  circuit  of  a triode  from  a Taylor’s 
series  expansion  of  the  current  % about  the  quiescent  point  Q.  This 
derivation  will  show  the  limitations  of  this  equivalent  circuit  and  will 
also  supply  the  proof  that  ju  = 

If  the  grid  voltage  remains  constant  but  the  plate  voltage  changes  by 
an  amount  Ae^,  then  the  change  in  current  equals  the  rate  of  change  of 
current  with  plate  voltage  times  the 
change  in  plate  voltage,  or 

The  subscript  indicates  the  variable 
held  constant  in  performing  the  partial 
differentiation.  This  relationship  is  illus- 
trated in  Fig.  8-10  and  is  seen  to  be 
strictly  true  only  if  the  slope  of  the  plate 
characteristic  is  constant  for  the  assumed 
change  in  voltage.  Similarly,  if  the  plate 
voltage  remains  constant  but  the  grid 

voltage  changes  by  ACc,  then  the  change  in  current  is  given  by 


Fig.  8-10.  If  the  grid  voltage  is 
constant,  then  Afft  = (slope)  (Aes) 
= {dib/deh)Ec 


Aib  = 


ACc 


If  both  the  grid  and  plate  voltages  are  varied,  then  the  plate-current 
change  is  the  sum  of  the  two  changes  indicated  above,  or 


Aib  = 


(8-14) 


As  mentioned  above,  this  expression  is  only  approximate.  It  is,  in  fact, 
just  the  first  two  terms  of  the  Taylor’s  series  expansion  of  the  function 
ibieb,  Cc).  In  the  general  case. 


Aib  = 


( dib\  . I / dij\  . 1 I / _1_  ^ ^ 

— { X ) ACft  -f-  ( 1 ACc  9 \ 2 ) \A6b)  ■!"  9 \ 2 / (ACc) 

\deb/Ec  \dec/Et  ^ \oe,b  / e^  ^ / e^ 


+ 


dHb 

dCb 


ACb  Abc  + 


(8-15) 


Consider  the  third  term  in  this  expansion.  Since  from  Eqs.  (7-4)  the 
plate  resistance  is  given  by  l/r^  = (54/ dCb)  this  term  equals 


1 r5(l/rp) 

2 L J 


(Aeb)2 
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Similarly,  the  fourth-,  fifth-,  and  higher-order  terms  in  Eq.  (8-15)  repre- 
sent derivatives  of  Vp  and  Qm  with  respect  to  plate  and  grid  voltages. 

The  present  method  of  analysis  is  based  on  the  assumption  that  the 
tube  parameters  are  sensibly  constant  over  the  operating  range  Ae^  and 
ACc.  Under  these  conditions  a satisfactory  representation  of  the  vari- 
ations in  plate  current  about  the  quiescent  point  is  given  by  Eq.  (8-14). 
This  expression  may  be  written  in  the  following  form,  by  virtue  of 
Eqs.  (7-4): 

A4  = — Acs  -f  Qm  ACc  (8-16) 

Tp 

We  shall  digress  a moment  and  show  that 


M '^pQm 


(8-17) 


It  follows  from  Eq.  (8-16)  that,  if  the  plate  current  is  constant  so  that 
Alb  = 0,  then 

A . A 

0 “1~  Qrn 

Tp 

or 


But  since  the  plate  current  has  been  taken  to  be  constant,  then  — ACb/ACc 
is  by  definition  [Eq.  (7-3)]  the  amplification  factor.  Hence,  ju  = gmfp. 
Since  Qm,  = mAp,  Eq.  (8-16)  becomes 


Vp  Aib  = Acb  -f  M ACc  (8-18) 

where,  as  before,  the  A’s  denote  changes  about  the  quiescent  point. 
Using  the  notation  of  Eqs.  (8-3),  this  becomes 


Cp  fi6g  -|-  ipT p (8-19) 

This  expression  shows  that  the  varying  voltage  Cp  with  respect  to  the  Q 
point  is  made  up  of  two  components:  One  is  a generated  emf  which  is  /x 
times  as  large  as  the  grid-to-cathode  voltage  variation  eg ; the  second  is  a 
varying  voltage  across  the  tube  resistor  Vp  that  results  from  the  varying 
load  current  ip  through  it. 

The  result  of  this  discussion  is  the  equivalent  shown  in  Fig.  8-2.  It  is 
seen  from  the  diagram  that  the  voltage  drop  gp*  from  plate  to  cathode  is 
equal  to  the  voltage  drop  in  the  plate  resistor  less  the  generator  voltage,  or 

This  is  exactly  Eq.  (8-19),  which  verifies  that  Fig.  8-2  is  the  correct 
equivalent-circuit  representation  of  the  tube. 
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^1(0 


(6) 


{a) 

Fig.  8-11.  As  viewed  from  terminals  1 
and  2,  the  Thevenin’s  circuit  in  (a)  is 
equivalent  to  the  Norton’s  circuit  in  (b). 


8-6.  Equivalent  Current-source  Representation  of  a Triode.  Theve- 
nin’s equivalent  circuit  is  used  if  a network  is  analyzed  by  the  mesh 
method.  However,  if  a nodal  analysis  is  made,  then  Norton’s  equivalent 
circuit  is  more  useful.  Norton’s 

theorem  states  that  the  equivalent  i / , r o / 

circuit  between  two  points  in  a net- 
work consists  of  the  impedance  Z, 
seen  looking  hack  between  these  two 
terminals,  in  parallel  with  a current 
generator  whose  value  is  the  current 
I which  flows  when  the  terminals  are 
short-circuited.  In  other  words,  a 
voltage  source  E in  series  with  an 
impedance  Z is  equivalent  to  a current 
source  'EfZin  parallel  with  an  imped- 
ance Z.  These  equivalent  circuits 
are  indicated  in  Fig.  8-1  la  and  h. 

An  alternative  form  of  Norton’s  theorem  which  is  evident  from  Fig. 
8-116  is  the  following:  The  voltage  between  two  points  in  a linear  network 
equals  the  product  of  the  current  I which  flows  in  a short  circuit  placed 
between  these  terminals  by  the  impedance  Z between  these  points.  This  form 

is  very  useful  in  solving  for  a nodal  voltage  in 
a network,  as  we  shall  demonstrate  later. 

From  the  voltage-source  representation  of 
a triode  given  in  Fig.  8-26  we  see  that  the  short- 
circuit  current  has  a magnitude  = gmOgh, 

where  use  is  made  of  Eq.  (8-17).  The  direc- 
tion of  the  current  is  such  that  it  will  flow 
through  an  external  load  in  the  direction  from 
cathode  to  plate.  Hence,  the  current-source  equivalent  circuit  is  as  indi- 
cated in  Fig.  8-12. 

We  shall  now  again  solve  Example  1 in  Sec.  8-3  using  the  Norton’s 
equivalent  representation.  For  convenience,  the  circuit  of  Fig.  8-4  is 
repeated  in  Fig.  8-13a.  Its  current-source  equivalent  is  given  in  Fig. 
8-136  and  is  the  same  as  that  indicated  in  Fig.  8-12  but  with  the  addition 
of  the  load  resistor  jRl  in  parallel  with  fp.  If  R'  = rj,RLf{rj,  -t-  Rl)  = the 
parallel  combination  of  r^,  and  Rl,  then  the  output  voltage  is 

Eq  = Ep*  = — \R'  = — grflSigkR' 

The  voltage  amplification  A is 


tAv  ^~9m^gk 


-yr 

epk 


K K 

Fig.  8-12.  The  current- 
source  equivalent  circuit  of 
a triode. 


A = = -g„W 


(8-20) 
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which  is  equivalent  to  Eq.  (8-5)  because  n = Vpg^.  The  circuit  just 
considered  has  its  cathode  common  to  the  input  and  output  circuits 
and  hence  is  called  the  common-cathode  (or  grounded-cathode)  amplifier. 
The  important  result,  that  the  voltage  gain  of  a common-cathode  amyUiier 
is  the  product  of  the  transconductance  and  the  total  imyedanee  between  plate 
and  cathode,  is  well  worth  remembering.  If  the  load  Zl  is  reactive,  then 


(6) 

Fig.  8-13.  (a)  The  common-cathode  amplifier  configuration  and  (b)  its  current- 
source  equivalent  circuit. 


R'  in  Eq.  (8-20)  must  be  replaced  by  Z',  where  Z'  represents  the  parallel 
impedance  of  and  Zz,. 

8-6.  The  Vacuum  Triode  as  a Small-signal  Amplifier.  The  grounded- 
cathode  amplifier  is  the  one  most  frequently  used,  but  two  other  con- 
figurations, the  grounded-grid  and  the  grounded-plate  amplifiers,  are 
possible.  We  shall  now  study  and  compare  the  characteristics  of  these 
three  amplifier  circuits. 


P 


Fig.  8-14.  (a)  The  grounded-grid 


P 


ib) 

iplifier  and  (fe)  its  equivalent  circuit. 


The  grounded-grid  amplifier  is  shown  in  Fig.  8-14.  As  far  as  a-c  volt- 
ages are  concerned,  the  grid  is  at  ground  potential,  which  accounts  for 
the  name  “grounded-grid  amplifier.”  The  input  signal  E is  applied 
between  cathode  and  ground,  and,  for  the  moment,  we  shall  neglect 
the  impedance  Rs  of  the  signal  source.  The  output  Eo  is  taken  across 
the  load  resistor  Rl.  Since  the  grid  is  common  to  the  input  and  the 
output  circuits,  this  configuration  is  also  called  the  common-grid  amplifier. 
The  voltage  equivalent  circuit  is  given  in  Fig.  8-146.  We  see  that 

-T  Rl)  — p^gk  -|-  E = 0 Eg*  = — E (8-21) 
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and  the  voltage  gain  A is  given  by 


* _ Ip-Ri-  _ + I)!?!, 

^ “ E E Rl  + t^ 


(8-22) 


niagnitude  of  the  amplification  is  almost  the  same  (since  u ^ li  as 
that  obtained  from  the  grounded-cathode  amplifier  [Eg.  (8-5)]  hut,  t.hp 
output  is  now  in  phase  with  the  input.  This  result  could  have  been 
anticipated  from  an  inspection  of  Fig.  8-14a.  As  the  input  voltage  is 
made  more  positive,  the  grid  voltage  decreases  with  respect  to  the 
cathode.  Hence,  the  plate  current  decreases,  and  the  plate  voltage  rises. 
Therefore,  a positive  input  signal  results  in  a positivf^  ontpnf,  vnR.agP^  «« 
indicated  by  the  4-  sign  of  Eo.  ('8-22E 


Fig.  8-15.  (a)  The  grounded-plate  (cathode-follower)  amplifier  and  (b)  its  equivalent 
circuit. 


The  source  impedance  Rs  has  been  neglected  in  the  above  discussion. 
If  this  impedance  is  taken  into  account,  we  find  that 


Eq  _ ~I~(m  4~  1)^L 

E Rl  + Tp  + (/X  + l)Rs 


(8-23) 


Hence,  the  voltage  gain  is  greatly  reduced  unless  Rs  is  kept  small  com- 
pared with  (Rz  -j-  rp)/{n  + 1),  which  usually  is  of  the  order  of  1,000  ohms 
or  less.  The  physical  reason  for  this  loss  of  amplification,  called  degenera- 
tion, is  that  the  plate  current  passes  through  the  source  impedance. 
With  the  grounded-cathode  amplifier  the  source  impedance  adds  no 
degeneration  because  it  is  in  series  with  the  grid  which  (ideally)  draws  no 
current.  The  grounded-grid  circuit  is  employed  only  in  special  applica- 
tions. For  example,  it  finds  use  as  a tuned  voltage  amplifier  at  ultrahigh 
frequencies^  because  the  grounded  grid  acts  as  a grounded  electrostatic 
shield  which  prevents  coupling  between  input  and  output  circuits. 

The  grounded-plate  amplifier  is  indicated  in  Fig.  8-15a.  The  signal  E 
is  applied  between  grid  and  ground,  and  the  output  voltage  Eo  is  taken 
across  a resistor  Rk  between  cathode  and  ground.  As  far  as  a-c  voltages 
are  concerned,  the  plate  is  at  ground  potential,  which  accounts  for  the 
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name  “grounded-plate  amplifier.”  This  important  circuit  is  more  popu- 
larly known  as  the  cathode  follower  for  reasons  which  will  appear  presently. 
The  vacuum  tube  has  been  replaced  by  its  equivalent  circuit  in  Fig.  8-156. 
The  current  I must  satisfy  Kirchhoff’s  voltage  equation 

I(rp  + Rk)  MEfffc  = 0 


The  voltage  drop  from  G to  K is  not  the  input  voltage  but  now  equals 

Egfc  = E — IRk 

Eliminating  Egk  and  solving  for  Eo  = IRk,  we  have  for  the  amplification 


Eo  _ 

E {fjL  l)Rk  Tp 


(8-24) 


If  (n  l)Rk^  Tp,  then  the  gain  is  m/(m  + 1)>  or  approximately  unity 
if  ju  ^ 1.  A gain  of  0.95  or  larger  is  not  difficult  to  achieve.  The 


Fig.  8-16.  The  Th^venin  equivalent  circuit  of  an  amplifier. 


polarity  of  the  output  signal,  the  voltage  at  the  cathode,  is  the  same 
as  the  input  signal,  the  voltage  at  the  grid.  The  cathode  voltage  there- 
fore follows  the  grid  voltage  very  closely,  and  this  feature  accounts  for 
the  name  cathode  follower  given  to  the  circuit. 

The  Thevenin  equivalent  of  any  amplifier  circuit  is  indicated  in 
Fig.  8-16.  The  input  terminals  are  marked  1 and  2,  and  the  input 
voltage  is  E.  The  output  terminals  are  marked  3 and  4.  The  external 
load  is  marked  Zl  and  the  output  impedance  is  Z^.  Since  the  open-circuit 
voltage  is  the  amplifier  voltage  gain  A„  times  the  externally  applied 
voltage,  the  Thevenin’s  generator  is  A„E,  as  indicated.  Note  that  A„ 
is  the  unloaded  voltage  gain,  i.e.,  the  gain  with  no  external  load  placed 
across  the  amplifier  and  hence  zero  load  current,  II  = 0.  The  loaded 
gain  (the  amplification  with  the  load  Zz,  in  place)  is  called  A.  We  have 
already  made  use  of  this  notation  in  Eqs.  (8-5),  (8-20),  (8-22),  etc. 
Capital  letters  are  used  for  phasor  (sinor)  quantities.  If  instantaneous 
rather  than  phasor  voltages  are  under  consideration,  then  lower-case 
letters  should  be  used  for  current  and  voltage  and  an  impedance  Zo 
should  be  replaced  by  a resistance  Rg. 

The  output  voltage  is  given  by 


E„  = A^,E  - IlZo  (8-25) 

This  equation  may  be  used  to  define  A,,  and  Zo  for  a particular  circuit. 
For  example,  if  we  find  that  the  output  voltage  of  an  amplifier  varies 
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linearly  with  load  current,  as  indicated  in  Eq.  (8-25),  then  the  factor 
multiplying  the  applied  voltage  E is  the  unloaded  gain  A^,,  and  the  factor 
multiplying  the  load  current  1l  is  the  output  impedance  Z^,  provided  that 
these  factors  A„  and  Zo  are  independent  of  the  load  Zl. 

An  alternative  expression  for  the  output  voltage,  obtained  from  inspec- 
tion of  Fig.  8-16,  is 

This  equation  may  also  be  used  to  define  A„  and  Zo.  We  note  that  the 
output  voltage  is  given  by  the  product  of  three  factors,  one  of  which 
is  the  externally  applied  voltage  E and  another  is  of  the  form  of  the  load 
impedance  divided  by  the  sum  of  the  load  impedance  and  some  other 


rp/[p+J]  rp+(p+f)Rs 


[a]  {b)  ic) 

Fig.  8-17.  The  Th4venin  equivalent  circuits  of  the  three  basic  amplifier  configurations. 

impedance  Zg.  This  Zo  is  interpreted  as  the  output  impedance,  and  the 
third  factor  as  the  unloaded  gain  A»,  provided  that  these  factors  A„  and  Zo 
are  independent  of  the  load  Zl.  For  example,  from  Eq.  (8-24)  we  find  for 
the  output  voltage  of  the  cathode  follower 


Eo  = (8-27) 

M + 1 iCfc  + rp/{n  -1-1) 

This  expression  has  been  put  into  the  form  of  Eq.  (8-26)  provided  that 
Rk  is  considered  as  an  external  load.  Hence,  for  the  cathode  follower 


A 


M 

M + 1 


Zo  = 


M + 1 


(8-28) 


Equation  (8-23)  is  already  the  form  of  Eq.  (8-26)  and  hence,  if  Rl  is 
considered  as  an  external  load,  we  conclude  that  for  a grounded-grid 
amplifier 

Av  = -(-  1 Zo  = rp  {fi  l)Rs  (8-29) 


Similarly,  from  Eq.  (8-5) , we  find  that  for  a grounded-cathode  amplifier 


Av  = —p  Zo  = rp  (8-30) 

These  results  are  indicated  in  the  equivalent  circuits  of  Fig.  8-17.  We 
note  that  the  output  impedance  of  the  cathode  follower  is  much  smaller 
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than  the  plate  resistance.  For  example,  if  1,  then 

7 = ~ = i- 

M + 1 “ M Qm 

For  a of  2 millimhos  the  output  impedance  is  only  500  ohms,  and  for  a 
higher  value  of  transconductance  Z„  is  even  less.  On  the  other  hand, 
since  the  input  signal  is  applied  to  the  grid,  the  input  impedance  (for 
negative  grid  voltages  where  the  grid  current  is  negligible)  is  very  high 
(ideally  infinite).  A cathode  follower  is  usually  employed  when  a high 
input  impedance  and  a low  output  impedance  are  desired.  Many  more 
of  the  characteristics  and  applications  of  the  cathode  follower  are  given  in 
Sec.  8-10  and  in  Chap.  17. 

The  output  impedance  of  the  grounded-grid  amplifier  will  be  much 
higher  than  the  plate  resistance  if  the  source  has  appreciable  resistance 
Rs  or  if  an  additional  resistance  is  intentionally  added  in  series  with  the 
cathode.  On  the  other  hand,  we  have  already  mentioned  that  the  input 
impedance  is  quite  low  (Prob.  8-23).  Hence,  a grounded-grid  amplifier 
may  be  employed  when  a low  input  impedance  and  a high  output  imped- 
ance are  desired.  Such  applications  are  infrequent. 

The  grounded-cathode  amplifier  has  a high  input  impedance,  an  output 
impedance  equal  to  the  plate  resistance,  and  a voltage  gain  which  may 
approach  the  ju  of  the  tube  (although  an  amplification  of  the  order  of  n/2 
is  more  common).  This  circuit  is  employed  more  often  than  the  other 
two  configurations.  Cascaded  common-cathode  amplifiers  are  discussed 
in  Chap.  15. 

8-7.  Measurement  of  Triode  Coefficients.  ^ The  values  of  n,  Vp,  and 

gm  illustrated  in  Fig.  7-8  may  be  determined  graphically  from  the  static 
characteristic  curves  given  in  Figs.  7-6a,  7-65,  and  7-7  by  drawing  tan- 
gents to  these  curves  and  determining  the  slopes  at  the  points  in  question. 
The  accuracy  with  which  these  determinations  may  be  made  is  generally 
low,  and  it  is  usually  more  desirable  to  measure  these  quantities  dynam- 
ically by  means  of  suitable  a-c  bridge  networks. 

The  amplification  factor  n is  readily  determined  by  means  of  the  circuit 
shown  in  Fig.  8-18a.  The  equivalent  circuit  of  this  network  is  given  in 
Fig.  8-185.  The  operations  involved  in  balancing  this  bridge  consist 
simply  in  varying  Ri  and  R2  until  no  a-c  signal  from  the  oscillator  is  heard 
in  the  earphones.  This  requires,  of  course,  that  the  current  /i  be  zero. 
When  this  condition  is  satisfied,  ju  = R2/R1.  This  equation  can  be 
proved  as  follows: 

By  applying  Kirchhoff’s  law  to  the  plate  circuit  and  remembering  that 
1 1 must  be  zero  under  the  conditions  of  balance. 


-\-fiEgk  IR2  — 0 
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From  Fig.  8-186  we  see  that  'Egk  = 1R\.  Hence, 

juEjfc  = \R<i  = 


from  which  it  follows  that 


(8-31) 


This  extremely  convenient  method  may  be  used  for  measuring  the 
amplification  factor  for  any  desired  value  of  d-c  plate  current  in  the 
tube  simply  by  adjusting  the  grid  bias  Ecc-  The  telephone  is  preferably 


(a)  (6) 

Fig.  8-18.  The  Miller  bridge  circuit  for  determining  the  amplification  factor  of  a 
ttiode  under  operating  conditions,  (a)  Actual  circuit  and  (6)  equivalent  circuit. 


(a)  {&) 

Fig.  8-19.  The  Miller  bridge  circuit  for  determining  the  transconductance  of  a triode 
under  operating  conditions,  (a)  Actual  circuit  and  (6)  equivalent  circuit. 

connected  to  the  secondary  of  a small  transformer  so  that  the  direct 
current  does  not  pass  through  the  telephone  and  thereby  polarize  it. 

In  order  to  measure  the  transconductance  gm,  the  foregoing  circuit  is 
modified  slightly.  This  modification  consists  in  inserting  the  resistor  Rs 
between  the  cathode  and  the  plate.  The  schematic  and  equivalent 
circuits  of  this  modified  network  are  shown  in  Fig.  8-19.  To  make  this 
measurement,  the  resistances  are  varied  until  no  sound  is  heard  in  the 
telephone.  The  current  in  mesh  3 is  zero,  since  this  is  the  current  in  the 
telephone  at  balance.  Kirchhoff’s  law  is  applied  to  mesh  1.  The  sum 
of  the  voltage  drops  is 


{Rz  + rp)Ii  -fi  — 0 
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The  voltage  drop  from  grid  to  cathode  is 

= I2I21 

Then, 

Ii(i?3  + Vp)  = — juEpit  = — HI2R1 

Kirchhoff’s  law  applied  to  mesh  3 yields 

— J.2R2  — Ii-Rs  “ d 
or 

IijKa  = — l2i^2 

The  ratio  of  Eq.  (8-32)  to  Eq.  (8-33)  is 

Rz  + rp  _ Ri 

from  which 


(8-32) 


(8-33) 


= Rz 


(4;-0 


(8-34) 


If  fi  is  first  measured,  this  circuit  permits  Vp  to  be  calculated.  How- 
ever, the  value  of  Vp  is  then  dependent  upon  the  measurement  of  ju. 

Hence  this  bridge  network  is  used,  not  to  meas- 
ure Vp,  but  to  measure  Qm  instead.  The  trans- 
conductance  is  calculated  by  choosing  Ri  much 
greater  than  R2,  so  that  ijlRi/R2'^1.  Then, 
approximately,  from  Eq.  (8-34) 

RsRi 


R, 


or 


Fig.  8-20.  A Wheat- 
stone bridge  arrangement 
for  determining  the  plate 
resistance  of  a triode 
under  operating  con- 
ditions. 


9m 


R2 


RsRi 


(8-35) 


A transformer  should  be  used  with  the  telephone 
receiver,  as  in  the  measurement  of  jn. 

The  plate  resistance  Vp  of  the  tube  can  be 
directly  measured  by  incorporating  the  plate 
circuit  of  the  tube  as  the  fourth  arm  of  a Wheatstone  bridge,  as  shown 
in  Fig.  8-20.  When  the  bridge  is  balanced, 

R2Rz 


= 


Ri 


(8-36) 


In  order  to  obtain  perfect  balance  in  the  bridge  circuits  of  Figs.  8-20, 
8-19,  and  8-18,  it  is  sometimes  necessary  to  provide  means  for  balancing 
the  capacitive  effects  of  the  tube.  Basically,  however,  the  circuits  are 
those  given  above. 

8-8.  Interelectrode  Capacitances  in  a Triode.  We  assumed  in  the 
foregoing  discussions  that  with  a negative  bias  the  input  current  was  negli- 
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gible  and  that  changes  in  the  plate  circuit  were  not  reflected  into  the  grid 
circuit.  These  assumptions  are  not  strictly  true,  as  will  now  be  shown. 

The  grid,  plate,  and  cathode  elements  are  conductors  separated  by  a 
dielectric  (a  vacuum),  and  hence,  by  elementary  electrostatics,  there  exist 
capacitances  between  pairs  of  electrodes.  Clearly,  the  input  current  in 
a grounded-cathode  amplifier  cannot  be  zero  because  the  source  must 
supply  current  to  the  grid-cathode  capacitance  and  to  the  grid-plate 
capacitance.  Furthermore,  the  input  and  output  circuits  are  no  longer 
isolated,  but  there  is  coupling  between  them  through  the  grid-plate 
capacitance.  Although  these  capacitances  are  small,  usually  less  than 
10  jujbif , yet  at  the  upper  audio  frequencies  and  above  they  produce  appreci- 
able loading  of  the  input  source  and  they  also  cause  output-to-input  feed- 
back. They  must  therefore  be  taken  into  account. 


Fig.  8-21.  The  schematic  and  equivalent  circuits  of  a grounded-cathode  amplifier 
taking  into  account  the  interelectrode  capacitances. 


A more  complete  circuit  and  its  equivalent  circuit,  which  includes  the 
interelectrode  capacitances,  are  given  in  Fig.  8-21.  In  this  circuit,  Cgp 
represents  the  capacitance  between  the  grid  and  the  plate;  Cgk  is  the 
capacitance  between  the  grid  and  the  cathode ; and  Cpk  is  the  capacitance 
between  the  plate  and  the  cathode.  The  inclusion  of  these  tube  capaci- 
tances [shown  dashed  in  the  schematic  diagram  and  shown  explicitly  in  the 
equivalent  amplifier  circuit  of  (6)]  yields  results  that  are  more  precise  than 
those  resulting  from  the  analysis  of  the  simple  circuit  of  Fig.  8-4.  It  will 
be  noted  that  the  same  procedure  outlined  in  Sec.  8-3  has  been  followed  in 
order  to  obtain  the  equivalent  circuit  of  the  amplifier.  It  is  evident  that 
Egk  = Eg,  and  so  juEg  has  been  written  for  the  emf  of  the  Thevenin’s 
generator  in  the  equivalent  circuit  (5). 

The  output  voltage  between  terminals  P and  K is  easily  found  with  the 
aid  of  the  theorem  of  Sec.  8-5,  viz.,  Ep*  = IZ,  where  I is  the  short-circuit 
current  and  Z is  the  impedance  seen  between  the  terminals.  To  find  Z, 
the  generators  Eg  and  nEg  in  Fig.  8-216  are  (imagined)  short-circuited, 
and  we  note  that  Z is  the  parallel  combination  of  the  impedances  corre- 
sponding to  Zl,  Cpk,  Vp,  and  Cgp.  Hence, 


Y s f = Yi  + + Yp  + Y„ 


(8-37) 
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where  Yl  = 1 /Zl  is  the  admittance  corresponding  to  Zl 
Ypfc  = jicCpk  is  the  admittance  corresponding  to  Cpk 
Yp  = l/vp  is  the  admittance  corresponding  to  Vp 
Ygp  = joiCgp  is  the  admittance  corresponding  to  Cgp 
The  current  in  the  direction  from  P to  K in  a zero-resistance  wire  con- 
necting the  output  terminals  is  —fiEgfrp  = —Qm^g  due  to  the  generator 
MEg  and  is  due  to  the  signal  Eg.  Hence  the  total  short-circuit 

current  is 

I = -gA  + EgYgp  (8-38) 


The  amplification  A with  the  load  Zl  in  place  is  given  by 


A = 


Ejjfc 


E. 


Yl 

E„ 


I 

EgY 


or,  from  Eqs.  (8-37)  and  (8-38), 

A = 


Qm  T Yg 


Yz,  + Ypfc  -h  Y„  + Y 


(8-39) 


OP 


It  is  interesting  to  see  that  Eq.  (8-39)  reduces  to  the  expression  already 
developed  for  the  case  where  the  interelectrode  capacitances  are  neglected. 
Under  these  conditions,  Ypu  = Ygp  = 0,  and  Eq.  (8-39)  reduces  to 


A = 


Qm  Qm 

Yp  + Yl  “ l/rp  + 1/Zl 


1 

^ 1 + TpIZl 


(8-40) 


This  is  a generalization  of  Eq.  (8-5),  which  is  valid  for  the  case  where  the 
load  is  Zl.  Of  course,  if  Zl  = Pl,  this  reduces  to  Eq.  (8-5). 

It  is  a simple  matter  to  show  that  the  error  made  in  the  calculation  of 
the  gain  is  very  small  when  the  interelectrode  capacitances  are  neglected 
for  frequencies  covering  the  entire  audio-frequency  range.  These  inter- 
electrode capacitances  are  seldom  as  large  as  15  ju/xf,  which  corresponds  to 
an  admittance  of  only  about  2 micromhos  at  20,000  cps.  Since  the  trans- 
conductance Qm  of  a triode  is  generally  several  millimhos,  Ygp  may  be 
neglected  in  comparison  with  g^-  Furthermore,  if  Yp  is  greater  than 
20  micromhos  (rp  < 50  kilohms),  the  terms  Ygp  + Ypk  may  be  neglected 
in  comparison  with  Yp  4-  Yl.  Under  these  conditions  the  gain  is  that 
given  by  the  simple  expression  (8-40). 

Since  the  interelectrode  capacitances  have  a relatively  minor  effect  on 
the  audio  gain  of  an  amplifier,  why  is  it  important  to  make  note  of  them? 
The  answer  is  to  be  found  in  the  input  impedance  of  the  tube  (the  loading 
of  the  tube  on  the  input  circuit)  and  in  the  feedback  between  output  and 
input  circuits.  Also,  if  the  amplifier  is  to  be  used  beyond  the  audio  range, 
say  as  a video  (television  or  radar)  amplifier,  then  the  capacitances  may 
seriously  affect  the  gain  and  the  exact  expression,  Eq.  (8-39),  must  be 
used.  These  effects  will  be  examined. 
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8-9.  Input  Admittance  of  a Triode.  An  inspection  of  Fig.  8-21  reveals 
that  the  grid  circuit  is  no  longer  isolated  from  the  plate  circuit.  The 
input  signal  must  supply  a current  Ij.  In  order  to  calculate  this  current, 
it  is  observed  from  the  diagram  that 

II  = EgYgk 

and 

I2  = EgpYgp  = (E^  -}-  Efcp)Y£pp 

Since  Ekp  = —Epk  = — AE^,  then  the  total  input  current  is 

I,  = l,  + h = [Ygk  + (1  - A)Y,^]E,  (8-41) 

By  definition,  the  admittance  of  any  circuit  element  is  the  ratio  of  the 
current  through  the  element  to  the  voltage  drop  across  it  in  the  direction 
of  the  current.  Consequently,  the  input  admittance  is  given  by 

Y,  = L = Y,.  + (1  - A)Y„  (S-42) 

^0 

This  explicit  expression  for  the  input  admittance  of  the  triode  clearly 
indicates  that,  for  the  system  to  possess  a negligible  input  admittance 
over  a wide  range  of  frequencies,  the  grid-cathode  and  the  grid-plate 
capacitances  must  be  negligible. 

Consider  a triode  with  a pure  resistance  load.  Within  the  audio-fre- 
quency range,  the  gain  is  given  by  the  simple  expression 

A = - 

Tp  -f-  Rl 

for  the  reasons  outlined.  In  this  case  Eq.  (8-42)  becomes 

Yi  = jo:  Cgk  + -f  ^ ^op  (8-43) 

Thus  the  input  admittance  is  that  arising  from  the  presence  of  a capaci- 
tance from  the  grid  to  the  cathode  of  magnitude  Ci,  where 

C,  = C„  + (1  + 

This  increase  in  input  capacitance  Ci  over  the  capacitance  from  grid  to 
cathode  Cgk  is  known  as  the  Miller  effect.  The  maximum  possible  value 
of  this  expression  is  Cgk  -f-  (1  + ijjCgp,  which,  for  large  values  of  n,  may 
be  considerably  larger  than  any  of  the  interelectrode  capacitances.  The 
presence  of  this  input  capacitance  may  prove  detrimental  in  certain 
circuits. 

This  input  capacitance  is  important  in  the  operation  of  cascaded  ampli- 
fiers. In  such  a system  the  output  from  one  tube  is  used  as  the  input  to  a 
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second  tube.  Hence,  the  input  impedance  of  the  second  stage  acts  as  a 
shunt  across  the  load  of  the  first  stage.  In  those  cases  for  which  the 
foregoing  is  valid,  the  load  is  being  shunted  by  the  capacitance  Ci.  Since 
the  reactance  of  a capacitor  decreases  with  increasing  frequencies,  the 
resultant  output  impedance  of  the  first  stage  will  be  correspondingly  low 
for  the  high  frequencies.  This  will  result  in  a decreasing  gain  at  the 
higher  frequencies. 

Example.  A 6SL7  has  a load  resistance  of  100,000  ohms  and  operates  at  20,000  cps 
at  the  quiescent  point  recommended  by  the  manufacturers.  Calculate  the  gain  of  this 
tube  as  a single  stage  and  then  as  the  first  tube  in  a cascaded  amplifier  consisting  of  two 
identical  stages. 

Solution.  The  pertinent  information  for  the  6SL7  is  obtained  from  a tube  data 
book. 

Qm  = 1.6  millimhos  Vp  = 44  kilohms  M = 70 

C,k  = 3.0  Cpk  = 3.8  C„p  = 2.8  uni 

Then,  at  20,000  cps, 

= joiCak  = j2ir  X 2 X 10^  X 3.0  X lO-^^  = j3.76  X 10-^  mho 

Ypi  = juCpk  = i4.77  X 10“’  mho 

Ygp  = jioCgp  = j3.52  X 10“’  mho 

Yp  = i = 2.27  X 10“*  mho 

Vp 

Yl  = ^ — 10“5  mho 

xtL 

Qm  = 1.60  X 10“®  mho 

The  gain  of  a one-stage  amplifier  is  given  by  Eq.  (8-39) : 

-gm  + Ygp  -1.60  X 10“^  -f  ;3.52  X 10“’ 

Yp  + Yl  4-  Ypk  + Ypp  3.27  X 10“^  + j8.29  X 10“’ 

It  is  seen  that  the  j terms  (arising  from  the  interelectrode  capacitances)  are  negligible 
in  comparison  with  the  real  terms.  If  these  are  neglected,  then  A = —49.0.  This 
value  can  be  checked  by  using  Eq.  (8-40),  which  neglects  interelectrode  capacities. 
Thus 

A = = -48  7 

I+Tp/Rl  1+0.44 

Since  the  gain  is  a real  number,  then  the  input  impedance  consists  of  a capacitor 
whose  value  is  given  by  Eq.  (8-44), 

Ci  = Cgk  + (l  + ) Cgp  = 3.0  + (1  + 49)(2.8)  = 143  M^f 

\ rp  + Kl/ 

Consider  now  a two-stage  amplifier,  each  stage  consisting  of  a 6SL7  operating  as 
above.  The  gain  of  the  second  stage  is  that  just  calculated.  However,  in  calculating 
the  gain  of  the  first  stage  it  must  be  remembered  that  the  input  impedance  of  the  second 
stage  acts  as  a shunt  on  the  load  resistance  of  the  first  stage.  Thus  the  plate  load  now  con- 
sists of  100,000  ohms  resistance  in  parallel  with  143  uni-  To  this  must  be  added  the 
capacitance  from  plate  to  cathode  of  the  first  stage  since  this  is  also  in  shunt  with  the 
plate  load.  Furthermore,  any  stray  capacitances  due  to  wiring  should  be  taken  into 
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account.  For  example,  for  every  1 nid  capacitance  between  the  leads  going  to  the 
plate  and  grid  of  the  second  stage  there  is  50  ju/tf  effectively  added  across  the  load 
resistor  of  the  first  tube!  This  clearly  indicates  the  importance  of  making  connections 
with  very  short  direct  leads  in  high-frequency  amplifiers.  Let  it  be  assumed  that  the 
input  capacitance  taking  into  account  the  various  factors  just  discussed  is  200  M^f 
(probably  a conservative  figure).  Then  the  load  admittance  is 

Yi  = ^ 4-iwCi  = 10-5  X 2 X 10^  X 200  X lO-i^ 

= 10-5  + j2.52  X 10-5  mho 
The  gain  is  given  by  Eq.  (8-40) : 

A = = -1.6  X 10-5 

Yp  -b  Yz,  2.27  X 10-5  -t-  10-5  + j2.b2  X 10~5 
30.7  +i23.7  = 38.8/143.3° 


Thus,  the  effect  of  the  capacitances  has  been  to  reduce  the  magnitude  of  the  amplifica- 
tion from  49.0  to  38.8  and  to  change  the  phase  angle  between  the  output  and  input 
from  180  to  143.3  deg. 

If  the  frequency  were  higher,  the  gain  would  be  reduced  still  further.  For  example, 
this  circuit  would  be  useless  as  a video  amplifier,  say  to  a few  megacycles  per  second, 
since  the  gain  would  then  be  less  than  unity.  This  variation  of  gain  with  frequency  is 
called  frequency  distortion.  Cascaded  amplifiers  and  frequency  distortion  are  dis- 
cussed in  detail  in  Chap.  15. 


If  the  load  circuit  of  the  amplifier  is  an  impedance  instead  of  a pure 
resistance,  then  A is  a complex  number  in  general 
and  the  input  admittance  will  consist  of  two  terms, 
a resistive  and  a reactive  term.  Let  A be  written 
in  the  general  form 


A = bli-hiA2  (8-45) 

Then  Eq.  (8-42)  becomes 

Yi  = wCgpAi  + jiACgk  + (1  — A^Cgp]  (8-46) 

The  expression  indicates  that  the  equivalent  grid 
input  circuit  comprises  a resistance  Ri  in  parallel 
with  a capacitance  Ci  as  shown  in  Fig.  8-22. 


Ri\ 


Fig.  8-22.  The  equiva- 
lent grid  input  circuit 
may  be  represented  as 
a resistance  Ri  in  par- 
allel with  a capacitance 
Ci. 


R, 


+ j(^Ci 


(8-47) 


It  follows  from  this  that  the  input  admittance  consists  of  a resistance 


Ri  = 


1 

uCgpA  2 


in  parallel  with  a capacitance 


(8-48) 


Ci  — Cgk  -|-  (1  — Al)(7pp 
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Since  no  restrictions  have  been  placed  on  the  system,  it  is  possible  for  the 
term  A 2 to  be  negative  and  the  effective  input  resistance  to  be  negative. 
It  is  interesting  to  note  that  an  effective  negative  input  resistance  is  possi- 
ble only  when  the  load  is  inductive,  with  the  inductance  in  a definite 
range.® 

The  presence  of  a negative  resistance  in  a circuit  can  mean  only  that 
some  power  is  being  generated,  rather  than  being  absorbed.  Physically, 
this  means  that  power  is  being  fed  back  from  the  output  circuit  into  the 
grid  circuit  through  the  coupling  provided  by  the  grid-plate  capacitance. 
If  this  feedback  feature  reaches  an  extreme  stage,  the  system  will  lose  its 
entire  utility  as  an  amplifier,  becoming  in  fact  a self-excited  amplifier,  or 
oscillator. 

Example.  Calculate  the  input  admittance  of  a 6J5  triode  working  into  a load  con- 
sisting of  a 25-millihenry  coil  whose  resistance  is  2,000  ohms.  Assume  that  the  tube  is 
operated  under  recommended  conditions  and  at  a frequency  of  10,000  cps. 

Solution.  The  pertinent  information  for  the  6J5  triode  is  obtained  from  a tube  data 
book. 

gm  = 2.6  millimhos  Vp  = 7.7  kilohms  p = 20 
C,k  = 3.4  Cpk  = 3.6  C„  - 3.4  mmI 

At  10,000  cps, 

= ;2.13  X 10-^  mho 
Ypk  = jo^Cpk  = i2.26  X 10-'  mho 

Yp  = - = 1.3  X 10-^  mho 

Tp 

Zl  = 2,000  + il,570  ohms 

Yl  = ^ = (3.08  - i2.42)  X 10'^  mho 
Zl 

All  wiring  capacitances  are  neglected  in  this  example.  The  gain  of  the  amplifier  is 


A = - 


gv 


-26  X 10- 


Yp  + Yl  1.3  X 10-^  + (3.08  - ;2.42)10 


- = -4.55  - j2.51 


whence  the  input  admittance  becomes 

Yi  = Y„k  + (1  - A)Ypp  = (-5.35  + il3.9)  X 10"' 

If  the  input  circuit  is  supposed  to  consist  of  a resistance  and  capacitance  in  parallel, 
the  constants  are,  according  to  Eq.  (8-48), 


Ri  = _5  35^x  10~'  -1.87  megohms 

„ 13.9  X 10-'  , , 00  9 f 

Ci  = ^ farads  = 22.2  uut 

8-10.  The  Cathode  Follower  at  High  Frequencies.  Our  previous  dis- 
cussion of  cathode  followers  (Sec.  8-6)  neglected  the  influence  of  the  tube 
capacitances.  These  capacitances  will  now  be  taken  into  account.  The 
grounded-plate  configuration  including  all  capacitances  is  given  in  Fig. 
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8-23a,  and  its  linear  equivalent  circuit  in  Fig.  8-236.  The  capacitance 
from  cathode  to  ground  is  Ckn  and  includes  the  capacitance  from  cathode 
to  heater  if,  as  usual,  the  heater  is  grounded.  The  output  voltage  £„  can 
be  found  as  in  Sec.  8-8  from  the  product  of  the  short-circuit  current  and 
the  impedance  between  terminals  K and  N.  We  now  find  for  the  voltage 
gain  A = Eo/Ei 


A Qm  + Ygfc 

Yj:  -b  Yp  + gfm  + Yr 

where  Y^  = l/Rk 
Yr  = 

Ct  = Cgk  Cpk  ~\~  Ckn 
Equation  (8-49)  may  be  written  in  the  form 


(8-49) 


(^Qm  “f"  j(^Cgk')Rk 
1 + [(m  + l)Ap  jc)}CT]Rk 


(8-50) 


Assuming  n 1 = n and  QmRk  ^ 1, 

A ~ dm  ~b  j(^Cgk 
Qm  + joiCr 


(8-51) 


The  term  joiCgk  m the  numerator  represents  the  effect  of  the  coupling 


from  input  to  output  through  Cgk. 
If  the  cathode  follower  is  driving  a 
capacitive  load  Cl,  the  expression 
for  A need  but  be  modified  by 
adding  Cl  to  Ct. 

Usually  Ct  is  much  larger  than 
Cgk  and  hence  the  decrease  in  gain 
with  frequency  is  due  principally 
to  Ct  + Cl.  The  frequency  /2  at 
which  the  magnitude  of  the  ampli- 
fication has  dropped  to  0.707  of  its 
low-frequency  value  is,  under  these 
circumstances,  given  by  the  condi- 
tion co(Cr  + Cl)  = gm.  Typically, 
if  the  total  capacitance  is,  say,  50 
nni  and  gm  = ^ millimhos,  as  for  a 
half  section  of  a 12AU7,  then 
A = 9.5  megacycles.  This  calcu- 
lation shows  that  a cathode  follower 


N or  P 


(ft) 

Fig.  8-23.  (a)  The  cathode  follower,  with 
interelectrode  capacitances  taken  into 
account,  and  (6)  its  equivalent  circuit. 


may  be  useful  well  into  the  video  range. 

An  important  advantage  of  the  cathode  follower  over  a conventional 
triode  amplifier  is  that  the  capacitive  impedance  seen  looking  into  the 
grid  of  the  cathode  follower  is  appreciably  larger  than  the  capacitive 
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impedance  looking  into  the  amplifier.  We  shall  now  calculate  the  input 
admittance  from  Fig.  8-236.  The  current  Ii  = Ei{juCgp)  and  I2  = 
(Ei  - Eo)ji>iCgk  = Ei(l  - A)(iwC'(,fc),where  A is  the  amplifier  gain.  Hence, 
the  input  admittance 

I ^ Ii  + I2 

' " Ei  Ei 

is  given  by 

Yi  = joiCgp  + jo^Cgkil  - A)  (8-52) 

In  general,  Y*  contains  a resistive  as  well  as  a capacitive  component. 
If  the  frequency  is  low  enough  so  that  A may  be  considered  a real  num- 
ber, then  the  input  impedance  consists  of  a capacitance  Ci,  and  hence 
Yi  = jcoCi.  From  Eq.  (8-52)  the  input  capacitance  is  given  by 

(7i(cathode  follower)  = Cgp  -h  C'efc(l  — A)  (8-53) 

On  the  other  hand,  for  a grounded-cathode  amplifier  we  have,  from 
Eq.  (8-44), 

(7i  (amplifier)  = Cgk  + Cgp{l  + A)  (8-54) 

where  A is  the  magnitude  of  the  gain. 

A numerical  comparison  is  interesting.  Consider  a half  section  of  a 
12AU7,  first  as  a cathode  follower  of  nominal  gain,  say  equal  to  0.8,  and 
then  as  an  amplifier  of  nominal  gain,  say  A = 10.  The  capacitances  are 
Cgp  = 1.5  niji,  Cgk  = 1.6  nnf.  At  a frequency  at  which  the  capacitances 
do  not  yet  have  a marked  effect  on  the  gain,  we  have 

Ci(cathode  follower)  = 1.5  -f  0.2  X 1.6  = l.S  nfii 

and 

(7i(amplifier)  = 1.6  -j-  11  X 1.5  = \8  nfii 

The  input  capacitance  of  the  amplifier  is  ten  times  that  of  the  cathode 
follower. 

A fairer  comparison  may  be  made  by  comparing  the  cathode  follower 
with  a conventional  amplifier  of  equivalent  gain.  In  this  case 

Cj (amplifier)  = 1.6  + 1.8  X 1.5  = 4.3  /x/xf 

which  is  still  more  than  twice  that  for  the  cathode  follower. 

The  output  impedance  or,  more  conveniently,  the  output  admittance 
Yo  of  a cathode  follower,  taking  interelectrode  capacitances  into  account, 
is  obtained  by  adding  to  the  low-frequency  admittance  gm  + Yp  [Eq. 
(8-28)]  the  admittance  of  the  total  shunting  capacitance  (7r.  Thus 

Yo  = gr.  + Yp  + Yt  (8-55) 

This  result  may  be  justified  directly  by  applying  a signal  Ea  to  the  output 
terminals  and  computing  the  current  which  flows  through  Ea  with  the 
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grid  grounded  (and  Rk  considered  as  an  external  load).  Since  Qm  = nYp 
and  assuming  ^ » 1,  we  may  neglect  Yp  compared  with  and  consider 
that  the  output  admittance  is  unaffected  by  the  capacitance  until  Yt 
becomes  large  enough  to  be  comparable  to  g„,.  The  calculation  made 
above  in  connection  with  the  frequency  response  of  the  cathode  follower 
indicates  that  the  output  impedance  does  not  acquire  an  appreciable 
reactive  component  until  the  frequency  exceeds  several  megacycles. 

The  high  input  impedance  of  a cathode  follower  makes  it  ideal  for 
applications  where  the  loading  on  a signal  source  must  be  kept  at  a mini- 
mum. The  low  output  impedance  permits  it  to  support  a heavy  capaci- 
tive load.  These  features,  together  with  its  stability  and  linearity, 
account  for  the  many  applications  which  are  found  for  cathode  followers! 
For  example,  the  cathode  follower  is  almost  universally  used  as  the  input 
tube  in  oscilloscope  amplifiers.  It  is  also  used  where  a signal  must  be 
transmitted  through  a short  section  of  coaxial  cable  or  shielded  wire 
with  its  attendant  high  shunt  capacitance. 

If  the  output  from  one  circuit  acts  as  the  input  to  another  circuit  and 
the  second  circuit  reacts  back  onto  the  first,  a cathode  follower  may  be 
used  as  a buffer  stage  to  eliminate  this  reaction. 

Because  the  cathode  follower  is  a feedback  amplifier  (Sec.  17-5)  it  pos- 
sesses great  stability  and  linearity.  The  characteristics  and  applications 
of  this  circuit  are  summarized  in  Sec.  17-6, 
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CHAPTER  9 


TRANSISTOR  CHARACTERISTICS 


The  volt-ampere  characteristics  of  a semiconductor  triode,  called  a 
transistor,  are  first  described  qualitatively  and,  later  in  the  chapter,  are 
derived  theoretically.  Simple  circuits  are  studied,  and  it  is  demonstrated 
that  the  transistor  is  capable  of  giving  amplification.  A quantitative 
study  of  the  transistor  as  an  amplifier  is  left  for  the  next  chapter. 

The  Junction  Transistor.^  A.  junction  transistor  consists  of  a ger- 
mamum  (or  silicon)  crystal  in  which  a layer  of  n-type  germanium  is 
sandwiched  between  two  layers  of  p-type  germanium.  Alternatively,  a 
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Fig.  9-1.  (a)  A p-n-p  and  an  n-p-n  transistor.  (6)  Circuit  representation  of  the  two 
transistor  types. 


transistor  may  consist  of  a layer  of  p-type  between  two  layers  of  n-type 
material.  In  the  former  case  the  transistor  is  referred  to  as  a p-n-p 
transistor  and  in  the  latter  case  as  an  n-p-n  transistor.  The  semicon- 
ductor sandwich  (about  1 by  1 mm  in  cross  section  and  3 mm  long)  is 
hermetically  sealed  against  moisture  inside  a metal  or  plastic  case.  The 
entire  unit  is  extremely  small,  typical  dimensions  being  0.5  by  0.4  by 
0.2  in. 

The  transistor  can  perform  many  of  the  functions  of  a vacuum  tube, 
as  we  shall  presently  demonstrate.  The  transistor  has  the  following 
advantages  over  the  tube;  The  former  requires  no  vacuum;  it  has  no  fila- 
ment and  hence  uses  no  standby  power ; it  is  smaller,  lighter,  and  mechan- 
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ically  more  rugged  than  a tube;  it  is  able  to  operate  from  a B battery  of 
low  voltage;  its  dissipation  is  low;  and  it  has  appreciably  longer  life  than 
a tube.  Vacuum  tubes  are  superior  to  transistors  in  their  larger  power- 
handling capabilities,  their  higher  frequency  response,  and  their  lower 
noise  (except  for  microphonics,  a 
transistor  being  completely  non- 


microphonic) . Also,  vacuum  tubes 
are  less  likely  to  be  damaged  by 
electrical  overloads,  and  their  char- 
acteristics are  almost  independent 
of  ambient  temperature.  On  the 
other  hand,  transistor  character- 
istics may  be  very  sensitive  to 
changes  in  temperature. 

The  two  types  of  transistors  are 
represented  in  Fig.  9- la.  The 
representations  employed  when  the 
transistors  are  used  as  circuit  ele- 
ments are  shown  in  Fig.  9-16.  The 
three  portions  of  the  transistors  are 
known  as  emitter,  base,  and  collector, 
respectively.  The  arrow  on  the 
emitter  lead  specifies  the  direction 
of  current  flow  when  the  emitter- 
base  junction  is  biased  in  the  for- 
ward direction.  In  both  cases, 
however,  the  emitter,  base,  and  col- 
lector currents,  Ie,  Ib,  and  Ic, 
respectively,  are  assumed  positive 
when  the  currents  flow  into  the 
transistor.  The  symbols  Veb,  y CB, 
and  V CE  are  the  emitter-base,  col- 
lector-base, and  collector-emitter 
voltages,  respectively.  (More  spe- 
cifically, V eb  represents  the  voltage 
drop  from  emitter  to  base.) 


[a] 

V 

Emitter 

t 

Vo 

Base 

Collector 

ic) 

Fig.  9-2.  (o)  A p-n-p  transistor  with 
biasing  voltages,  (fe)  The  potential  bar- 
riers at  the  junction  of  the  unbiased 
transistor,  (c)  The  potential  variation 
through  the  transistor  under  biased  con- 
ditions. As  the  reverse-bias  collector 
voltage  is  increased,  the  effective  base 
width  W decreases. 


We  may  now  begin  to  appreciate  the  essential  features  of  a transistor 
as  an  active  circuit  element  by  considering  the  situation  depicted  in 
Fig.  9-2a.  Here  a p-n-p  transistor  is  shown  with  voltage  sources  which 
serve  to  bias  the  emitter-base  junction  in  the  forward  direction  and  the 
base-collector  junction  in  the  reverse  direction.  The  variation  of  poten- 
tial through  the  unbiased  transistor  is  shown  in  Fig.  9-26.  The  potential 
variation  through  the  biased  transistor  is  indicated  in  Fig.  9-2c.  The 
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dashed  curve  applies  in  the  case  before  the  application  of  external  biasing 
voltages,  and  the  solid  curve  to  the  case  where  the  biasing  voltages  are 
applied.  In  the  absence  of  applied  voltages  the  potential  barriers  at 
the  junctions  adjust  themselves  to  the  height  Vo  (a  few  tenths  of  a volt) 
required  so  that  no  current  flows  across  each  junction.  (Since  the  tran- 
sistor may  be  looked  upon  as  a p-w  junction  diode  in  series  with  an  n-p 
diode,  much  of  the  theory  developed  in  Chap.  5 for  the  junction  diode  will 
be  made  use  of  in  order  to  explain  the  characteristics  of  a transistor.) 
If,  now,  external  potentials  are  applied,  these  voltages  appear  essentially 
across  the  junctions.  Hence,  the  forward  biasing  of  the  emitter-^b^e 
junction  lowers  the  emitter-base  potential  barrier  by  \Veb\  volts^^le 
the  reverse  biasing  of  the  base-collector  i unction  increases..,.. the  ^sgr 
collector  potential  barrier  by  \Vcb\  volts.  The  lowering  of  the  emitter- 
base  barrier  permits  the  emitter  current  to  increase,  and  holes  are 
injected  into  the  base  region.  The  potential  is  constant  across  the  base 
re^on  (exce^  for  the  small  ohmic  drop),  and  the  injected  holes  diffuse 
a)cr^s  the  n-type  material  to  the  base-collector  junction.  The  Ti^es 
which  reach  this  junction  fall  down  the  potential  barrier  and  are  therefore 

Elected  hv  the  collector. . ~ 

We  now  can  explain  why  a transistor  may  act  as  an  amplifier.  A load 
resistor  Rl  is  in  series  with  the  ^lied  potential  Vcc  of  Fig.  9-2a. 
small  voliap;^  change  b^tw^pn  emitter  and  base  causes  a relativelyjaige 
emitter  current  change  AIe-  We  shall  define  by  the  syinbol  o:  that 
fraction  of  this  currentTwhich  is  collected  and  passes  through  Bl-  The 
change' ih  oUtpuTvoltage  acrosslhe  load  resistor  AV l = a Me  Rl  ma^ 
be  many  times  the  change  in  input  voltage  ATj.  Under  these  circum- 
stances, the  voltage  amplification  A = AVi/AVi  will  be  greater  than 
unity,  and  the  transistor  acts  as  an  amplifier.  If  the  dynamic  resistance 
of  the  emitter  junction  is  rj,  then  AV i = rj  AIe  and 

. aRhAlE  _ olRl  fQ_Ui 


From  Eq.  (5-6),  rJ  = 26//^  ohms,  where  Ie  is  the  quiescent  emitter 
current  in  milliamperes.  For  example,  if  rJ  = 40  ohms,  a = 1,  and 
Rl  = 3,000  ohms,  A = 75.  This  calculation  is  oversimplified  somewhat 
(Sec.  10-5)  but  in  essence  it  is  correct  and  gives  a physical  explanation 
of  why  the  transistor  acts  as  an  amplifier.  transistor  gives  powgr 

gain  as  well  as  voltage  amplificstinn. 

From  the  above  explanation  it  is  clear  that  current  in  the  low-resistance 
input  circuit  is  transferred  to  the  high-resistance  output  circuit.  The 
word  “transistor”  which  originated  as  a contraction  of  “transfer  resistor, 
is  based  upon  the  above  physical  picture  of  the  device.  Thus  the  ampli- 
fication is  really  due  to  an  impedance  transformation. 
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The  parameter  a introduced  above  is  one  of  the  most  important  in 
transistor  theory.  It  is  defined  as  the  ratio  of  the  change  in  the  collector 
current  to  the  change  in  the  emitter  current  at  constant  coliector-to-hase 
voltage  and  is  called  the  forward  short-circuit  current-transfer  ratio  or 
gain.  More  specifically,  ~~ 


(9-2) 


Since  we  shall  later  introduce  several  other  a's,  then  if  there  is  the  possi- 
bility of  confusion  the  a defined  by  Eq.  (9-2)  is  designated  by  as,  the 
common-hase  alpha.  (Some  authors  also  use  olce  but  this  symbol  is  not 
recommended  in  the  IRE  Standards.)  Since  Lie  and  LIe  are  of  opposite 
sign,  then  a,  as  defined  in  Eq.  (9-2),  is  a positive  number.  It  is  advan- 
tageous to  have  a as  close  to  unity  as  possible.  Several  features  of 
construction  are  normally  incorporated  into  a transistor  in  order  to 
achieve  this  end.  The  ratio  of  hole  to  electron  current  crossing  the 
emitter  junction  is  proportional  to  the  ratio  ot  the  conductivity  of  "the 
V material  to  that  of  the  n material  (Frob.  5-1 41.  Hence  the  doping  of  the 
emitter  is  made  much  larger  than  the  doping  of  the  base.  This  feature 
ensures  (in  a p-n-p  transistor)  that  the  current  across  the  emitter  junc- 
tion consists  almost  entirely  of  the  flow  of  holes.  Such  a situation  is 
desired  since  the  current  which  results  from  electrons  crossing  the  emitter 
junction  from  base  to  emitter  does  not  contribute  holes  which  may  be 
collected  by  the  collector.  Second,  the  width  of  the  base  region  is 
made  small  so  that  the  holes  diffuse  across  the  base  in  a short  time  and 
^ence  little  opportunity  is  afforded  for  a loss  of  holes  due  to  recombination 
with  electrons.  The  base  width  is  of  the  order  of  1 mil  (0.001  in.). 
These  two  factors  which  determine  a are  studied  quantitatively  in 
Sec.  9-7. 

One  type  of  transistor  construction  is  indicated  in  Fig.  9-3a.  This 
type  of  transistor  is  known  as  an  alloyed-junction  or  fused  type  of  tran- 
sistor. The  center  section  is  a thin  wafer  of  n-type  germanium.  Two 
small  dots  of  indium  are  attached  to  opposite  sides  of  the  wafer,  and  the 
whole  structure  is  raised  for  a short  time  to  a high  temperature.  At  the 
junction  between  the  indium  and  the  wafer  enough  indium  dissolves  into 
the  germanium  to  change  the  germanium  from  w-type  to  p-type.  The 
collector  is  made  larger  than  the  emitter  so  that  the  collector  subtends 
a large  angle  as  viewed  from  the  emitter.  Because  of  this  geometrical 
arrangement,  very  little  emitter  current  follows  a diffusion  path  which 
carries  it  to  the  base  rather  than  to  the  collector. 

A second  type  of  construction  gives  rise  to  a type  of  transistor  which 
is  called  a grown- junction  transistor.  This  type  of  construction  is 
illustrated  in  Fig.  9-36.  It  is  made  by  drawing  a single  crystal  from  a 
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melt  of  germanium  whose  type  ^ is  changed  during  the  crystal-drawing 
operation  by  adding  n-  or  p-type  impurities  as  required. 

Transistors  are  normally  not  symmetrical;  i.e.,  emitter  and  collector 
may  not  be  interchanged  without  changing  the  electrical  properties  of 
the  transistor.  In  the  alloyed-] unction  transistor  this  lack  of  symmetry 
results  from  the  larger  mechanical  dimensions'  of  the  collector.  In  the 
grown-]  unction  transistor  lack  of  symmetry  results  from  the  fact  that 
the  conductivity  of  the  collector  is  usually  much  less  than  the  conductiv- 
ity of  the  emitter. 

Another  type  of  transistor  (which  is  a natural  extension  of  the  point- 
contact  diode)  consists  of  two  sharply  pointed  tungsten  wires  pressed 
against  a semiconductor  wafer.  These  point-contact  transistors  are 
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Fig.  9-3.  Cross  section  of  (a)  an  alloyed-] unction  transistor  and  (b)  a grown-] unction 
transistor. 

capable  of  operating  at  a higher  speed  than  ] unction  transistors.  Also, 
in  some  applications  a single  point-contact  transistor  replaces  two  ] unc- 
tion transistors.  However,  at  the  present  state  of  the  art  (1958)  the 
reproducibility  and  reliability  of  point-contact  transistors  is  very  poor, 
and  nearly  all  manufacturers  have  discontinued  production  of  point- 
contact  transistors  in  favor  of  ] unction  transistors.  For  this  reason  our 
discussion  is  confined  entirely  to  the  ]unction  transistor. 

9^/  Characteristics  of  Transistors.  If  the  voltages  across  the  two 
] unctions  are  known,  the  three  transistor  currents  can  be  uniquely 
determined.  The  analytical  relationships  between  these  voltages  and 
currents  are  given  in  Sec.  9-5.  Many  different  families  of  characteristic 
curves  can  be  drawn,  depending  upon  which  two  parameters  are  chosen 
as  the  independent  variables.  Two  such  families  are  supplied  by  most 
transistor  manufacturers  because  of  their  practical  importance.  The 
first  of  these  is  given  in  Fig.  9-4  for  an  n-'p-n  transistor  and  is  a plot 
collector  current  In  vs.  collector-to-bas^  voltage  drop  with 

^ emitter  current  /g  as  a parameter.  A typical  application  in  which  such 
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characteristics  are  useful  is  indicated  in  Fig.  9-5,  where  an  n-p-n  transistor 
is.  shown  in  a qrounded-hase  configuration.  This  circuit  is  also  referred 
to  as  a common-base  configuration,  since  the  base  is  common  to  the  input 
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Fig.  9-4.  Common-base  characteristics  of  the  type  2N35  transistor.  {Courtesy  of 
Sylvania  Electric  Products,  Inc.) 

and  output  circuits.  For  an  n-p-n  transistor  the  current  is  due  to 
electrons  flowing  from  emitter  to  collector  and  down  toward  ground 
out  of  the  base  terminal.  Hence,  referring  to  the  polarity  conventions 
of  Fig.  9-1,  we  see  that  Ie  is  negative,  Ic  is  positive,  and  is  positive. 
For  a forward-biased  emitter,  V eb  is 

negative,  and  for  a reverse-biased  codec-  ^ 3-  E c 

tor.  Fee  is  positive.  For  a v-n-v  tran-  1 

sistor  all  current  and  voltage  polarities  y 

a^  the  negative  of  those  for  an  n-p-n  \ig  I 

transistor.  o— y-  T~ 

^he  characteristics  of  Fig.  9-4  may  be 

divided  into  three  regions  which  are  g;.ounded-base  tran- 

° sistor  conhguration. 

particularly  worthy  of  note. 

Active  Region.  In  this  region  the  collector  is  biased  in  the  reverse 
direction  and  the  emitter  in  the  forward  direction.  Consider  first  that  the 
emitter  current  is  zero.  Then  the  collector  current  is  small  and  equals 
the  reverse  saturation  current  Ing  (=2  pa  for  the  2N35)  of  the  collector 


Fig.  9-5.  The  grounded-base  tran- 
sistor configuration. 


Consider  first  that  the 
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_ junction  considered  as  a diode.  Suppose  now  that  a forward  emitter 
^ current  /g  is  caused  to  flow  in  the  emitter  circuit.  Then,  from  Eq.  (9-2) 
the  magnitude  of  the  change  in  collector  current  is  a/g.  The  collector 
(XiTcr  current  is  therefore 


la  = Jao  — <xli 


(9-3) 


In  this  active  region,  the  collector  current  is  essentially  independent  of 
collector  voltage  and  depends  only  upon  the  emitter  current. 

Because  o:  < 1,  the  collector  current  is  (slightly)  smaller  than  the 
emitter  current.  An  average  value  of  a may  be  obtained  by  noting  that 
when  the  cdlector-to-base  voltage  drop  Vcb  is,  say,  about  5 volts  then 
an  emitter-current  increment  of  —4  ma  yields  a collector-current  incre- 
ment of  3.9  ma.  Hence  a = 3. 9/4.0  = 0.98.  Typically,  values  of  a 
lie  in  the  range  0.90  to  0.999. 

From  Fig.  9-4  we  see  that  a is  not  strictly  constant  because  Ic  increases 
slightly  with  increasing  values  of  Vcb.  To  explain  this  result  physically 
we  must  recall  that  the  space-charge  width  at  a junction  diode  increases 
with  an  increase  in  reverse  voltage  [Eq.  (5-12)].  Hence,  as  seen  in 
Fig.  9-2c,  the  effective  base  width  W decreases  with  increasing  values  of 
Vcb.  This  decrease  in  W has  two  consequences.  First,  there  is  less 
chance  of  recombination  within  the  base  width.  Second,  the  charge 
gradient  is  increased  within  the  base  and  hence  the  current  of  minority 
carriers  injected  across  the  emitter  junction  is  increased.  Clearly,  then, 
the  effect  of  the  decrease  in  W is  an  increase  in  collector  current  with 
increased  reverse  collector  bias. 

Saturation  Region.  The  region  to  the  left  of  the  ordinate  Van  = 0 
and  above  the  /g  = 0 characteristics  in  which  both  emitter  and  collector 
'^unctions  are  j or  ward-biased  is  called  the  saturation  region.  From  the 
load  line  drawn  in  Fig.  9-4,  we  see  that,  for  a given  value  of  V cc  and  Rl,  ' 
the  collector  current  is  approximately  independent  of  the  emitter  current. 
We  say  that  bottoming  has  taken  place  because  the  voltage  has  fallen  near 
the  bottom  of  the  characteristic  where  Fcb  = 0.  Actually,  Vcb  is 
slightly  negative  in  this  region,  and  this  forward  biasing  of  the  collector 
accounts  for  the  large  change  in  collector  current  with  small  changes  in 
collector  voltage.  For  a forward  bias,  Ic  increases  exponentially  with 
voltage  according  to  the  diode  relationship  [Eq.  (5-2)].  A forward  bias 
means  that  the  collector  n material  is  made  negative  with  respect  to  the 
base  p side  and  hence  that  an  electron  current  flows  from  the  n side 
across  the  collector  junction  to  the  p material.  This  electron  flow  cor- 
responds to  a negative  change  in  collector  current.  Hence,  the  collector 
current  decreases  rapidly,  and,  as  indicated  in  Fig.  9-4,  Ic  may  even 
become  negative  if  the  forward  bias  is  sufficiently  large. 

The  magnitude  of  the  emitter  current  required  to  bias  the  transistor 
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uration  is  indicated  in  Fig.  9-7.  Because  of  the  practical  importance  of 
this  circuit,  most  manufacturers  publish  common-emitter  characteristics 


such  as  those  given  in  Fig.  9-8  for  the 


C 


Fig.  9-7.  A grounded-emitter  transistor 
configuration. 

common-base  characteristics  of  Fig. 


type  2N35  (n-p-n)  transistor.  Here 
the  abscissa  is  the  collector-to- 
emitter  voltage  Vce,  the  ordinate 
is  the  collector  current  Ic,  and  the^ 
curves  are  given  for  various  values 
of  base  current  Is.  For  a fixed 
value  of  I B,  the  collector  current  is 
not  a very  sensitive  value  of  Vce- 
However,  the  slopes  of  the  curves 
in  Fig.  9-8  are  larger  than  in  the 
9-4.  Observe  that  the  base  current 


is  much  smaller  than  the  emitter  current. 


0 4 8 12  16  20  24 
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Fig.  9-8.  Common-emitter  characteristics  for  the  type  2N35  transistor.  {Courtesy  of 
Sylvama  Electric  Products,  Inc.) 

The  common-emitter  characteristics  are  readily  understood  quali- 
tatively on  the  basis  of  our  earlier  discussion  of  the  grounded-base  con- 
figuration. The  base  current  is 

Ib  = —{Ic  + Ie)  (9~6) 


Combining  this  equation  with  Eq.  (9-3),  we  find 


(9-6) 
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Equation  (9-3)  is  based  upon  the  assumption  that  the  transistor  is  oper- 
ating in  the  active  region  and  that  Vcb  is  fixed.  However,  if  V cb  is 
larger  than  several  volts,  the  voltage  across  the  collector  junction  is 
much  larger  than  that  across  the  emitter  junction  and  we  may  consider 
VcE  = Vcb.  Hence,  Eq.  (9-6)  is  valid  for  values  of  V ce  in  excess  of  a 
Jew  volts.  At  a fixed  value  of  V ce  in  Fig.  9-8,  the  ratio  of  the  change 
in  collector  current  A/c  to  the  change  in  base  current  A/g  is 


Me 

Mb 


VCE 


I - 


^ e?  (9-7) 


where  ue  is  the  common-emitter  forward  short-circuit  current  transfer  ratio 
or  gain.  (Some  authors  have  used  the  symbols  d or  acB  for  as,  but 
these  are  not  recommended  in  the  IRE  Standards.^)  While  the  spacing 
in  the  vertical  direction  in  Fig.  9-4  is  determined  by  a,  we  see  from 
Eq.  (9-7)  that  the  corresponding  spacing  in  Fig.  9-8  is  determined  by 


a/ (1  — a). 

If  a were  truly  constant,  then,  according  to  Eq.  (9-6),  Ic  would  be 
independent  of  Vce  and  the  curves  of  Fig.  9-8  would  be  horizontal. 
Assume  that  a increases  by  only  one-half  of  1 per  cent  from  0.98  to 
0.985  as  Vce  increases  from  a few  volts  to  24  volts.  Then  the  value 
of  aE  increases  from  0. 98/(1  — 0.98)  = 49  to  0.985/(1  — 0.985)  = 66  or 
by  about  34  per  cent.  This  numerical  example  illustrates  that  a very 
small  slope  (0.5  per  cent)  in  the  curves  of  Fig.  9-4  is  reflected  into  a very 
large  slope  (34  per  cent)  in  the  curves  of  Fig.  9-8.  It  should  also  be  clear 
that  a slight  change  in  a has  a large  effect  on  the  common-emitter  curves 
and  hence  that  common-emitter  characteristics  are  normally  subject  to  a 
wide  variation  even  among  transistors  of  a given  type.  This  variability  is 
caused  by  the  fact  that  /b  is  the  difference  between  large  and  nearly 
equal  currents  Ie  and  Ic. 

A load  line  has  been  superimposed  on  Fig.  9-8  corresponding  to  a 
load  resistor  El  = 5.6  kilohms  and  a supply  voltage  of  22.5  volts.  The 
sa^turation  region  may  be  defined  as  the  one  in  which  bottoming  occurs 
and  hence  as  the  region  where  the  collector  current  is  approximately 
independent  of  base  current,  for  given  values  of  V cc  and  Rl.  Hence 
we  may  consider  that  the  onset  of  saturation  takes  place  at  the  knee  of 
the  transistor  curves  in  Fig.  9-8.  Saturation  occurs  for  the  given  load 
line  at  a base  current  of  100  ya,  and  at  this  point  the  collector  voltage 
is  too  small  to  be  read  in  Fig.  9-8. 

9r4.  The  Grounded-collector  Configuration.  Another  transistor-cir- 
cuit^configuration,  shown  in  Fig.  9-9,  is  known  as  the  grounded-collector 
configuration.  The  circuit  is  basically  the  same  as  the  circuit  of  Fig.  9-7 
with  the  exception  that  the  load  resistor  is  in  the  emitter  circuit  rather 
than  in  the  collector  circuit.  If  we  continue  to  specify  the  operation  of 
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the  circuit  in  terms  of  the  currents  which  flow,  the  operation  of  the^ 
grounded  collector  is  much  the  same  as  for  the  grounded  emitter.  When 
the  base  current  is  7co  = 2 /xa,  the  emitter  current  will  be  zero  and  no 

current  will  flow  in  the  load.  As 
the  transistor  is  brought  out  of  this 
back-biased  condition  by  increasing 
the  base  current,  the  transistor  will 
pass  through  the  active  region  and 
eventually  reach  the  region  of  satu- 
ration. This  saturation  region  will 
again  occur  at  a base  current  of 
about  100  fiSL,  and  in  this  condition 
all  the  supply  voltage  except  for  a very  small  drop  across  the  transistor 
will  appear  across  the  load. 

9-6.  Analytical  Expressions  for  Transistor  Characteristics.^  There  are 
a number  of  problems  which  arise  in  practice  which  cannot  be  solved 
by  using  the  transistor  characteristic  curves.  One  such  problem  is 
the  following:  The  base  is  short-circuited  to  the  emitter  whereas  the 
collector  junction  is  reverse-biased.  What  are  the  transistor  currents? 
This  query  can  be  answered  only  if  the  theoretical  functional  relation- 
ships between  currents  and  voltages  are  used.  A second  problem  which 
is  of  importance  in  many  pulse-circuit  applications  is  the  following: 
A transistor  in  the  common-emitter  configuration  is  driven  into  satura- 
tion by  a base  current  I b.  What  is  the  voltage  drop  Ucs?  In  principle, 
this  voltage  can  be  read  from  Fig.  9-8.  However,  the  magnitude  of  Vce 
under  saturation  conditions  is  in  the  millivolt  range  and  can  not  be 
obtained  with  the  desired  accuracy  from  the  common-emitter  curves. 

Because  of  problems  of  the  type  enumerated  in  the  preceding  para- 
graph, we  shall  now  make  a study  of  the  interdependence  of  currents 
and  voltages  in  a transistor.  Furthermore,  such  an  analysis  will  lead 
to  a better  understanding  of  the  behavior  of  this  semiconductor  device. 
Also,  expressions  for  a and  the  other  transistor  parameters  will  be  obtained 
in  terms  of  the  physical  constants  of  the  transistor  from  such  a quanti- 
tative study.  The  emitter  current  Ie  and  the  collector  current  Ic  are 
given  by  the  expressions 

Ie  = - 1)  -b  - 1)  (9-8) 

and 

Ic  = - 1)  + - 1)  (9-9) 

where  Ve  and  Vc  are  the  potentials  across  the  emitter  and  collector 
junctions,  respectively  (Fig.  9-10).  The  electron-volt  equivalent  of 
temperature  Fr  is  defined  in  Eq.  (5-1).  The  symbol  Vc  {or  Ve)  is  posi- 


Fig.  9-9.  The  grounded-collector  tran- 
sistor configuration. 
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live  for  a forward-bias  condition,  i.e.,  for  the  p side  positive  with  respect  to 
the  n side.  This  convention  is  used  regardless  of  whether  an  n-p-n  or 
a p-n-p  transistor  is  under  consider- 
ation. These  expressions  should 
appear  reasonable  in  view  of  the 
fact  that  a transistor  is  a combina- 
tion of  two  diodes  and  that  the  volt- 
ampere  crystal-rectifier  character- 
istic is  of  the  form  — 1). 

Equations  (9-8)  and  (9-9)  are  de- 
rived in  the  next  section,  where  the 
constants  an,  ai2,  a2i,  and  022  are 
found  in  terms  of  the  physical  pa- 
rameters of  the  transistor. 

If  Ve  is  eliminated  from  these  equations,  the  common-base  character- 
istic, Ic  as  a function  of  Vc  and  Ie,  is  obtained.  The  result  is 

/c  = ^ + (a^2  - ^^5^)  (e’'"''’''  - 1)  (9-10) 

ail  \ «ii  / 


B 


Fig.  9-10.  The  voltage  polarity  conven- 
tions in  a transistor.  The  base-spread- 
ing resistance  is  r^. 


In  the  active  region  where  thfe  collector  is  reverse-biased  (V c is  negative) 
by  more  than  a few  tenths  of  a volt,  is  negligible  compared  with 

unity,  and  Eq.  (9-10)  has  the  same  form  as  Eq.  (9-3).  Hence,  let  us 
write  Eq.  (9-10)  in  the  notation  of  Eq.  (9-3),  namely, 


where 


Ic  = Icoil  - - cxeIe 


y a2iai2 

J^co  = “■  (*22 

ail 


<Xe  = 


a2i 

ail 


(9-11) 

(9-12) 


The  symbol  ap  is  called  the  common-base  short-circuit  forward  current 
transfer  ratio  or  gain,  or  simply  the  normal  alpha.  The  symbol  aN,  as,  or 
a (without  a subscript)  is  often  used  in  place  of  aF.  The  symbol  Ico  is 
the  reverse  saturation  collector  current  and  is  the  collector  current  when  the 
emitter  current  is  zero  and  the  collector  is  reverse-biased.  Since  currents 
entering  the  transistor  terminals  are  considered  positive  {Fig.  9-1),  then 
for  an  n-p-n  transistor  a positive  number  must  be  substituted  for  Ico-  On 
the  other  hand,  if  a p-n-p  transistor  is  under  consideration,  then  Ico  is  a 
negative  number. 

The  common-base  characteristics  (Fig.  9-4)  are  represented  analytically 
in  all  three  regions  (active,  saturation,  and  cutoff)  by  Eq.  (9-11).  Note 
that  for  a given  value  oi  I e this  equation  is  the  volt-ampere  diode  char- 
acteristic of  the  collector  junction.  The  constant  emitter  current  Ie 
serves  to  bias  this  diode  with  a fixed  current. 
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We  must  remember  that  the  abscissa  in  Fig.  9-4  is  Vcb,  the  voltage 
drop  from  collector  to  base  terminals,  whereas  Fc  is  the  voltage  drop 
across  the  collector-base  junction.  Hence  V cb  differs  from  Fc  by  the 
ohmic  drops  in  the  base  and  the  collector  materials.  Recalling  that 
the  base  region  is  very  thin  (of  the  order  of  1 mil) , we  see  that  the  current 
which  enters  the  base  region  across  the  junction  area  must  flow  through 
a long  narrow  path  to  reach  the  base  terminal.  The  cross-sectional 
area  for  current  flow  in  the  collector  (or  emitter)  is  very  much  larger 
than  in  the  base.  Hence,  usually  the  ohmic  drop  in  the  base  alone  is  of 
importance.  This  d-c  ohmic  base  resistance  is  called  the  base-spreading 
resistance  and  is  indicated  in  Fig.  9-10.  From  this  figure  we  see  that 
for  an  n-p-n  transistor 

VcB  = — Fc  — ^BrB  (9-13) 

and  7b  is  positive. 

By  eliminating  Fc  from  Eqs.  (9-8)  and  (9-9)  we  obtain  an  equation  in 
the  form  of  Eq.  (9-11),  namely, 

Ie  = 7eo(1  - - urIc  (9-14) 

where 

j _ anan  _ ai2  ^ 

Irq  = — an  Ur  = (9-15) 

a22  ^22 


I Eo  is  called  the  reverse  saturation  emitter  current.  It  must  be  emphasized 
that  I Eo  is  a positive  quantity  for  an  n-p-n  transistor  but  is  a negative  num- 
ber for  a p-n-p  transistor.  The  parameter  is  called  the  short-circuit 
reverse  current  transfer  ratio,  the  reverse  current  gain,  or  the  inverted  alpha 
(sometimes  written  ai).  The  reason  for  this  terminology  can  be  found 
by  imagining  that  the  transistor  is  connected  into  the  circuit  in  the  reverse 
or  inverted  direction  so  that  the  emitter  and  collector  terminals  are  inter- 
changed. Under  these  circumstances  the  subscripts  C and  E must  be 
interchanged  and  F must  be  replaced  by  R in  Eq.  (9-11),  with  the  result 
that  Eq.  (9-14)  is  obtained.  Similarly,  if  the  subscripts  1 and  2 are  inter- 
changed in  Eqs.  (9-12),  the  result  is  Eqs.  (9-15). 

The  relationships  among  an,  an,  a^-^,  a22  and  Ico,  Ieo,  olf,  and  ««  are 
found  from  Eqs.  (9-12)  and  (9-15)  to  be 


an  — 

^21  = 


~ Jeo 

1 — aRaR 

(XfIeo 

1 — apcxs 


ai2 


a22 


OiRicO 

1 — CiFOLR 

— Ico 
1 — apdR 


(9-16) 


In  the  next  section  we  prove  that  ai2  = a2i.  Hence,  the  parameters  Ico, 
Ieo,  oiF,  and  a*  are  not  independent  but  are  related  by 


ocfIeo  = ocrIco 


(9-17) 
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For  many  commercial  transistors  Ieo  lies  in  the  range  0.5/co  to  Ico- 
For  the  2N35  transistor  Ieo  = 0.8/co  ^ 1.6  )Lia  and  hence  aR  ^ O.Sai?-  = 
0.78. 

Equations  (9-11)  and  (9-14)  may  be  solved  for  the  junction  voltages 
with  the  result 

F*  = F.  In  (l  - (9.18) 

7c  = Vt  In  (^l  - (9-19) 

Given  two  of  the  three  junction  currents,  the  third  can  be  found  from  the 
equation 

/b  + /g  -{-  /c  = 0 (9-20) 

and  the  junction  voltages  can  be  found  from  Eqs.  (9-18)  and  (9-19). 

Conversely,  if  7c  and  Ve  are  given,  the  currents  can  be  found  from 

Eqs.  (9-11),  (9-14),  and  (9-20). 

We  shall  now  derive  the  analytic  expression  for  the  common-emitter 
characteristics  of  Fig.  9-8.  The  abscissa  in  this  figure  is  the  collector- 
to-emitter  voltage  7cb  = 7b  — 7c  for  an  n-p-n  transistor  (Fig.  9-10) 
and  is  7cb  = 7c  — 7b  for  a p-n-p  transistor  (remember  that  7c  and  7b 
are  positive  at  the  p side  of  the  junction).  Hence,  the  common-emitter 
characteristics  are  found  by  subtracting  Eqs.  (9-18)  and  (9-19)  and  by 
eliminating  /b  by  the  use  of  Eq.  (9-20).  The  resulting  equation  can  be 
simplified  considerably  if  the  “unity”  in  Eqs.  (9-18)  and  (9-19)  is  neg- 
lected, an  assumption  which  is  justified  provided  that  /b  » Ico-  After 
some  algebraic  manipulation  we  obtain  (except  for  very  small  values  of 
Ib) 

1 1 + (1  — an)  Y 

7cb  ^±Vt  In  — + In ^ ^ (9-21) 

OCR  ^ _ 1 — 1 C 

_ Ur  Ib 

where  the  + sign  is  used  for  an  n-p-n  transistor  and  the  — sign  for  a 
p-n-p  device.  For  the  former  type,  at  Ic  = 0,  7cb  = Vt  In  (l/as)  so 
that  the  common-emitter  characteristics  do  not  pass  through  the  origin. 
For  Ur  = 0.78,  7cb  = 6 mv  at  room  temperature.  This  voltage  is  so 
small  that  the  curves  of  Fig.  9-8  look  as  if  they  do  pass  through  the  origin 
but  they  are  actually  displaced  to  the  right  by  6 mv. 

If  Ic  is  increased,  then  7cb  rises  only  slightly  until  Ic/Ib  approaches 
«b/(1  — olf).  For  example,  even  for  Ic/Ib  = 0.9q:b/(1  — «b)  = 45  (for 
«B  = 0.98),  then  7cb  = 0.006  + 0.026  In  [(1  -b  0.22  X 45)/(l  - 0.9)]  = 
0.12  volt.  This  voltage  can  barely  be  detected  at  the  scale  to  which  Fig. 
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9-8  is  drawn  and  hence  near  the  origin  it  appears  as  if  the  curves  rise 
vertically. 

The  maximum  value  of  Ic/Ib  is  — «f),  and  as  this  value  of 

Ic/1b  is  approached,  V ce  Hence,  as  IcI^b  increases  from  O.Qap/ 

(1  — ap)  to  ap/il  — dp),  VcE  increases  from  0.12  volt  to  infinity.  A 
plot  of  the  theoretical  common-emitter  characteristic  is  indicated  in  Fig. 
9-11  (the  numerical  values  apply  to  the  2N35).  Because  the  ordinate 
has  been  taken  as  Ic/Ib,  this  one  curve  is  equivalent  to  the  family  of 
curves  in  Fig.  9-8.  We  see  that  at  a fixed  value  of  Vce  the  ratio  Ic/ /s  is 

a constant.  Hence,  for  equal  incre- 
ments in  7b  we  should  obtain  equal 
increments  in  Ic  at  a given  Vce- 
This  conclusion  is  fairly  well  satis- 
fied by  the  curves  in  Fig.  9-8. 
However,  the  Ib  = 0 curve  seems 
to  be  inconsistent  since  for  a con- 
stant Ic/Ib  this  curve  should  coin- 
cide with  the  Ic  = 0 axis.  This 
discrepancy  is  due  to  the  approxi- 
mations made  in  deriving  Eq.  (9-21). 
If  the  unity  in  Eq.  (9-19)  is  not 
neglected,  we  come  to  the  conclu- 
, Ic  = 7co/(l  — ocp)  = 0.1  ma  for 


Fig.  9-11.  The  common-emitter  char- 
acteristic as  obtained  analytically. 


sion  that,  for  Ib  = 0 and  Vce—^ 
the  2N35,  in  fair  agreement  with  Fig.  9-8. 

The  theoretical  curve  of  Fig.  9-11  is  much  flatter  than  the  curves  of 
Fig.  9-8  because  we  have  implicitly  assumed  that  is  truly  constant. 
As  already  pointed  out  in  Sec.  9-3,  a very  slight  increase  of  ap  with  Vce 
can  account  for  the  slopes  of  the  common-emitter  characteristic. 

Let  us  now  find  the  solutions  of  the  problems  posed  at  the  beginning  of 
this  section. 

Example  1.  a.  A common-emitter  configuration  has  the  base  short-circuited  to  the 
emitter,  and  the  collector  is  reverse-biased  by  an  amount  Vce-  Find  the  currents. 

h.  If  the  base  is  open-circuited,  instead  of  short-circuited,  find  the  currents.  Calcu- 
late the  emitter-junction  voltage. 

Solution,  a.  Since  Ve  = 0 and  Vc  — —Vec,  then  Eqs.  (9-11)  and  (9-14)  become 
Ic  = 7c'o(l  — e^l^cc/rr)  — apis 

Ib  = —urIc 

/co(l  - e-^cc/Vr) 


and 


Ic  = 


1 - 


If,  as  is  usually  the  case,  the  reverse  bias  is  greater  than  a few  tenths  of  a volt,  e“^cc/rr 
= 0,  and  to  an  excellent  approximation 


Ic  = 


I CO 


Ie  — 


— aRico 


1 — OCPOCR 


apocR 
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and  from  Eq.  (9-20), 

Ib  = -Uc  + Ie)  - 

1 — OLFOiR 


In  this  particular  case  the  solution  can  be  obtained  even  more  simply  from  Eq.  (9-9) 
which,  for  = 0 and  \Vc/Vt\  1,  reduces  to  Ic  — — a22.  Using  the  last  of 
Eqs.  (9-16),  we  have 


Ic  = 


I CO 

1 — OiFOlR 


= Ics 


(9-22) 


in  agreement  with  the  above  analysis.  The  current  Ics  is  defined  as  the  collector 
current  when  the  collector  is  reverse-biased  with  respect  to  the  emitter  and  the  base 
is  d-c  short-circuited  to  the  emitter. 

For  a 2N35  n-p-n  transistor,  Ico  = 2 /ta,  Iro  = 1.6  jua,  uf  = 0.98,  and  aR  = 0.78. 
For  these  numerical  values,  Ics  is  calculated  to  be  8.3  ^a.  A transistor  power  ampli- 
fier is  often  operated  at  zero  d-c  input  bias,  and  the  above  solution  indicates  that 
under  these  circumstances  the  collector  current  is  very  small  although  it  may  be 
several  times  the  reverse  saturation  current. 

b.  Since  Ib  ==  Q,  Ie  = —Ic,  and  if  \Vc/Vt\  5i>  1,  then  Eq.  (9-11)  becomes 


Ic  — Ico  — oifIe  = 7co  + ocfIc 


or 


Ic  = 


Ico 

1 — aF 


= —Ie 


For  the  2N35  transistor,  Ic  = 2/(1  — 0.98)  = 100  jua.  The  emitter-junction  voltage 
is  calculated  from  Eq.  (9-18),  namely, 

Ve  = Frln(l  - ~-jEf  ~) 

At  room  temperature  F?'  = 0.026  volt  and 

Ve  = 0.026  In  ^1  - = 0-070  volt 

= 70  mv 


Since  Fb  is  a positive  number,  we  see  that,  even  if  the  base  terminal  is  open-circuited 
and  the  collector  junction  is  reverse-biased,  the  emitter  junction  is  forward-biased. 

Example  2.  Consider  the  2N35  transistor  in  a common-emitter  configuration  with 
Fee  = 22.5  volts,  Rl  — 5.6  kilohms,  and  /s  = 200  jua.  Find  the  collector-to- 
emitter  voltage  Fe.B. 

Solution.  The  load  line  is  drawn  in  Fig.  9-8,  and  we  see  that  the  transistor  is  driven 
into  saturation  with  Ic  = 4.0  ma.  The  value  of  Fe^r  is  too  small  to  be  read  from 
Fig.  9-8.  However,  it  may  be  calculated  from  Vce  = Ve  — Fe  (for  an  n-p-n  transis- 
tor), where  Ve  and  Fc  are  obtained  from  Eqs.  (9-18)  and  (9-19),  respectively.  Since 
Ib  = 0.2  ma,  then  Ie  = —{Ic  + Ib)  = —4.2  ma,  and  we  easily  calculate 

Ve  = 0.17  Fc  = 0.11  Fc^  = 0.06  volt 


It  is  interesting  to  note  that  in  this  saturation  condition  the  collector-to-emitter 
voltage  is  only  60  mv  and  is  smaller  than  the  base-to-emitter  voltage. 
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9-6.  Detailed  Study  of  the  Currents  Which  Flow  in  a Transistor.  This 
analysis  follows  in  many  respects  that  given  in  Secs.  5-6  to  5-8  for  the 
current  components  in  a junction  diode,  and  these  sections  should  be 

reread.  From  Fig.  5-11  or  Eq. 
(5-19)  we  see  that  the  net  current 
crossing  a junction  equals  the  sum 
of  the  electron  current  Inp  in  the  p 
side  and  the  hole  current  Ipn  in  the 
n side,  evaluated  at  the  junction 
(a;  = 0).  For  a p-n-p  transistor 
(Fig.  9-1 2a)  electrons  are  injected 
from  the  base  region  across  the 
emitter  junction  into  a p region 
which  is  large  compared  with  the 
diffusion  length.  This  is  precisely 
the  condition  which  exists  in  a junc- 
tion diode,  and  hence  the  expression 
for  Inp  calculated  previously  is  also  valid  for  the  transistor.  From  Eqs. 
(5-23)  and  (5-33)  we  find  that  at  the  junction 

lnp{0)  = - 1)  (9-23) 

Lie 

where  in  Eq.  (5-33)  we  have  replaced  7 by  7^?;  we  have  changed  Upo  to 
riEo  because  there  are  now  two  p regions  and  the  emitter  (E)  is  under 
consideration;  and  we  have  changed  Ln  to  Le  in  order  to  refer  to  the 
diffusion  length  of  the  minority  carriers  in  the  emitter. 

A summary  of  the  symbols  used  follows: 

A — cross  section  of  transistor,  m* 
e — electronic  charge,  coulombs 
Dn  {Dp)  = diffusion  constant  for  electrons  (holes),  m^/sec 
ueo  (nco)  = thermal-equilibrium  electron  concentration  in  the  p-type  material  of 
the  emitter  (collector),  m~® 

Le  {Lc)  {Lb)  = diffusion  length  for  minority  carriers  in  the  emitter  (collector)  (base), 
m 

V E {V c)  — voltage  drop  across  emitter  (collector)  junction;  positive  for  a posi- 
tive bias  (p  side  positive  with  respect  to  n side) 

Vt  = electron-volt  equivalent  of  temperature  [Eq.  (5-1)] 

Pn  = hole  concentration  in  the  n-type  material,  m“^ 
p„o  = thermal-equilibrium  value  of  p„ 

W = base  width,  m 

Ipn  {Inp)  — hole  (electron)  current  in  n (p)  material 

The  value  of  Ipn  is  not  that  found  in  Sec.  5-6  for  a diode  because  in  the 
transistor  the  hole  current  exists  in  a base  region  of  finite  width  whereas  in 
a diode  the  n region  extends  over  a distance  large  compared  with  Ln.  The 
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Fig.  9-12.  The  minority-carrier  density  in 
the  base  region. 
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diffusion  current  is  given,  as  usual,  by  Eq.  (3-38) ; namely, 

Ipn  = — AeDp  (9-24) 

where  is  found  from  the  continuity  equation.  From  Eq.  (A6-11), 

Pn  - Pno  = -h  (9-25) 

where  Ki  and  K2  are  constants  to  be  determined  by  the  boundary  con- 
ditions. The  situation  at  each  junction  is  exactly  as  for  the  diode  junc- 
tion, and  the  boundary  condition  (5-28)  is  valid.  Hence, 

Pn  = at  a:  = 0 

and  (9_26) 

Pn  = aX  X = W 

These  junction  concentrations  are  pictured  in  Fig.  9-12. 

The  exact  solution  is  not  difficult  to  find  (Prob.  9-7).  However, 
usually  the  base  width  W is  small  compared  with  Lb,  and  we  can  sim- 
plify the  solution  by  introducing  this  inequality.  Since  0 < a:  < IF,  we 
shall  assume  oj/Lb  1,  and  then  the  exponentials  in  Eq.  (9-25)  can  be 
expanded  into  a power  series.  If  only  the  first  two  terms  are  retained, 
this  equation  has  the  form 

Pn  Pno  ~ K.Z  4“  KiX  (9-27) 

where  Kz  and  are  new  (and,  as  yet,  undetermined)  constants.  To 
this  approximation  p„  is  a linear  function  of  distance  in  the  base  and  it 
has  so  been  plotted  in  Fig.  9-12.  Then,  from  Eq.  (9-24), 

Ipn  = — AeDpKi  = const 

This  result,  that  the  minority  current  is  a constant  throughout  the  base 
region,  is  readily  understood  because  we  have  assumed  that  W «:  Lb. 
Under  these  circumstances,  little  recombination  can  take  place  within  the 
base  and  hence  the  hole  current  entering  the  base  at  the  emitter  junction 
leaves  the  base  at  the  collector  junction  unattenuated.  Substituting  the 
boundary  conditions  (9-26)  into  (9-27),  we  easily  solve  for  if  4 and  then  find 

/Bn(0)  = - - 1)  - - 1)]  (9-28) 

Since  Ie  = /pn(0)  -f-  /„p(0),  then  from  Eqs.  (9-23)  and  (9-28)  we  find 
Ie  = - 1)  + - 1)  (9-29) 

where 

« — A „ ( ^pPno  I DnnEo\  AeDpPno 

an  - Ae  a,,  ^ (9-30) 
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We  see  that  Eq.  (9-29)  verifies  Eq.  (9-8)  of  the  preceding  section.  In  a 
similar  manner  we  can  obtain  Eq.  (9-9),  namely, 

- 1)  + a22(e^^/^"  - 1)  (9-31) 


where  we  can  show  that 


(i2i  — 


-A-STy  p'jpno 

w 


A ( I^p'P'no  1 /f\  QQ\ 

+-C^)  (9-32) 


We  note  that  ai2  = <X2i.  This  result  may  be  shown^  to  be  valid  for  a 
transistor  possessing  any  geometry. 

9-7.  The  Forward  Transistor  Alpha.  FromEqs.  (9-12)  ap  = —a^xlaw. 
Using  Eqs.  (9-30)  and  (9-32),  we  obtain 


OLp 


1 

1 Dn^EoW /LEDpPno 


(9-33) 


Making  use  of  Eq.  (3-30)  for  the  conductivity,  Eq.  (3-39)  for  the  diffu- 
sion constant,  and  Eq.  (3-32)  for  the  concentration,  the  above  equation 
reduces  to 


1 

1 At  W(tb/Le(te 


(9-34) 


where  o-s  {(xe)  is  the  conductivity  of  the  base  (emitter).  We  see  that  in 
order  to  keep  ap  close  to  unity  (xe/ctb  should  be  made  large  and  W should 
be  kept  small. 

The  analysis  of  the  preceding  section  is  based  upon  the  assumption  that 
W /Lb  « 1.  If  this  restriction  is  removed,  the  solution  given  in  Prob. 
9-7  is  obtained.  Then  ap  = — (a2i/aii)  is  found  to  be  given  by  the 
product  of  two  factors 


where 


and 


ap  = ffy 


/3  = sech 


W 

Lb 


7 = 


Dn  Lb  npo  , u ^ 
I A-  tty T~ 

J-Jp  LjE  'Pno 


(9-35) 

(9-36) 

(9-37) 


If  IF«Lb,  the  hyperbolic  secant  and  the  hyperbolic  tangent  can  be 
expanded  in  powers  of  W /Lb,  and  the  first  approximations  are 


1 ^ 

7 = ■ = 

1 -h  W(Tb/Le(Xe 


Wctb 

Leo's 


(9-38) 

(9-39) 
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and 

- 1 _ 1 /^ZV  _ 

- 2 \LbJ  Le<te 


(9-40) 


As  the  reverse-bias  collector  voltage  is  increased,  the  space-charge  layer 
at  the  collector  increases  and  the  effective  base  width  W decreases  (Fig. 
9-2).  Hence,  Eq.  (9-40)  indicates  that  ap  increases  with  the  collector 
bias  voltage. 

Consider  a p-n-p  transistor  with  the  collector  terminal  a-c  short- 
circuited.  The  change  in  collector  current  for  a unit  change  in  emitter 
current  is  the  short-circuited  forward  current  gain  ap,  or 


Ctp 


die 

dip 


Vc 


(9-41) 


The  parameter  o-f  is  not  unity  for  several  reasons.  First,  the  emitter 
current  does  not  consist  entirely  of  holes  crossing  from  emitter  to  base 
because  there  is  also  a small  electron  current  in  the  reverse  direction 
across  the  emitter  junction.  The  emitter  efficiency  y is  defined  as  the 
ratio  of  hole  emitter  current  to  total  emitter  current,  or,  more  specifically, 


_ a/pn(0) 


dh 


Vc 


(9-42) 


Second,  because  of  recombination  not  all  the  minority-carrier  current 
entering  the  base  can  reach  the  collector  junction.  The  fraction  of  the 
hole  current  from  the  emitter  which  reaches  the  collector  is  called  the 
base  transport  factor  /3,  or,  more  specifically. 


We  note  that 


- 


die 

dlpni^) 


Vc 


die 

Qj 

3 

_ die 

L ^^pn(0) 

Fc. 

L diE 

Fc_ 

dls 

(9-43) 


or,  using  Eq.  (9-2), 


ap  = ^y 


(9-44) 


which  proves  that  the  forward  alpha  is  the  product  of  the  transport  factor 
by  the  emitter  efficiency. 

If  the  partial  derivatives  indicated  in  the  definitions  for  /3  and  y are 
carried  out,  the  results  indicated  in  Eqs.  (9-36)  and  (9-37)  are  obtained. 

9-8.  Minority -carrier  Storage,  The  density  of  minority  carriers  in  the 
base  region  decreases  linearly  from  at  a:  = 0 to  at 

X — W,  as  indicated  in  Fig.  9-125.  In  the  cutoff  region,  both  Ve  and 
Ve  are  negative  and  pn  is  almost  zero  everywhere.  In  the  active  region. 
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Density  of 
minority  carriers 


Ve  is  positive  and  Vc  negative  so  that  pn  is  large  at  x = 0 and  almost 
zero  at  X = IT.  Finally,  in  the  saturation  region,  where  Ve  and  Vc  are 
both  positive,  pn  is  large  everywhere.  These  conclusions  are  pictured  in 
Fig.  9-13. 

If  the  transistor  is  used  as  a switch,  then  the  minority-carrier  density 
stored  in  the  base  plays  an  important  part  in  its  operation.  Consider 
that  an  input  current  step  has  turned  the  transistor  on  (put  it  into  its 

saturation  region)  and  that  now  an 
input  current  step  of  the  reverse  polarity 
is  used  to  turn  the  transistor  off.  Since 
the  turn-off  process  cannot  really  begin 
until  this  abnormal  carrier  density  has 
been  removed,  a relatively  long  delay 
(called  the  storage-time  delay)  may 
elapse  before  the  transistor  responds  to 
a turn-off  signal  at  the  input.  In  an 
extreme  case  this  storage-time  delay 
may  be  two  or  three  times  the  rise  or 
fall  time  through  the  active  region.  In 
any  event,  it  is  clear  that,  when  tran- 
sistor switches  are  to  be  used  in  an 
application  where  speed  is  at  a premium, 
it  is  advantageous  to  restrain  the  transistor  from  entering  the  saturation 
region. 

9r9.  Maximum  Voltage  Rating.  Even  if  the  rated  dissipation  of  a 
transistor  is  not  exceeded,  there  js  an  upper  limit  to  the  maximum  allow- 
able  collector- junction  voltage  since  at  high  voltages  there  is  the  possi- 
bility of  voftage  breakdown  in  the  transistor!  Two  types  of  breakdown 
which  are  possible  are  the  ^alanche  breakdown  and  the  Zener  breakdown 


Fig.  9-13.  Minority-carrier  concen- 
tration in  the  base  for  cutoff,  active, 
and  saturation  conditions  of  oper- 
ation. 


which  were  discussed  earlier  in  Sec  5-2.  Even  if  the  reverse  voltage  is 
not  large  enough  to  produce  breakdown,  a large  reverse  voltage  may  still 
cause  difficulty.  Suppose  that  there  is  some  ionization  by  collision. 
Then  the  carriers  may  increase  in  number  sufficiently  to  produce  a value 
of  a in  excess  of  unity.  In  this  case  the  emitter  input  circuit  of  the 
transistor  may  exhibit  a negative  resistance  characteristic  over  some  range 
of  operation,  and  regeneration  is  possible. 

A third  type  of  voltage  breakdown  may  occur  in  transistors  and  is 
known  as  punch-through  breakdown.  At  the  junction  between  n-type  and 
p-type  semiconductors  there  exists  an  electric  field.  This  field  results 
from  the  uncovered  charges  which  exist  in  the  neighborhood  of  the  junc- 
tion. These  uncovered  charges  are  the  ions  of  the  impurity  atoms. 
There  are  equal  numbers  of  charges  on  the  two  sides  of  the  junction, 
since  there  are  no  fields  within  the  body  of  the  semiconductor  and  all 
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electric  lines  originating  on  positive  charges  on  one  side  of  the  junction 
must  terminate  on  negative  charges  on  the  other  side  of  the  junction. 
At  the  junction  between  two  semiconductors,  one  of  which  is  doped  more 
heavily  than  the  other,  the  field  extends  farther  into  the  less  heavily 
doped  semiconductor.  This  is  so  because  the  less  heavily  doped  (higher- 
resistivity)  semiconductor  has  fewer  impurity  atoms  per  unit  volume. 
In  a p-n-j)  diffused-j unction  transistor,  for  example,  the  resistivity  of  the 
p-type  collector  and  emitter  may  be  as  low  as  0.001  ohm-cm  while  the 
w-type  base  has  a resistivity  of  1.5  ohm-cm.  In  such  a case  the  collector- 
junction  field  will  extend  almost  entirely  into  the  base,  as  in  Fig.  9-2. 
With  increasing  collector  voltage  the  field  extends  farther  and  farther  into 
the  base  until  finally  it  reaches  the  emitter  junction.  Beyond  this  point 
the  collector-emitter  impedance  is  low  and  normal  transistor  action  is  not 
possible.  Commercial  transistors  usually  carry  a maximum  collector- 
voltage  rating  in  the  range  15  to  30  volts.  This  maximum  collector 
voltage  is  determined  by  Zener,  avalanche,  or  punch-through  breakdown, 
whichever  occurs  first. 

9-^^.  Transistor  Symbols.  We  shall  adhere  to  the  IRE  Standards^ 
for  semiconductor  symbols.  These  are  summarized  as  follows: 

1.  Instantaneous  values  of  quantities  which  vary  with  time  are  represented  by 
lower-case  letters  {i  for  current,  v for  voltage,  and  p for  power). 

2.  Maximum,  average  (d-c),  and  effective,  or  root-mean-square  (rms),  values  are 
represented  by  the  upper-case  letter  of  the  proper  symbol  {I,  V,  or  P). 

3.  D-c  values  and  instantaneous  total  values  are  indicated  by  the  upper-case  sub- 
script (B  for  base,  E for  emitter,  and  C for  collector). 

4.  Varying  component  values  are  indicated  by  the  lower-case  subscript.  Examples 
of  this  notation  are: 

is  = total  instantaneous  emitter  current 

ie  = instantaneous  value  of  varying  component  of  emitter  current 
I B = average,  or  d-c,  value  of  base  current 
Ib  = rms  value  of  varying  component  of  base  current 

5.  If  necessary  to  distinguish  between  maximum,  average,  or  rms  values,  then 
maximum  or  average  values  may  be  represented  by  the  additional  subscript  m and 
av,  respectively.  For  example, 

hm  = maximum  value  of  the  varying  component  of  the  base  current 

6.  Conventional  current  flow  into  an  electrode  from  the  external  circuit  is  positive. 

7.  A single  subscript  is  used  if  the  reference  electrode  is  clearly  understood.  If 
there  is  any  possibility  of  ambiguity,  the  conventional  double-subscript  notation 
should  be  used.  For  example,  Vet  = instantaneous  value  of  varying  component  of 
voltage  drop  from  emitter  to  base  and  is  positive  if  the  emitter  is  positive  with  respect 
to  the  base.  If  a common-base  circuit  is  under  consideration,  then  the  symbol  Veb 
may  be  shortened  to  Ve. 

8.  The  magnitude  of  the  supply  voltage  is  indicated  by  repeating  the  electrode 
subscript. 
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These  conventions  differ  from  those  introduced  for  vacuum  tubes  in 
only  two  respects.  First,  the  symbol  for  voltage  is  E for  a vacuum  tube 
and  V for  a transistor.  Second,  for  a vacuum  tube,  two  different  sub- 
scripts (c  and  g for  the  grid;  h and  p for  the  plate)  are  used  to  distinguish 
between  total  values  and  varying  component  values,  respectively.  For 
a transistor  the  same  subscript  symbol  is  used  but  a capital  or  lower-case 
letter  differentiates  between  the  above  two  functions. 

9^-11.  Graphical  Analysis.  A simple  n-p-n  grounded-base  transistor 
circuit  is  shown  in  Fig.  9-14.  The  total  instantaneous  currents  are  is,  is, 
and  ic-  The  total  instantaneous  voltages  are  Ve  and  Vq.  The  instan- 
taneous input  signal  generator  voltage  is  Vg  and  the  generator  output 
impedance  (or  an  impedance  added  in  series  with  the  generator)  is  Rg. 

If  = 0,  the  quiescent  emitter 
current  Ie  flows.  Since  the  emitter 
i^  forward-biased,  then  the  drop 
across  the  emitter  junction  is  usu- 
ally  small  compared  with  V ee  and 
hence  /g  ^ — F ee/ Rg-  A load  line 
corresponding  to  V cc  and  Rl  is 
drawn  on  the  common-base  charac- 
teristics furnished  by  the  manufac- 
turer (Fig.  9-4).  Then  the  quiescent  collector  current  Zc  is  found  at  the 
intersection  of  the  load  line  and  the  characteristic  for  the  quiescent  emit- 
ter current  Ie>  The  corresponding  collector-to-base  voltage  is  V c- 

The  above  graphical  method  of  analysis  may  be  used  to  find  the 
instantaneous  collector  current  ic  and  voltage  vc  when  an  external  signal 
Vg  is  applied  (corresponding  to  the  construction  in  Fig.  7-12  for  a vacuum 
triode).  The  collector  and  emitter  currents  and  voltage  variations  from 
the  quiescent  point  are,  respectively, 

ic  = ic  - Ic  Vc  = Vc  - Vc  (9-45) 

and 

ie  = is  — Ie  Ve  = Ve  — Ve  (9-46) 

A similar  method  of  analysis  can  be  made  for  the  common-emitter 

circuit. 

9-12.  D-c  Bias  and  Stability.®  We  have  seen  (Sec.  5-8)  that  the 
reverse  saturation  current  Ico  is  a very  rapidly  varying  function  (an 
exponential)  of  temperature.  This  fact  may  cause  considerable  practi- 
cal difficulty  in  using  a transistor  as  a circuit  element.  For  example,  the 
collector  current  Ic  causes  the  collector-junction  temperature  to  rise, 
which  in  turn  increases  Ico-  As  a result  of  this  growth  of  Ico,  Ic  will 
increase,  which  may  further  increase  the  junction  temperature  and  conse- 
quently Ico-  It  is  possible  for  this  succession  of  events  to  become  cumu- 


Fig.  9-14.  A common-base  circuit. 
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lative  so  that  the  ratings  of  the  transistor  are  exceeded  and  the  device 
burns  out.  Even  if  such  a drastic  state  of  affairs  does  not  take  place, 
it  is  possible  for  the  transistor  (which  was  biased  in  the  active  region) 
to  find  itself  in  the  saturation  region  as  a result  of  the  “ thermal  runaway  ” 
just  mentioned.  And  such  a bias  would  render  the  circuit  useless  as  a 
linear  amplifier. 

One  obvious  way  of  avoiding  the  cumulative  events  described  above  is 
to  provide  adequate  cooling  of  the  collector  junction.  Such  provisions 
are  usually  made  with  power  transistors  but  are  uneconomical  for  tran- 
sistors operating  in  the  milliwatt  range.  A second  method  of  avoiding 
thermal  runaway  is  to  compensate  for  the  drift  in  the  quiescent  point  by 
the  proper  use  of  thermistors.®  However,  the  most  common  method  of 
avoiding  d-c  instability  is  through  the  use  of  a proper  circuit.  We  shall 
now  describe  several  ways  to  bias  a transistor.  In  order  to  compare  these 
configurations  we  shall  define  a stability  factor  S as  the  rate  of  change  of 
collector  current  with  respect  to  the  reverse  saturation  current,  or 


S ^ 


die 

dico 


(9-47) 


The  smaller  the  value  of  S,  the  less  likely  the  circuit  is  to  exhibit  thermal 
runaway.  We  shall  confine  our  at- 
tention to  the  common-emitter  stage 
since  this  configuration  is  used  most 
often. 

Fixed-current  Bias.  The  circuit  of 
Fig.  9-15  is  one  in  which  the  qui- 
escent collector  and  base  currents  are 
supplied  by  a single  battery  V cc-  F or 
a forward-biased  emitter  the  voltage 
across  this  junction  is  in  the  millivolt 
range,  and  little  error  is  made  if  this  voltage  is  neglected  compared  with 
Vec-  Theu-iha-^uiescent  base  current  is  given  approximately  by 


Fig.  9-15.  A fixed-current-bias 
mon-emitter  circuit. 


Ib  — 


y cc 

Rb 


(9-48) 


This  current  is  constant,  independent  of  the  quiescent  collector  current 
Ic,  and  the  circuit  of  Fig.  9-15  is  called  the  fixed-bias  circuit. 

We  shall  assume  that  the  quiescent  point  is  in  the  active  region  and 
that  a is  a constant  independent  of  collector  voltage  so  that  Eq.  (9-6)  is 
applicable;  namely, 

Ico  I « 
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Since  /s  is  independent  of  7c,  then  the  stability  factor  S defined  by  Eq. 
(9-47)  is 

S = (9-50) 

1 — a 


Fora  = 0.98,  ;S  = 1/0.02  = 50,  which  means  that  /(^increases  fifty  times 
as  fast  as  Ico-  Such  a large  value  of  S makes  thermal  runaway  a definite 
possibiFty  wTth  this  circuity 

Another^ifhculty  with  the  simple  configuration  of  Fig.  9-15  is  that  the 
quiescent  currents  and  voltages  may  differ  greatly  among  transistors  of 
the  same  type.  We  have  already  mentioned  (Sec.  9-3)  that  the  common- 
emitter  characteristics  are  subject  to  a wide  variation  because  a may 
differ  slightly  from  transistor  to  transistor.  Since  the  base  current  used 
in  the  circuit  of  Fig.  9-15  is  fixed  at  the  value  given  by  Eq.  (9-48),  the 
collector  current  (determined  from  the  load  line  corresponding  to  Vcc 
and  Rl)  will  depend  upon  the  particular  transistor  used.  This  current 
may  differ  appreciably  from  that  calculated  from  the  published  collector 
characteristics. 

Collector-to-base  Bias.  An  improvement  in  stability  is  obtained  if  the 
resistor  Rb  in  Fig.  9-15  is  returned  to  the  collector  junction  rather  than 

to  the  battery  terminal.  Such  a con- 
nection is  indicated  in  Fig.  9-16.  The 
physical  reason  that  this  circuit  is  an 
improvement  over  that  in  Fig.  9-15  is 
not  difficult  to  find.  If  Ic  tends  to 
increase  (either  because  of  a rise  in 
temperature  or  because  the  transistor 
has  been  replaced  by  another),  then 
VcE  decreases.  Hence  Ib  also  de- 
creases, and  as  a consequence  of  this 
lowered  bias  current  the  collector  cur- 
rent is  not  allowed  to  increase  as  much  as  it  would  have  if  fixed  bias  had 
been  used. 

We  shall  now  calculate  the  stability  factor  S.  Again  neglecting  the 
emitter-junction  voltage,  we  have,  from  Kirchhoff’s  law, 


Fig.  9-16.  A collector-to-base-bias 
circuit. 


“Fee  + (7b  -F  Ic)Rl  + IbRb  = 0 

j ^ Fee  — IcRl 
Rl  “b  Rb 


Combining  this  equation  with  Eq.  (9-49)  yields 


+ b"+r)  - + 


a;Fec 


(9-51) 


Rl  T Rb 


(9-52) 
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Hence,  S,  defined  by  Eq.  (9-47),  is  given  by 


S = 


1 

1 — a -fi  oiJijJ (Rl  “b  Rb) 


(9-53L 


This  value  is  smaller  than  1/(1  — a)  which  is  obtained  for  the  fixed-bias 
circuit. 


Example.  The  transistor  in  Fig.  9-16  is  a 2N35  with  Vcc  = 22.5  volts  and  Rl  = 
5.6  kilohms.  It  is  desired  that  the  quiescent  point  be  approximately  at  the  middle  of 
the  load  line.  Find  Rb  and  calculate  S. 

Solution.  Since  we  may  neglect  Ib  compared  with  Ip  in  Rl,  then  we  may  draw  a 
load  line  corresponding  to  22.5  volts  and  5.6  kilohms.  From  this  load  line,  which  is 
drawn  in  Fig.  9-8,  we  choose  the  quiescent  point  at  Ib  = 40  jua,  Ic  = 2.2  ma,  and 
VcE  = 10.5  volts.  From  Eq.  (9-51)  we  find 


Rb  4“  Rl 


Vcc  — IcRl 
Ib 


22.5  - (2.2)  (5.6) 
0.040 


= 255  K 


or 

From  Eq.  (9-53), 


Rb  = 250  K 


1 - 0.98  + (0.98)  (5.6) /255 


24 


which  is  about  one-half  the  value  found  for  the  circuit  of  Fig.  9-15. 


If  the  circuit  component  values  are  specified,  the  quiescent  point  is 
found  as  follows:  Corresponding  to  each  value  oi  I b given  on  the  collector 
curves,  the  collector  voltage  Vce  = IbRb  is  calculated.  The  locus  of 
these  corresponding  points  plotted  on  the  common-emitter  characteristics 
is  called  the  bias  curve.  The  intersection  of  the  load  line  and  the  bias 


Base  ' . 

o MWV^ 


Collector 
vVWW o 


curve  gives  the  quiescent  point. 

The  increased  stability  of  the  circuit  in  Fig.  9-16  over  that  in  Fig.  9-15 
is  due  to  the  “feedback”  from  the  output  or  collector  terminal  to  the 
input  or  base  terminal  via  Rb-  Such  feedback  amplifiers  are  studied  in 
detail  in  Chap.  17.  The  a-c  gain  of  such 
an  amplifier  is  less  than  it  would  be  if 
there  were  no  feedback.  Thus,  if  the 
signal  voltage  causes  an  increase  in  the 
base  current,  then  ic  tends  to  increase, 

Vce  decreases,  and  the  component  of 
base  current  coming  from  Rb  decreases. 

Hence,  the  net  change  in  base  current  is 
less  than  it  would  have  been  li  Rb  were 
connected  to  a fixed  potential  rather  than  to  the  collector  terminal.  This 
degeneration  may  be  avoided  by  splitting  Rb  into  two  parts  and  con- 
necting the  junction  of  these  resistors  to  ground  through  a capacitor  C, 
as  indicated  in  Fig.  9-17.  At  the  frequencies  under  consideration  the 
reactance  of  C must  be  an  effective  short  circuit. 


^<7 


Fig.  9-17.  A method  of  avoiding 
a-c  degeneration  in  the  collector- 
to-base-biasing  circuit. 
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Emitter  Bias  or  Self -bias.  If  the  load  resistance  is  very  small,  as, 
for  example,  in  a transformer-coupled  circuit,  then  from  Eq.  (9-53)  we  see 
that  there  is  no  improvement  in  stabilization  in  the  collector-to-base-bias 
circuit  over  the  fixed-bias  circuit.  A circuit  which  can  be  used  even  if 
there  is  zero  d-c  resistance  in  series  with  the  collector  terminal  is  the 
self -biasing  configuration  of  Fig.  9-18.  The  current  in  the  resistance  Ri 
in  the  emitter  lead  causes  a voltage  drop  which  is  in  the  direction  to 
reverse-bias  the  emitter  junction.  Since  this  junction  must  be  forward- 
biased,  then  the  bleeder  R2  — Rz  has  been  added  to  the  circuit. 

The  physical  reason  for  the  improvement  in  stability  is  the  following: 
: If  Ic  tends  to  increase,  say  because  Ico  has  risen  as  a result  of  an  elevated 
temperature,  the  current  in'  Ri  increases.  As  a consequence  of  the 


Fig.  9-19.  Simplification  of  the  circuit 
of  Fig.  9-18  by  the  use  of  Th4venin’s 
theorem. 


increase  in  voltage  drop  across  Ri,  the  base  current  is  decreased.  Hence 
Ic  will  increase  less  than  it  would  have  had  there  been  no  self-biasing 
resistor  Ri. 

We  shall  now  find  the  analytical  expression  for  the  stabilization  factor 
S.  If  the  network  to  the  left  between  the  base  B and  ground  N terminals 
in  Fig.  9-18  is  replaced  by  its  Thevenin’s  equivalent,  the  circuit  of  Fig. 
9-19  is  obtained,  where 


RiVcc  D _ R2R3 

R2  “t“  Rs  R2  T"  Rs 


(9-54) 


Obviously  Rb  is  the  effective  resistance  seen  looking  back  from  the  base 
terminal.  If,  as  usual,  the  voltage  across  the  emitter  junction  is  neg- 
lected, then  Kirchhoff’s  voltage  law  around  the  base  circuit  yields 

— F + IbRb  + {Ib  + Ic)Ri  — 0 (9-55) 


Eliminating  I b from  this  equation  with  the  aid  of  Eq.  (9-49)  and  taking 
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the  derivative  dic/dico  results  in 


1 — a + a[Ri/{Ri  + 


(9-56) 


The  smaller  the  value  of  Rb,  the  better  the  stabilization.  It  is  inter- 
esting to  note  that  even  ii  Rb  approaches  zero  the  value  of  S cannot  be 
reduced  below  unity.  Hence,  Ic  always  increases  faster  than  Ico-  As 
Rb  is  reduced  while  the  Q point  is  held  fixed,  the  current  drawn  in  the 
bleeder  R2  — Rz  from  the  supply  Vcc  increases.  Also,  if  Ri  is  increased 
while  Rb  is  held  constant,  then  to  operate  at  the  same  quiescent  currents 
the  magnitude  of  Vcc  must  be  increased.  In  either  case  a loss  of  power 
f decreased  efficiency)  is  the  disadvantage  which  accompanies  the  improve- 
ment  in  stability. 

~In  order  to  avoid  the  loss  of  a-c  (signal)  gain  because  of  the  degener-^ 
ation  caused  by  Ri,  this  resistor  is  often  bypassed  by  a capacitor  having  V 
negligible  reactance  at  the  frequencies  under  consideration.  \ 

If  the  circuit  component  values  are  specified,  the  quiescent  point  is 
found  as  follows.  Kirchhoff’s  voltage  law  around  the  collector  circuit 
yields 

— Tec  + Ic{Rl  + Ri)  + IbRi  Vce  — 0 (9-57) 


If  the  drop  in  Ri  due  to  Zb  is  neglected  compared  with  that  due  to  7c, 
then  this  relationship  between  7c  and  Fcb  is  a straight  line  whose  slope 
corresponds  to  Rl  + Ri  and  whose  intercept  at  7c  = 0 is  7cb  = Fee- 
This  load  line  is  drawn  on  the  collector  characteristics.  If  7c  from  Eq. 
(9-57)  is  substituted  in1?o  Eq.  (9-55)  a relationship  between  7b  and  Fcb 
results.  Corresponding  to  each  value  of  7b  given  on  the  collector  curves, 
Fcb  is  calculated  and  the  bias  curve  is  plotted.  The  intersection  of  the 
load  line  and  the  bias  curve  gives  the  quiescent  point. 


Example.  A 2N35  transistor  is  used  in  the  circuit  of  Fig.  9-18  with  Vcc  — 22.5 
volts,  = 5.6  K,  jRi  = 1 K,  J?2  = 10  K,  and  Rz  = 90  K.  (a)  Find  the  Q point. 
(6)  Calculate  >S. 

Solution,  a.  From  Eqs.  (9-54), 


V = 


10  X 22.5 
100 


= 2.25  volts 


and 


Rb  = 


(10)00) 

100 


9.0  K 


The  equivalent  circuit  is  indicated  in  Fig.  9-20.  The  load  line  corresponding  to  a 
total  resistance  of  6.6  kilohms  and  a supply  of  22.5  volts  is  drawn  on  the  collector 
characteristics  of  Fig.  9-21.  Kirchhoff’s  voltage  law  applied  to  the  collector  and  base 
circuits,  respectively,  yields 


-22.5  + 6.6/c  + Ib  + VcB  = 0 
-2.25  + Ic  + 10.01b  = 0 


Eliminating  Ic  from  these  two  equations,  we  find 


Vce  = 65.0/b  -h  7.65 
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Values  of  Vce  corresponding  to  7b  = 20,  40,  and  60  jua  are  obtained  from  this  equa- 
tion and  are  plotted  in  Fig.  9-21.  We  see  that  the  intersection  of  this  bias  curve  and 
the  load  line  occurs  at  Vce  = 10.0  volts,  Ic  = 1.9  ma,  and,  from  the  bias-curve  equa- 
tion, Ib  = na. 
b.  From  Eq.  (9-56), 


1 - 0.98  -t-  (0.98)[1.0/(1.0  -b  9.0)1 

This  value  is  about  one-sixth  of  the  stabilization  factor  for  the  fixed-bias  circuit, 
which  indicates  that  a great  improvement  in  stability  results  if  self-bias  is  used. 


Fig.  9-20.  An  illustrative  example.  (Currents  are  in  milliamperes,  resistances  in 
kilohms,  and  voltages  in  volts.) 


Fig.  9-21,  The  intersection  of  the  load  line  and  the  bias  curve  determines  the  Q point. 

In  the  collector-to-base-bias  circuit  the  value  of  Rb  is  determined  from 
the  desired  quiescent  base  current,  and  no  control  is  exercised  over  the 
stabilization  factor  S.  However,  in  the  self-bias  circuit  Is  and  S may  be 
specified  independently  because  these  requirements  can  be  satisfied  by 
the  proper  choice  oi  Ri  and  R^.  For  this  reason  and  because  generally 
lower  values  of  S are  obtained  with  the  self -bias  arrangement,  this  circuit 
is  more  popular  than  that  of  Fig.  9-16. 
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For  the  sake  of  simplicity  the  resistor  is  sometimes  omitted  from 
Fig.  9-18.  In  such  a circuit  R3  is  determined  by  7^  but  S cannot  be 
specified  as  a design  parameter.  The  value  of  S is  calculated  from  Eq. 
(9-56)  with  Rb  replaced  by  R3. 
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CHAPTER  10 


TRANSISTOR  LINEAR  EQUIVALENT  CIRCUITS 


In  the  preceding  chapter  we  were  primarily  interested  in  the  static 
characteristics  of  a transistor.  In  the  active  region  the  transistor  oper- 
ates with  reasonable  linearity,  and  we  shall  now  inquire  into  small-signal 
equivalent  circuits  which  represent  the  operation  of  the  transistor  in  this 
active  region.  The  parameters  introduced  in  these  equivalent  circuits 
will  be  interpreted  in  the  light  of  the  physics  of  the  semiconductor  sand- 
wich and,  alternatively,  in  terms  of  circuit  theory.  Methods  for  measur- 
ing these  parameters  will  also  be  given.  Finally,  a detailed  study  of  the 
transistor  amplifier  in  its  various  configurations  will  be  made. 

10-1.  A Linear  Equivalent  Circuit.  We  are  interested  now  only  in 
variations  from  the  quiescent  value.  Hence,  we  seek  a circuit  which 
gives  us  the  relationships  between  the  signal  currents  and  voltages  ie, 
Vc,  and  Ve)  introduced  in  Sec.  9-10.  We  shall  set  up  this  circuit  more  or 
less  intuitively  so  that  it  represents  the  characteristics  which  we  know 
the  transistor  possesses.  To  be  specific,  consider  the  grounded-base  con- 
figuration. Looking  into  the  emitter,  we  see  a forward-biased  diode. 
Hence,  between  input  terminals  E and  B there  is  a dynamic  resistance  r/, 

obtained  as  the  slope  of  the  (forward- 
biased)  emitter-j  unction  volt-ampere 
characteristic.  Looking  back  into  the 
output  terminals  C and  B,  we  see  a 
back-biased  diode,  Hence,  between 
these  terminals  there  is  a dynainic 
resistance  rj  obtained  as  the  slope  of 
the  (reverse-biased)  collector-junction 
volt-ampere  characteristic.  From  the 
physical  behavior  of  a transistor  as  discussed  in  Chap.  9,  we  know  that 
the  collector  current  is  proportional  to  the  emitter  current.  Hence,  a 
current  generator  aie  is  added  across  r/,  resulting  in  the  equivalent  circuit 
of  Fig.  10-1.  The  parameter  a is  called  the  forward  current  gain  for  an 
a-c  short-circuited  output  and  is  the  same  constant  for  which  the  symbol 
ap  or  as  was  used  in  Chap.  9. 

The  equivalent  circuit  of  Fig.  10-1  is  unrealistic  because  it  indicates  a 
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Emitter  Collector 


Fig.  10-1.  An  oversimplified  equiva- 
lent circuit  for  a transistor. 
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lack  of  dependence  of  emitter  current  on  collector  voltage.  Actually, 
there  is  some  such  small  dependence,  and  the  physical  reason  for  this 
relationship  is  not  hard  to  find.  As  was  noted  in  Sec.  9-7,  an  increase  in 
the  magnitude  of  the  collector  voltage  effectively  narrows  the  base  width 
W,  a phenomenon  known  as  the  Early  effect.^  The  minority-carrier  cur- 
rent in  the  base  is  proportional  to  the  slope  of  the  injected  minority- 
carrier  density  curve.  From  Fig.  9-12  we  see  that  this  slope  increases  as 
W decreases.  Hence,  the  emitter  current  injected  into  the  base  increases 


aie 


Fi(i.  10-2.  An  equivalent  transistor  circuit  Fig.  10-3.  A T-equivalent  circuit  with 
which  contains  a current  generator  and  only  one  (current)  generator, 
also  a voltage  generator. 


with  reverse  collector  voltage.  This  effect  of  collector  voltage  Vc  on 
efhitteTcurrent  may  be  taken  into  account  by  including  a voltage  source 
yVc  in  series  with  r/,  as  indicated  in  Fig.  10-2.  A little  thought  should 
convince  the  reader  that  the  polarity  shown  for  generator  yVc  is  consistent 
with  the  physical  explanation  just  given. 

The  equivalent  circuit  of  Fig.  10-2  contains  two  generators,  one  a 
current  source  and  the  other  a voltage  source.  It  is  possible  to  make  a 
transformation  of  this  circuit  into  another  one  in  which  the  generator 
yVc  does  not  appear  explicitly.  This  new  circuit  is  shown  in  Fig.  10-3  and 
should  be  considered  in  conjunction  with  Table  10-1.  This  table  gives 
the  transformation  equations  and  in  addition  specifies  typical  values  of 
the  parameters  in  each  of  the  circuits.  The  derivation  of  the  equations 

TABLE  10-1 

TYPICAL  PARAMETER  VALUES  AND  THE  EQUATION  OF 
TRANSFORMATION  BETWEEN  THE  CIRCUITS  OF 
FIGS.  10-2  AND  10-3 


Parameter  in  Fig.  10-2 

Transformation  equations 

Parameter  in  Fig.  10-3 

Te'  = 40  ohms 

Te  = Te  — (1  — a)tiro 

Te  = 20  ohms 

M = 5 X lO-'* 

n'  = fJtTc 

Tb  = 1,000  ohms 

Tc  = 2 X 10®  ohms 

K 

1 

II 

Tc  = 2 X 10®  ohms 

a = 0.98 

a — a 

“ ^ 1 

1 — M 

a = 0.98 
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of  transformation  is  an  entirely  straightforward  matter.  It  is  necessary 
only  to  find  Ve  as  a function  of  ie  and  % (and  also  as  a function  of  ie  and 
for  both  circuits  and  to  require  that  the  corresponding  equations  be  identi- 
cal. The  transformed  circuit,  we  observe,  accounts  for  the  effect  of  the 
collector  circuit  on  the  emitter  circuit  essentially  through  the  resistor  rj,' 
rather  than  through  the  generator  ixej . We  observe  that  Tc  = rj j a = a, 
and  that  Te  = rj {2.  This  last  equation  is  a consequence  of  the  Early 
theory,  provided  that  the  emitter  efficiency  can  be  taken  as  unity  (Sec. 
10-9). 

From  Eq.  (5-5)  for  a forward-biased  diode  we  have*  that 


T 

11,6001/^1 


(10-1) 


where  /^  is  the  d-c  (quiescent)  emitter  current.  At  room  temperature 


aig 


B B 

{b) 


Fig.  10-4.  The  T-equivalent  circuit  taking 
the  base-spreading  resistance  ra  into 
account.  Kirchhoff’s  current  law  has 
been  used  to  find  the  currents  in  Vb  and  Tc. 
Circuit  containing  (a)  current  generator, 
(6)  voltage  generator,  with  Vm  = arc. 

external  short-circuit  forward  gain 


(25°C)  and  with  Ie  expressed  in 
milliamperes,  Eq.  (10-1)  reduces  to 

26 

rj  = ohms  (10-2) 

\j-e\ 

To  complete  the  equivalent  cir- 
cuit the  effect  of  the  finite  resistivity 
of  the  base  region  must  be  taken 
into  account  by  including  the_d-c 
ohmic  resistance  Tb  of  the  order  of 
magnitude  of  100  in 

series  with  the  base  lead.  The 
reason  that  this  base-spreading  re- 
sistance is  included  but  no  account 
is  taken  of  the  emitter  or  collector 
ohmic  resistances  is  explained  in 
Sec.  9-5.  The  complete  low-fre- 
quency T-equivalent  circuit  is  in- 
dicated in  Fig.  10-4a.  The  resist- 
ance re  is  called  the  resistance  of  the 
emitter  branch,  rc  the  resistance  of  the 
collector  branch,  rj,  = rb  -\-  rs  the  base 
resistance,  and  a the  internal  short- 
circuit  forward  current  gain.  The 
equals  the  ratio  —icfie  for  Vc  — 0. 


We  see  from  Fig.  10-4a  that  the  voltage  drop  in  rb  is  {ie  + ic)rb  and  the 


drop  in  rc  is  — {ic  + aif)rc.  If  Vc  = 0,  then  these  two  voltages  must  be 


For  a more  rigorous  proof  see  Sec.  10-9. 
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equal,  or 


From  this  equation  we  find  that  a 


- {ic  + aie)rc 
= —iclie  is  given  by 


arc  + n 

Tc  + Tb 


(10-3) 

(10-4) 


Since  Tc  ':>>  Vb  and  a = 1,  then  a = a and  sometimes  a is  used  in  place  of  o 
in  the  equivalent  circuit  of  Fig.  10-4a. 

It  is  possible  to  replace  the  current  generator  in  parallel  with  Tc  in 
Fig.  10-4a  with  a voltage  generator  (whose  value  is  the  open-circuit  volt- 
age7  namely  r'mlVr  ar^  in  series  with  Tc.  The  equivalent  cir- 

cuitTcdhtaining  a voltage  generator  is  indicated  in  Fig.  10-46. 


Fig.  10-5.  The  grounded-base  T-equivalent  amplifier  circuit. 


One  other  effect  in  a transistor,  which  we  may  note  for  the  sake  of 
completeness,  is  the  modification^  of  the  base-spreading  resistance  with 
current.  As  the  collector  voltage  varies,  the  effective  base  width  changes 
and  hence  the  base-spreading  resistance  is  actually  not  constant.  This 
effect  may  be  taken  into  account  by  including  still  another  generator  in 
series  with  tb.  Ordinarily,  however,  this  effect  is  small  and  may  be 
neglected. 

10-2.  The  Grounded-base  Transistor  as  a Small-signal  Amplifier.  2 In 

Sec.  8-6  we  dealt  with  the  small-signal  equivalent  circuit  of  vacuum-tube 
amplifier  configurations.  In  that  section  we  noted  that  an  amplifier 
stage  could  be  completely  specified  by  stating  a Thevenin-theorem  equiv- 
alent circuit  with  respect  to  the  amplifier-stage  output  terminals.  We 
shall  follow  the  same  procedure  now  for  the  transistor  circuit. 

Consider  the  grounded-base  configuration  of  Fig.  9-14  excited  by  a 
generator  Vg  of  internal  impedance  Rg.  The  T-equivalent  circuit  is 
indicated  in  Fig.  10-5.  The  symbols  Vg,  Ve,  Fc,  le,  and  Ic  are  phasor* 
quantities  representing  variations  from  the  quiescent  values.  Kirch- 

* Because  the  circuits  under  consideration  in  this  chapter  are  resistive,  we  shall,  for 
simplicity,  use  italic  instead  of  boldfaced  type  for  phasor  quantities. 
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hofE’s  voltage  law  applied  to  the  input  and  output  loops,  respectively, 
yields  the  following  equations: 

— Ie{Rg  Te  + I c^b  (10-5) 

0 = leipjTc  + -f-  Ic{.Rl  fc  I" b)  (10-6) 

We  desire  the  equivalent  circuit  looking  back  into  the  collector-base 
output  terminals  of  the  amplifier.  The  load  resistor  Rl  is,  to  be  consid- 
ered external  to  and  therefore  not  part  of  the  amplifier.  The  Thevenin’s 
equivalent  circuit  is  shown  in  Fig.  10-6,  where  the  voltage  gain  is  and 


Fig.  10-6.  The  Thevenin’s  equivalent  circuits  between  (a)  input  terminals  and  (b) 
output  terminals. 


the  output  impedance  is  Ro.  The  output  voltage  Vc  in  the  presence  of  a 
load  is  given  by 


F.  = 


VyA, 


Rl 

Rl  “b  Ro 


(10-7) 


Hence,  Av  and  Ro  may  be  found  by  expressing  Vc  = —IcRl  in  the  form 
indicated  in  Eq.  (10-7),  this  being  the  same  procedure  that  was  used  in 
Sec.  8-6.  Solving  for  Ic  from  Eqs.  (10-5)  and  (10-6),  we  compute  Av  and 
Ro  to  be 


Av  = 
Ro  = 


avc  + n 

Rg  Tb  A Te 

arc  — Rg  — Te 

Tc  — n -n i ^ 

Rg  A Tb  A fe 

rcTbil  - a)  A {re  A Rg){rc  + Vb) 
Rg  A 'f’b  A Te 


(10-8) 


(10-9) 


Example.  Calculate  Av  directly  as  the  ratio  of  output  to  input  voltages  with 
Rl  = 00. 

Solution.  If  the  load  is  open-circuited,  then  Ic  = 0.  From  the  input  loop  in 
Fig.  10-5  we  find 

/ = 

Rg  A Tc  + n 

The  output  voltage  is 

Vc  av  cl  e ”1“  TbI  e 


Hence, 


Vc  _ arc  + rb 
Vg  Rg  + r,  + Tb 


in  agreement  with  Eq.  (10-8). 
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The  expressions  in  Eqs.  (10-8)  and  (10-9)  may  be  simplified  if  we  take 
account  of  the  relative  order  of  magnitude  of  the  values  of  the  parameters 
normally  encountered  in  a transistor.  We  note  from  Table  10-1  that 
Tc^  Te  and  that  a = 1.  Hence 


A 

Ro  = 


avc 


Rg  + Tb 

y’c[yb(l  - a)  + re-\r  Rg] 
Rg  + 'f'b 


(10-10) 

(10-11) 


We  observe  that  and  Rp  depend  on  Rg.  This  feature  results,  of  course, 
from  the  fact  that  the  input  impedance  of  the  transistor  is  not  infinite. 

The  open-circuit  gain  is  a maximum  when  Rg  = 0.  In  this 

case  Eqs.  (10-10)  and  (10-11)  reduce  to 


(.'4i))„iax 


arc 

Tb 


and 


(I^o)ftj=o  rc 


(1  - a)  + - 

Tb 


(10-12) 


The  gain  A in  the  presence  of  a load  is  defined  by  H = VcfVg  and  is  found 
from  Eq.  (10-7),  using  the  appropriate  values  of  A^  and  Ro  given  above. 
The  input  resistance  Rj  to  a transistor  is  defined  as  the  voltage  Vc 
applied  to  the  input  terminals  divided  by  the  input  current  h or 

Ri^^  = ~ = ^ (10-13) 

1 e i e ^ e 


Solving  Eqs.  (10-5)  and  (10-6)  for  /«,  we  find  that 


Ri  = Te  Tb 


rc(l  — a)  -f-  Rl 
Tb  -\-  Vc  A-  Rl 


(10-14) 


The  range  of  Ri  may  be  seen  by  computing  R for  Rl  = 0 and  Rl  = . 

Assuming  again  that  Tc  ^ » Ve,  we  have  approximately 

Ri  = Te  A ^6(1  — a)  for  Rl  = ^ (10-15a) 

Ri  = Tb  for  Rl  = ^ (10-156) 


Example.  By  direct  computation,  verify  Eqs.  (10-16a)  and  (10-156). 

Solution.  If  Rl  — L = 0 and  the  impedance  seen  looking  into  the  input 
terminals  E and  B is  + n.  Since  n » r^,  then  Ri  ^ n,  which  agrees  with  Eq. 
(10-156). 

If  Rl  = 0,  then  Vc  = 0,  and  it  follows  from  the  definition  of  <x  that  L = —alt. 
From  the  input  mesh  of  Fig.  10-5  we  have 

Vt  = leTe  + {le  + 1 elU  = Lfr*  + Tft  — an) 

Hence, 

Ri  = ^ = Te  A nil  — a) 


Since  a ^ a,  this  result  is  in  agreement  with  Eq.  (10-l5a). 
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10-3.  The  Short-circuit  Current  Gain.  The  dual  of  Thevenin’s  theo- 
rem is  Norton’s,  theorem  which  states  that  a voltage  source  V in  series 
with  a resistor  R is  equivalent  to  a current  source  V /R  'vn  parallel  with  a 
resistor  R.  Hence  the  Norton-theorem  equivalent  circuit  for  the 
transistor  consists  of  a current  generator  A^Vg/Ro  shunted  by  a resistor 
Ro- 

We  have 


where 


■^vVg  RgA.„  Vg  . J. 

Ro  ~ Ro  Rg~  ' ' 


(10-16) 


and 


(10-17) 


Hence,  the  Norton  equivalent  circuit  with  respect  to  the  output  terminals 
of  the  transistor  is  as  shown  in  Fig.  10-76.  The  physical  meaning  of  the 
symbols  Ai  and  Ig  will  appear  in  the  following  considerations. 


Fig.  10-7.  The  Norton’s  equivalent  circuits  between  (a)  input  terminals  and  (6)  output 
terminals. 


We  note  that  the  Thevenin-theorem  circuit  becomes  particularly 
simple  [Eq.  (10-12)]  in  the  case  where  Rg  is  very  small.  We  shall  now 
see  that  the  Norton-theorem  circuit  becomes  particularly  simple  when 
Rg  is  very  large. 

If  the  input  source  which  is  represented  in  Fig.  10-5  by  Vg  and  Rg 
is  itself  replaced  by  a Norton  equivalent,  VgjRg  is  the  current  furnished 
by  the  equivalent  current  generator  source,  as  indicated  in  Fig.  10-7a. 
If  Rg  is  much  greater  than  the  input  resistance  Ri,  then  Ig  may  be 
considered  the  input  current  to  the  transistor.  If  <$C  Ro,  AJg  is 
the  load  current  and  hence  Ai  represents  the  short-circuit  current  gain. 
This  gain  Ai  goes  to  a maximum  as  Rg  becomes  infinite  and  is  given  by 

= a (10-18) 

rc  + ri, 

where  use  was  made  of  Eqs.  (10-8),  (10-9),  and  (10-4).  We  also  find 

{Ro)k^oo  = ro  a-  rb  ^ rc  (10-19) 

When  Rg  is  small  in  comparison  with  the  transistor  input  impedance, 
the  equivalent  circuit  of  Fig.  10-6  will  be  more  convenient  to  use.  If  Rg 
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is  large  in  comparison  with  the  input  resistance,  the  equivalent  circuit  of 
Fig.  10-7  will  be  more  convenient. 

10-4.  The  Grounded -emitter  T -equivalent  Circuit.  Consider  a tran- 
sistor circuit  in  which  the  emitter  terminal  is  common  to  the  input  and 
output  circuits  and  the  signal  voltage  Vg  is  applied  in  series  with  a 
resistance  Rg  to  the  base  terminal.  The  equivalent  circuit  based  upon 
the  considerations  in  Sec.  10-1  is  given  in  Fig.  10-8.  This  circuit  may 
be  used  to  find  the  voltage  and  current  gains  and  also  the  input  and  output 
impedances.  We  note,  however,  that  the  generator  in  Fig.  10-8  is  pro- 
portional to  the  emitter  current  whereas  the  input  current  is  Ib.  Hence, 


dig 


Fig.  10-8.  A possible  common-emitter  equivalent  circuit. 


O-glb 


E E 


Fig.  10-9.  A common-emitter  T-equivalent  circuit  with  a current  generator  propor- 
tional to  the  input  (base)  current. 

it  is  more  convenient  to  look  for  another  equivalent  circuit  containing  a 
current  generator  which  is  proportional  to  /&.  For  example,  let  us  see 
if  it  is  possible  to  specify  the  values  a*  and  in  Fig.  10-9  so  that  this 
circuit  will  be  equivalent  to  that  of  Fig.  10-8.  If  the  corresponding 
currents  in  these  two  circuits  are  equal,  then  the  voltage  across  is  the 
same  in  Fig.  10-8  as  in  Fig.  10-9.  A similar  statement  is  valid  with 
respect  to  the  voltage  across  r^.  Hence,  it  is  only  necessary  for  the  volt- 
age across  in  Fig.  10-9  to  be  equal  to  that  across  Tc  in  Fig.  10-8  in  order 
that  these  circuits  be  equivalent  to  one  another.  Thus 

{Ic  — aelb)rd  = (/c  + ale)rc  (10-20) 

If  use  is  made  of  the  fact  that  the  sum  of  the  three  transistor  currents  is 
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always  zero,  then  we  have  that 

(/<;  — aelb)rd  = Uc  — a{h  + DVc  (10-21) 

The  coefficients  of  Ic  and  /&,  respectively,  on  both  sides  of  this  equation 
must  be  equal  because  these  two  circuits  are  to  be  identical,  independent 
of  the  values  of  the  currents.  Hence 

(10-22) 
(10-23) 

(10-24) 

Equations  (10-22)  and  (10-24)  are  the  necessary  relationships  so  that  the 
circuits  of  Figs.  10-8  and  10-9  are  identical. 

Kirchhoff’s  voltage  law  applied  to  the  input  and  output  loops  of  Fig. 
10-9  yields 

V,  = h{Ra  + ^*6  + re)  + IcTe  (10-25) 

0 = hire  — OLeTd)  + IciXe  + -|-  Rl)  (10-26) 

These  equations  are  solved  for  h and  /«.  Then  the  input  resistance 
Ri  is  found  from  Ri  = Vh/Ih' 

R.  = = ^0  ~ = ^ (10-27) 

lb  lb  lb 

If  Vc  = —IcRl  is  put  in  the  form  indicated  in  Eq.  (10-7),  then  the 
open-circuit  voltage  gain  Av  and  the  output  impedance  Ro  can  be  evalu- 
ated. Finally,  the  short-circuit  current  gain  Ai  can  be  found  from 
Ai  = A-„Rg/Ro-  The  common-collector  configuration  may  be  analyzed 
in  a similar  manner  using  the  common-emitter  equivalent  circuit. 

10-6.  Comparison  of  Transistor  Amplifier  Configurations.  Table  10-2 
gives  exact  expressions  for  Av,  Ai,  Ro,  and  Ri  for  the  various  configura- 
tions. The  maximum  voltage  gain  (yl„),„ax  may  be  obtained  from  the 
table  simply  by  letting  Rg  = 0 in  the  expressions  for  A^  Similarly,  the 
expressions  for  (Ai)n,ax  may  be  obtained  from  Ai  by  letting  Rg-^  ^ . 
Note  that  the  quantities  A„,  Ai,  Ri,  and  Ro  in  Table  10-2  are  the  param- 
eters in  the  equivalent  circuits  of  Figs.  10-6  and  10-7.  To  compute  the 
voltage  or  current  gain  in  a particular  case,  it  is  still  necessary  to  take 
account  of  the  loading  effect  of  Rl-  The  formulas  of  Table  10-2  are 
useful  for  general-reference  purposes  but  are  too  complicated  to  yield  any 
easy  insight  into  transistor  performance. 

An  easier  comparison  may  be  made  from  Table  10-3.  Here  we  have 
computed  for  the  various  configurations  the  voltage  gain  (Ai,)max  when  the 


and 


or 


Td  = {1  — a)rc 
tteTd  = arc  = ae{l  — a)rc 


CIa 


1 — a 
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TABLE  10-2 

EXACT  FORMULAS  FOR  THE 
VARIOUS  TRANSISTOR  CONFIGURATIONS 
Av  = open-circuit  voltage  gain 
Ai  = short-circuit  current  gain 
Ro  = output  impedance 
Ri  = input  impedance 
fm  = arc  = aeTd 
Td  = rc(l  — a)  = Tc  — Tm 


Rn  A-  n + Tc 


A,  = 

Ai  = 

Ro  = 

Ri  = rc  -h  n 


Grounded  base 
+ n 


Rgirm.  + rb) 


rc(Rg  + n re)  — rb(r„ 
rm  — Rg  — re 

~ iT  _I_ X — 

Rg  A-  n A-  Te 
rd  + Rl 


Rg  — re) 


A y 
Ai 
Ro 
Ri 

Ay 

Ai 

Ro 

Ri 


Tb  A-  Te  A'  Rl 
Grounded  emitter 

r-m  — Te 


Rg  A-  Tb  A-  Te 

"~'Rgirjn  7*^) 

re{Rg  + rt  + Tc)  A-  TdiRg  4-  Tb) 

Rg  A-  Tb  A-  Tm 


= rd  A-  r 
= Vb  A-  re 


Rg  A-  rb  A-  re 
rc  + Rl 


rd  + re  + Rl 
Grounded  collector 
rc 


Rg  A-  rb  A-  rc 


Rare 


{Rg  + Tft  -t-  rc)  + rd{Rg  + rb) 
Rg  A-  rb 


= re  A-  rd 
= rb  A-  rc 


Rg  A-  rb  A-  rc 
re  -h  Rl 
rd  A re  A Rl 


input  is  a zero-impedance  voltage  source  and  the  current  gain 
when  the  input  is  a perfect  current  source.  In  addition,  the  output 
impedance  for  both  cases  and  the  total  range  over  which  the  input 
impedance  may  vary  have  also  been  tabulated.  In  this  table  we  have 
taken  account  of  the  approximations  which  may  be  allowed  because 
of  the  fact  that  re.  In  computing  numerical-value  param- 

eters, we  have  used  rc  = 2 megohms,  n = I kilohm,  r*  = 20  ohms,  and 
a (=  a)  = 0.98. 
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TABLE  10-3 

APPROXIMATE  FORMULAS  (r,  » n » r^)  FOR  THE 
VARIOUS  TRANSISTOR  CONFIGURATIONS 
Numerical  values  calculated  for  rc  = ‘2,  megohms,  rs  = 1 kilohm,  = 20  ohms, 
a ( ^ a)  = 0.98. 


Parameter 

Grounded  base 

Grounded  emitter 

Grounded  collector 

(j4.  v)max 

= 0 

— = 1,960 

n 

- — = - 1,960 
n, 

1 

(-4i)inax 

Rff  = 00 

a = 0.98 

“ = 49 

1 — a 

, ^ =50 

1 — a 

a a 

II 

o 

= 80  kilohms 

= 80  kilohms 

Te  rifl  — a)  =40  ohms 

II 

8 

rc  = 2 megohms 

rc(l  — a)  =40  kilohms 

rc(l  — a)  =40  kilohms 

Ri 

Rl  = 0 

Ve  + Vbil  — a) 

= 40  ohms 

Te 

Tb  + = 2 kilohms 

1 — a 

Vb  T-— ^ — = 2 kilohms 

1 1 ” a 

j 

8 

II 

rb  — 1 kilohm 

r6  = 1 kilohm 

Tc  = 2 megohms 

The  table  brings  out  the  relative  versatility  of  the  grounded-emitter 
configuration.  This  configuration  is  capable  of  both  a voltage  gain  and  a 
current  gain,  features  not  shared  by  the  other  configurations.  To  realize 
a gain  nominally  equal  to  would  require  not  only  that  a zero- 

impedance  voltage  source  be  used  but  also  that  Ri,  be  many  times  larger 
than  the  output  impedance.  Normally,  however,  so  large  a value  of  Ri, 
is  not  feasible.  Suppose,  for  example,  that  a manufacturer  specifies  a 
maximum  collector  voltage  of,  say,  30  volts.  Then  we  should  not  be 
inclined  to  use  a collector  supply  voltage  in  excess  of  this  maximum  volt- 
age since  in  such  a case  the  collector  voltage  would  be  exceeded  if  the 
transistor  were  driven  to  cutoff.  Suppose  further  that  the  transistor  is 
designed  to  carry  a collector  current  of,  say,  5 ma  when  biased  in  the 
middle  of  its  active  region.  Then  the  load  resistor  should  be  selected  to 
have  a resistance  of  about  15  volts/5  ma  = 3 kilohms.  Using  the  values 
in  Table  10-3,  we  compute  for  the  grounded  emitter  a voltage  gain  under 
load  of 

A = -1,960  X ^ = -71 

Of  course  the  load  resistor  may  be  smaller  than  3 kilohms,  as,  for  exam- 
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pie,  when  a transistor  is  used  to  drive  another  transistor.  Or  in  some 
applications  a much  higher  load  resistor  may  be  acceptable. 

When  used  as  a voltage  amplifier,  the  grounded-base  configuration 
is  capable  roughly  of  the  same  gain  as  the  grounded  emitter.  The 
grounded-collector  circuit  has  a maximum  voltage  gain  (A„)max  which  is, 
at  most,  unity.  To  achieve  this  gain,  the  load  resistor  must  be  very  large 
in  comparison  with  the  output  impedance. 

The  grounded  emitter  and  grounded  collector  are  both  capable  of 
providing  current  gain  which  is  nominally  the  same  in  both  cases.  It  is 
to  be  noted,  however,  that  in  both  cases  the  current  gain  is  not  a very 
stable  characteristic.  We  can  compute,  for  the  grounded-emitter  case, 
that 


^ 1 da 

\ - a a 


(10-28) 


If  a = 0.98,  then  1/(1  — a)  = 50,  and  Eq.  (10-28)  indicates  that  a 1 per 
cent  change  in  a will  result  in  a 50  per  cent  change  in  (Ai)„ax.  An 
approximately  similar  relationship  applies  in  the  grounded-collector  case. 
For  this  reason,  too,  we  may  expect  that  transistor  characteristic  curves 
of  collector  current  vs.  collector  voltage  for  various  values  of  base  current 
(Fig.  9-8)  will  be  subject  to  a great  deal  of  variation. 

The  output  impedance  is  least  for  the  grounded-collector  and  greatest 
for  the  grounded-base  configuration  for  a given  value  of  Rg.  The 
output  impedance  for  the  common  collector  may  be  less  than  100  ohms 
whereas  Ro  for  the  common-base  circuit  may  exceed  100  kilohms.  The 
common-emitter  configuration  shows  the.  least  variation  of  output 
impedance  with  Rg,  and  for  this  circuit  Ro  = 60  kilohms. 

The  input  impedance  is  least  for  the  common-base  and  greatest  for  the 
common-collector  configuration.  The  input  impedance  for  the  grounded- 
base  circuit  may  be  less  than  100  ohms.  The  common-collector  con- 
figuration shows  the  greatest  variation  of  Ri  with  load  resistance  and,  as 
indicated  in  Table  10-3,  2 kilohms  < Ri  < 2 megohms.  The  least  varia- 
tion of  Ri  with  is  exhibited  by  the  common-emitter  circuit,  and  for  this 
circuit,  Ri  = l.b  kilohms. 


Example.  Consider  the  two-stage  transistor  amplifier  of  Fig.  10-10.  The  biasing 
arrangements  and  the  coupling  capacitors  have  been  omitted  for  simplicity.  The 
parameters  of  each  transistor  are 

Te  = 26  ohms  Tb  = 1,320  ohms 

Tc  = I megohm  and  a = 0.975 

Evaluate  (a)  the  input  impedance,  (b)  the  current  gain,  and  (c)  the  voltage  ampli- 
fication. 

Solution,  a.  The  input  impedance  of  a stage  depends  upon  its  load.  The  effective 
load  impedance  Rli  of  the  first  stage  is  Rl\  in  parallel  with  the  input  impedance  R^ 
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of  the  second  stage.  Hence,  we  must  first  find  Riz.  From  Table  10-2, 


Since 

then 


Hence, 


Rii  — Tb  Te 


Tc  + Rh-i 


r<i  + re  + Rl’i 

Td  = rc(l  - a)  = (10«)(1  - 0.975)  = 25  X lO^ 

7?  _ 1 oon  , + 25  X 10« 

,5  0 + 26  ^25  1Q3  26  + 25  X 10^) 

= 1,850  ohms  = 1.85  K 


P , _ RLiRi2  (25) (1.85)  , ,, 

“ ■ Bm  + ft,  " 25  + 1.85  “ ^ 


(10-29) 


^£2/2©  R0Z%  Rlzli^O 


[a]  [b] 

Fig.  10-11.  The  Norton’s  equivalent  circuit  between  output  terminals  of  (a)  the  first 
stage  and  {b)  the  second  stage  in  Fig.  10-10. 


Using  Eq.  (10-29)  with  Rit  replaced  by  Rn  and  Rl2  replaced  by  Rli,  we  find 


Rii  = 1,320  + 26 


106  + 1.73  X 106 


(25  X 106  + 26  + 1.73  X 
= 2,290  ohms  = 2.29  K 


h.  The  Norton’s  equivalent  circuits  between  the  output  terminals  of  the  first  stage 
and  of  the  second  stage,  respectively,  are  indicated  in  Fig.  10-1  la  and  h.  The  short- 
circuit  current  gains  of  the  two  stages  are  An  and  An,  respectively.  The  current 
gains  Ail  of  the  first  stage.  An  of  the  second  stage,  and  the  over-all  current  gain  Ai' 
under  load  are  defined,  respectively,  by 


From  Eqs.  (10-30)  it  follows  that 

Ai'  = Ail' An' 


(10-30) 


(10-31) 


In  a multistage  amplifier  the  over-all  current  gain  equals  the  product  of  the  current  gains 
of  the  individual  stages.  In  general,  the  loaded  current  gain  is  not  ennal  to  the  short- 
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lin.  If  R'  is  the  parallel  combination  of  Roi  and  Rlu 


Ro\R  Li 
Roi  T Rli 


then  it  follows  from  Fig.  10-1  la  that 


h AiJi  ^ 


(10-32) 


(10-33) 


1 -f-  Rii/R' 


(10-34) 


We  see  that  the  loaded  current  gain  A*,'  equals  the  short-circuit  current  gain  An  only 
if  Rii  is  negligible  compared  with  R'.  Similarly,  we  find  from  Fig.  lOrllb  that 


1 -h  Rli/Ro^ 


(10-35) 


In  order  to  evaluate  the  current  gains  we  must  first  find  the  output  impedance  of 
each  stage.  A comparison  of  Fig.  10-11  with  Fig.  10-7  (which  defines  the  short-cir- 
cuit current  A,)  shows  that  since  h (and  also  h)  is  the  current  directly  into  the  input 
terminals  then,  effectively,  Rg  = oc . For  this  value  of  Rg  we  find  from  Table  10-3  that 
Roi  = Ro2  = rd  = 25  K and 

. i « _ -0.975  _ 

Ail  - Ai2  - ^ ^ j 39. 

From  Eq.  (10-32),  R'  = 12.5  K,  and  from  Eqs.  (10-34)  and  (10-' 


. , -39.0  _ o.  n d / _ -^0-0 

" I + 1.85/12.5  “ 1 + 25.0/25.0 

The  over-all  current  gain  is 

A/  = Ail' An'  = (-34.0)  (-19.5)  = 663 


= -19.5 


c.  The  voltage  amplification  A is  given  by 

A Uo  1 oR LI  . f R L2 

^ ~ vr  Tj^  ^ Rir  ~ 


Ci:2)  -7; 

^2.29/ 


(10-36) 


The  voltage  gain  may  also  be  calculated  directly  without  first  finding  the  current 
gains.  In  order  to  do  so,  the  Thevenin’s  equivalent  circuits  of  the  two  stages  are 
drawn  in  Fig.  10-12.  Under  load  the  voltage  gains  Ai  of  the  first  stage,  Aa  of  the 
second  stage,  and  the  over-all  voltage  amplification  A are  defined  by 


n Vo 

Fa  Vi 


From  Eqs.  (10-37)  it  follows  that 


A = AiAj 


(10-37) 


(10-38) 


In  a multistage  amplifier  the  over-all  voltage  amplification  equals  the  product  of  the  voltage 
gains  of  the  individual  stages.  From  Fig.  10-12, 


1 "I-  Roi/Rli 


1 -f-  R02/RL2 


(10-39) 


252  VACUUM-TUBE  AND  SEMICONDUCTOR  ELECTRONICS 


where  Rli  is  the  parallel  combination  of  Rli  and  Ra  and  equals  1.73  kilohms.  A 
comparison  of  Fig.  10-12  with  Fig.  10-6  (which  defines  the  open-circuit  gain  Av) 


Fig,  10-12.  The  Thcvenin’s  equivalent  circuit  between  output  terminals  of  (a)  the 
first  stage  and  (b)  the  second  stage  in  Fig.  10-10. 


shows  that  since  the  voltage  Fi  (and  also  V2)  is  taken  directly  at  the  input  terminals 
then,  effectively,  Rg  = 0.  For  this  value  of  Rg  we  find  from  Table  10-3  that 


and 


K.1  - B.2  - r.  ((1  - a]  + ^]  - 10*  (l  - 0.975  + - 44.2  K 


A.,  - -738 


n 


1,320 


From  Eqs.  (10-39), 


A,  = -738 

1 -h  44.2/1.73 

and,  from  Eq.  (10-38), 


-27.6 


-738 

1 + 44.2/25.0 


= -266 


A = AiAi  = (-27.6)(-266)  = 7,350 

which  agrees  with  the  value  found  above  based  upon  the  current-gain  calculation. 

Note  that  R02  in  Fig.  10-116  is  not  numerically  equal  to  R02  in  Fig.  10-126.  Further- 
more, in  neither  of  these  circuits  does  Ra2  represent  the  true  output  impedance  of  the 
over-all  two-stage  amplifier.  It  must  be  emphasized  that  the  only  significance  which 
should  be  attached  to  the  Norton’s  equivalent  circuits  of  Fig.  10-11  is  that  they  are 
useful  for  calculating  the  current  gains  of  each  stage  as  defined  by  Eq.  (10-30).  Simi- 
larly the  Thevenin’s  equivalent  circuits  of  Fig.  10-12  are  to  be  used  only  for  the  pur- 
pose of  calculating  the  voltage  gains  as  defined  by  Eq.  (10-37). 

10-6.  A Vacuum-tube-Transistor  Analogy.®  It  is  possible  to  draw  a 
very  rough  analogy  between  a transistor  and  a vacuum  tube.  In  this 
analogy  the  base,  emitter,  and  collector  of  a transistor  are  identified, 
respectively,  with  the  grid,  cathode,  and  plate  of  a vacuum  tube.  Corre- 
spondingly, the  grounded-base,  grounded-emitter,  and  grounded-collector 
configurations  are  identified,  respectively,  with  the  grounded-grid, 
grounded-cathode,  and  grounded-plate  (cathode-follower)  vacuum-tube 
circuits,  as  in  Fig.  10-13. 

Consider,  for  example,  the  circuits  of  Fig.  10-13a.  For  the  tube  cir- 
cuit, we  find  that  in  the  normal  amplifier  region  l/fc|  = |/p|.  In  the 
transistor  circuit,  in  the  active  region,  we  find  that  1/^1  ^ \Ig\,  the  differ- 
ence between  7^  and  Ig  being  of  the  order  of  2 per  cent.  In  both  the 
transistor  and  tube  circuits  of  Fig.  10-13a,  we  find  that  the  input  imped- 
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ance  is  low  because  of  the  large  current  at  low  voltage  which  must  be 
furnished  by  the  driving  generator.  Also,  both  circuits  are  capable  of 
considerable  voltage  gain  without  inverting  the  input  signal. 

The  grounded-emitter  transistor  of  Fig.  10-136  has  a higher  input 
impedance  than  the  grounded-base.  As  a voltage  amplifier  a large  gain 
with  polarity  inversion  is  possible.  In  all  these  respects  the  grounded- 
emitter  configuration  is  analogous  to  the  grounded-cathode  vacuum-tube 
amplifier  stage. 

In  Fig.  10-13c,  the  grounded-collector  configuration  is  compared  to  the 
grounded-plate  (cathode-follower)  circuit.  As  a matter  of  fact,  the 


(a)  ib)  ic) 

Fig.  10-13.  Analogous  transistor  and  vacuum-tube  circuits,  (a)  Grounded  base  and 
grounded  grid,  (b)  Common  emitter  and  common  cathode,  (c)  Emitter  follower 
and  cathode  follower. 

grounded-collector  configuration  is  often  referred  to  as  the  emitter-follower 
circuit.  In  the  emitter-follower  circuit  the  input  current  is  relatively 
small,  and  the  voltage  difference  between  base  and  emitter  is  essentially 
the  small  voltage  drop  across  the  forward-biased  emitter  junction  when 
operating  in  the  active  region.  Hence,  we  may  expect  the  input  voltage 
and  the  output  voltage,  as  in  a cathode  follower,  to  be  nominally  the 
same.  The  emitter  follower,  as  the  cathode  follower,  provides  a gain  of 
the  order  of  unity  without  polarity  inversion  when  used  as  a voltage 
amplifier.  The  emitter  follower  may  also  be  expected  to  handle  an  input 
signal  comparable  in  size  with  the  collector  supply  voltage.  The  input 
current  swing  from  cutoff  to  saturation  is  the  same  for  grounded-emitter 
and  grounded-collector  operation,  but  in  the  grounded-collector  operation 
the  input  voltage  swing  is  larger. 

The  cutoff  region  of  the  transistor  corresponds  to  the  region  in  the 
vacuum  tube  where  the  tube  grid  bias  is  larger  than  the  cutoff  bias. 
The  active  region  of  the  transistor  corresponds  to  the  region  in  which 
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the  tube  operates  as  a linear  amplifier.  This  region  covers  not  only  the 
region  within  the  grid  base  but  also  the  region  of  positive  grid  voltages 
where  the  tube  operates  linearly.  The  saturation  region  of  the  transistor 
corresponds  to  the  tube  region  where  the  grid  is  so  positive  and  the  plate 
voltage  is  so  low  that  the  plate  current  is  almost  independent  of  grid  volt- 
age (see  Fig.  A9-9) . In  the  transistor  the  base  takes  current  at  all  points 
in  its  active  region,  while  in  the  tube  the  grid  draws  appreciable  current 
only  when  it  is  positive.  The  analogy  may  be  improved  by  assuming 
that  cutoff  occurs  in  the  tube  at  zero  grid  bias;  i.e.,  the  grid  base  is  zero. 
Also,  the  volt-ampere  transistor  characteristics  are  shaped  more  like 
pentode  curves  (see  Chap.  11)  rather  than  triode  characteristics. 

It  need  hardly  be  emphasized  that  the  analogies  drawn  above  are  far 
from  exact.  On  several  occasions  we  have  already  noted  that  a transistor 
is  a more  complicated  device  than  a vacuum  tube.  In  the  former  the  cur- 
rent is  due  to  charge  carriers  of  both  signs  moving  in  a solid,  whereas  in 
the  latter  the  current  is  carried  by  electrons  in  a vacuum.  There  is 
nothing  in  a vacuum  tube  corresponding  to  minority-carrier  storage  in  a 
transistor.  The  low-frequency  input  impedance  of  a grounded-cathode 
or  cathode-follower  circuit  is  infinite  whereas  a transistor  has  a relatively 
low  input  impedance  in  all  three  configurations.  The  low-frequency 
equivalent  circuit  of  a tube  contains  only  two  parameters,  n and  Tp  (or 
Qm  and  Tp),  whereas  four  parameters,  r*,  Vc,  n,  and  a,  are  required  in  the 
corresponding  transistor  small-signal  equivalent  circuit. 

The  analogies  are  principally  useful  as  mnemonic  aids  and  for  the 
purpose  of  providing  an  appreciation  of  the  approximate  operation  of  a 
transistor  circuit  to  one  who  is  more  familiar  with  vacuum-tube  circuits. 
For  example,  we  may  note  that  the  most  generally  useful  tube  circuit  is 
the  grounded-cathode  circuit.  We  may  then  expect  from  our  analogy 
that  the  grounded-emitter  configuration  will  occupy  the  same  preferred 

position  in  the  transistor  configurations.  This 
anticipated  result  is  borne  out  in  practice. 

10-7.  The  Small-signal  Parameters.  We  ob- 
tained the  circuit  of  Fig.  10-2  by  considering  the 
physical  behavior  of  the  transistor.  However, 
it  must  be  emphasized  that  this  circuit  represents 
one  form  of  the  most  general  linear,  lumped, 
active,  resistive,  four-terminal  network.  That  such  is  the  case  may  be 
seen  by  considering  the  box  in  Fig.  10-14  which  is  to  represent  an  arbitrary 
linear  four-terminal  network.  The  small-signal  (incremental)  input  volt- 
age Vi  and  the  output  current  ^2  are  linear  combinations  of  the  input  cur- 
rent ii  and  output  voltage  V2  so  that  we  may  write 


+° 

°+ 

U2 

Input 

Output 

Fig.  10-14.  An  arbitrary 
four-terminal  network. 


Vi  — h\\i\  I112V2 


^2  — hoi'll  “f"  h‘l‘lV2 


(10-40) 


TRANSISTOR  LINEAR  EQUIVALENT  CIRCUITS  255 


The  quantities  fen,  hu,  h^i,  and  are  called  the  H or  hybrid  parameters 
and  may  be  obtained  easily  experimentally.  It  follows  from  Eqs.  (10-40) 
that  these  parameters  are  defined  as  follows: 


h\i 

hi2 

h^i 


Vi 


|l)2  = 0 


= input  resistance  with  output  short-circuited 


— = fraction  of  output  voltage  at  input  with  input  open-circuited,  or  more 

^ ~ simply,  reverse  open-circuit  voltage  amplification 

^ = current  gain  with  output  short-circuited 

^l  l>2=0 


— = output  conductance  with  input  open-circuited 

V2  11=0 


The  following  convenient  alternative  subscript  notation  is  recom- 
mended by  the  IRE  Standards 

f = 11  = input  0 = 22  = output 

/ = 21  = forward  transfer  r = 12  = reverse  transfer 

Another  subscript  {h,  e,  or  c)  is  added  to  designate  the  type  of  configuration.  For 
example, 

hib  = huh  = input  impedance  in  common-base  configuration 

hfe  = hiu  = short-circuit  forward  current  gain  in  common-emitter  circuit 

Another  notation  which  is  found  in  the  literature  but  is  not  recommended  by  the 
Standards  is  to  replace  the  numbers  1 and  2 by  the  letters  h,  e,  or  c which  represent 
the  input  and  output  terminals.  For  example,  in  the  common-emitter  configuration, 
1 is  replaced  by  h and  2 is  replaced  by  c so  that  Kb  = short-circuit  current  gain. 

From  the  definitions  given  above  and  from  the  T-equivalent  circuit  of 
Fig.  10-5  for  the  grounded-base  configuration  the  following  approximate 
relationships  are  found  to  be  valid: 


hib  = re  -f-  nil  — a) 


I,  - 
flrh  — — 


hfb  d 


(10-41) 


As  an  example  of  how  to  verify  these  relationships,  consider  the  equation 
for  hib.  From  Fig.  10-5, 

Ve  = ieire  + U)  + (10-42) 


If  the  output  is  short-circuited,  then  ic  = —aie  = 
becomes 


Since,  by  definition. 


~ = Te  il  — d)rb 
'le 


hib 


Ve 

'le 


\ve=0 


— aie,  and  Eq.  (10-42) 
(10-43) 


then  Eq.  (10-43)  verifies  the  first  of  Eqs.  (10-41). 


256  VACUUM-TUBE  AND  SEMICONDUCTOR  ELECTRONICS 


If  the  hybrid  parameters  are  measured  (Sec.  10-8)  or  are  supplied  by 
the  transistor  manufacturer,  the  parameters  in  the  common-base  T-equiv- 
alent  circuit  are  calculated  from  the  following  relationships  obtained  from 
Eqs.  (10-41): 


a = —hfb 


n = 


Ve  = hib 


^rb(l  + hfb) 
hob 

(10-44) 


The  equivalent  circuit  of  the  common-emitter  configuration  using 
hybrid  parameters  is  given  in  Fig.  10-15.  The  corresponding  T-equiv- 
alent  circuit  is  indicated  in  Fig.  10-9.  Proceeding  as  above,  we  can 
derive  the  following  approximate  relationships: 


hie  — + (1  + (le)re 


and 

O/e  hfe 


hre 


hf  e 


Td  = 


Te 


hre 

hoe 


n 


hoe  = - (10-45) 


^re(l  "I”  hfe) 
hoe 

(10-46) 


Often  a manufacturer  will  supply  three  sets  of  curves  of  hybrid  parame- 
ters. In  one  of  these  the  independent  variable  is  quiescent  emitter  cur- 
rent, in  the  second  it  is  quiescent  collector  voltage,  and  in  the  third  it  is 
junction  temperature. 

The  hybrid  parameters  are  so  called  because  they  do  not  all  have  the 
same  dimensions;  hi  represents  a resistance  and  ho  a conductance,  whereas 

hr  and  hf  are  dimensionless.  This 
situation  arises  because  in  the  arbi- 
trary four-terminal  network  of  Fig. 
10-14  we  have  chosen  input  current 
and  output  voltage  as  independent 
variables.  If,  instead,  we  select 
both  currents  as  independent  vari- 
ables and  express  the  voltages  as 
linear  combinations  of  the  currents, 
then  each  of  the  four  coefficients 
zii,  2i2,  2:21,  and  222  has  the  dimension  of  ohms.  These  factors  are  called 
the  impedance  {z)  or  resistance  if)  parameters.  Similarly,  the  two  voltages 
may  be  chosen  as  the  independent  variables  and  the  currents  expressed 
as  linear  combinations  of  these  voltages.  The  four  coefficients  yw,  yi2, 
2/21,  and  2/22  each  has  the  dimension  of  mhos,  and  these  are  called  the 
admittance  {y)  or  conductance  (g)  parameters. 

10-8.  Measurement  of  H Parameters.®  Based  upon  the  definitions 
given  in  the  preceding  section,  simple  experiments  may  be  carried  out  for 


Fig.  10-15.  The  common-emitter  con- 
figuration described  by  hybrid  param- 
eters. 
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the  direct  measurement  of  the  hybrid  parameters.  Consider  the  circuit  of 
Fig.  10-16.  The  desired  quiescent  collector  voltage  is  obtained  from  the 
variable  supply  Vcc-  The  desired  quiescent  emitter  current  is  obtained 
by  adjusting  the  supply  V ee  and/or  the  resistor  The  impedance  of 

the  inductor  L (250  henrys)  and  the  resistor  2^2  at  the  audio  frequency 
(270  cps)  at  which  the  measurements  are  made  is  large  compared  with 
the  transistor  input  impedance  Ri.  The  value  of  (10  kilohms)  is  large 
compared  with  Ri  and  also  compared  with  the  reactance  of  C.  The  drop 
across  Rzil  kilohm)  due  to  the  small  base  current  is  negligible  compared 
with  the  drop  across  R\  or  the  voltage  Vcc-  Because  of  these  inequalities, 
we  may  consider  the  signal  input  current  to  be  i\  = Vs/Ri  and  the  signal 


Fig.  10-16.  Circuit  for  measuring  hn,  Fig.  10-17.  Circuit  for  measuring 

and  hfift  ^rb  and  hob* 


output  voltage  v-i  to  be  zero, 
given  by 

hib 


If  we  short  out  Rz,  the  value  of  hib  is 


^ _ viRi 

il  !>2=0 


(10-47) 


Hence,  the  input  resistance  may  be  calculated  from  the  two  measured 
voltages  Vi  and  Vg. 

Since  /i/b  = —a  has  a magnitude  which  is  close  to  unity,  it  is  customary 
to  measure  1 -|-  h/b  rather  than  h/b  directly.  By  definition, 


1 + hfb  — 1 -b  - 


l2 


h 


ii  -b  12 


V2  = 0 


^l 


Rz  Vs 


(10-48) 


because  the  current  through  Rz  is  ii  -b  ^2  = Vz/Rz-  Hence,  the  short- 
circuit  current  gain  may  be  calculated  from  the  measured  voltage  Vz  and  Vg. 

The  circuit  of  Fig.  10-17  may  be  used  to  measure  Kb  and  Kb*  The 
signal  is  now  applied  to  the  collector  circuit.  Because  the  impedance  of 
L and  R2  is  large  compared  with  Ri,  the  emitter  circuit  may  be  considered 
effectively  open-circuited  as  far  as  the  signal  is  concerned,  so  that  ii  = 0. 
If  we  short  out  Rz,  then 


lii^O 


(10-49) 
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and  hence  the  reverse  amplification  factor  is  obtained  from  the  two  meas- 
ured voltages  Vi  and  v^.  The  output  conductance  is  defined  by 


hob 


12 


Vi 


Vz 

RzV2  lii=0 


(10-50) 


because  with  ii  = 0 the  current  in  Rs  is  f 3/ Rz-  Hence  Kh  is  obtained 

from  the  measured  voltages  and  v^. 

10-9.  The  Hybrid  Parameters  in  Terms  of  the  Physical  Constants  of 
the  Transistor.  In  this  section  we  shall  return  to  the  intrinsic  transistor 
of  Fig.  10-2  and  shall  neglect  the  base-spreading  resistance  Tb.  From 
the  definitions  of  the  hybrid  parameters  in  Sec.  10-7  and  from  Fig.  10-2,  it 
should  be  clear  that 

/lift  Tg  hrb  (i  hfb  Oi  /loft  — ^ (10-51) 

r c 


The  theory  of  the  transistor  alpha  is  given  in  Sec.  9-7,  where  it  is  shown 
that 

— /l/ft  = a = 1S7  (10-52) 


where  the  transport  factor  ^ depends  upon  the  base  width  W according 
to  Eq.  (9-38)  and  the  emitter  efficiency  7 as  a function  of  W is  given  by 
Eq.  (9-39). 

In  order  to  find  the  input  impedance  hib,  note  that 


/lift 


Vc  = 0 


dls 
dV  E 


Vc  const 


(10-53) 


and  that  Ie  and  Ve  are  related  by  Eq.  (9-29),  namely, 


Hence, 


Ie  = - 1)  + - 1) 

hib  Vt 


(10-54) 

(10-55) 


In  the  active  region  where  the  emitter  is  forward-biased  and  the  collector 
is  reverse-biased, 

Ie  = — (an  -j-  ai2) 


In  the  cutoff  region  where  both  the  emitter  and  the  collector  are  reverse- 
biased  the  emitter  current  equals  — (an  + ai2).  Since  this  cutoff  current 
is  very  small,  then 

Ie  = aiie^^''^*' 

and  from  Eq.  (10-55) 


(10-56) 
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This  expression  is  in  agreement  with  Eq.  (10-1),  which  was  derived 
somewhat  intuitively. 

In  order  to  evaluate  the  output  conductance  hob  we  recall  that  in  the 
active  region  where  the  collector  is  reverse-biased  the  collector  current 
may  be  approximated  by 


and  hence  that 


Ic 


hob 


ic  I 

|le  = 0 


— Oils  + Jco 

die  \ _ _ r 

const  ^ dV c 


(10-57) 


Now  according  to  the  Early  theory ^ the  reason  that  a varies  with  Fc  is 
that  a depends  upon  the  base  width  W and  the  effective  space-charge 
layer  varies  with  collector  voltage.  Hence, 


hob 


re' 


da  dW 

WWc 


(10-58) 


The  dependence  of  IF  upon  Fc  is  determined  by  the  type  of  junction 
under  consideration.  For  a grown  junction  the  relationship  is  given  by 
Prob.  5-10  whereas  for  an  alloy  junction  it  is  given  in  Eq.  (5-12). 

In  order  to  evaluate  the  reverse  feedback  factor  Kb  defined  by 


hrb 


ie  = 0 


dVE 

dVc 


\Ib  const 


(10-59) 


we  differentiate  Eq.  (10-54)  with  respect  to  Fc.  We  must  remember  that 
an  and  an  are  functions  of  IF  and  hence  are  not  independent  of  Fc.  The 
result  of  the  differentiation  is 


0 = 


dVs 

Ft  ^ Fc 


_L  ^ (^Vb/Vt 
IB  ^ dVc  ^ 


1)  + 


0126^ 
F T 


+ ^ - 1)  (10-60) 
oV  c 

In  the  active  region  where  the  collector  is  reverse-biased  we  may  neglect 
the  terms  containing  and  Eq.  (10-60)  becomes 


^ dan 

~v^  Wc 

From  Eq.  (9-30)  it  follows  that 

5aii  dai2 

dVc  dVc 

and  Eq.  (10-61)  reduces  to 

, Ft  dan  Ft  ^an 

an  dVc  a2i  dVc 


dai2 


(10-61) 


(10-62) 


because,  from  Eq.  (9-12),  an  = —(12i!ol  and  a ^ 1.  If  use  is  made  of 
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Eqs.  (9-30)  and  (9-32),  we  finally  obtain 


_ VrdW 

~ W dVc 


(10-63) 


The  hybrid  parameters  can  be  evaluated  in  terms  of  the  physical  con- 
stants of  the  transistor  by  means  of  the  above  equations.  Since  a = ^y, 
then  da/dW  needed  in  Eq.  (10-58)  is  given  as 


da  ^ ^ I ^ 
dW  '^dW^'^dW 


(10-64) 


From  Eqs.  (9-38)  and  (9-39)  we  find  that 

dy  _ 1-7  _ -2(1  - |8) 

dW  ~ W dW  ~ W 


(10-65) 


Remembering  that  /3  = 1 and  7 = 1,  Eq.  (10-64)  reduces  to 


= - « + (1  - -v))  (10-66) 


Based  upon  the  above  theory  an  interesting  expression  can  be  obtained 
for  the  product  ixVc  which  appears  in  the  transformation  equations  in 
Table  10-1.  From  Eqs.  (10-63)  and  (10-58)  we  find 


fiVc'  = 


Using  Eqs.  (10-56)  and  (10-66), 

fir/  = 


Vt 


IsWida/dW) 


2(1  - ^)  -f-  (1  - 7) 


From  Table  10-1, 

Te  = r/  — (1  — a)M^c'  = r/ 


1 - 


2(1  - ^)  + (1  - 7) 


(10-67) 

(10-68) 

(10-69) 


The  emitter  efficiency  is  often  much  closer  to  unity  than  is  the  transport 
factor.  Under  these  circumstances  we  may  assume  that  7 = 1 and  a = d 
so  that  Eq.  (10-69)  reduces  to 


2 2Ie 


(10-70) 


From  Table  10-1  we  have  that  n'  = fxVc.  Subject  to  the  condition 
that  7 is  very  close  to  unity,  Eq.  (10-68)  reduces  to 

r/  = 

2(1  - a)  I - a 


(10-71) 
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Example.  The  2N34  transistor  has  a total  base  resistance  n of  800  ohms  and  a.  = 
0.975  at  a quiescent  emitter  current  of  1.0  ma.  Find  the  value  of  r6  at  7e  = 0.5  ma. 
Solution.  From  Eq.  (10-70),  at  room  temperature  and  a quiescent  current  of 


1.0  ma, 


Te 


0.026 

(2)  (10-3) 


= 13  ohms 


From  Eq.  (10-71), 

oils  ■ 


If  the  base-spreading  resistance  is  designated  by  tb,  then 

n = ra  + n' 


or 

tb  = 800  - 520  = 280  ohms 

Now  for  7s  = 0.5  ma,  r,  and  hence  n'  is  twice  the  value  found  at  1.0  ma. 
n'  = (2)  (520)  = 1,040  ohms 


and 


rb  = 280  -h  1,040  = 1,320  ohms 


Hence, 
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CHAPTER  11 


MULTIELECTRODE  VACUUM  TUBES  AND 
HIGH-FREQUENCY  TRANSISTORS 


T HE  basic  vacuum  tube  employing  a control  element  is  the  triode.  In 
See.  8-9  it  is  shown  that  the  input  admittance  of  a triode  is  principally 
capacitive  and  that  the  major  portion  of  this  capacitance  is  contributed 
by  the  grid-to-plate  interelectrode  capacitance.  As  the  frequency  is 
increased  the  input  impedance  decreases  and  the  tube  may  act  as  a heavy 
load  on  the  circuit  which  feeds  it.  Furthermore,  the  coupling  between 
the  plate  and  the  grid  may  be  large  enough  to  cause  the  circuit  to  oscil- 
late. In  this  chapter  we  shall  show  that  the  addition  of  one  or  two 
electrodes  reduces  the  capacitance  between  input  and  output  circuits  to  a 
negligible  amount.  The  characteristics  of  these  new  tubes  will  be  studied. 

The  equivalent  circuit  of  the  transistor  at  high  frequencies  will  be 
given. 

Screen-grid  Tubes  or  Tetrodes.  The  screen-grid  tube  was  intro- 
duced commercially  about  1928.  In  these  tubes  a fourth  electrode  is 

interposed  between  the  grid  and  the  plate. 
This  new  electrode  is  known  as  the  screen 
grid,  the  shield  grid,  or  grid  2,  in  order  to 
distinguish  it  from  the  “control”  grid  of  the 
three-electrode  tube.  It  may  entirely  en- 
close the  plate,  as  shown  schematically  in 
Fig.  11-1.1  Because  of  its  design  and  dis- 
position, the  screen  grid  affords  very  complete 
electrostatic  shielding  between  the  plate  and 
the  grid.  This  shielding  is  such  that  the 
grid-plate  capacitance  is  divided  by  a factor 
of  about  1,000  or  more.  However,  the  screen 
mesh  is  sufficiently  coarse  so  that  it  does 
not  interfere  appreciably  with  the  flow  of 
electrons. 

Because  of  the  shielding  action  of  the  plate  by  the  screen  grid,  the 
electric  field  produced  in  the  neighborhood  of  the  cathode  by  the  anode 
potential  is  practically  zero.  Since  the  total  space  current  is  determined 
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Fig.  11-1.  Schematic  arrange- 
ment of  the  electrodes  in  a 
screen-grid  tetrode.  The  tube 
has  cylindrical  symmetry. 
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almost  wholly  by  the  field  near  the  cathode  surface,  the  plate  exerts  little 
or  no  effect  on  the  total  space  charge  drawn  from  the  cathode.  The 
plate  in  a triode  performs  two  distinct  functions,  that  of  controlling  the 
total  space  current  and  that  of  collecting  the  plate  current.  In  a tetrode, 
the  plate  serves  only  to  collect  those  electrons  which  succeed  in  passing 
through  the  screen. 

This  passive  character  of  the  plate  makes  the  tetrode  a much  better 
voltage  amplifier  than  the  triode.  Physically,  this  follows  from  the  fact 
that  in  a three-element  tube  an  increase  in  signal  voltage  causes  an 
increase  in  load  current.  This  increased  current  causes  a decreased  plate- 
cathode  potential,  because  of  the  increased  uRl  drop.  The  decreased 
potential  reduces  the  space  current  below  its  value  were  there  no  such 
reduction  in  the  plate-cathode  voltage.  Although  the  %Rl  drop  still 
exists  in  the  tetrode,  no  consequent  decrease  in  space  current  occurs 
because  the  plate  is  effectively  isolated  by  the  screen.  Hence  the  input 
signal  must  necessarily  have  a much  greater  effect  on  the  output  voltage 
in  a tetrode  than  in  a triode. 

This  reasoning  is  valid,  of  course,  only  if  the  change  in  plate  current  for 
a given  change  in  control-grid  voltage  in  both  tubes  is  the  same.  That  is, 
this  discussion  presumes  that  the  plate-grid  transconductance  is  the  same 
for  the  two  tubes.  In  most  cases,  the  disposition  of  the  cathode  and 
grid  is  almost  the  same  in  the  three-  and  four-element  tubes,  and  the  con- 
trol of  the  electron  stream  by  the  grid  is  nearly  alike  for  both  types  of 
tube. 

Since  changes  in  plate  voltage  have  very  little  effect  upon  the  plate 
current,  it  follows  that  the  plate  resistance  of  tetrodes  must  be  very  high. 
Correspondingly,  the  amplification  factor  of  the  tube  must  also  be  high. 
This  follows  from  the  definition  of  the  amplification  factor,  which  meas- 
ures the  relative  effectiveness  of  changes  of  plate  and  grid  voltage  in  pro- 
ducing equal  plate-current  increments.  Quantitative  definitions  of  the 
tube  parameters  of  the  tetrode  will  be  given  in  Sec.  11-3.  It  can  be  con- 
cluded from  the  qualitative  discussion  given  that  the  tetrode  is  character- 
ized by  the  following  features:  a plate-grid  capacitance  which  is  only  a few 
thousandths  of  that  of  a triode,  a plate-grid  transconductance  which  is 
roughly  the  same  as  that  of  a triode,  and  an  amplification  factor  and  plate 
resistance  which  are  about  ten  or  one  hundred  times  that  of  a triode. 

11-2.  Tetrode  Characteristics.  As  already  discussed,  the  main  pur- 
pose of  the  plate  is  to  collect  those  electrons  which  succeed  in  passing 
through  the  screen.  Also,  the  total  space  current  is  practically  constant 
for  given  control-grid  and  screen-grid  potentials.  Hence,  that  portion 
of  the  space  current  which  is  not  collected  by  the  plate  must  be  collected 
by  the  screen ; i.e.,  the  two  currents  are  complementary.  Where  the  plate 
current  is  large,  the  screen  current  must  be  small,  and  vice  versa.  These 
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features  can  be  noted  from  Fig.  11-2  obtained  with  a 6J7  tube  connected 
as  a tetrode. 

Although  the  plate  voltage  does  not  affect  the  total  space  current  very 
markedly  (a  slight  dip  does  occur  in  the  curve  of  total  space  current  at  the 
lower  plate  potentials),  it  does  determine  the  division  of  the  space  current 
between  the  plate  and  the  screen.  At  zero  plate  potential,  none  of  the 
electrons  has  sufficient  energy  to  reach  the  anode,  if  it  is  assumed  that  the 
electrons  are  liberated  with  zero  initial  velocities.  Hence,  the  plate  cur- 
rent should  be  zero.  As  the  plate  voltage  is  increased,  one  should  expect 
a rapid  rise  in  plate  current  and  a corresponding  fall  in  the  screen  current. 
When  the  plate  potential  is  very  much  larger  than  the  screen  potential, 
the  plate  current  should  approach  the  space  current  and  the  screen  current 
should  approach  zero.  This  asymptotic  behavior  is  noted  in  Fig.  11-2. 


Fig.  11-2.  The  currents  in  a 6J7  tube  connected  as  a tetrode.  The  screen  potential  is 
100  volts  and  the  grid  potential  is  —2  volts  (the  suppressor  is  tied  to  the  screen). 

An  inspection  of  Fig.  11-2  indicates  that  the  plate  current  rises  very 
rapidly  for  the  first  few  volts,  but  it  is  then  followed  by  a rather  anomalous 
behavior  in  the  region  of  plate  potentials  from  a few  volts  to  potentials 
somewhat  lower  than  the  screen  voltage.  The  plate  current  is  seen  to 
decrease  with  increasing  values  of  plate  potential.  That  is,  the  tube 
possesses  a negative  plate  resistance  in  this  region. 

The  general  character  of  the  curves  of  Fig.  11-2  may  be  described  on 
the  basis  of  the  approximate  potential  distribution  diagram  of  Fig.  11-3. 
This  diagram  should  be  compared  with  Fig.  7-4,  which  shows  the  poten- 
tial profiles  in  a triode.  In  this  diagram  it  is  supposed  that  the  control- 
grid  and  the  screen-grid  voltages  are  at  fixed  values  and  that  the  plate 
voltage  Eb  may  be  adjusted  from  zero  to  a value  considerably  in  excess 
of  the  screen  voltage. 

It  is  seen  that,  for  a given  grid  and  screen  voltage,  the  curves  for  differ- 
ent plate  voltages  merge  into  one  near  the  cathode.  This  means  that  the 
field  intensity  near  the  cathode  is  sensibly  independent  of  the  plate  volt- 
age and  depends  only  on  the  grid  and  screen  voltages.  As  a result,  the 
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space  current  does  not  depend  on  the  plate  voltage.  The  division  of  the 
space  current  between  the  screen  and  the  plate  does  depend  on  their 
relative  potentials. 

Now  consider  the  kinks,  or  folds,  that  appear  in  the  curves  of  Fig.  11-2 
in  the  region  where  the  plate  potential  is  lower  than  the  screen  potential. 
These  are  caused  by  the  liberation 
of  secondary  electrons  from  the 
plate  by  the  impact  of  the  primary 
electrons  with  the  plate.  These 
secondary  electrons  are  attracted  to 
the  screen.  The  screen  current  is 
increased,  whereas  the  plate  current 
is  decreased.  The  number  of  sec- 
ondary electrons  liberated  by  this 
electron  bombardment  depends 
upon  many  factors  and  may  even 
exceed  the  total  number  of  primary 
electrons  that  strike  the  plate  and 
thus  result  in  an  effective  negative 
plate  current. 

In  the  region  where  the  plate 
potential  is  higher  than  the  poten- 
tial of  the  screen,  the  secondary 
electrons  that  are  liberated  from 
the  plate  by  the  impact  of  the  pri- 
mary electrons  are  drawn  back  to 
the  plate.  In  addition,  some  sec- 
ondary electrons  may  also  be  liber- 
ated from  the  screen  by  the  impact 
of  the  primary  electrons  on  it. 

These  secondary  electrons  from  the 
screen  are  attracted  to  the  plate, 
with  the  result  that  the  plate  cur- 
rent is  slightly  higher  than  it  would 
be  in  the  absence  of  secondary 
emission  from  the  screen.  F urther- 


Fig.  11-3.  The  approximate  potential 
profiles  in  an  idealized  tetrode  for  several 
values  of  plate  voltage.  Two  curves  are 
shown  for  each  plate  voltage.  One  is  for 
a path  between  grid  and  screen  wires,  and 
the  other  is  for  a path  through  the  wires. 


more,  the  plate  current  continues  to  increase  with  increasing  plate  poten- 
tials because  the  collection  of  these  secondary  electrons  is  more  complete. 
At  the  same  time,  the  screen  current  tends  toward  zero. 

Although  the  total  space  current  should  be  a constant,  in  accordance 
with  the  previous  discussion.  Fig.  11-2  indicates  that  it  is  somewhat  less 
than  the  ultimate  value  in  the  region  of  low  plate  potentials.  This  appar- 
ent inconsistency  is  readily  explained  in  terms  of  the  electrostatic  deflec- 
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tion  of  the  electrons  by  the  screen  wires  at  plate  potentials  that  are  less 
than  the  screen  potential.  The  electrons  that  pass  close  to  the  screen 
wires  are  deflected  from  their  path  toward  the  plate  and  return  toward  the 
screen  as  a result  of  the  electrostatic  attraction.  As  they  again  approach 
the  screen,  they  may  once  more  suffer  a deflection  that  will  direct  them 
toward  the  plate.  This  process  may  continue,  the  electrons  oscillating 
back  and  forth  between  the  screen  wires  until  they  are  ultimately  col- 
lected by  this  electrode.  Because  of  the  electrons  that  may  exist  in  the 
neighborhood  of  the  screen,  a partial  space  charge  will  develop.  This 
will  reduce  the  effective  screen  potential,  with  a consequent  reduction  in 
the  total  space-charge  current  in  the  tube. 

11-3.  Tube  Parameters.  It  has  already  been  shown  that  the  plate 
current  of  a triode  is  a function  of  the  potentials  on  the  grid  and  the 
plate.  Similarly,  for  multielectrode  tubes,  variations  in  potential  of  the 
various  electrodes  influence  the  current  to  these  electrodes.  The  plate 
current  may  be  expressed  as  a function  of  the  potential  of  the  various 
electrodes  by  the  expression 

% = /(cci,  ec2,  Cb)  (11-1) 

where  the  symbol  Cd  denotes  the  voltage  of  the  first,  or  control,  grid; 
ec2  denotes  the  voltage  of  the  second,  or  screen,  grid ; and  is  the  potential 
of  the  plate. 

An  approximate  explicit  form  of  the  dependence  is  possible.  This  form, 
which  is  an  extension  of  Eq.  (7-1),  may  be  written  as 

4 = G (cci  H — ^ H — (11-2) 

\ Ml  M2/ 

where  m and  H2  are  the  control-grid  and  screen  amplification  factors, 
respectively,  and  G is  called  the  “perveance.” 

The  variation  in  the  plate  current,  second  and  higher-order  terms  in  the 
expansion  being  neglected,  is  given  by 


Generally,  the  screen  potential  is  maintained  constant  at  some  appropri- 
ate value.  Under  these  conditions,  Ae^  = 0,  and  the  second  term  can  be 
omitted  from  the  equation.  Note,  however,  that  the  screen  grid  may  be 
used  to  exercise  a control  function  in  much  the  same  way  as  the  control 
grid.  Owing  to  its  disposition  relative  to  the  cathode,  the  amplification 
factor  of  the  screen  grid  is  less  than  that  of  the  control  grid.  With 
Aec2  = 0,  and  proceeding  as  for  the  case  of  triodes,  the  partial-differential 
coefficients  appearing  in  this  expression  are  used  in  order  to  define  the 
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tube  parameters.  These  are 

= Vp,  plate  resistance 

= Qm,  plate-grid  transconductance  (11-4) 

= /i,  plate-grid  amplification  factor 

^bt^c2 

The  two  subscripts  outside  tne  parentheses  indicate  the  parameters 
that  are  maintained  constant  during  the  partial  differentiation.  These 
should  likewise  appear  in  Eq.  (11-3)  but  have  been  omitted  for  the  sake 
of  simplicity. 

It  is  easy  to  show  that  the  relation  ix  = Vpg^  applies  in  the  present  case 
as  well  as  for  the  triodes.  Nominal  values  for  the  various  parameters 
that  appear  in  this  relationship  are  fp  = 0.1  to  2 megohms,  Qm  = 0.5  to 
3 millimhos,  and  n = 100  to  1,200  in  the  ordinary  screen-grid  tubes. 

By  employing  the  same  system  of  notation  in  this  case  as  for  the  triode, 
viz., 

A4  = ip  Ae?,  = Bp  ACci  = Cg 

and  if  the  screen  voltage  is  maintained  constant,  so  that  Aec2  = 0,  as  is 
customary,  then  Eq.  (11-3)  becomes 

ip  — “b  — (11-5) 

Ip 

This  equation  is  equivalent  to  Eq.  (8-19)  for  the  triode. 

11-4.  Equivalent  Circuit  of  a Tetrode.  The  basic  equivalent-circuit 
representation  of  the  tetrode  is  essentially  that  of  the  triode,  even  though 

P 


ia)  ib) 

Fig.  11-4.  The  schematic  and  equivalent  circuits  of  a tetrode  connected  as  an  amplifier. 

a screen  grid  exists  in  the  tetrode.  The  screen  is  connected  to  the  cathode 
through  a source  of  d-c  potential  which  is  usually  less  than,  or  at  most 
equal  to,  the  plate  potential.  A schematic  diagram  of  a simple  amplifier 
circuit  employing  a tetrode  is  given  in  Fig.  ll-4a.  The  equivalent  circuit 
is  shown  in  Fig.  11-46. 
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In  drawing  the  equivalent  circuit,  the  rules  given  in  Sec.  8-3  have  been 
appropriately  extended  and  employed.  Thus,  in  addition  to  the  points 
K,  G,  and  P,  the  screen  terminal  S is  also  marked.  The  circuit  elements 
of  the  original  circuit  are  included  in  their  appropriate  positions  between 
these  four  points,  except  that  all  d-c  potentials  are  omitted  and  the  tube 
itself  is  replaced  by  an  equivalent  current  generator  having  an 

internal  resistance  Vp,  between  the  points  K and  P.  The  capacitances 
between  all  pairs  of  the  four  electrodes  are  included,  the  double  subscript 
denoting  the  pair  of  electrodes  under  consideration. 

Since  the  screen  battery  must  be  short-circuited  in  the  equivalent  cir- 
cuit, this  puts  the  screen  at  ground  potential  in  so  far  as  a-c  (signal)  vari- 
ations about  the  Q point  are  concerned.  Usually,  the  screen  potential  is 
obtained  from  the  plate  supply  through  a screen  dropping  resistor.  In 
this  case  a capacitor  is  connected  from  the  screen  to  cathode.  This 
capacitor  is  chosen  sufficiently  large  so  that  the  screen  potential  remains 
constant  even  though  the  screen  current  may  vary.  In  this  case,  too,  the 

screen  is  at  a-c  ground  potential.  Thus, 
as  indicated  in  the  figure,  this  effectively 
shorts  out  Cka  and  puts  Cgk  and  Cgs  in 
parallel.  Let  this  parallel  combination  be 
denoted  Ci.  The  capacity  Cps  now  ap- 
pears from  plate  to  ground  and  is  effec- 
tively in  parallel  with  Cpk.  Let  this 
parallel  combination  be  denoted  C2. 
From  the  discussion  of  the  shielding  action 
of  the  screen  grid,  the  capacitance  between 
the  plate  and  the  control  grid  Cgp  has  been  reduced  to  a very  small  value. 
If  this  capacitance  is  assumed  to  be  negligible,  then  Fig.  11-46  may  be 
redrawn  more  simply  as  shown  in  Fig.  11-5,  where 

Cl  = Cgk  + Cga  C2  = Cps  4-  Cpk  (11-6) 

Owing  to  the  shielding  action  of  the  screen,  little  error  will  be  made  if  C pk 
is  neglected  in  comparison  with  Cps,  so  that  C2  = Cp*,  to  a good  approxi- 
mation. This  capacitance  acts  as  a shunt  across  the  load.  The  input 
admittance  of  the  tube  is  seen  to  be  simply 

Yi  = icuCi  (11-7) 

A significant  difference  is  seen  to  exist  between  the  ideal  equivalent 
circuit  of  the  tetrode  and  the  complete  equivalent  circuit  of  the  triode, 
given  in  Fig.  8-21.  The  idealization  made  here  consists  in  the  assump- 
tion that  the  grid-plate  capacitance  is  zero  rather  than  a very  small 


G p 


K 


Fig.  11-5.  The  ideal  equivalent 
circuit  of  a tetrode.  The  grid- 
plate  capacitance  has  been  as- 
sumed equal  to  zero. 
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fraction  of  a micromicrofarad.  The  circuit  of  Fig.  11-5  clearly  shows  that 
under  this  condition  the  plate  circuit  has  been  isolated  from  the  grid 
circuit. 

It  should  be  pointed  out,  however,  that  the  mere  substitution  of  a 
tetrode  for  a triode  will  not,  in  general,  effect  any  marked  difference  in 
the  amplifier  response.  This  follows  because  the  wiring  and  stray  capaci- 
tances between  circuit  elements  external  to  the  tube  may  provide  the 
capacitances  that  the  tube  itself  seeks  to  eliminate.  It  is  necessary,  there- 
fore, that  the  elements  of  the  circuit  should  be  carefully  arranged  in  order 
to  permit  short  interconnecting  leads  and  generally  neat  wiring  so  as  to 
reduce  wiring  capacitances.  It  is  only  if  the  capacitance  between  the 
grid  and  anode  circuits  external  to  the  tube  is  small  that  the  inherent 
possibilities  of  the  tetrode  can  be  utilized. 

In  order  to  calculate  the  approximate  performance  of  circuits  equipped 
with  tetrodes,  either  the  static  curves  of  the  tube  or  an  analytical  method 
based  upon  the  equivalent  circuit  may  be  used.  Since  the  equivalent  cir- 
cuit of  the  tetrode  is  that  which  was  found  to  be  valid  approximately  for 
triodes,  all  of  the  previous  discussion  and  analysis  actually  apply  more 
exactly  for  the  present  case  than  they  did  for  triodes.  It  must  be  kept  in 
mind  that  the  results  in  both  cases  are  based  upon  the  existence  of  an 
approximately  linear  dynamic  curve. 

11-6.  Pentodes.  Although  the  insertion  of  the  screen  grid  between  the 
control  grid  and  the  plate  serves  to  isolate  the  plate  circuit  from  the  grid 
circuit,  nevertheless  the  folds  in  the  plate  characteristic  arising  from  the 
effects  of  secondary  emission  limit  the  range  of  operation  of  the  tube. 
This  limitation  results  from  the  fact  that  if  the  plate-voltage  swing  is 
made  too  large  the  instantaneous  plate  potential  may  extend  into  the 
region  of  rapidly  falling  plate  current,  which  will  cause  a marked  dis- 
tortion in  the  output. 

The  kinks,  or  folds,  that  appear  in  the  plate  characteristic  curves  and 
that  limit  the  range  of  operation  of  the  tetrode  may  be  removed  or  sup- 
pressed by  inserting  a coarse  grid  structure  between  the  screen  grid  and 
the  plate  of  Fig.  11-1.  Tubes  equipped  with  this  extra  suppressor  grid 
are  known  as  “pentodes”  and  were  first  introduced  commercially  in  1929. 
The  suppressor  grid  must  be  maintained  at  a lower  potential  than  the 
instantaneous  potential  reached  by  the  plate.  It  is  usually  connected 
directly  to  the  cathode,  either  internally  in  the  tube  or  externally. 
Because  the  potential  of  the  screen  is  considerably  above  that  of  the 
suppressor  grid,  a retarding  force  prevents  the  secondary  electrons  liber- 
ated from  the  screen  from  flowing  to  the  plate.  On  the  other  hand, 
the  secondary  electrons  emitted  from  the  plate  are  constrained,  by  the 
retarding  field  between  the  suppressor  grid  and  the  plate,  to  return  to  the 
plate.  However,  the  electrons  from  the  cathode  that  pass  through  the 
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screen  are  not  kept  from  reaching  the  plate  by  the  presence  of  the  sup- 
pressor grid,  although  their  velocities  may  be  affected  thereby. 

The  plate,  screen,  and  total  current  curves  as  a function  of  the  plate 
voltage  are  shown  in  Fig.  11-6  for  the  6J7  tube.  These  should  be  com- 
pared with  the  corresponding  tetrode  curves  of  Fig.  11-2.  It  is  noticed 

that  the  kinks  resulting  from  the 
effects  of  secondary  emission  are 
entirely  missing  in  the  pentode. 
Furthermore,  the  screen  current  no 
longer  falls  asymptotically  to  zero 
but  approaches  a constant  value 
f or  large  plate  voltages.  This  value 
is  determined  principally  by  the 
amount  of  space  current  that  is  in- 
tercepted by  the  screen-grid  wires. 

0 50  100  150  200  250  300  An  examination  of  the  character- 

Plote voltage,  volts  . 

T.  11  c i • ai’7  4^  A istics  01  a number  oi  the  more  im- 

Fig.  11-6.  the  currents  in  a 6J7  pentode. 

The  suppressor  is  at  zero  voltage,  the  portant  voltage  pentodes  indicates 
screen  at  100  volts,  and  the  grid  at  —2  that  the  screen  current  is  ordinarily 

from  0.2  to  0.4,  of  the  plate  current 
at  the  recommended  operating  point.  The  total  space  current  is  seen 
to  remain  practically  constant  over  the  entire  range  of  plate  voltage, 
except  for  the  very  low  values  of  potential. 

The  pentode  has  displaced  the  tetrode  (except  the  beam  power  tube 
discussed  in  Sec.  11-7)  in  all  applications.  The  tetrode  was  discussed 
above  for  historical  reasons  and  because  an  understanding  of  this  tube  is 
necessary  before  the  pentode  can  be  appreciated.  The  pentode  rather 
than  the  triode  is  used  in  radio-frequency  voltage  amplifiers  because  the 
former  virtually  eliminates  feedback  from  the  plate  to  the  grid.  The 
pentode  is  used  as  a video  amplifier  because  a triode  at  these  high  fre- 
quencies has  a very  large  input  admittance  which  acts  as  a heavy  load 
on  the  preceding  stage.  The  pentode  has  also  found  extensive  applica- 
tion as  an  audio-frequency  power-output  tube  (Chap.  16).  Finally,  the 
pentode  has  been  used  as  a constant-current  device  because  the  plate 
current  is  essentially  constant  independent  of  the  plate  potential. 

The  plate  characteristics  of  a typical  pentode  are  illustrated  in  Fig. 
11-7.  The  static  transfer  characteristics,  plate  current  and  screen  current 
vs.  grid  voltage,  are  reproduced  in  Fig.  11-8.  The  most  important 
pentode  parameter  is  the  grid-plate  transconductance  Qm-  Since  this 
parameter  is  not  a constant  but  depends  sensitively  upon  the  quiescent 
operating  point,  is  plotted  in  Fig.  11-9  as  a function  of  grid  voltage 
with  screen  voltage  as  a parameter. 
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Fig.  11-7.  The  plate  characteristics  of  a 6AU6  pentode  with  Ed  = 150  volts  and 
Ecz  = 0 volt.  {Courtesy  of  the  General  Electric  Co.) 


Fig.  11-8.  The  static  transfer  characteristics  of  the  6AU6  pentode.  {Courtesy  of  the 
General  Electric  Co.) 
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The  plate  resistance  rp,  plate-grid  transconductance  and  amplifica- 
tion factor  ja  of  a pentode  are  defined  exactly  as  for  a tetrode  (but  with  the 
suppressor  at  zero  voltage)  by  Eqs.  (11-4).  Typical  values  lie  in  the 
ranges  from  fp  = 0.1  to  2 megohms,  gr,,  = 0.5  to  10  millimhos,  and 
fx  = 100  to  10,000.  Since  the  shape  and  disposition  of  the  control  grid 
and  cathode  are  the  same  for  triode  and  pentode,  these  tubes  have 

comparable  values  of  gm-  However, 
the  values  of  Vp  and  /x  may  be  100 
5 times  as  great  in  the  pentode  as  in 
J the  triode. 

4 s When  used  in  a circuit  as  a voltage 

amplifier,  the  pentode  is  connected 
3 1 in  the  circuit  exactly  like  a tetrode 
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Fig.  11-9.  The  transconductance  of 
the  6AU6  pentode  as  a function  of 
grid  and  screen  voltages.  {Courtesy 
of  the  General  Electric  Co.) 
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Fig.  11-10.  The  equivalent  circuit  of 
a pentode. 


(see  Fig.  11-4),  with  the  addition  that  the  suppressor  grid  is  connected  to 
the  cathode.  Then,  subject  to  the  same  considerations  as  for  tetrodes 
(Secs.  11-3  and  11-4),  it  follows  that  the  equivalent  circuit  of  a pentode 
is  also  given  by  Fig.  11-5,  which  is  repeated  in  Fig.  11-10  for  convenience. 
In  this  diagram 


C'l  = c. 


(72  = C. 


(11-8) 


where  Cps  is  the  capacitance  between  the  plate  and  grid  3 (the  suppressor) . 
When  the  input  and  output  capacitances  of  a tube  are  listed  by  the 
manufacturer,  reference  is  being  made  to  Ci  and  C2,  respectively. 

In  Fig.  11-10  the  output-voltage  drop  is 


(11-9) 


where  Z is  the  combined  parallel  impedance  in  the  output  circuit.  Since 


= -gmZ 


(11-10) 


then  the  gain  equals  the  product  of  gm  and  the  output  impedance. 
If,  as  is  usually  the  case,  the  plate  resistance  and  the  reactance  of  the 
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output  capacitor  are  each  large  compared  with  the  load  impedance,  then 
Z = Zl  and  the  gain  is  given  by 

A ^ -grJ.L  (11-11) 

This  most  important  result  is  well  worth  remembering. 

11-6.  Remote-cutoff  Tubes. ^ If  the  grid-cathode  spacing,  the  spacing 
between  grid  wires,  or  the  diameter  of  the  grid  wires  is  not  uniform  along 
the  entire  length  of  the  control-grid  structure,  the  various  portions  of  the 
grid  will  possess  different  degrees  of  electrostatic  control  over  the  plate 
current.  It  is  possible  for  one  portion  of  the  grid  to  cut  off  the  flow  of 
electrons  for  a given  grid  voltage,  whereas  a more  open  section  might  allow 
a considerable  number  of  electrons  to  pass  unimpeded  to  the  plate.  The 
result  is  that  the  plate  current  will  decrease  rather  slowly  as  the  grid 
voltage  is  made  more  and  more  negative.  This  asymptotic  approach 
of  the  transfer  characteristic  to  the  zero-current  axis  is  exhibited  by  the 
type  6BA6  tube.  This  characteristic  is  to  be  compared  with  the  fairly 
sharp  cutoff  of  the  characteristic  of  the  6AU6  pentode,  which  is  provided 
with  a uniformly  wound  grid. 

Owing  to  its  construction,  a given  grid-voltage  increment  results  in  a 
plate-current  change  that  is  a function  of  the  grid  bias.  This  means,  of 
course,  that  the  mutual  conductance  is  a function  of  the  bias.  For  this 
reason,  these  tubes  are  called  “variable-mu,’’  “remote-cutoff,”  or 
“ supercontrol  ” tubes. 

11-7.  Beam  Power  Tubes.  The  suppressor  grid  is  introduced  into  the 
pentode  in  order  to  remove  the  kinks  due  to  secondary  emission  in  the 
tetrode.  Although  the  pentode  permits  a greater  range  of  operation  than 
is  possible  with  the  tetrode,  nevertheless  the  curvature  of  the  ib-eb  charac- 
teristic limits  the  extent  of  operation  of  the  pentode.  The  broad  knee  of 
the  plate  characteristic  in  the  region  of  small  plate  voltage  arises  from  the 
overeffectiveness  of  the  suppressor  grid  at  these  low  plate  voltages.  That 
is,  the  suppressor  grid  may  prevent  some  of  the  primary  electrons  that 
pass  through  the  screen  from  reaching  the  plate  when  the  plate  voltage  is 
low.  This  effect  arises  from  the  deflections  that  may  be  given  to  some  of 
the  primary  electrons  if  they  approach  close  to  a screen  wire.  Thus,  if  an 
electron  is  deflected  by  this  action,  its  velocity  in  the  plate  direction  will 
be  reduced  and  the  held  of  the  suppressor  grid  may  repel  it  back  toward 
the  screen. 

Because  of  this,  the  shape  of  the  suppressor  grid  in  some  pentodes 
has  been  so  dimensioned®  that  the  effects  of  secondary  emission  are 
just  suppressed  or  are  only  admitted  to  a slight  extent  at  the  low  anode 
voltages.  This  results  in  an  improved  plate  characteristic. 

If  the  complete  overeffectiveness  of  the  suppressor  grid  could  be 
avoided,  the  ideal  power-tube  characteristic,  viz.,  constant  current  for  all 
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plate  voltages,  would  be  achieved.  This  is  approached  in  the  beam 
power  tube,^  a sketch  of  which  is  given  in  Fig.  11-11. 

One  feature  of  the  design  of  this  tube  is  that  each  spiral  turn  of  the 
screen  is  aligned  with  a spiral  turn  of  the  control  grid.  This  serves  to 

keep  the  screen  current  small.  The 
screen  current  in  such  tubes  ranges 
from  0.05  to  0.08  of  the  plate  cur- 
rent, which  is  considerably  below 
the  range  0.2  to  0.4  for  voltage 
pentodes.  Other  features  are  the 
flattened  cathode,  the  beam-form- 
ing side  plates  (maintained  at  zero 
potential),  and  a relatively  large 
spacing  between  the  screen  and  the 
plate.  As  a result  of  these  design 
characteristics,  the  electrons  flow 
between  the  grid  wires  toward  the 
plate  in  dense  sheets  or  beams,  as 
indicated  schematically  in  Fig. 
11-11. 

The  region  between  the  screen  and  the  plate  possesses  features  which 
are  somewhat  analogous  to  those  which  exist  in  the  space-charge-limited 
diode.  That  is,  a flow  of  electrons  exists  between  two  electrodes  between 
which  a difference  of  potential  exists.  There  is  one  significant  difference, 
however.  Whereas  the  electrons  leave  the  cathode  of  a diode  with  almost 
zero  initial  velocities,  the  electrons  that  pass  through  the  screen  wires  in 
the  beam  tube  do  so  with  a velocity  corresponding  essentially  to  the  screen 
potential.  As  described  in  Sec.  4-6  in  connection  with  the  effects  of  initial 
velocities  on  the  space-charge  equation,  the  effect  of  the  initial  velocities 
of  the  electrons  in  the  screen-plate  region  will  appear  as  a potential 
minimum  in  this  region  (see  Fig.  4-5).  This  is  shown  in  the  approximate 
potential  profile  in  Fig.  11-12  and  is  to  be  compared  with  the  correspond- 
ing figure  for  the  tetrode  (see  Fig.  11-3). 

The  production  of  the  potential  minimum  also  receives  contributions 
from  a suppressor  grid,  if  one  is  present.  Since  the  predominant  effect  in 
the  beam  tube  is  the  space  charge,  the  suppressor  grid  is  sometimes 
reduced  to  a pair  of  plates  (the  beam-forming  side  plates  of  Fig.  11-11).^ 
However,  other  beam  tubes  are  provided  with  a mechanical  suppressor 
grid.  The  potential  minimum  that  is  produced  acts  as  a virtual  suppres- 
sor grid,  since  any  secondary  electrons  emitted  from  either  the  plate  or  the 
screen  will  encounter  a potential-energy  barrier.  They  will  be  compelled 
to  return  to  the  electrode  (which  is  at  a positive  potential  with  respect  to 
the  potential  minimum)  from  which  they  originate. 


Fig.  11-11.  Schematic  view  of  the  shapes 
and  arrangements  of  the  electrodes  in  a 
beam  power  tube.  {Courtesy  of  Radio 
Corporation  of  America.) 
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The  actual  potential  distribution®  in  the  screen-plate  region  will  depend 
upon  the  instantaneous  plate  potential  and  the  plate  current  (a  constant 
screen  potential  being  assumed)  and  so  is  not  constant.  This  results  in 
variable  suppressor  action.  This  is  quite  different  from  the  action  that 
arises  in  a simple  pentode  provided 

only  with  a mechanical  grid  struc-  ^ 

ture  for  supplying  the  retarding  ^ o o 

field.  ^ o o 

Thus,  because  of  the  beam  for-  ^ o o ^ 

mation,  which  serves  to  keep  the  ^ ^ 

screen  current  small,  and  because  I O O p 

of  the  variable  suppressor  action,  ^ o o ^ 

which  serves  to  suppress  second-  ^ O o ^ 

ary  emission  from  the  screen  and  ^ O o / 

from  the  plate,  the  ideal  power-  o o ^ 

tube  characteristic  is  closely  ap- 
proximated. A family  of  plate 
characteristics  for  the  6L6  is 
shown  in  Fig.  11-13.  It  should  be 
noted  that  this  tube  is  a tetrode 
when  considered  in  terms  of  the  - 

O 

number  of  active  electrodes.  At 

<D 

low  currents,  where  the  suppressor  § 
action  of  the  beam  is  too  small, 
the  characteristic  “kinks”  of  a 
tetrode  are  noticeable. 

11-8.  Equivalent  Circuit  of  a O 
Transistor  at  High  Frequencies.^ 

So  far  we  have  assumed  that  the  11.12.  Approximate  potential  profile 

transistor  responds  instantly  to  in  an  idealized  beam  power  tube  for  two 
changes  of  input  voltage  or  cur-  values  of  plate  voltage.  Two  curves  are 

j.  A 11  r u • shown  for  each  plate  voltage.  One  is  for  a 

rent.  Actually,  of  course,  such  is  u ^ ■ a 

’ ’ path  between  grid  and  screen  wires,  and 

not  the  case  because  the  mecha-  the  other  is  for  a path  through  the  wires, 
nism  of  the  transport  of  current  ^^te  the  potential  minimum  in  the  region 

• o , 11  , between  the  screen  grid  and  the  plate, 

carriers  from  emitter  to  collector 


Fig.  11-12.  Approximate  potential  profile 
in  an  idealized  beam  power  tube  for  two 
values  of  plate  voltage.  Two  curves  are 
shown  for  each  plate  voltage.  One  is  for  a 
path  between  grid  and  screen  wires,  and 
the  other  is  for  a path  through  the  wires. 
Note  the  potential  minimum  in  the  region 
between  the  screen  grid  and  the  plate. 


junction  is  essentially  one  of  diffusion.  Hence,  to  find  out  how  the 
transistor  behaves  at  high  frequencies,  it  is  necessary  to  examine  this 
diffusion  mechanism  in  more  detail.  Unfortunately  such  an  analysis 
is  involved  and  shows  that  all  the  transistor  parameters  are  functions  of 
frequency.  The  equations  which  specify  this  frequency  dependence  are 
suggestive  of  the  equations  which  are  encountered  in  connection  with  a 
lossy  transmission  line.  Some  such  result  is  to  have  been  anticipated  in 
view  of  the  fact  that  some  time  delay  must  be  involved  in  the  transport 
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of  carriers  across  the  base  region  by  the  process  of  diffusion.  Even  hav- 
ing these  transmission-line  equations  available  does  not  put  us  in  a much 
improved  position  because  the  equations  are  quite  complicated.  Hence, 
if  we  use  them,  we  should  have  an  equivalent  circuit  which  is  quite 
accurate  but,  unfortunately,  not  manageable.  It  is  therefore  necessary 
to  make  approximations  in  using  the  equations.  Of  course,  as  the 
approximations  become  more  rough,  the  equivalent  circuit  becomes 
simpler.  It  is  therefore  a matter  of  engineering  judgment  to  decide  at 
what  point  we  have  a reasonable  compromise  between  accuracy  and 
simplicity. 


Fig.  11-13.  The  plate  characteristics  of  a 6L6  beam  tube  with  Ed  = 250  volts.  (See 
also  Fig.  A9-11.) 


Experience  shows  that  as  a first  reasonable  approximation  the  diffusion 
phenomenon  can  be  taken  into  account  by  assuming  a relatively  simple 
frequency  dependence  for  a and  by  shunting  the  transistor  junctions 
by  diffusion  capacitances  at  the  emitter  and  collector.  In  addition  to  the 
diffusion  capacitances,  there  are  also  space-charge  or  transition  capaci- 
tances across  the  junctions.  From  the  discussions  in  Secs.  5-3  and  5-4 
we  know  that  for  a forward-biased  junction  the  diffusion  capacitance 
greatly  exceeds  the  space-charge  capacitance  and  that  for  a reverse-biased 
diode  the  converse  is  true.  Hence,  across  the  emitter  junction  in  Fig. 
11-14  Ce  represents  the  diffusion  capacitance  (Sec.  11-10)  whereas  across 
the  collector  junction  Cc  is  the  space-charge  capacitance  (Sec.  5-3). 
Figure  11-14  is  obtained  from  Fig.  10-2  by  adding  the  junction  capaci- 
tances, by  writing  the  currents  and  voltages  as  phasor  quantities,  and  by 
considering  a{oo)  to  be  a function  of  frequency. 
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In  the  next  section  we  shall  show  that  (in  complex  notation)  the  fre- 
quency dependence  of  a is  given  approximately  by 


CtQ 

1 + jo}/ (jicc 


(11-12) 


In  this  equation,  ao  is  the  low-frequency  value  of  a.  The  form  of  the 
equation  indicates  a frequency  response  which  is  identical  with  that 
of  a simple  resistance-capacitance  network.  The  angular  frequency  co„ 
(=  27r/o)  is  the  frequency  at  which  the  magnitude  of  a is  0.707q:o.  The 
frequency  /„  is  termed  the  alpha  cutoff  frequency.  At  frequencies  which 
are  appreciably  less  than  /„  Eq.  (11-12)  is  reasonably  accurate.  The 
approximation  is  progressively  poorer  as  / approaches  and  exceeds  /„. 
General-purpose  transistors  have  frequencies  /„  in  the  range  of  hundreds 
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Fig.  11-14.  Approximate  high-fre-  Fio.  11-15.  A simple  high-fre- 
quency equivalent  circuit  of  a tran-  quency  equivalent  circuit, 

sistor,  including  frequency  dependence 
of  a. 


of  kilocycles.  Special-purpose  high-frequency  transistors  may  have 
in  the  range  of  tens  of  megacycles. 

In  many  video  applications  the  load  impedance  is  quite  small.  Hence 
we  shall  assume  that  we  are  working  essentially  into  a short  circuit  so 
that  Vc  0.  Under  these  circumstances  (and  because  y is  extremely 
small),  we  may  neglect  the  feedback  generator  yVc.  Omitting  this 
generator  and  at  the  same  time  adding  the  base-spreading  resistance  tb 
lead  to  the  equivalent  circuit  of  Fig.  11-15.  It  must  be  emphasized 
that  the  resistances  included  in  this  circuit  are  not  the  same  as  those  in 
the  low-frequency  circuit  of  Fig.  10-4.  The  resistance  r/  = Vt/Ie  is 
approximately  twice  that  of  the  low-frequency  emitter  branch  resistance 
Te  [Eq.  (10-70)].  The  low-frequency  resistance  is  several  times  larger 
than  Vb,  the  difference  between  these  two  quantities  being  Vb  = re/ (1  — a) 
[Eq.  (10-71)].  The  low-  and  high-frequency  collector  resistances  are 
approximately  equal  to  one  another,  Tc  = rj. 

If  in  Fig.  11-15  the  emitter  is  grounded  and  the  short-circuit  current 
gain 


F«=0 


(11-13) 
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is  calculated,  we  find  approximately  that 

Ai  = , ' (11-14) 

Using  Eq.  (11-12),  the  common-emitter  short-circuit  current  gain  becomes 

where 


(11-15) 


fae  = fail  “ tto) 


Ai(\  — 


(11-16) 


At  zero  frequency  this  expression  for  the  current  gain  reduces  to  Am, 
agreeing  with  Eq.  (10-24).  The  frequency  at  which  the  magnitude 
of  the  current  gain  Ai  is  reduced  to  0.707  of  its  zero  frequency  value  is 
called  the  common-emitter  alpha  cutoff  frequency  and  is  fae-  The  common- 
base  alpha  cutoff  frequency  is  designated  by  fah  (or,  if  no  ambiguity  is 
likely  to  arise,  simply  by  fa)  - The  relationship  between  fae  and  /„&  is  given 
by  Eq.  (11-16). 

11-9.  The  Frequency  Dependence  of  Alpha.  The  emitter  efficiency 
7 is  usually  quite  close  to  unity  and  is  essentially  independent  of  fre- 
quency'^ up  to  frequencies  of  the  order  of  fa-  Hence,  we  shall  assume  that 
a = jS,  the  transport  factor,  and  shall  investigate  the  frequency  behavior 
of  The  zero  frequency  value  of  jS  is  given  in  Eq.  (9-36)  as 


W 

= sech  7— 
Lib 


(11-17) 


where  W is  the  base  width  and  Lb  is  the  diffusion  length  of  the  minority 
carriers  in  the  base.  From  the  third  example  in  Appendix  VI,  the  value 
of  5 and  hence  a at  a frequency  co  is  given  by 


a = sech  ^r-  (1  -(-  jWb)* 
Lib 


(11-18) 


where  tb  is  the  mean  lifetime  of  the  minority  carriers  in  the  base. 

Since  W/Lb<^1,  then  for  frequencies  which  are  not  too  high  the 
hyperbolic  secant  may  be  expanded  into  a power  series.  Thus 

sech  X = (coshx)-^  = ^ ^ ^ ’ ' ) (11-19) 

If  the  first  two  terms  in  this  expansion  are  used,  then 
1 1 


1 +i(IFVLB^)(l  +jWb) 


(■+s)[ 


jcOTBW^f2LB^ 

I -^HW^/Lb^), 


1 4-  jco/wa 


(11-20) 
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where  ao  = 1/[1  + ^{W‘^/Lb‘^)]  is  the  first-order  approximation  of 
sech  W /Lb  and  represents  the  value  of  a at  zero  frequency.  The  alpha 
cutoff  frequency  is  given  by 


W^TbOCO 


(11-21) 


From  Eq.  (A6-12)  Lb^  = Dbtb,  where  Db  is  the  diffusion  constant  for 
minority  carriers  in  the  base,  and  hence 


COa 


2Db 


(11-22) 


At  the  cutoff  frequency  we  have  from  Eqs.  (11-18)  and  (11-21)  that 

^)’  - (f )’ 

because  W/Ls  <3C  1.  For  ao  = 1 the  magnitude  of  a(aja)  is  0.775,  and  its 
phase  angle  is  50  deg.  These  same  quantities  calculated  from  Eq.  (11-20) 
are  obviously  0.707  and  45  deg.  This  comparison  gives  some  idea  of  the 
errors  made  in  using  the  approximate  formula  (11-20)  rather  than  the 
exact  but  formidable  expression  (11-18). 

It  is  possible  to  retain  the  simple  frequency  dependence  for  a as  given 
in  Eq.  (11-20)  and  at  the  same  time  obtain  excellent  agreement  with 
the  exact  expression  (11-18)  as  far  as  the  magnitude  of  a is  concerned 
up  to  frequencies  beyond  Wa,  provided  that  for  a>a  we  use  the  formula* 


2ASDb 


(11-24) 


The  factor  2.43  which  replaces  2/ao  in  Eq.  (11-22)  and  Eq.  (11-23)  has 
been  chosen  so  that  the  magnitude  of  a at  the  cutoff  frequency  is  0.707,  as 
it  should  be.  The  agreement  in  phase  angle  between  Eqs.  (11-18)  and 
(11-20)  has  now,  however,  been  worsened.  At  the  cutoff  frequency  a 
value  of  58  deg  is  calculated  from  Eq.  (11-18),  whereas  45  deg  is  obtained 
from  Eq.  (11-20) . Other  more  complicated  but  more  accurate  approxima- 
tions for  a as  a function  of  frequency  are  found  in  the  literature.® 

From  the  above  formulas  it  follows  that  the  alpha  cutoff  frequency 
will  increase  as  the  base  thickness  is  decreased.  However,  the  smaller 
that  W is  made,  the  larger  the  base-spreading  resistance  Tb  becomes.  In 
order  to  decrease  Tb,  the  conductivity  (tb  of  the  base  is  increased.  This 
increase  in  cr^  reduces  the  emitter  efficiency,  lowers  the  breakdown  voltage 
at  the  collector  junction,  and  increases  the  collector  capacitance  Cc- 
Hence,  the  manufacturer  must  make  a compromise  among  these  various 
design  parameters. 

For  a 'p-n-'p  germanium  transistor  with  a base  thickness  of  1 mil 
(2.54  X 10~^  cm)  Eq.  (11-24)  predicts  an/a  = 2.7  megacycles.  In  order 
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to  obtain  an  even  thinner  base  section  and  hence  higher  frequency,  the 
Philco  Corporation  has  developed  the  surface  harrier  transistor A 
wafer  which  is  a few  mils  thick  is  mounted  between  two  coaxial  jets  of 
etching  solution  which  reduces  the  thickness  to  about  0.2  mil  with  good 
control.  The  emitter  and  collector  are  then  deposited  electrolytically 
with  the  same  jets.  A value  of  /«  of  the  order  of  50  megacycles  is  obtained 
with  such  surface  barrier  transistors. 

Another  fabrication  process  used  to  obtain  a high-frequency  transistor 
is  the  following.  A wafer  of  germanium  with  an  impurity  on  its  surface 
is  placed  in  an  oven  and  heated.  A very  thin  layer  of  the  impurity  is 

allowed  to  diffuse  into  the  germanium 
forming  the  base.  The  emitter  is  then 
alloyed  onto  the  base,  and  the  original 
wafer  is  used  as  the  collector.  Such  a 
device  is  called  a diffused  base  transistor. 

11-10.  The  Diffusion  Capacitance. 
Let  us  consider  a p-n-p  transistor  oper- 
ating in  the  active  region.  Since  the 
collector  is  reverse-biased,  the  hole  con- 
centration at  the  collector  junction  is 
essentially  zero.  If  IT  <<C  Lp,  then  the 
injected-hole  concentration  P varies 
almost  linearly  from  the  value  P(0)  at  the 
emitter  to  zero  at  the  collector,  as  indicated  in  Fig.  11-16.  This  figure 
should  be  compared  with  Fig.  9-12.  For  simplicity  we  have  dropped  the 
subscript  n and  are  now  considering  only  the  injected  holes.  The  total 
stored  charge  Q is  proportional  to  the  area  in  Fig.  11-16,  or 

Q = ^AeP(0)W  (11-25) 

The  diffusion  current  due  to  holes  is 


Emitter  Collector 


Fig.  11-16.  Injected-hole  concen- 
tration vs.  distance  in  the  base 
region,  if  W ILp<C.  1. 


I = 


— AeDp 


dp 

dx 


AeDp 


PiO) 

w 


(11-26) 


The  diffusion  capacitance  is 

^ _ dQ  _ dQ  dP(0)  dl 

^ ~ dP(^  ~dT~  W 

Differentiating  Eqs.  (11-25)  and  (11-26),  we  obtain 


(11-27) 


= (11-28) 

where  Qe  = dl/dV  = 1/r/  is  the  conductance  of  the  emitter  junction. 
This  expression  for  Co  should  be  compared  with  Eq.  (5-42)  obtained  for 
the  p-n  junction  diode. 
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If  Eq.  (11-24)  is  used  {Db  ^ Dp),  then 

Cd  = (11-29) 

03a 
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CHAPTER  12 


ELECTRICAL  DISCHARGES  IN  GASES 


A_n  electrical  discharge  is  a very  complicated  phenomenon  involving 
neutral  molecules,  excited  molecules,  positive  ions,  and  electrons.  In 
order  to  understand  what  goes  on  inside  a discharge  tube,  we  must  first 
study  the  fundamental  processes  that  can  take  place  in  a gas.  The  first 
part  of  this  chapter  is  devoted  to  such  a study.  Then  the  characteristics 
of  the  non-self-maintained  discharge,  the  glow,  and  the  arc  will  be 
explained.  In  the  following  chapter  commercial  tubes  based  upon  these 
discharge  phenomena  are  described. 

12-1.  Kinetic  Theory  of  Gases.  According  to  the  classical  concept  of 
a gas,  an  atom  is  considered  as  a simple  spherical  particle  that  possesses 
a size  and  a mass  which  are  characteristic  of  the  gas  under  survey.  This 
theory  postulates  that  the  molecules  are  in  continual  motion,  the  direc- 
tion of  flight  of  any  particle  constantly  undergoing  changes  because  of  the 
collisions  with  other  molecules  or  with  the  walls  of  the  container. 

On  the  basis  of  the  physical  picture  just  described,  the  perfect-gas  law 
can  be  derived.  By  definition,  the  term  pressure  means  the  force  per  unit 
area.  In  a gaseous  system,  the  force  is  that  resulting  from  the  bombard- 
ment of  the  walls  of  the  container  by  the  molecules.  Since,  by  Newton’s 
second  law,  the  force  is  the  rate  of  change  of  momentum,  then  the  pres- 
sure is  the  change  in  momentum  of  all  particles  that  strike  unit  area  of 
the  container  in  unit  time.  The  result  of  such  a calculation  is 

p = NkT  (12-1) 

where  p is  the  pressure  in  newtons  per  square  meter,  N is  the  concen- 
tration in  molecules  per  cubic  meter,  k is  called  the  Boltzmann  constant  in 
joules  per  degree  Kelvin  (see  Appendix  I),  and  T is  the  temperature  in 
degrees  Kelvin. 

An  extremely  important  conclusion  can  be  reached  from  Eq.  (12-1): 
At  a given  temperature  and  pressure  all  gases  must  contain  the  same  number 
of  molecules  per  cubic  meter.  This  is  called  Avogadro’s  principle. 

Consider  two  containers  occupying  the  same  volume,  one  filled  with 
gas  A and  the  other  with  gas  B.  If  these  are  at  the  same  temperature 
and  pressure,  then,  by  the  above  principle,  the  two  containers  enclose 
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equal  numbers  of  molecules.  Hence,  the  weight  of  the  gas  in  the  first 
container  is  to  that  in  the  second  as  the  weight  of  gas  molecule  A is  to 
the  weight  of  molecule  B.  This  leads  to  the  concept  of  molecular  weight. 

The  molecular  weight  of  any  substance  is  the  ratio  of  the  mass  of  one 
molecule  of  that  substance  to  that  of  another  which  has  been  chosen  as  a 
standard.  The  molecular  weight  of  diatomic  oxygen  is  arbitrarily  taken 
as  32.0000  (actually,  the  atomic  weight  of  monatomic  oxygen  is  taken  as 
16.0000).  Hence  the  molecular  weight  of  any  substance  is  simply  a 
numeric.  Also,  the  term  gram-molecular  weight  denotes  a quantity  of 
substance  equal  to  this  numeric,  in  grams.  It  thus  follows  that  a gram- 
molecular  weight,  or  mole,  of  any  substance  must  contain  the  same  num- 
ber of  molecules  as  the  gram-molecular  weight  of  any  other  substance. 
This  number,  known  as  Avogadro’s  number,  is  6.02  X 10^®  molecules  per 
mole.  Furthermore,  from  the  foregoing,  a mole  of  any  gas  must  occupy 
the  same  volume.  This  volume  (the  gram-molecular  volume)  has  been 
found  by  experiment  to  be  0.0224  m®,  or  22.4  liters,  under  standard  con- 
ditions of  0°C  and  760  mm  Hg  pressure.  Hence,  there  are  6.02  X 10^®/ 
0.0224  = 2.69  X 10^®  molecules  per  cubic  meter  of  any  gas  at  these 
standard  conditions.  This  quantity  is  known  as  Loschmidt’s  number. 

This  is  a large  concentration,  and  yet  it  is  only  about  one  one-thou- 
sandth the  density  of  electrons  in  a metal,  which  in  Chap.  3 is  found  to  be 
approximately  10^®  electrons  per  cubic  meter.  Furthermore,  the  volume 
occupied  by  these  molecules  is  (under  standard  conditions)  only  about 
one  one-hundredth  of  1 per  cent  of  the  container  volume.  This  follows 
from  the  fact  that  the  radius  of  a molecule  is  approximately  1 A (10~^®  m), 
and  hence  the  volume  occupied  by  all  the  molecules  in  1 m®  is  (47r)(10“^®)® 
X 2.69  X 10^^  = m®.  Most  of  the  gas  container  is  empty! 

According  to  Eq.  (12-1),  the  concentration  varies  directly  as  the  pres- 
sure and  inversely  as  the  temperature.  Thus,  at  any  temperature  T°K 
and  pressure  p mm  Hg  the  concentration  is 

N = 2.69  X 102®  ^ ^ 

= 9.68  X 102^^  molecules/m®  (12-2) 

Equation  (12-1)  is  one  form  of  the  equation  of  state  of  an  ideal  gas. 
The  form  that  is  more  familiar  in  elementary  physics  and  chemistry  may 
be  obtained  as  follows:  Each  member  of  Eq.  (12-1)  is  multiplied  by  V, 
the  volume  of  the  gas  in  cubic  meters.  Then 

pV  = NVkT  (12-3) 

Since  N is  the  number  of  molecules  per  cubic  meter,  then  NV  gives  the 
total  number  of  molecules  in  the  container  of  volume  V.  The  total  num- 
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her  of  molecules  NV  remains  unchanged  as  p,  T,  and  V are  varied. 
Hence,  a still  more  elementary  form  of  the  perfect-gas  law  is  obtained 
from  Eq.  (12-3),  namely, 

^ = const  (12-4) 

In  the  next  section  it  is  shown  that  the  average  speed  of  a nitrogen 
molecule  at  room  temperature  is  475  m/sec  or  more  than  1,000  mph. 
If  the  molecule  travels  at  such  tremendous  speeds,  we  might  expect  that 
all  the  gas  in  a container  would  escape  in  a small  fraction  of  a second 
after  the  cover  was  removed.  However,  the  diffusion  rate  is  actually 
very  slow  because  of  the  very  large  number  of  collisions  which  the  mole- 
cules make  with  themselves  and  with  the  walls  of  the  container. 

The  average  distance  that  a molecule  travels  between  successive  colli- 
sions with  other  molecules  is  called  the  molecular  mean  free  path.  In  elec- 
tronic devices  in  which  both  molecules  and  electrons  exist,  the  electronic 
mean  free  path  is  defined  as  the  average  distance  that  an  electron  travels 
between  collisions  with  gas  molecules.  The  electronic  and  molecular 
mean  free  paths  will  be  denoted,  respectively,  by  le  and  C.  From  the 
kinetic  theory  of  gases  it  is  found  that 

Im  = L meters  (12-5) 

4: 

where  a = irr^  is  the  molecular  cross  section  (r  is  the  molecular  radius  in 
meters)  and  N is  the  concentration  per  cubic  meter.  This  expression 
shows  that  the  mean  free  path  varies  inversely  with  the  number  of  mole- 
cules present  per  cubic  meter.  The  electronic  mean  free  path  is  given  by 
the  following  expression: 

= = 4 V^lm  (12-6) 

Since  the  mean  free  path  varies  inversely  as  the  concentration,  then  if 
the  pressure  is  reduced  sufficiently  the  mean  free  path  can  be  made  very 
large.  For  example,  in  a “vacuum”  tube  in  which  the  pressure  is  about 
10“®  mm  Hg,  the  mean  free  path  may  be  calculated  to  be  approximately 
4 X 10^  m.  This  distance  is  so  very  much  larger  than  the  distance 
between  the  electrodes  in  a tube  that  very  few  of  the  electrons  leaving 
the  cathode  will  collide  with  gas  molecules  in  the  interelectrode  space. 
Because  of  the  lack  of  collisions,  little  ionization  by  collision  can  take 
place,  and  the  tube  will  act  as  a vacuum  tube  and  not  as  a gaseous- 
discharge  device. 

12-2.  The  Energy  Distribution  Function.  By  using  probability  theory 
and  the  laws  of  conservation  of  energy  and  momentum  and  by  making 
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the  basic  assumption  that  the  average  kinetic  energy  of  the  molecules  is 
proportional  to  the  temperature,  the  distribution  in  energy  among  the 
molecules  can  be  derived.  This  relationship  is  known  as  the  Maxwell- 
Boltzmann  distribution  function.  If  the  energy  is  expressed  in  units  of 
Et  electron  volts,  this  distribution  has  a form  which  is  valid  for  any  gas 
at  any  temperature.  If  e is  the  electronic  charge,  then  Et  is  defined  by 


Et 


kT  _ T 
e 11,600 


(12-7) 


Introducing  tj  — EIEt^  the  Maxwell-Boltzmann  distribution  is  given  by 


Pv  = 


(12-8) 


This  function  is  plotted  in  Fig.  12-1.  p,  represents  the  energy  density, 
and  so  the  number  of  molecules  having  (dimensionless)  energies  between 
t;  and  17  + dr]  is  p„  drj.  It  is  seen  that  the  molecules  possess  all  energies 
from  zero  to  infinity.  Since  the 
curve  approaches  the  axis  exponen- 
tially, there  are  very  few  molecules 
having  very  large  energies.  The 
energy  at  which  the  maximum  of  the 
distribution  occurs  is  the  most  prob- 
able energy,  since  more  particles  have 
energies  in  this  neighborhood  than 
any  other.  This  is  given  by 

^ " Et 

or  at  an  energy  of  Et/2.  At  room 
temperature  (say,  300°K)  this  most 
probable  energy  is  only  0.013  ev.  At  absolute  zero,  the  most  probable 
energy  is  zero,  which  indicates  that  all  the  gas  molecules  have  zero  energy. 

This  distribution  should  be  compared  with  Fig.  3-10  for  electrons  in  a 
metal.  Even  at  absolute  zero,  the  electrons  are  much  more  energetic  than 
the  gas  molecules  at  room  temperature.  The  most  probable  electronic 
energy  is  Em,  which  is  of  the  order  of  a few  electron  volts,  or  about  500 
times  the  most  probable  molecular  energy  at  room  temperature. 

The  average  energy  of  the  gas  molecules  is  found  to  be  electron 
volts,  or  |/cT  joules. 


Fig.  12-1.  The  Maxwell-Boltzmann 
energy  distribution  function,  plotted  in 
terms  of  the  variable  17  s E fEr- 


The  average  speed  of  the  gas  molecules  is  given  by 


ISkT 

miT 


(12-9) 
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The  random  current  density  Jr  is  the  charge  per  second  crossing  1 in 
the  gas  and  is  given  by 

IF 


(12-10) 


Example.  Calculate  the  number  of  collisions  per  second  made  by  a nitrogen  mole- 
cule at  room  temperature  and  atmospheric  pressure.  The  molecular  radius  of  nitrogen 
is  1.58  X 10-1®  m. 

Solution.  If  the  temperature  is  taken  as  300°K,  then  the  concentration  is,  accord- 
ing to  Eq.  (12-2), 

N = (9.68  X 10^0  iU  = 2.45  X 10*®  molecules/m® 

From  Eq.  (12-5), 

1 


Im  = 


(4  V2)  (tt) (1.58)!‘(10-!*«)(2.45)  (lO^®) 


= 9.18  X 10-®  m 


Since  Im  represents  the  distance  (in  meters)  traveled  per  collision,  then  the  reciprocal 
of  Im  gives  the  number  of  collisions  per  meter.  Hence 


1 


1 


= 1.09  X 10^  collisions /m 


Im  9.18  X 10-« 

The  average  molecular  speed  is,  according  to  Eq.  (12-9), 


,1  - /8  X 1.38  X 10-^®  X 300\I  _ . ^ , 

V 28  X 1.66  X 10-27  X X / ^ 


Hence  there  are 


^1.09  X (4.75  X 102^^  = 5.18  X 10®  collisions/sec 

This  example  is  not  intended  as  a rigorous  quantitative  calculation. 
It  does  give  some  idea,  however,  of  the  incessant  activity  that  is  taking 
place  in  a gas. 

12-3.  The  Bohr-Rutherford  Theory  of  the  Atom.  In  order  to  explain 
gaseous-discharge  phenomena  it  is  necessary  to  abandon  the  simple  model 
of  a neutral  solid  atom  and  to  introduce  the  concept  of  ionization.  We 
must  assume  that  the  atom  has  loosely  bound  electrons  which  can  be  torn 
away  from  it.  In  this  way,  charge  carriers  will  be  created  which  can 
account  for  the  electrical  nature  of  the  discharge. 

Rutherford^  found  that  the  atom  consists  of  a nucleus  of  positive  charge 
that  contains  nearly  all  the  mass  of  the  atom.  Surrounding  this  central 
positive  core  are  negatively  charged  electrons.  As  a specific  illustration 
of  this  atomic  model,  consider  the  hydrogen  atom.  This  atom  consists 
of  a positively  charged  nucleus  (a  proton)  and  a single  electron.  The 
charge  on  the  proton  is  positive  and  is  equal  in  magnitude  to  the  charge 
on  the  electron.  Therefore  the  atom  as  a whole  is  electrically  neutral. 
Because  the  proton  carries  practically  all  the  mass  of  the  atom,  it  will 
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remain  substantially  immobile,  whereas  the  electron  will  move  about  it 
in  a closed  orbit.  The  force  of  attraction  between  the  electron  and  the 
proton  follows  Coulomb’s  law.  It  can  be  shown  from  classical  mechanics 
that  the  resultant  closed  path  will  be  a circle  or  an  ellipse  under  the 
action  of  such  a force.  This  motion  is  exactly  analogous  to  that  of  the 
planets  about  the  sun,  because  in  both  cases  the  force  varies  inversely  as 
the  square  of  the  distance  between  the  particles. 

Assume,  therefore,  that  the  orbit  of  the  electron  in  this  planetary  model 
of  the  atom  is  a circle,  the  nucleus  being  supposed  fixed  in  space.  It  is  a 
simple  matter  to  calculate  its  radius  in  terms  of  the  total  energy,  W joules, 
of  the  electron.  The  force  of  attraction  between  the  nucleus  and  the  elec- 
tron is  eV^ireor^  newtons,  where  the  electronic  charge  e is  in  coulombs,  the 
separation  r between  the  two  particles  is  in  meters,  and  eo  is  the  permit- 
tivity of  free  space.  By  Newton’s  second  law  of  motion,  this  must  be  set 
equal  to  the  product  of  the  electronic  mass  m in  kilograms  and  the  acceler- 
ation v‘^/r  toward  the  nucleus,  where  v is  the  speed  of  the  electron  in  its 
circular  path,  in  meters  per  second.  Then 


_ mv^ 
Aireof^  r 


(12-11) 


Furthermore,  the  potential  energy  of  the  electron  at  a distance  r from 
the  nucleus  is  -eV^Treor  joules,  and  its  kinetic  energy  is  joules. 
Then,  according  to  the  conservation  of  energy, 


1 

W = joules 

2 47r€or 

Combining  this  expression  with  (12-11)  produces 


W = - 


Sire  or 


joules 


(12-12) 


(12-13) 


which  gives  the  desired  relationship  between  the  radius  and  the  energy  of 
the  electron.  This  equation  shows  that  the  total  energy  of  the  electron  is 
always  negative.  The  negative  sign  arises  because  the  potential  energy 
has  been  chosen  to  be  zero  when  r is  infinite.  This  expression  also  shows 
that  the  energy  of  the  electron  becomes  smaller  {i.e.,  more  negative)  as  it 
approaches  closer  to  the  nucleus. 

The  foregoing  discussion  of  the  planetary  atom  has  been  considered 
only  from  the  point  of  view  of  classical  mechanics.  However,  an  acceler- 
ated charge  must  radiate  energy,  in  accordance  with  the  classical  laws  of 
electromagnetism.  If  the  charge  is  performing  oscillations  of  a fre- 
quency /,  then  the  radiated  energy  will  also  be  of  this  frequency.  Hence, 
classically,  it  must  be  concluded  that  the  frequency  of  the  emitted  radi- 
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ation  equals  the  frequency  with  which  the  electron  is  rotating  in  its 
circular  orbit. 

There  is  one  feature  of  this  picture  that  cannot  be  reconciled  with 
experiment.  If  the  electron  is  radiating  energy,  then  its  total  energy 
must  decrease  by  the  amount  of  this  emitted  energy.  As  a result  the 
radius  r of  the  orbit  must  decrease,  in  accordance  with  Eq.  (12-13). 
Consequently,  as  the  atom  radiates  energy,  the  electron  must  move  in 
smaller  and  smaller  orbits,  eventually  falling  into  the  nucleus.  Since  the 
frequency  of  oscillation  depends  upon  the  size  of  the  circular  orbit,  the 
energy  radiated  would  be  of  a gradually  changing  frequency.  Such  a 
conclusion,  however,  is  incompatible  with  the  sharply  defined  frequencies 
of  spectral  lines. 

This  difficulty  was  resolved  by  Bohr  in  1913.^  He  postulated  the 
following  two  fundamental  laws; 


1.  Not  all  energies  as  given  by  classical  mechanics  are  possible,  but  the  atom  can 
possess  only  certain  discrete  energies.  While  in  states  corresponding  to  these  discrete 
energies,  the  electron  does  not  emit  radiation,  and  the  electron  is  said  to  be  in  a “sta- 
tionary,” or  nonradiating,  state. 

2.  In  a transition  from  one  stationary  state  corresponding  to  a definite  energy  W 2 
to  another  stationary  state,  with  an  associated  energy  W radiation  will  be  emitted. 
The  frequency  of  this  radiant  energy  is  given  by 


/ = 


W2  - Wi 


cps 


(12-14) 


where  is  Planck’s  constant  in  joule-seconds  and  where  the  IT’s  are  expressed  in  joules. 


Bohr  gave  the  quantitative  rule  (Prob.  12-10)  whereby  the  energies  of 
the  stationary  states  could  be  calculated.  Then,  upon  making  use  of 
Eq.  (12-14),  the  exact  frequencies  found  in  the  hydrogen  spectrum  were 
obtained,  a remarkable  achievement. 

12-4.  Atomic  Energy  Levels.  Though  it  is  theoretically  possible  to 
calculate  the  various  energy  states  of  the  atoms  of  the  simpler  elements, 
these  levels  must  be  determined  indirectly  from  spectroscopic  and  other 
data  for  the  more  complicated  atoms.  The  experimentally  determined 
energy-level  diagram  for  mercury  is  shown  in  Fig.  12-2. 

The  numbers  to  the  left  of  the  horizontal  lines  give  the  energy  of  these 
levels  in  electron  volts.  The  arrows  represent  some  of  the  transitions  that 
have  been  found  to  exist  in  actual  spectra,  the  attached  numbers  giving 
the  wave  length  of  the  emitted  radiation,  expressed  in  angstrom  units 
(10“^®  m).  The  light  emitted  in  these  transitions  gives  rise  to  the  lumi- 
nous character  of  the  gaseous  discharge.  However,  all  the  emitted  radi- 
ation need  not  appear  in  the  form  of  visible  light  but  may  exist  in  the 
ultraviolet  or  infrared  regions.  The  meaning  of  the  broken  lines  will  be 
explained  in  Sec.  12-10. 
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It  is  customary  to  express  the  energy  value  of  the  stationary  states  in 
electron  volts  E rather  than  in  joules  W.  Also,  it  is  more  common  to 
specify  the  emitted  radiation  by  its  wave  length  X angstroms  rather  than 
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Normal  state  of  neutral  mercury 
Fig.  12-2.  The  lower  energy  levels  of  atomic  mercury. 


by  its  frequency  / cycles  per  second.  In  these  units,  Eq.  (12-14)  may  be 
rewritten  in  the  form 


12,400 

E^- Ex 


A 


(12-15) 


Since  only  differences  of  energy  enter  into  this  expression,  the  zero  state 
may  be  chosen  at  will.  It  is  convenient  and  customary  to  choose  the 
lowest  energy  state  as  the  zero  level.  This  was  done  in  Fig.  12-2.  The 
lowest  energy  state  is  called  the  “normal”  level,  and  the  other  station- 
ary states  of  the  atom  are  called  “excited,”  “radiating,”  “critical,”  or 
“resonance”  levels. 

The  most  intense  line  in  the  mercury  spectrum  is  that  resulting  from 
the  transition  from  the  4.88-ev  level  to  the  zero  state.  The  emitted  radi- 
ation, as  calculated  from  Eq.  (12-15),  is  12,400/4.88  = 2,537  A,  as  indi- 
cated in  the  diagram.  It  is  primarily  this  line  that  is  responsible  for  the 
ultraviolet  burns  which  arise  from  mercury  discharges. 
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12-6.  The  Photon  Nature  of  Light.  The  mean  life  of  an  excited  state 
ranges  from  10“^  to  10“’°  sec,  the  excited  electron  returning  to  its  previous 
state  after  the  lapse  of  this  time.*  In  this  transition,  the  atom  must  lose 
an  amount  of  energy  equal  to  the  difference  in  energy  between  the  two 
states  that  it  has  successively  occupied,  this  energy  appearing  in  the  form 
of  radiation.  According  to  the  principle  of  Bohr,  this  energy  is  emitted  in 
the  form  of  a photon  of  light,  the  frequency  of  this  radiation  being  given 
by  Eq.  (12-14).  The  term  photon  denotes  an  amount  of  radiant  energy 
equal  to  Planck’s  constant  h times  the  frequency. 

The  photon  concept  of  radiation  may  be  difficult  to  comprehend  at 
first.  Classically,  it  was  believed  that  the  atoms  were  systems  that 
emitted  radiation  continuously  in  all  directions.  According  to  the  fore- 
going theory,  however,  this  is  not  true,  the  emission  of  light  by  an  atom 
being  a discontinuous  process.  That  is,  the  atom  radiates  only  when  it 
makes  a transition  from  one  energy  level  to  a lower  energy  state.  In 
this  transition,  it  emits  a definite  amount  of  energy  of  one  particular  fre- 
quency, namely,  one  photon  hf  of  light.  Of  course,  when  a luminous 
discharge  is  observed,  this  discontinuous  nature  of  radiation  is  not  sus- 
pected because  of  the  enormous  number  of  atoms  that  are  radiating 
energy  and,  correspondingly,  because  of  the  immense  number  of  photons 
that  are  emitted  in  unit  time. 


Example.  Given  a 50-watt  mercury-vapor  lamp.  Assume  that  0.1  per  cent  of  the 
electrical  energy  supplied  to  the  lamp  appears  in  the  ultraviolet  line,  2,537  A.  Calcu- 
late the  number  of  photons  per  second  of  this  wave  length  emitted  by  the  lamp. 
Solution.  The  energy  per  photon  is,  according  to  Eq.  (12-15), 

„ 12,400  , ^ 

E = — = 4.88  ev/photon 


The  total  power  being  transformed  to  the  2,537-A  line  is  0.05  watt,  or  0.05  volt  X 
coulomb/sec.  Since  the  charge  per  electron  is  1.60  X lO^i®  coulomb,  then  the  power 
radiated  is 


0.05  volt  X coulomb/sec 
1.60  X 10“’®  coulomb/electron 


= 3.12  X 10’^  ev/sec 


Hence,  the  number  of  photons  per  second  is 


3.12  X 10’^  ev/sec 
4.88  ev/photon 


= 6.40  X 10’®  photons/sec 


This  is  an  extremely  large  number. 

12-6.  Ionization.  It  is  now  possible  to  obtain  a better  insight  into  the 
process  of  ionization,  mention  of  which  has  been  made  on  several  occa- 
sions. As  the  most  loosely  bound  electron  of  an  atom  is  given  more  and 
more  energy,  it  moves  into  stationary  states  which  are  farther  and  farther 
away  from  the  nucleus.  When  its  energy  is  large  enough  to  move  com- 
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pletely  out  of  the  field  of  influence  of  the  ion,  it  becomes  “detached”  from 
it.  The  energy  required  for  this  process  to  occur  is  called  the  ionization 
potential  and  is  represented  as  the  highest  state  in  the  energy-level  dia- 
gram. From  an  inspection  of  Fig.  12-2,  this  is  seen  to  be  10.39  volts 
for  mercury.  The  alkali  metals  have  the  lowest  ionization  potentials, 
whereas  the  inert  gases  have  the  highest  values,  the  ionizing  potentials 
ranging  from  approximately  4 to  25  ev. 

Table  12-1  gives  the  values  of  the  ionization  potential,  the  first  exci- 
tation potential,  and  the  corresponding  first  resonance  wave  length  of 
some  of  the  elements  that  play  important  roles  in  discharge  tubes. 


TABLE  12-1 


Gas 

or 

vapor 

Ionizing 

potential, 

ev 

First 

radiative 

excitation 

potential, 

ev 

First 

resonance 

wave 

length, 

A 

First 

metastable 

excitation 

potential, 

ev 

Discharge 

color 

A 

15.7 

11.6 

1,065 

Blue 

Cd 

8.96 

3.78 

3,260 

Red 

He 

24.5 

20.6 

600 

19.8 

Yellow 

Hg 

10.4 

4.88 

2,537 

4.66 

Purple 

Na 

5.12 

2.09 

5,896 

Yellow 

Ne 

21.5 

16.7 

743 

16.6 

Orange 

12-7.  Collisions  of  Electrons  with  Atoms.  The  foregoing  discussion 
has  shown  that  in  order  to  excite  or  ionize  an  atom,  energy  must  be  sup- 
plied to  it.  This  energy  may  be  supplied  to  the  atom  in  various  ways. 
The  most  important  method  by  which  an  energy  interchange  occurs  in 
a gaseous  discharge  is  through  the  medium  of  electron  impact.  Other 
methods  of  ionization  or  excitation  of  atoms  will  be  considered  below. 

Suppose  that  an  electron  is  accelerated  by  the  potential  field  applied  to 
a discharge  tube.  When  this  electron  collides  with  an  atom,  one  of 
several  effects  may  occur.  A slowly  moving  electron  suffers  an  “elastic” 
collision,  Le.,  one  that  entails  an  energy  loss  only  as  required  by  the  laws 
of  conservation  of  energy  and  momentum.  The  direction  of  travel  of  the 
electron  will  be  altered  by  the  collision  although  its  energy  remains  sub- 
stantially unchanged.  This  follows  from  the  fact  that  the  mass  of  the 
gas  molecule  is  large  compared  with  that  of  the  electron. 

If  the  electron  possesses  sufficient  energy,  the  amount  depending  upon 
the  particular  gas  present,  it  may  transfer  enough  of  its  energy  to  the 
atom  to  elevate  it  to  one  of  the  higher  quantum  states.  The  amount  of 
energy  necessary  for  this  process  is  the  excitation,  or  radiation,  potential 
of  the  atom.  If  the  impinging  electron  possesses  a higher  energy,  say  an 
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amount  at  least  equal  to  the  ionization  potential  of  the  gas,  it  may  deliver 
this  energy  to  an  electron  of  the  atom  and  completely  remove  it  from 
the  parent  atom.  Three  charged  particles  result  from  such  an  ionizing 
collision,  two  electrons  and  a positive  ion. 

It  must  not  be  presumed  that  the  incident  electron  must  possess  an 
energy  corresponding  exactly  to  the  energy  of  a stationary  state  in  an 
atom  in  order  to  raise  the  atom  into  this  level.  If  the  bombarding  elec- 
tron has  gained  more  than  the  requisite  energy  from  the  electric  field  to 
raise  an  atom  into  a particular  energy  state,  then  the  amount  of  energy 
in  excess  of  that  required  for  excitation  will  be  retained  by  the  incident 
electron  as  kinetic  energy  after  the  collision.  Or  if  the  process  of  ioniza- 
tion has  taken  place,  the  excess  energy  divides  between  the  two  electrons. 

12-8.  Collisions  of  Photons  with  Atoms.  Another  important  method 
by  which  an  atom  may  be  elevated  into  an  excited  energy  state  is  to  have 
radiation  fall  on  the  gas.  An  atom  may  absorb  a photon  of  frequency  f 
and  thereby  move  from  the  level  of  energy  IFi  to  the  higher  energy  level 
W^,  where  W2  = Wi  /i/ joules. 

An  extremely  important  feature  of  excitation  by  photon  capture  is  that 
the  photon  will  not  be  absorbed  unless  its  energy  corresponds  exactly  to  the 
energy  difference  between  two  stationary  levels  of  the  atom  with  which  it 
collides.  Consider,  for  example,  the  following  experiment:  The  2,537-A 
mercury  radiation  falls  on  sodium  vapor  in  the  normal  state.  What  is  the 
result  of  this  irradiation?  The  impinging  photons  have  an  energy  of 
12,400/2,537  = 4.88  ev,  whereas  the  first  excitation  potential  of  sodium 
is  only  2.09  ev.  It  is  conceivable  that  the  sodium  atom  might  be  excited 
and  that  the  excess  energy  4.88  - 2.09  = 2.79  ev  would  appear  as 
another  photon  of  wave  length  12,400/2.79  = 4,440  A.  Actually,  how- 
ever, the  2,537-A  line  is  transmitted  without  absorption  through  the 
sodium  vapor,  neither  of  the  two  lines  appearing.  It  must  be  concluded, 
therefore,  that  the  probability  of  excitation  of  a gas  by  photon  absorption 
is  negligible  unless  the  energy  of  the  photon  corresponds  exactly  to  the 
energy  difference  between  two  stationary  states  of  the  atoms  of  the  gas. 

When  a photon  is  absorbed  by  an  atom,  the  excited  atom  may  return 
to  its  normal  state  in  one  jump,  or  it  may  do  so  in  several  steps.  If  the 
atom  falls  into  one  or  more  excitation  levels  before  finally  reaching  the 
normal  state,  then  it  will  emit  several  photons.  These  will  correspond 
to  energy  differences  between  the  successive  excited  levels  into  which  the 
atom  falls.  None  of  the  emitted  photons  will  have  the  frequency  of  the 
absorbed  radiation!  This  fluorescence  cannot  be  explained  by  classical 
theory  but  is  readily  understood  once  Bohr’s  postulates  are  accepted. 

It  is  possible  for  the  photons  that  induce  the  excitation  of  certain  atoms 
to  originate  within  the  discharge  itself.  For  example,  the  following  chain 
process  has  been  observed  to  occur  in  mercury  vapor : An  atom  near  the 
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center  of  a discharge  tube  emits  the  ultraviolet  2,537-A  line.  This  photon 
is  captured  by  a neighboring  atom,  thereby  exciting  it  to  the  first  reso- 
nance potential.  About  10“^  sec  later,  this  excited  atom  returns  to 
its  normal  state  with  the  emission  of  a 2,537-A  photon.  This  new 
photon  in  turn  excites  another  atom,  with  the  subsequent  reemission  of 
a 2,537-A  photon.  This  absorption  and  emission  process  may  occur 
several  thousand  times  before  an  atom  near  the  boundary  of  the  dis- 
charge emits  a photon  that  escapes  from  the  discharge.  This  process 
has  been  called  the  “imprisonment  of  radiation”  in  a discharge  tube.^ 

If  the  frequency  of  the  impinging  photon  is  sufficiently  high,  it  may 
have  enough  energy  to  ionize  the  gas.  The  photon  vanishes,  with  the 
appearance  of  an  electron  and  a positive  ion.  Unlike  the  case  of  photo- 
excitation, the  photon  need  not  possess  an  energy  corresponding  exactly 
to  the  ionizing  energy  of  the  atom.  It  need  merely  possess  at  least  this 
much  energy.  If  it  possesses  more  than  ionizing  energy,  the  excess  will 
appear  as  the  kinetic  energy  of  the  emitted  electron  and  positive  ion. 
However,  it  is  found  by  experiment  that  the  maximum  probability  of 
photoionization  occurs  when  the  energy  of  the  photon  is  equal  to  the 
ionization  potential,  the  probability  decreasing  rapidly  for  higher  photon 
energies. 

12-9.  Other  Ionizing  Agents.  Minute  traces  of  radioactive  contami- 
nation are  always  present  in  all  materials.  These  emit  particles  and 
radiations  that  are  capable  of  producing  ionization.  Ultraviolet  rays, 
X rays,  and  cosmic  rays  can  also  produce  ionization.  Because  one  or 
more  of  these  ionizing  agents  are  always  present,  then  a (very  small) 
percentage  of  any  gas  is  ionized.  These  few  free  electrons  play  a most 
important  role  in  some  types  of  discharge,  as  will  be  seen  in  Sec.  12-13. 

One  might  expect  that  a certain  amount  of  excitation  and  ionization 
will  result  from  collisions  between  positive  ions  and  neutral  gas  atoms 
with  which  they  may  collide.  Actually,  however,  the  probability  of 
ionization  by  such  a collision  is  very  much  smaller  than  that  for  an 
electron  collision,®  so  that  this  process  plays  a minor  role  in  the  formation 
of  additional  ions. 

12-10.  Metastable  States.  Stationary  states  may  exist  which  can  be 
excited  by  electron  bombardment  but  not  by  photoexcitation.  Such 
levels  are  called  metastahle  states.  A transition  from  a metastable  level 
to  the  normal  state  with  the  emission  of  radiation  does  not  take  place. 
The  4.66-  and  5.46-ev  levels  in  Fig.  12-2  are  metastable  states.  The 
forbidden  transitions  are  indicated  by  dashed  arrows  on  the  energy-level 
diagram.  Transitions  from  a higher  level  to  a metastable  state  are 
permitted,  and  several  of  these  are  shown  in  Fig.  12-2. 

The  mean  life  of  a metastable  state  is  found  to  be  very  much  longer  than 
the  mean  life  of  a radiating  level.  Representative  times  are  10~”  to  10~^ 
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sec  for  metastable  states  and  10“^  to  sec  for  radiating  levels.  The 
long  lifetime  of  the  metastable  states  arises  from  the  fact  that  a transition 
to  the  normal  state  with  the  emission  of  a photon  is  forbidden.  How  then 
can  the  energy  of  a metastable  state  be  expended  so  that  the  atom  may 
return  to  its  normal  state?  One  method  is  for  the  metastable  atom  to 
collide  with  another  molecule  and  give  up  its  energy  to  the  other  mole- 
cule as  kinetic  energy  of  translation,  or  potential  energy  of  excitation. 
Another  method  is  that  by  which  the  electron  in  the  metastable  state 
receives  additional  energy  by  any  of  the  processes  enumerated  in  the  pre- 
ceding sections.  The  metastable  atom  may  thereby  be  elevated  to  a 
higher  energy  state  from  which  a transition  to  the  normal  level  can  take 
place,  or  else  it  may  be  ionized.  If  the  metastable  atom  diffuses  to  the 
walls  of  the  discharge  tube  or  to  any  of  the  electrodes  therein,  either  it 
may  expend  its  energy  in  the  form  of  heat  or  the  metastable  atoms  might 
induce  secondary  emission. 

Owing  to  the  relatively  long  lifetime  of  a metastable  state,  the  prob- 
ability of  cumulative  ionization  is  greatly  increased.  It  is  very  common 
in  an  arc  discharge  to  have  ionization  take  place  at  a voltage  that  is 
appreciably  lower  than  the  ionization  potential  of  the  gas.  For  exam- 
ple, the  drop  across  a mercury-arc  tube  may  be  considerably  less  than 
10.4  volts.  Thus  any  electron  that  has  fallen  through  a potential  greater 
than  only  5.73  volts  and  collides  with  an  atom  in  the  4.66-ev  metastable 
state  can  ionize  the  atom  (since  5.73  4.66  = 10.39). 

Another  illustration  of  the  practical  importance  of  metastable  states 
is  the  Penning  effect.^  Penning  found  that  neon,  to  which  a little  argon 
has  been  added,  has  a lower  sparking  potential  than  pure  neon.  The 
explanation  is  that  neon  has  a metastable  level  at  16.6  ev,  which  is 
higher  than  the  ionization  level  of  15.7  ev  of  argon.  Hence  a metastable 
neon  atom  may  ionize  an  argon  atom  with  which  it  collides. 

As  a check  on  the  above  explanation.  Penning  illuminated  the  discharge 
with  strong  light  from  a glow  discharge  in  neon.  The  emitted  photons 
can  be  absorbed  by  the  metastable  neon  atoms,  which  are  thus  removed 
from  their  metastable  states.  Hence  ionizing  collisions  with  argon 
become  less  frequent,  and  it  is  found  that  the  breakdown  voltage  is 
increased. 

12-11.  Recombination.  If  an  electron  and  an  ion  were  to  combine  in 
the  body  of  a discharge,  an  amount  of  energy  equal  to  the  ionization 
potential  would  be  released.  If  an  attempt  is  made  to  satisfy  the  prin- 
ciples of  conservation  of  energy  and  conservation  of  momentum  in  this 
two-body  problem  it  is  found  impossible  to  do  so.  Consequently,  in  the 
body  of  the  discharge  simple  electron  and  ion  recombination  does  not 
take  place.  However,  deionization  may  occur  if  a third  body  is  involved 
in  the  process. 
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The  third  body  might  be  another  electron,  an  ion,  or  a molecule  that  is 
present  in  the  gas.  Such  a triple  encounter  has  a low  probability  of 
occurrence,  and  it  must  be  concluded  that  very  little  deionization  takes  place 
in  the  body  of  the  gas. 

Recombination  takes  place  principally  at  the  surface  of  the  container. 
Thus,  when  the  excitation  is  removed  from  a gaseous  discharge,  the  ions 
diffuse  to  the  walls  or  to  any  surfaces  in  the  gas.  They  also  drift  to  the 
electrodes  if  any  field  is  present.  The  presence  of  the  ion,  the  electron, 
and  the  surface  permits  satisfying  both  conservation  of  energy  and 
momentum,  with  the  consequent  neutralization  of  the  ion. 

12-12.  Electrical  Character  of  Discharges.  The  most  convenient  way 
of  distinguishing  among  the  various  possible  electrical  discharges  in  gases 
is  to  study  the  volt-ampere  charac- 
teristics of  these  discharges.  Con- 
sider a tube  containing  two  cold 
plane-parallel  electrodes  between 
which  is  contained  a fixed  quantity 
of  gas  at  a low  pressure  (say,  a few 
millimeters  Hg).  An  adjustable 
source  of  potential  in  series  with  a 
resistor  is  connected  across  the  tube. 

The  current  through  the  tube  is  ob- 
served as  a function  of  the  voltage  across  it,  as  either  the  magnitude  of 
the  voltage  or  the  magnitude  of  the  resistance  is  varied.  The  general 
form  of  the  characteristic  so  obtained  is  given  in  Fig.  12-3. 

The  current  is  found  to  vary  gradually  with  variations  in  potential  from 
the  point  0 to  the  point  A.  Further  increases  in  potential  in  the  region 
from  A to  R results  in  no  further  increase  in  current  through  the  tube,  and 
the  horizontal  portion  of  the  curve  from  A to  R is  obtained.  As  the 
voltage  is  increased  beyond  the  value  corresponding  to  R,  the  current  is 
found  to  increase  rapidly  to  the  point  C,  somewhat  as  shown.  For  rea- 
sons which  will  appear  in  the  next  section,  this  discharge  is  called  a non- 
self-maintained,  a field-intensified,  or  a Townsend  discharge.  If  an  attempt 
is  made  to  obtain  the  characteristic  beyond  point  C,  the  entire  character 
of  the  discharge  changes  suddenly.  The  voltage  is  found  to  decrease 
rapidly.  The  gas  in  the  tube  suddenly  begins  to  glow,  the  color  of  the 
luminous  region  being  a function  of  the  gas  or  gases  contained  in  the 
tube.  Also,  the  current  through  the  tube  rises  very  rapidly,  the  magni- 
tude of  the  current  that  flows  through  the  tube  being  determined  by  the 
magnitude  of  the  potential  and  by  the  size  of  the  current-limiting  resistor 
in  the  external  circuit.  The  gas  in  the  tube  is  said  to  have  broken 
down,  and  the  voltage  at  C is  the  sparking  potential.  The  discharge 
becomes  a glow  or  an  arc.  The  theory  of  the  Townsend  discharge 


Fig.  12-3.  Volt-ampere  characteristics 
of  a non-self-maintained  discharge. 
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will  now  be  given.  Conditions  after  breakdown  are  studied  in  later 
sections. 

12-13.  Non-self -maintained  Discharge.  A gas  is  always  in  a state  of 
partial  ionization  because  of  the  action  of  a number  of  natural  ionizing 
sources,  as  explained  in  Sec.  12-9.  If,  therefore,  a voltage  is  applied  to 
two  electrodes  sealed  in  a tube  containing  a gas,  a few  ions  will  drift  to  the 
cathode  and  some  electrons  will  be  transported  to  the  anode.  This  will 
result  in  the  flow  of  a minute  current.  If  it  is  assumed,  as  is  generally 
true,  that  the  rate  of  production  of  the  ions  by  the  ionizing  agent  is  a 
constant,  then  the  current  is  independent  of  voltage  over  a range  of 
voltages.  This  is  the  region  AB  of  Fig.  12-3.  The  external  radiating 
agents  produce  saturation  current  densities  of  the  order  of  amp/m^. 

In  order  to  explain  the  rapidly  rising  portion  of  the  characteristic,  the 
region  BC  of  the  figure,  suppose  that  the  potential  Ei  at  the  point  B repre- 
sents the  ionization  potential  of  the 
gas.  Then  in  the  region  beyond  B 
the  potential  through  which  the  elec- 
tron falls  from  the  time  of  its  libera- 
tion by  the  external  ionizing  agent 
until  it  collides  with  a gas  molecule 
in  its  path  a short  distance  away  may 
be  sufficient  to  give  it  an  energy 
adequate  to  cause  ionization  of  the 
molecule.  That  is,  the  potential  per 
mean  free  path  of  the  electron  is 
sufficient  to  cause  ionization.  If  it 
ionizes  the  molecule,  it  will  liberate, 
say,  one  electron.  Now  two  electrons  exist  to  cause  further  ionization. 
It  is  then  evident  that  this  process,  which  is  cumulative,  may  result 
in  very  large  currents  in  the  tube.  An  analytical  representation  of  this 
process  is  possible. 

Suppose  that  no  electrons  are  ejected  from  the  cathode  per  second  (see 
Fig.  12-4).  If  n denotes  the  number  of  electrons  per  second  at  any  dis- 
tance X from  the  cathode,  then  dn  new  electrons  per  second  will  be  formed 
in  the  distance  dx  owing  to  the  ionization  that  occurs.  If  a represents  the 
number  of  new  electrons  {or  ions)  formed  by  one  electron  in  traveling  a distance 
of  1 m through  the  gas,  then 

dn  = an  dx 

The  parameter  a is  frequently  called  the  first  Townsend  coefficient.  This 
leads,  upon  integration,  to 

n = noe“®  (12-16) 

provided  that  a is  independent  of  x.  Thus,  for  every  electron  produced  at 


Fig.  12-4.  Because  of  ionization,  dn 
new  electrons  are  formed  in  the  dis- 
tance dx. 
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the  cathode,  electrons  reach  the  anode  a distance  d away.  The  progeny 
of  electrons  produced  by  one  electron  is  called  an  electron  avalanche. 

By  multiplying  both  sides  of  Eq.  (12-16)  by  the  electronic  charge,  the 
expression  is  transformed  into  an  equation  for  the  current.  It  is 

h = (12-17) 


where  h is  the  current  to  the  collector  and  h represents  the  current  at 
the  cathode  resulting  from  the  effects  of  the  external  ionizing  agents. 
If  Jo  drops  to  zero,  so  also  does  h.  In  other  words,  if  the  external 
excitation  is  removed  the  discharge  stops.  This  is  why  the  discharge  is 
termed  non-self -maintained. 

In  a discharge  the  current  is  made  up  of  electrons  traveling  toward  the 
anode  and  positive  ions  moving  toward  the  cathode.  The  net  current  at 
any  plane  must  be  a constant  because  otherwise  there  would  be  a continu- 
ous piling  up  (or  perhaps  a depletion)  of  charge  with  time,  which  is  not 
possible  if  a steady-state  condition 
has  been  reached.  In  Fig.  12-5  a 
positive  superscript  is  used  for  posi- 
tive ions  and  a negative  superscript 
for  electrons.  The  arrows  indicate 
the  direction  of  travel  of  the  parti- 
cles. The  current  everywhere  is  h- 
Note,  in  particular,  that  this  current 
at  the  anode  is  due  entirely  to  elec- 
trons which  have  entered  the  collec- 
tor from  the  discharge.  These  elec- 
trons flow  in  the  external  circuit  to 
the  junction  of  the  cathode  and  the  gas. 


Fig.  12-5.  The  current  in  a discharge 
tube  consists  of  electrons  traveling  to- 
ward the  anode  and  positive  ions 
traveling  toward  the  cathode. 


Here  a certain  number  of  them 
per  second  neutralize  the  positive-ion  current  {h  — h).  The  remainder, 
7o,  is  the  electron  current  entering  the  discharge  under  the  influence  of 


the  external  excitation. 

Because  of  the  small  values  of  h resulting  from  the  natural  ionizing 
agents,  it  is  difficult  to  obtain  accurate  measurements  of  the  currents  in 
the  region  BC  of  Fig.  12-3.  It  is  possible,  however,  to  investigate  this 
theory  and  that  of  the  next  section  by  using  a tube  that  is  provided  with 
a photosensitive  cathode,  as  the  current  in  such  a device  (of  the  order  of 
microamperes)  may  readily  be  measured.  Except  for  the  fact  that  the 
initial  electrons  are  produced  photoelectrically  instead  of  by  natural  ion- 
izing agents,  the  conditions  of  gas  amplification  are  the  same.  The  volt- 
ampere  curve  of  an  argon-filled  phototube  (General  Electric  PJ  23)  is 
given  in  Fig.  6-7.  Its  shape  is  exactly  that  of  the  curve  of  Fig.  12-3. 

12-14.  Breakdown.  If  the  potential  across  the  phototube  is  made  too 
high,  the  gas  in  the  tube  will  “break  down”  and  will  begin  to  glow.  The 
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current  in  the  tube  will  rise  to  a high  value  and  will  be  limited  principally 
by  the  resistance  in  the  external  circuit.  If,  following  breakdown,  the 
light  source  is  removed  so  that  the  photocathode  is  no  longer  illuminated, 
the  current  nevertheless  continues.  Such  discharges  are  called  self- 
sustained  or  self-maintained  discharges.  Although  external  agencies  may 

assist  in  starting  the  discharge,  once 
it  has  been  initiated  it  will  maintain 
itself  without  any  external  source. 

F or  breakdown  to  take  place  there 
must  be  some  mechanism  of  electron 
production  in  the  tube  which  has 
not  yet  been  mentioned.  The  most 
likely  process  is  that  of  electron 
emission  at  the  cathode  due  to  the 
positive-ion  bombardment  (often 
called  secondary  emission  by  positive 
ions).  This  electron  current  is  de- 
signated by  7s,  the  electron  current  due  to  the  external  excitation  by  /«, 
and  the  total  electron  current  at  the  cathode  by  I o.  Thus 


f 



-VW\A^- 


Fig.  12-6.  When  positive  ions  strike  the 
cathode,  they  liberate  secondary  elec- 
trons Is  (in  addition  to  those  electrons 
le  liberated  from  the  cathode  by  the  ex- 
ternal source). 


7o  — 7e  + Is 


(12-18) 


If  h is  the  plate  current,  then  by  the  principle  outlined  in  the  preceding 
section,  the  total  current  anywhere  in  the  tube  is  Since  the  total  elec- 
tron current  at  the  cathode  is  Jo,  then  the  ion  current  at  this  electrode 
must  be  h — Jo.  The  situation  is  as  pictured  in  Fig.  12-6,  which  is  identi- 
cal with  Fig.  12-5  except  that  the  total  electron  current  Jo  at  the  cathode 
now  consists  of  two  terms.  Hence,  Eq.  (12-17)  is  still  valid  provided  only 
that  Jo  is  given  by  Eq.  (12-18). 

If,  on  the  average,  7 electrons  are  liberated  from  the  cathode  by  one  positive 
ion,  then 

Is  = y{h  - Jo)  (12-19) 


By  combining  Eqs.  (12-17),  (12-18),  and  (12-19)  there  results 


h 


1 -b  7 — 76"'^ 


(12-20) 


Since  the  production  of  electrons  by  positive-ion  bombardment  of  the 
cathode  is  a rather  inefficient  process,  then  the  secondary-emission  ratio 
7 is  a small  quantity.  Representative  values'^  range  from  0.20  to  0.001, 
meaning  that  on  an  average  somewhere  between  5 and  1,000  positive  ions 
must  strike  the  cathode  before  a single  electron  is  liberated. 

Mathematically,  it  follows  that  the  current  will  increase  without  limit 
when  the  denominator  of  Eq.  (12-20)  becomes  zero.  That  is,  breakdown 
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occurs  when 

76““^  =1+7  (12-21) 

Physically,  of  course,  the  current  can  never  increase  without  limit;  but 
rather,  as  the  left-hand  term  of  this  expression  approaches  1 + 7,  an 
enormous  increase  in  the  current  will  occur,  and  the  transition  from  the 
non-self-maintained  to  the  self-maintained  discharge  takes  place. 

The  existence  of  a self-maintained  discharge  requires  that  the  number  of 
ions  which  are  produced  by  an  electron  in  moving  from  the  cathode  to  the 
anode  must  regenerate  one  electron  when  they  strike  the  cathode.  This 
criterion  is  actually  expressed  by  Eq.  (12-21).  To  verify  this,  it  is  noted 
that  if  no  electrons  per  second  leave  the  cathode,  then  these  produce 
(noe"^^  — no)  positive  ions  per  second  in  their  passage  to  the  anode. 
Therefore,  when  one  electron  leaves  the  cathode,  it  produces  (e“'^  — 1) 
positive  ions  in  the  body  of  the  gas.  These  positive  ions  eject,  in  turn, 
by  the  7 process  at  the  cathode,  7(e“'^  - 1)  electrons.  Evidently,  if  this 
quantity  just  equals  unity,  then  the  one  electron  originally  emitted  from 
the  cathode  has  caused  another  electron  to  leave  the  cathode.  This  new 
electron  will  likewise  cause  the  production  of  a third  electron,  and  so  on 
indefinitely.  In  other  words,  the  discharge  will  no  longer  require  an 
external  agent  for  its  maintenance.  The  criterion  for  this  condition  is 

7(€“‘^  — 1)  = 1 

which  is  seen  to  be  equivalent  to  Eq.  (12-21). 

12-15.  Paschen’s  Law.  Many  terms  are  used  synonymously  with  the 
term  ‘'breakdown  voltage.”  Some  of  them  are  “sparking,”  “ignition,” 
“starting,”  and  “striking”  potential.  The  factors  which  determine  the 
sparking  potential  will  now  be  investigated. 

The  number  of  electrons  formed  per  electron  per  meter  (the  value  of  a) 
depends  upon  the  number  of  collisions  that  the  incident  electron  makes  in 
traversing  this  unit  path  and  also  upon  the  energy  that  the  incident  elec- 
tron possesses  when  it  collides  with  the  gas  molecules.  The  number  of 
collisions  made  by  an  electron  per  meter  of  its  path,  which  is  the  inverse 
of  the  electronic  mean  free  path,  is  directly  proportional  to  the  pressure 
of  the  gas.  Also,  the  energy  that  an  impinging  electron  possesses  at  the 
time  of  collision  with  a molecule  depends  upon  both  the  product  of  the 
electric-field  intensity  S and  the  mean  free  path  le.  Since  the  mean  free 
path  varies  inversely  with  the  pressure,  the  energy  per  mean  free  path 
Sle  may  be  written  proportional  to  S/p.  Thus  a is  proportional  to  p and 
also  to  some  function  of  S/p.  Mathematically,  these  results  may  be 
expressed  in  the  form 


ct  = pf 


(12-22) 
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where /(s/p)  is  some  undetermined  function  which  remains  constant  when 
the  ratio  S/p  is  constant. 

The  number  of  secondary  electrons  emitted  from  the  cathode  per  inci- 
dent positive  ion  (the  value  of  7)  depends  upon  the  energy  of  the  imping- 
ing ions.  Hence  7 is  a function  of  the  energy  gained  by  the  ion  in  its  last 
free  path  before  striking  the  cathode,  or  7 is  a function  of  SL.  Therefore 
7 depends  only  upon  the  ratio  S/p  and  not  upon  S or  p individually. 

If  Es  is  the  sparking  potential,  then  at  breakdown  the  electric-field 
intensity  is  given  by  S = E^/d,  where  d is  the  electrode  separation.  Since 
s/p  = EJpd,  both  ad  and  7 are  functions  of  E^  and  the  product  pd. 
Hence  the  condition  for  breakdown,  Eq.  (12-21),  which  involves  only  a 
and  7,  is  a relationship  between  Eg  and  pd.  We  are  thus  led  to  the  con- 
clusion that  the  breakdown  voltage  is  a function  only  of  the  product  of  the 
pressure  and  the  interelectrode  spacing  and  does  not  depend  upon  these 
two  parameters  separately.  This  conclusion  is  verified  experimentally. 
Thus,  if  the  pressure  is  doubled  while  the  interelectrode  spacing  is  halved, 
the  breakdown  voltage  remains  unchanged.  This  relationship  is  known 
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as  Pascheri’s  law. 

Clearly,  from  the  above  discussion,  the  sparking  voltage  also  depends 
upon  the  cathode  material  and  the  type  of  gas.  These  conclusions  are  veri- 
fied by  experiment.  Figure  12-7  shows  breakdown  in  air  for  a very  wide 
range  of  pd. 

For  electrodes  of  a given  area,  the  volume  of  gas  contained  between 
them  is  proportional  to  the  separation  d.  Also,  since  the  concentration  is 
proportional  to  the  pressure,  then  the  product  pd  is  proportional  to  the 
number  of  molecules  between  the  electrodes.  Hence,  Paschen’s  law 

states  that  the  ignition  voltage  de- 
pends only  upon  the  total  number  of 
molecules  of  gas  between  the  cathode 
and  the  anode,  for  a given  cathode 
material  and  a given  gas. 

The  experimentally  determined 
curves  of  sparking  potential  vs.  the 
product  pd  show  a minimum,  the 
o ddd  - o ooog  voltage  being  high  for  very  low  and 

pd,  mm  X cm  Very  high  values  of  pd.  Refer  to  Fig. 

Fig.  12-7.  Sparking  potential  in  air  nlanp-narflllpl  elec- 

between  parallel  electrodes  with  a brass  ’ _ ^ ? 

cathode.  {After  M . J . Druyvesteyn  and  trodes  in  air.  The  minimum  value 
F.  M.  Penning,  Revs.  Mod.  Phys.,  12,  of  the  product  pd  is  0.6  mm  X cm. 
87-174,  1940.)  Note  that  regardless  of  the  pressure 

or  spacing,  it  is  impossible  to  cause  breakdown  to  occur  between  parallel 
electrodes  in  air  at  voltages  less  than  350  volts. 
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The  reason  for  the  existence  of  a minimum  in  the  sparking-potential 
curve  is  easy  to  discover.  Consider,  for  example,  that  the  spacing  is  fixed 
and  that  p is  varied.  At  very  low  pressures,  there  are  so  few  molecules 
present  that  enough  secondary  electrons  can  be  produced  only  if  the  ener- 
gies of  the  impinging  electrons  are  high.  This  means  that  a high  voltage 
must  be  applied.  On  the  other  hand,  if  the  pressure  is  high,  then  the 
number  of  collisions  is  so  large  that  the  energy  gained  by  each  electron  per 
mean  free  path  is  small  unless  the  applied  potential  is  high.  For  ioni- 
zation to  take  place,  the  energy  per  mean  free  path  must  exceed  a certain 
minimum  amount  (the  ionization  potential  of  the  gas),  and  so  a high 
potential  will  be  necessary.  Between  these  two  extremes  of  pressure  will 
be  a pressure  at  which  a minimum  sparking  potential  will  be  necessary. 

12-16.  Glow  Discharge.  A low-pressure  discharge  after  breakdown, 
known  as  the  glow  discharge^  is  visually  characterized  by  brightly  colored 
luminous  regions  in  the  gas.  Electrically,  it  is  characterized  both  by  a 
low  current  density  and  by  a high  voltage  drop. 

This  maintaining  voltage  is  considerably 
higher  than  the  ionizing  potential  of  the  gas 
present,  but  lower  than  the  sparking  potential. 

The  volt-ampere  characteristic  of  this  portion 
of  the  discharge  is  given  in  Fig.  12-8.  Visual  | 
inspection  of  the  tube  while  under  operation  = 
shows  that  only  a small  part  of  the  cathode  is 
covered  with  glow  for  low  values  of  total  cur- 
rent. In  fact,  as  the  current  through  the  tube 
increases,  the  portion  of  the  cathode  surface 
that  is  covered  with  glow  increases  linearly  Voltage 


with  the  current.  This  indicates  that  the 
current  density  remains  constant.  This  con- 
stant value  is  known  as  the  normal  current 


Fig.  12-8.  Volt-ampere  char- 
acteristic of  a glow  dis- 
charge. 


density.  Normal  current  densities  are  of  the  order  of  1 amp/m^  at  a 
pressure  of  1 mm  Hg.  The  region  FH,  which  is  characterized  by  a fairly 
high  though  more  or  less  constant  potential  and  by  a constant  current 
density,  is  known  as  the  normal  glow  discharge. 

The  variation  of  potential  from  cathode  to  anode  has  the  general  form 
shown  in  Fig.  12-9.  The  region  adjacent  to  the  anode  and  extending  over 
the  major  portion  of  the  tube  is  called  the  plasma,  because  it  contains 
approximately  equal  concentrations  of  positive  and  negative  charge. 
The  formation  of  the  plasma  is  discussed  in  detail  in  Sec.  12-20.  It  is 
sufficient  for  the  present  to  point  out  that  since  the  net  charge  density  is 
zero,  the  potential  must  vary  linearly  with  distance  (according  to  Pois- 
son’s equation).  Actually  the  variation  is  often  found  to  be  very  small, 
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Potential 


Fig.  12-9.  The  essential  potential  vari- 
ation in  a glow. 


and  in  what  follows  the  plasma  will  be  taken  as  an  equipotential  region  at 
the  anode  voltage.  Almost  all  the  voltage  across  the  tube  appears  in 
the  small  distance  between  the  cathode  and  the  boundary  of  the  plasma, 
called  the  cathode-fall  region. 

12-17.  Conditions  at  the  Cathode.  The  cathode  fall,  which  represents 
the  potential  through  which  the  positive  ions  ‘Tall”  in  passing  to  the 
cathode,  is  the  most  important  part  of  the  discharge.  It  is  found  experi- 
mentally that  the  magnitude  of  this 
voltage  is  of  the  order  of  (but  some- 
what less  than)  the  minimum  value 
of  the  breakdown  voltage  for  the 
given  gas  and  the  given  cathode 
material.^  There  appears  to  be  no 
theoretical  explanation  for  this  coin- 
cidence. Another  important  experi- 
mentally determined  feature  is  that 
the  cathode  fall  is  substantially  inde- 
pendent of  the  pressure.  Hence,  the 
distance  dk  covered  by  the  cathode 
fall  adjusts  itself  so  as  to  yield  the 
correct  value  of  pdk  at  which  the 
minimum  breakdown  voltage  occurs.  That  is  to  say,  Paschen’s  law 
applies  here,  with  d replaced  by  dk.  This  is  verified  by  observing  that  as 
the  pressure  is  varied  the  cathode-fall  potential  remains  constant,  and  dk 
varies  inversely  as  the  pressure. 

Normal  values  for  cathode-fall  voltages  range  between  about  59  volts 
(a  potassium  surface  and  helium  gas)  and  350  volts.  The  presence  of  a 
low-work-function  coating  on  the  cathode  tends  to  give  a low  cathode  fall 
with  any  gas.^  Also,  the  use  of  one  of  the  inert  gases  (He,  Ne,  A,  etc.) 
results  in  a low  cathode  fall  with  any  cathode  material.  Of  course,  the 
presence  of  small  amounts  of  impurities  in  either  the  gas  or  the  cathode 
will  result  in  a considerably  modified  value  of  cathode  fall.  It  is  the 
characteristic  of  a substantially  constant  cathode  fall  over  a rather  wide 
range  in  currents  that  accounts  for  the  use  of  glow-discharge  tubes  as 
ballast  tubes  (Sec.  13-12). 

It  has  been  noted  that  the  discharge  is  maintained  by  electron  emission 
by  positive-ion  bombardment  at  the  cathode.  Since  it  takes  a large  num- 
ber of  positive  ions  to  produce  one  electron  by  this  7 process,  the  cathode 
fall  must  be  a region  containing  many  positive  ions.  If  the  small  electron 
current  at  the  cathode  is  neglected,  then  only  a positive-ion  current  exists 
in  this  region.  The  conditions  in  this  region  are  then  precisely  analogous 
to  those  which  prevail  in  a vacuum  tube  under  the  conditions  of  a nega- 
tive space  charge  resulting  from  an  excess  of  electrons.  Consequently, 
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Eq.  (4-12),  which  relates  the  current  density  (in  this  case  a positive-ion 
current  density)  with  the  potential,  must  be  valid.  Thus 

J = K^  (12-23) 

where  Ek  is  the  cathode-fall  potential  and  dk  is  the  distance  from  the 
cathode  to  the  edge  of  the  negative  glow. 

This  equation  contains  an  explanation  of  the  “normal”  region  of  the 
glow  discharge.  Suppose,  for  example,  that  the  current  through  a glow 
tube  is  measured  for  a given  applied  potential  and  external  series  resistor. 
According  to  the  foregoing  discussion,  Ek  is  approximately  the  minimum 
breakdown  voltage,  and  dk  is  the  distance  at  which  this  minimum  occurs 
for  the  given  pressure.  This  fixes  both  Ek  and  dk  in  Eq.  (12-23),  and  thus 
J may  be  calculated.  Consequently,  the  area  of  the  glow  ///is  known. 
However,  as  the  magnitude  of  the  external  resistor  is  varied,  the  magni- 
tude of  the  current  is  changed,  but  Ek,  dk,  and  so  J remain  constant. 
Hence  the  area  of  the  glow  on  the  cathode  increases  directly  with  the 
magnitude  of  the  current.  This  theory  accounts  for  the  “normal”  dis- 
charge region  that  exists  in  such  discharges. 

If  dk  varies  inversely  as  p,  then  it  follows  from  Eq.  (12-23)  that  J varies 
directly  as  the  square  of  the  pressure.  This  has  been  verified  experimentally. 

Once  the  entire  cathode  is  covered  with  glow,  a further  increase  in 
current  can  be  obtained  only  by  a corresponding  increase  in  the  current 
density.  This  requires  an  increase  in  Ek  and  a decrease  in  dk.  This 
region  is  called  the  “abnormal”  glow  and  is  the  region  HK  of  Fig.  12-8. 

It  is  not  possible  to  maintain  a glow  discharge  simply  by  applying  the 
breakdown  voltage  between  the  electrodes,  if  the  spacing  is  too  small  for 
a given  pressure.  Thus,  if  sparking  occurs  to  the  left  of  the  minimum  of 
the  Paschen’s  curve  (Fig.  12-7),  then  the  breakdown  voltage  will  be 
equal  to  the  cathode-fall  voltage,  since  this  fall  will  occupy  the  entire  tube. 
In  order  to  be  able  to  draw  any  current  from  the  tube,  a voltage  in  excess 
of  the  breakdown  potential  must  be  applied. 

No  adequate  quantitative  theory  of  the  glow  discharge  has  been  given, 
and  the  above  description  certainly  is  not  intended  as  such.  However, 
the  discussion  is  useful  because  it  shows  in  a semiquantitative  way 
approximately  what  takes  place  in  the  cathodic  part  of  the  discharge. 

12-18.  Arcs.^'’  Upon  increasing  the  current  through  a discharge  tube 
beyond  the  region  where  the  abnormal  glow  exists,  a sudden  transition 
takes  place  in  which  the  voltage  drop  decreases  markedly,  the  current 
density  increases  until  the  current  concentrates  itself  in  a small  spot  on 
the  cathode,  and  the  discharge  becomes  an  arc.  The  current  through 
the  system  is  controlled  wholly  by  the  external  circuit.  Figure  12-10 
shows  the  volt-ampere  characteristic  starting  with  a non-self-sustained 
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Townsend  discharge  and  progressing  through  the  glow  to  the  arc.  The 
tremendous  current  range  covered  should  be  noted  (a  logarithmic  current 
scale  is  used). 

Electric  arcs  are  generally  associated  with  the  flow  of  large  currents  at 
low  voltage  or  with  very  high  current  densities  at  the  cathode,  and  with 
a volt-ampere  characteristic  that  has  a negative  slope.  The  mechanism 

of  initiating  the  arc  need  not  be 
that  of  a transition  from  a glow 
by  increasing  the  current.  Other 
methods  of  starting  an  arc  are  given 
below. 

The  dividing  line  between  an  arc 
and  a glow  discharge  is  indistinct, 
and  they  have  many  features  in 
common.  Each  discharge  has  as- 
sociated with  it  the  cathode  fall  and 
the  plasma  region.  However,  the 
discharges  differ  in  respect  to  the 
mechanism  by  which  the  electrons 
are  supplied  from  the  cathode.  In 
the  glow  discharge,  the  electrons  are 
emitted  from  the  cathode  princi- 
pally by  positive-ion  bombardment 

_ -.o  Tr  IX  u X • X-  # of  the  cathode.  In  the  arc  dis- 

Fig.  12-10.  Volt-ampere  characteristic  oi  . . „ . , 

a gaseous  discharge.  {After  M,  J , chargo,  tnc  omissioii  of  tiiG  GlGctrons 
Druyvesteyn  and  F.  M.  Penning,  Revs,  from  the  cathode  occurs  through 
Mod.  Phys.,  12,  87-174,  1940.)  production  of  electrons  by  a hot 

cathode  or  a high  field  at  the  cathode  surface.  This  fact  leads  to  the 
following  classification  of  arcs: 

1.  Thermionic  Arcs.  The  cathode  is  heated  to  high  temperatures  hy 
the  discharge,  the  thermionic-emission  current  being  of  the  same  order  as 
the  self-maintained  arc  current. 

2.  Externally  Heated  Arcs.  These  are  non-self-maintained  arcs  in 
which  an  externally  heated  thermionic  cathode  supplies  the  requisite  arc 
current. 

3.  Low-boiling-point  Cathode  Arcs.  The  electron  release  occurs  by  the 
mechanism  of  high-field  emission  from  a relatively  cold  cathode  surface. 
The  thermionic  emission  is  negligible  in  this  case. 

Common  examples  of  arcs  of  type  1 are  the  carbon-arc  lamp  and  the 
“sun  lamp”  with  tungsten  electrodes.  Arcs  of  types  2 and  3 are  the 
most  prevalent  in  engineering  practice.  The  externally  heated  arcs 
(type  2)  find  wide  use  in  gas-filled  thermionic  diodes  and  triodes.  These 
units  have  moderate  current  capacities  (up  to  perhaps  25  amp).  The 
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high-field  emission  arcs  (type  3)  are  extremely  important.  The  mercury- 
pool-cathode  arcs  used  in  high-current  tank  rectifiers  presumably  belong 
in  this  class.  Arcs  of  type  3 also  play  a significant  role  in  pircuit  breakers. 

12-19.  A Comparison  of  the  Arc  and  Glow.  A summary  of  the  essen- 
tial similarities  and  differences  of  glow  and  arc  discharges  follows. 

Similarities.  (1)  Both  have  the  same  shape  volt-ampere  character- 
istic. The  breakdown  voltage  is  greater  than  the  maintaining  voltage, 
and  the  latter  is  essentially  constant  with  load  current.  (2)  Both  have 
the  same  shape  voltage-distance  characteristic.  It  consists  of  a cathode 
fall  and  a plasma  region. 

Differences.  (1)  A glow  is  a low-current  high-voltage  discharge, 
whereas  an  arc  is  a high-current  low-voltage  discharge.  (2)  In  the 
glow  the  electrons  are  supplied  by  the  y mechanism  at  the  cold  cathode. 
In  the  arc  there  is  available  a more  efficient  electron  supply,  such  as 
thermionic  or  high-field  emission.  (3)  The  arc  has  no  counterpart  to  the 
normal  glow  region  of  the  glow  tube. 

12-20.  The  Plasma.  “ Consider  a tube  containing  gas  between  parallel 
electrodes  separated  by  a distance  d.  If  there  were  no  space  charge 
the  potential  vs.  distance  curve 
would  be  the  straight  line  1 shown 
in  Fig.  12-11.  Assume  now  that 
the  electrons  liberated  from  the 
cathode  (by  any  of  the  mechanisms 
discussed  in  connection  with  either 
glows  or  arcs)  ionize  some  mole- 
cules. Since  the  electrons  are  much 
lighter  than  the  ions,  they  are 
rapidly  drawn  out  of  the  discharge, 
whereas  the  positive  ions  remain 
essentially  stationary  where  they 
are  formed.  Hence,  a positive 
space  charge  is  built  up.  By 
Coulomb’s  law  this  raises  the  po- 
tential at  every  point  in  the  interelectrode  space,  and  curve  2 now 
represents  the  potential  distribution.  These  curves  and  the  discussion 
to  follow  should  be  compared  with  the  somewhat  analogous  situation  in 
Sec.  4-3,  where  the  potential-distance  curves  for  a negative-space-charge 
diode  are  developed. 

If  the  positive  space  charge  increases  further,  it  may  become  large 
enough  for  the  distribution  to  take  on  the  shape  of  curve  3,  which  has  a 
maximum  greater  than  the  applied  plate  potential  E^.  However,  in  gen- 
eral, such  a situation  is  not  physically  possible.  To  demonstrate  this, 
refer  to  Fig.  12-12,  where  are  shown  the  potential-energy  curves  for  an 
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electron  corresponding  to  the  potential  curves  of  Fig.  12-11.  (It  should 
be  recalled  that  potential  energy  equals  potential  times  the  charge  on  the 
electron — which  is  a negative  number,  so  that  the  curves  of  Fig.  12-12 
have  the  same  shape  as  those  of  Fig.  12-11  but  are  inverted.)  The  poten- 
tial maximum  corresponds  to  a potential-energy  minimum  and  hence  to  a 
potential-energy  barrier  for  slow-moving  electrons.  For  example,  con- 
sider an  electron  that  starts  from  the  cathode  with  very  little  energy, 
travels  a distance  OD,  collides  with  a gas  molecule,  and  gives  up  an 
amount  of  energy  DC.  This  electron  will  not  be  able  to  reach  the  anode 

but  will  collide  with  the  barrier  at 
point  B.  It  will  be  “trapped”  in 
the  region  between  A and  B. 
Similarly,  if  the  collision  causes 
ionization,  the  liberated  electron 
will  have  very  little  energy  and  will 
also  be  trapped  in  the  potential 
maximum.  Hence,  these  electrons 
will  effectively  neutralize  positive 
ions.  In  this  manner  the  captured 
electrons  reduce  the  net  space 
charge  to  zero,  and  the  potential 
maximum  disappears.  The  equi- 
librium distribution,  curve  4 of  Fig. 
12-11  (and  Fig.  12-12),  is  one  in 
which  most  of  the  space  is  an  approximately  equipotential  volume  con- 
taining equal  concentrations  of  positive  and  negative  charge — the 
plasma.  The  necessary  condition  for  the  generation  of  a plasma  is  that 
the  rate  of  production  of  positive  ions  is  sufficient  to  produce  a potential 
maximum. 

The  impression  should  not  be  gained  that  the  plasma  contains  only 
electrons  and  positive  ions.  In  fact,  it  consists  almost  entirely  of  non- 
ionized  gas  molecules.  The  concentration  of  electrons  and  ions  rarely 
exceeds  several  per  cent  of  the  gas  concentration  and  may  actually  be 
only  a small  fraction  of  1 per  cent  of  the  latter. 

Because  of  their  smaller  mass  the  electrons  will  diffuse  out  of  the  plasma 
more  rapidly  than  the  ions.  They  will  go  to  the  walls  of  the  tube  con- 
taining the  gas  and  will  charge  it  a few  volts  negative  with  respect  to  the 
main  portion  of  the  plasma.  This  negative  potential  will  repel  electrons 
and  attract  positive  ions,  and  in  the  equilibrium  state  the  net  current  to 
the  walls  must  be  zero. 

The  region  between  the  plasma  and  a boundary  across  which  there  is  a 
large  potential  gradient  is  designated  by  the  name  sheath.  A sheath  may 
form  around  any  probe  or  electrode  that  is  immersed  in  the  plasma.  The 


Fig.  12-12.  Potential-energy-distance 
curves  for  an  electron  corresponding  to 
the  potential  variations  in  Fig.  12-11. 
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sheath  that  forms  at  the  surface  of  an  insulator  which  is  negative  with 
respect  to  the  plasma  (for  example,  the  glass  walls  of  the  discharge  tube) 
will  arise  from  the  presence  of  an  excess  number  of  positive  ions.  How- 
ever, sheaths  may  contain  either  electrons  or  positive  ions,  an  electron 
sheath  forming  about  a probe  which  is  positive  with  respect  to  the  plasma. 

Although  the  average  energy  of  the  electrons  in  the  plasma  is  of  the 
order  of  a few  electron  volts,  nevertheless  a few  electrons  possess  energies 
that  are  high  enough  to  cause  ionization  by  collision.  This  situation  must 
prevail  because  otherwise  the  random  velocities  of  the  ions  would  cause 
them  all  to  pass  ultimately  through  the  sheaths  at  the  boundaries  of  the 
plasma.  This  loss  of  ions  must  be  compensated  for  by  the  production  of 
other  ions  in  order  to  maintain  the  plasma. 

If  the  area  of  the  plasma  is  large  compared  with  the  volume,  then  the 
rate  at  which  deionization  takes  place  at  the  walls  will  be  high.  For  suffi- 
cient ionization  to  take  place  in  the  plasma  to  replace  these  lost  ions,  the 
plasma  can  no  longer  be  an  equipotential  region  but  there  must  be  an 
appreciable  voltage  drop  across  it.  Such  a situation  exists  in  a neon 
advertising  sign,  which  consists  of  a long  tubular  glass  envelope  of  small 
cross  section.  The  drop  in  the  plasma  in  such  a tube  is  found  to  be 
100  to  200  volts/ft. 

12-21.  Probe  Characteristics.  Langmuir  and  Mott-Smith^^  obtained 
a great  deal  of  information  about  what  was  happening  physically  inside  a 
discharge  by  inserting  a conductor,  called 
a 'probe,  into  the  plasma.  If  a known 
voltage  (with  respect  to  the  cathode)  is 
applied  to  the  probe  and  the  current  to 
it  is  measured,  the  volt-ampere  character- 
istic of  Fig.  12-13  is  obtained.  For  large 
negative  potentials  with  respect  to  the 
plasma  potential,  positive  ions  will  be 
attracted  and  electrons  repelled.  Hence, 
in  the  region  AS  a saturation  positive-ion 
current  L is  collected,  analogous  to  the 
reverse  saturation  current  drawn  in  a 
semiconductor  diode. 

As  the  voltage  of  the  probe  is  made  more 
positive,  all  the  electrons  are  no  longer 
repelled,  so  that  the  difference  between  the 
positive-ion  current  and  the  electron  cur- 
rent drifting  to  the  probe  will  be  collected. 

Hence,  the  true  electron  current  le,  at 
any  voltage,  is  that  indicated  on  the  diagram  by  the  curve  BC.  At  a 
potential  (point  F)  designated  the  floating  potential,  the  number  of  posi- 


Fig.  12-13.  Volt-ampere  charac- 
teristic of  a probe  in  the  plasma 
of  a discharge.  This  diagram  is 
not  drawn  to  scale  since  the 
maximum  electron  current  is 
usually  about  1,000  times  the 
positive-ion  current. 
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tive  ions  collected  and  the  number  of  electrons  collected  will  be  equal  to 
each  other,  so  that  an  ammeter  in  the  external  probe  circuit  will  be  zero. 
It  follows  from  the  discussion  given  in  the  preceding  section  that  the 
potential  at  F must  be  negative  with  respect  to  the  plasma.  As  the 
probe  potential  is  increased  beyond  the  point  F , the  number  of  electrons 
that  are  collected  will  increase  exponentially,  since  the  retarding  action 
of  the  probe  potential  with  respect  to  the  plasma  potential  is  being 
decreased.  This  current  is  analogous  to  the  forward  current  drawn  in  a 
semiconductor  diode  as  the  junction  potential  barrier  is  reduced  (Sec.  5-2). 

When  the  probe  is  at  the  same  potential  as  the  plasma,  the  probe  will 
exert  no  repelling  force  on  the  electrons  and  the  ions  and  so  those  that 
wander  to  the  probe  because  of  their  random  motion  will  be  collected. 
Consequently,  further  increases  in  potential  of  the  probe  will  not  result 
in  an  increased  electron  current.  Potentials  more  positive  than  E'  pro- 
duce a field  that  repels  the  positive  ions.  But  the  random  electron 
current  is  very  much  greater  than  the  positive-ion  current.  Hence  a 
region  CD  which  is  practically  horizontal  exists.  Thus  a more  or  less 
sharp  break  will  exist  in  the  curve  at  the  potential  E',  which  then  repre- 
sents the  potential  of  the  plasma.  If  the  voltage  of  the  probe  is  increased 
sufficiently,  the  electrons  attracted  to  the  probe  may  have  sufficient 
energy  to  ionize  the  molecules  in  the  sheath.  These  will  neutralize  the 
electron  space  charge,  the  probe  current  will  rise  rapidly,  and  the  probe 
will  become  an  auxiliary  anode  as  at  point  D in  Fig.  12-13. 

In  the  region  AB  (Fig.  12-13),  the  electron  current  is  zero,  and  the 
positive-ion  current  is  a constant.  What  then  is  the  consequence  of 
variations  of  probe  potential?  The  answer  to  this  question  can  be 
found  by  a closer  examination  of  the  sheath  that  so  effectively  shields 
the  plasma  from  the  probe.  This  sheath  is  a region  containing  charges 
of  one  sign  only  (positive  ions,  in  this  case),  and  the  conditions  here 
differ  very  little  from  those  which  exist  in  the  space-charge-limited 
vacuum  diode.  Within  the  range  of  probe  voltages  for  which  this  analogy 
is  valid,  the  same  three-halves-power  law  must  also  be  applicable.  Thus, 
Eq.  (4-12)  may  be  written  in  the  form 


2.33  X 10-^ 
JriimiJmeA 


(12-24) 


where  x now  represents  the  sheath  thickness,  rrii/ We  is  the  mass  ratio  of  ion 
to  electron,  and  Er  ^ E'  — Eg  = the  potential  across  the  sheath. 

Since  from  Eq.  (12-10)  the  random  ion  current  density  Jh  is  inde- 
pendent of  Eg  and  hence  of  Er,  then  Eq.  (12-24)  clearly  indicates  that  the 
effect  of  varying  the  probe  potential  is  simply  to  vary  the  thickness  of  the 
sheath.  With  nominal  values  of  currents  and  voltage  this  equation  yields 
a sheath  thickness  of  approximately  10“^  m.  This  is  so  small  that  the 
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probe  disturbs  the  discharge  hardly  at  all.  In  other  words,  as  the  probe 
voltage  is  varied,  the  anode  current  remains  unchanged.  The  practical  con- 
sequences of  this  result  are  discussed  in  Chap.  14  in  connection  with  the 
thyratron  tube. 

12-22.  Discharges  in  High-frequency  Fields.  An  important  class  of 
discharges  are  those  which  occur  in  the  very  high-frequency  fields  that 
exist  in  certain  microwave  discharge  tubes.  The  mechanism  for  the 
discharge  in  these  tubes  is  completely  different  from  that  which  maintains 
a low-frequency  discharge. 

As  discussed  at  some  length  in  Sec.  12-13,  the  d-c  discharge  mechanism 
is  the  cumulative  ionization  of  the  electrons  that  leave  the  cathode  and 
multiply  as  they  proceed  toward  the  anode.  Such  discharges  depend  on 
the  cathode.  The  high-frequency  a-c  discharge  is  maintained  entirely 
from  electrons  which  are  obtained  from  ionization  by  collisions  in  the  gas 
and  does  not  depend  on  the  electrodes.  Breakdown  occurs  when  the 
number  of  electrons  that  are  produced  by  ionization  by  collision  in  the  gas 
equals  the  number  of  electrons  that  are  lost  by  diffusion  in  the  gas. 

High-frequency  discharges  find  a very  important  application  in  what  is 
called  the  TR  (transmit-receive)  switch  of  a radar  set.  The  TR  switch  is 
a relatively  simple  plane-parallel  gas  diode  mounted  into  the  transmission 
line.  The  requirement  is  that  during  the  interval  when  the  high- 
frequency  high-power  generator  (the  magnetron)  is  sending  out  a pulse,  it 
must  not  get  to  the  receiver  (since  it  would  certainly  overload  the 
receiver). 

The  operation  is  as  follows:  The  TR  tube  breaks  down  almost  instantly 
under  the  excitation  of  the  high  voltage  pulse,  and  the  discharge  essen- 
tially short-circuits  the  input  to  the  receiver.  The  high-energy  pulse 
radiates  into  space.  The  reflected  echo  is  picked  up  by  the  antenna. 
This  very  weak  echo  does  not  have  enough  energy  to  excite  the  gas  in 
the  TR  switch,  and  hence  it  passes  down  the  transmission  line  to  the 
receiver. 
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CHAPTER  13 


COMMERCIAL  GAS  TUBES 


Gas-filled  tubes  depend  for  their  operation  on  the  characteristics  of 
gaseous  discharges  discussed  in  the  preceding  chapter.  Many  different 
types  of  gas-filled  tubes  are  available  commercially,  the  most  important  of 
which  are  the  two-element  hot-cathode  tube  (the  low-voltage  externally 
heated  arc  tube);  the  two-element  cold-cathode  tube  (the  glow  tube); 
the  pool-type  tube  (the  mercury-tank  rectifier);  the  three-element  hot- 
cathode  tube  (the  thyratron);  the  three-element  cold-cathode  tube  (the 
grid  glow  tube);  and  a number  of  single-anode  multielement  pool-type 
tubes  (the  excitron  and  ignitron) . The  most  important  use  of  these  tubes, 
that  of  rectification,  will  be  discussed  in  detail  in  Chap.  14.  Several 
of  the  other  applications,  such  as  voltage  regulators,  light  sources,  control 
devices,  and  sweep  circuits,  will  be  considered  below. 

13-1.  Hot -cathode  Gas-filled  Diodes.  These  are  low-voltage  non-self- 
maintaining  arc  tubes  and  were  discussed  in  essence  in  the  previous  chap- 
ter, These  tubes  are  frequently  referred  to  as  “phanotrons.’’  They  may 
be  provided  with  an  inert  gas  (neon,  argon,  etc.)  at  low  pressure,  although 
more  commonly  the  gas  is  mercury  vapor.  In  the  latter  case,  a few  drops 
of  mercury  are  added  to  the  tube  after  evacuation.  The  pressure  in  the 
tube  is  then  a function  of  the  mercury-vapor  condensation  temperature. 
At  an  ambient  room  temperature  the  pressure  is  of  the  order  of  0.01  mm 
Hg.  The  breakdown  potential  is  usually  of  the  order  of  magnitude  of  the 
ionization  potential  of  the  gas  present  in  the  tube,  although  it  will  vary 
with  the  gas  pressure.  There  exists  a generally  falling  breakdown 
potential  with  increasing  gas  pressures,  indicating  that  the  operating 
pressures  are  to  the  left  of  the  Paschen  minimum. 

Once  conduction  has  started,  the  tube  drop  will  remain  substantially 
constant  and  independent  of  the  tube  current  at  a value  that  is  of  the  order  of 
the  ionizing  potential  of  the  gas.  The  tube  drop  at  any  pressure  is  gen- 
erally several  volts  less  than  the  breakdown  potential.  If  the  current 
is  decreased  continuously  after  conduction  has  started,  either  by  decreas- 
ing the  applied  voltage  or  by  increasing  the  magnitude  of  the  external 
resistance,  the  arc  will  go  out.  This  extinction  will  occur  when  insuffi- 
cient ionization  takes  place  to  maintain  the  discharge. 
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It  should  be  emphasized  that  the  maximum  current  obtainable  in 
a phanotron  is  the  saturation  thermionic  emission  from  the  cathode 
enhanced  by  the  effect  of  the  field  at  the  surface  of  the  cathode  (see 
Sec.  3-11).  This  has  been  shown  to  be  about  1.8  times  the  actual  therm- 
ionic emission  current.^  The  sole  function  of  the  gas  in  these  tubes  is  to  pro- 
vide ions  for  the  neutralization  of  space  charge,  thereby  permitting  the 


Fig.  13-1.  Commercial  hot-cathode  diodes.  {Courtesy  of  General  Electric  Co.) 

The  smallest  tube  is  the  FG-190  full-wave,  gas-filled  rectifier.  It  is  approximately 
3 in.  long  and  1.5  in.  in  diameter.  The  tube  drop  is  8 volts.  The  average  anode 
current  is  1.25  amp,  the  peak  current  is  5 amp,  and  the  surge  current  for  0.1  sec  is 
20  amp. 

The  largest  tube  is  the  FG-166  half-wave  all-metal  mercury-vapor  rectifier.  It  is 
approximately  14  in.  long  and  5 in.  in  diameter.  The  tube  drop  is  9 volts.  The 
average  anode  current  is  20  amp,  the  peak  current  is  75  amp,  and  the  surge  current  is 
750  amp.  The  tube  is  capable  of  delivering  50  kw  of  power. 

high  current  to  be  obtained  at  much  lower  voltages  than  are  required  by 
the  three-halves-power  law  in  vacuum  tubes.  Under  normal  operating 
conditions,  the  total  drop  across  a mercury-filled  thermionic  heater  gas 
tube  will  range  from  6 to  15  volts.  If  more  current  is  passed  through 
the  tube  than  the  cathode  can  deliver,  the  tube  drop  increases  to  the  point 
where  the  additional  electrons  are  produced  by  positive-ion  bombard- 
ment. However,  if  the  tube  drop  in  such  a tube  exceeds  about  22  volts. 


COMMERCIAL  GAS  TUBES 


313 


the  positive-ion  bombardment  will  cause  the  cathode  to  disintegrate. 
This  voltage  is  known  as  the  disintegration  voltage.  In  operation,  the 
voltage  across  a mercury-vapor  tube  should  never  be  permitted  to 
approach  this  value. 

A group  of  phanotrons  is  shown  in  Fig.  13-1.  The  range  of  voltages 
and  currents  of  these  tubes  is  given  in  the  caption. 

To  provide  large  tube  currents,  heat-shielded  cathodes  are  used.^  One 
form  of  such  an  emitter  is  indicated  in  Fig.  13-2.  It  resembles  a furnace 
provided  with  oxide-coated  vanes  which  extend  radially 
outward  from  the  center  so  that  heat  is  radiated  from 
vane  to  vane.  The  cathode  is  surrounded  by  a series 
of  nickel  cylinders  which  act  as  heat  baffles,  thereby 
providing  for  practically  all  the  heat  loss  to  occur  from 
the  relatively  small  area  at  the  top  of  the  cylinder. 

Consequently,  this  type  of  cathode  has  a very  large 
electron- emitting  surface  but  a small  effective  radiating 
surface,  which  accounts  for  the  high  efficiency  and  high 
currents  obtainable  from  such  a heat-shielded  cathode. 

Another  method  of  accomplishing  a similar  result  is  to 
wind  a coated  cathode  ribbon  either  in  the  form  of  a 
spiral  or  in  a form  resembling  the  bellows  of  an 
accordion.® 

It  is  very  important  in  the  larger  tubes  which  are 
equipped  with  the  heat-shielded  cathodes  that  suffi-  fiq.  13_2.  a heat- 
cient  time  has  elapsed  for  the  cathode  to  reach  its  oper-  shielded  cathode, 
ating  temperature  before  any  anode  potential  is  ap-  iraJ^Electrifco)^' 
plied.  This  heating  time  may  extend  from  perhaps  30 
sec  to  as  much  as  30  min,  depending  upon  the  size  of  the  cathode.  If  the 
anode  potential  is  applied  before  the  cathode  can  supply  the  electrons 
demanded  of  it,  the  tube  will  begin  to  operate  as  a self-maintained  dis- 
charge, with  the  result  that  intense  cathode  sputtering  will  take  place. 
In  this  case,  the  oxide-coated  surface  on  the  cathode  will  be  flaked  off,  and 
the  cathode  will  be  permanently  injured. 

13-2.  High-pressure  Gas  Diodes.  These  diodes  contain  argon  or  a 
mixture  of  argon  and  mercury  at  a pressure  of  about  5 cm  Hg.  They  con- 
tain short  heavy  filaments  located  close  to  heavy  graphite  anodes. 
These  tubes,  which  are  used  extensively  for  charging  automobile  storage 
batteries,  are  known  as  Tungar'^  or  “rectigon”  tubes. 

The  presence  of  the  fairly  high-pressure  gas  serves  a twofold  purpose. 
One  is  to  provide  the  positive  ions  for  reducing  the  space  charge,  in  order 
to  permit  large  currents.  The  second  is  to  prevent  the  evaporation  of  the 
thorium  or  the  oxide  coating  from  the  filament.  This  second  effect  is 
extremely  important  since  the  filament  is  operated  at  above-normal  tern- 
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perature,  in  order  to  provide  the  large  currents  from  such  a simple  cathode 
structure. 

Although  these  tubes  have  the  advantage  that  fairly  high  currents  are 
possible  with  a simple  unit,  they  are  limited  in  their  application  because 
the  sparking  potential  on  the  inverse  (nonconducting)  half  cycle  is  low 
at  the  high  pressures  that  are  used.  These  tubes  are  suitable  only  for 
use  on  low-voltage  circuits. 

13-3.  The  Thyratron.®  The  insertion  of  a massive  grid,  so  as  to  pro- 
vide almost  complete  electrostatic  shielding  between  the  cathode  and 
anode  of  an  externally  heated  thermionic  arc  tube,  permits  control  of  the 


Fig.  13-3.  Electrode  structure  of  the  type  Fig.  13-4.  Electrode  structure  of  the 

FG-27A  (or  FG-57)  negative-control  thy-  type  FG-33  positive-control  thyratron. 

ratron.  (From  H.  J.  Reich,  Theory  and  (From  H.  J.  Reich,  “ Theory  and  Applica- 

Application  of  Electron  Tubes,”  McGraw-  lion  of  Electron  Tubes,”  McGraw-Hill 

Hill  Book  Company,  Inc.,  New  York,  Book  Company,  Inc.,  New  York,  1944.) 

1944.) 

initiation  of  the  arc  by  controlling  the  potential  of  the  grid.  The  grid 
usually  consists  of  a cylindrical  structure  which  surrounds  both  the  anode 
and  the  cathode,  a baffle  or  a series  of  baffles  containing  small  holes  being 
inserted  between  the  cathode  and  the  anode.  Such  tubes  are  illustrated 
in  Figs.  13-3  and  13-4.  Because  of  the  almost  complete  shielding  between 
the  cathode  and  the  anode,  the  application  of  a small  grid  potential  before 
conduction  is  inaugurated  is  adequate  to  overcome  the  field  at  the  cathode 
resulting  from  the  application  of  a large  anode  potential.  That  is,  a small 
grid  voltage  may  neutralize  the  effects  of  a large  anode  potential  and  so 
prevent  the  arc  from  being  initiated. 

Once  the  arc  has  been  initiated,  the  grid  loses  complete  control  over  the 
arc,  since  now  the  grid  is  immersed  in  a plasma  and  is  separated  therefrom 
by  the  positive-ion  sheath.  The  grid  volt-ampere  characteristic  is  that 
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depicted  in  Fig.  12-13.  Any  variations  in  grid  potential  merely  result 
in  changing  the  thickness  of  the  sheath.  This  behavior  of  the  grid  is  to  be 
expected  in  view  of  the  theory  of  probes  developed  in  Sec.  12-21.  Grid 
control  is  reestablished  only  when  the  anode  potential  is  reduced  to  a 
value  below  that  necessary  to  maintain  the  arc.  Once  the  arc  has  been 
extinguished  by  lowering  the  plate  voltage,  the  grid  once  more  determines 
when  conduction  will  be  initiated.  This  control  characteristic  is  fre- 
quently referred  to  as  the  “trigger”  action  of  the  grid.  The  curve  that 
relates  the  grid  ignition  potential  with  the  potential  on  the  anode  is 
known  as  the  critical  grid  curve.  The  control  characteristics  of  the  tube 
can  be  predicted  from  a knowledge  of  this  one  static  curve. 


Fig.  13-5.  Critical  grid  characteristics  of  a positive-  and  a negative-control  thyratron 
with  mercury  condensation  temperature  as  a parameter.  {Courtesy  of  General 
Electric  Co.) 

Typical  starting-characteristic  curves  of  mercury-vapor  thyratrons  are 
given  in  Fig.  13-5.  It  will  be  observed  that  there  are  two  distinct  types  of 
characteristic:  those  in  which  the  grid  potential  must  always  be  positive, 
and  those  in  which  the  grid  is  generally  negative,  except  for  very  low  plate 
voltages.  The  physical  distinction  between  these  two  types  of  tube  lies 
essentially  in  the  more  complete  shielding  by  the  grid  of  the  cathode  from 
the  anode  in  the  positive-control  tube.  Compare  the  grid  structures  of 
the  FG-27A  and  the  FG-33  tubes  illustrated  in  Figs.  13-3  and  13-4. 

As  is  seen  from  Fig.  13-5,  the  grid  potential  of  an  FG-33  tube  must  be 
made  positive  for  conduction  to  begin.  That  is,  in  order  that  the  elec- 
trons that  leave  the  cathode  in  a positive-control  tube  may  acquire 
sufficient  velocity  to  cause  ionization  of  the  gas  molecules  by  collision,  the 
grid  must  be  made  positive.  As  a matter  of  fact,  the  shielding  of  the 
anode  is  so  complete  that  the  potential  of  the  plate  exerts  practically  no 
influence  on  the  control  action.  This  means  that  the  field  at  the  cathode 
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due  to  the  anode  potential  is  practically  zero  in  the  positive-control  tubes, 
and  the  critical  grid  voltage  is  independent  of  the  plate  potential. 

In  the  negative-control  tube,  where  the  shielding  is  far  less  complete, 
the  effect  of  the  plate  voltage  is  clearly  seen;  the  higher  the  plate  potential, 
the  more  negative  must  the  grid  potential  be  in  order  to  prevent  conduc- 
tion from  taking  place.  For  low  plate  voltages,  positive  grid  voltages 
must  be  applied  before  ionization  by  collision,  and  hence  conduction,  can 
begin.  If  the  plate  voltage  is  reduced  still  further,  even  below  the  poten- 
tial necessary  for  ionization,  breakdown  can  still  be  obtained  by  making 
the  grid  sufficiently  positive.  Now,  however,  the  function  of  the  tube 
may  be  destroyed,  since  the  main  arc  may  take  place  between  the  cathode 
and  the  grid,  with  very  little  current  to  the  plate.  The  thyratron  will  be 
converted  into  a gaseous  diode  under  these  circumstances  with  the  plate 
acting  as  a dummy  electrode,  the  cylindrical  grid  now  acting  as  the  anode. 

It  is  necessary  that  the  grid  circuit  contain  sufficient  current-limiting 
resistance  in  order  to  protect  it  from  overload  when  such  an  arc  takes 
place.  Although  the  grid  structure  could  handle  high  currents,  the  leads 
are  not  designed  for  high-current  operation,  and  higher  than  rated  current 
may  overheat  and  crack  the  glass  press  at  the  point  of  entrance  of  the  grid 
lead.  It  is  good  practice  to  fuse  both  the  grid  and  the  anode  circuits. 

As  a specific  illustration  of  the  use  of  the  starting  characteristics,  con- 
sider the  circuit  of  Fig.  13-6,  in  which  a thyratron  is  employed  as  a switch. 
In  this  circuit,  the  load  may  be  a bell,  a counter,  or  some  other  type  of 

recording  device.  The  control  device, 
which  is  in  the  grid  circuit,  may  be 
a photocell  circuit,  a relay  system  of 
some  type,  or  a mechanically  or  elec- 
trically operated  switch.  If  an  FG- 
27 A tube  is  used  in  conjunction  with 
the  120-volt  d-c  lines,  the  grid  voltage 
must  be  at  least  3 volts  negative  with 
respect  to  the  cathode  (for  a conden- 
sation temperature  of  50°C)  in  order 
that  no  conduction  occur.  If  the  con- 
trol device  in  the  grid  circuit  causes 
the  grid  voltage  to  become  more  positive  than  —3  volts,  the  tube 
will  conduct  and  current  will  pass  through  the  load.  An  extinguishing 
circuit  must  be  used  to  stop  the  plate  current,  if  it  is  desired  that  the  grid 
regain  control.  Many  practical  applications  of  such  circuits  are  possible.  ® 
In  addition  to  the  mercury-vapor  and  gas-filled  thyratrons  of  moderate 
current  capacity,  small  argon-filled  low-current-capacity  tubes  are  avail- 
able. The  shielding  between  the  cathode  and  the  anode  is  not  so  com- 
plete in  these  tubes  as  in  the  higher  power  units.  A typical  critical  grid 


Load 


Fig.  13-6.  A thyratron  used  as  a 
switch.  The  load  is  not  energized 
until  the  control  voltage  exceeds  a 
critical  value.  (Heater  circuit  and  an 
extinguishing  circuit,  if  any,  are  not 
shown.) 
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curve  for  such  an  885  or  884  tube  is  given  in  Fig.  13-7.  The  critical  grid 
curve  is  independent  of  temperature  since 
the  number  of  gas  molecules  in  the  glass 
envelope  is  constant. 

A group  of  thyratrons  is  shown  in  Fig. 

13-8.  The  range  of  currents  is  given  in 
the  caption. 

13-4.  The  Sweep -circuit  Oscillator. 

An  important  use  of  the  small  argon-filled 
thyratron  is  as  a relaxation- type  sweep- 
circuit  generator  or  saw-tooth  oscillator 
for  use  with  cathode-ray  tubes.  The  dia- 
gram of  a circuit  that  employs  such  a tube 
to  produce  a saw-tooth  voltage  wave  of  the  type  illustrated  in  Fig.  2-10 


-36-32-28-24-20-16  -12  -8  -4  0 

Grid  volts 

Fig.  13-7.  Typical  critical  grid 
characteristic  of  an  885  (or  884) 
argon-filled  thyratron. 


Fig.  13-8.  Commercial  thyratrons.  {Courtesy  of  General  Electric  Co.) 

The  smallest  tube  is  the  GL-502A,  which  is  2i  in.  long  and  1 A in.  in  diameter.  The 
peak  forward  voltage  is  650  volts.  The  peak  inverse  voltage  is  1,300  volts.  The  aver- 
age current  is  0.1  amp,  the  peak  current  is  1.0  amp,  and  the  surge  current  for  0.1  sec 


is  10  amp. 

The  largest  tube  is  the  414,  which  is  over  15  in.  long  and  3i  in.  in  diameter.  The 
peak  forward  and  the  peak  inverse  voltage  are  each  equal  to  3,000  volts.  The  average 
current  is  12.5  amp,  the  peak  current  is  100  amp,  and  the  surge  current  is  1,500  amp. 


r' 
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is  given  in  Fig.  13-9.  To  understand  the  operation  of  this  circuit,  assume 
that  the  capacitor  C is  initially  uncharged.  After  switch  S is  closed,  the 
voltage  Bo  across  the  capacitor  will  increase  exponentially  toward  E^b,  as 
shown  by  the  dashed  curve  in  Fig.  13-10.  Assume  that  the  plate  supply 
voltage  is  250  volts  and  that  the  grid  bias  is  26  volts.  The  plate  voltage 

corresponding  to  the  grid  voltage  of  26 
volts  is  found  from  Fig.  13-7  to  be 
approximately  200  volts.  Hence,  the 
charging  of  the  capacitor  will  continue 
only  until  the  voltage  across  the  capaci- 
tor reaches  200  volts.  At  this  time  the 
tube  will  break  down.  Charge  will  leak 
off  the  capacitor  very  rapidly,  and  the 
tube  will  stop  conducting  when  the 
anode  current  falls  below  that  necessary 
to  maintain  ionization.  When  the 
voltage  Be  tries  to  fall  below  the  main- 
taining voltage  Em  the  tube  is  extin- 
guished and  the  capacitor  will  again 
begin  to  charge  through  the  local  RC 
circuit.  This  process  will  repeat  itself,  and  Fig.  13-10  shows  the  resulting 
sweep  voltage.  If  the  amplitude  E,  of  the  swing  is  small  compared  with 
Ebb,  then  the  exponential  portions  become  almost  linear  and  a sweep  volt- 
age proportional  to  time  is  obtained. 


Fig.  13-9.  A saw-tooth  voltage  gen- 
erator employing  an  885  thyratron. 
Rg  is  the  protective  resistor  in  the 
grid  circuit,  and  R'  is  the  protective 
resistor  in  the  plate  circuit.  R' 
should  be  as  small  as  possible  in 
order  that  the  capacitor  may  dis- 
charge very  quickly  through  the 
tube. 
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Fig.  13-10.  The  saw-tooth  voltage  wave  shape  across  C in  Fig.  13-9 
is  / = 1/T. 


The  frequency 


The  period  can  be  adjusted  by  varying  (7,  or  the  voltages  E^c  or  Ebb. 
The  amplitude  of  the  oscillation  is  determined  only  by  Ecc  and  Em- 
If  t is  measured  from  the  instant  the  sweep  starts  {bc  = Em),  then  the 
sweep  voltage  b^  = Bc  — Em  is  given  by 


e*  = E{1  - (13-1) 

where  E = Ebb  — Em.  This  equation  is  consistent  with  the  following 
facts.  At  f = 0,  Cs  = 0.  At  t = ^ , Bc  would  equal  the  supply  voltage 
Ebb,  if  the  tube  did  not  fire.  And  the  time  constant  is  RC. 
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The  amplitude  of  the  sweep  is  given  by  the  right-hand  side  of  Eq.  (13-1) 
with  t equal  to  the  period  T of  the  oscillation.  If  T/RC  is  much  less  than 
unity,  the  exponential  term  may  be  expanded  in  a power  series,  and,  keep- 
ing the  first  three  terms  of  the  expansion,  there  results 

(13-2) 

This  shows  that  the  maximum  deviation  from  linearity  depends  upon  the 
ratio  T/RC.  Hence,  if  the  sweep  is  to  be  reasonably  linear,  the  time  con- 
stant RC  must  be  large  compared  with  the  sweep  time  T.  Since 
when  t = T,  we  have  to  a first  approximation  that 

E,  T 
E ~ W 

In  the  case  of  a general-purpose  cathode-ray  oscillograph  an  important 
requirement  of  the  sweep  is  that  its  speed  (i.e.,  the  rate  of  change  of 
sweep  voltage  with  time)  be  constant.  Hence,  the  deviation  from  linear- 
ity is  given  by  the  slope  or  sweep  speed  error  e*  defined  by 

^ ^ difference  in  slope  at  beginning  and  end  of  sweep 
initial  value  of  slope 

If  this  definition  is  applied  to  Eq,  (13-1),  we  find  that 


where  Es  is  the  sweep  amplitude.  From  Eq.  (13-3)  e*  is  approximately 
given  by  T/RC. 

If  the  charging  current  of  the  capacitor  is  too  large,  the  circuit  may 
“block,”  i.e.,  cease  oscillating.  This  arises  because  a steady-state  d-c 
condition  is  possible  in  which  the  tube  remains  conducting,  the  capacitor 
stays  charged  at  the  maintaining  tube  drop,  and  the  current  through  R 
passes  through  the  tube.  In  order  to  avoid  this  condition,  the  charging 
current  must  be  less  than  that  necessary  to  maintain  the  arc.  If  the 
resistor  R is  chosen  large  enough  so  that  the  charging  current  is  a fraction 
of  a milliampere,  then  a steady  arc  will  not  be  maintained.  Under  these 
conditions  the  capacitor  will  discharge  through  the  tube  until  its  voltage 
is  less  than  the  extinction  voltage  of  the  tube.  The  arc  will  then  be 
extinguished,  and  a new  charging  cycle  will  begin. 

If  the  capacitor  is  charged  at  a constant  rate,  then  Oc  = Id/C,  where  /o 
is  the  constant  current  delivered  to  the  capacitor,  and  a truly  linear  time 
axis  results.  To  achieve  this  requires  that  the  capacitor  be  charged  from 
a constant-current  unit  rather  than  exponentially  through  the  resistor  R. 

13-6.  Shield-grid  Thyratrons.^  Before  breakdown  of  the  tube  occurs, 
the  current  to  the  grid  of  a thyratron  (such  as  the  FG-27A)  is  a few  tenths 
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of  a microampere.  Although  this  is  entirely  negligible  for  most  appli- 
cations, it  will  introduce  difficulties  in  circuits  that  require  very  high  grid 
impedances,  for  example,  in  circuits  that  employ  phototubes.  For  this 
reason  a fourth  electrode,  or  shield  grid,  has  been  added  to  the  thyratron. 
Such  a shield-grid  thyratron  is  illustrated  in  Fig.  13-11.  The  massive 


Fig.  13-11.  Electrode  structure  of  the 
FG-98  shield-grid  thyratron.  {From  H. 
J.  Reich,  “ Theory  and  Application  of 
Electron  Tubes,”  McGraw-Hill  Book  Com- 
pany, Inc.,  New  York,  1944.) 


cylindrical  shield-grid  structure  en- 
closes the  cathode,  control  grid,  and 
anode.  This  construction  reduces 
the  leakage  current  to  a small  frac- 
tion of  its  previous  value. 


Shield  grid  voltage 
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Fig.  13- 12.  Control  characteristics  of  an 
FG-98  shield-grid  thyratron. 


Since  the  control  grid  is  physically  shielded  from  the  cathode  by  the 
shield-grid  baffle,  the  likelihood  of  contamination  of  the  control  grid 
resulting  from  cathode  sputtering  is  greatly  reduced.  This  reduces  the 
possible  effects  of  photoemission  and  thermal  emission  from  the  grid. 
As  a result,  the  preignition  grid  current  in  this  tube  is  of  the  order  of 
10"^  Ma.  In  addition  to  the  low  grid  current,  this  tube  possesses  the  addi- 
tional advantage  that  the  grid-cathode  electrostatic  capacitance  is  small. 
This  low  capacitance  results  from  the  electrostatic  shielding  of  the  grid 
from  the  cathode  by  the  shield.  The  capacitance  is  also  reduced  because 
the  grid  in  the  gas  tetrode  is  much  smaller  than  that  in  the  triode.  Com- 
pare the  size  of  the  control  grids  in  Figs.  13-3  and  13-11. 

The  critical  grid  starting  characteristics  of  such  a tube  are  shown  in 
Fig.  13-12.  It  will  be  observed  that  these  characteristics  are  functions  of 
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the  shield-grid  voltage.  This  feature  adds  to  the  versatility  of  the  tube  in 
possible  applications. 

The  type  2050  and  2051  inert-gas  tetrodes  are  low-current-capacity 
(75  to  100  ma  average)  shield-grid  thyratrons.  The  shielding  action  of 
the  control  grid  is  much  more  complete  than  that  in  the  885  tube,  and  a 
steeper  control  characteristic  is  obtained.  In  fact,  the  critical  grid  char- 
acteristics are  quite  similar  to  those  shown  in  Fig.  13-12.  If  the  shield 
grid  is  connected  to  the  cathode,  the  tetrode  is  converted  into  a very 
sensitive  triode  thyratron. 

13-6.  Mercury-pool  Rectifiers.  A basic  form  of  this  tube,  which  is 
primarily  of  historic  interest,  consists  of  two  anodes,  usually  of  carbon, 
sealed  through  arms  in  a glass  envelope  at  the  bottom  of  which  is  a pool 
of  metallic  mercury  which  acts  as  the  cathode.  Such  a glass-bulb  mer- 
cury rectifier  tube  is  illustrated  in  Fig.  13-13. 

In  these  units  the  arc  is  started  by  tipping  the 
bulb  so  that  the  mercury  pool  makes  contact 
with  the  starting  electrode  and  then  setting  the 
bulb  in  its  upright  position.  This  causes  the 
mercury  connection  between  the  cathode  and 
the  starting  electrode  to  break,  and  an  arc  is 
established.  This  arc  forms  the  cathode  spot 
on  the  surface  of  the  mercury.  Sufficient 
ionization  is  produced  to  allow  the  current  to 
pass  to  the  main  electrodes,  and  continued 
operation  is  possible.  The  ionized  mercury 
ions  that  are  formed  are  neutralized  at  the 
glass  surface  of  the  envelope  and  condense  on  the  walls.  The  evapo- 
rated mercury  returns  to  the  pool  under  the  action  of  gravity. 

If  the  arc  should  be  broken  for  any  reason  whatsoever,  recombination 
of  the  mercury  ions  occurs  and  deionization  of  the  vapor  takes  place. 
The  arc  will  remain  out  until  it  is  again  initiated  by  tipping  the  tube. 
It  is  for  this  reason  that  certain  tubes  are  provided  with  “keep-alive” 
electrodes,  a steady  arc  being  maintained  between  these  auxiliary  elec- 
trodes at  all  times.  These  auxiliary  electrodes  are  not  absolutely  neces- 
sary for  tubes  of  the  multiple-anode  type  shown  in  Fig.  13-13  when 
used  in  an  appropriate  circuit.  Such  keep-alive  electrodes  would  be 
necessary  in  single-anode  mercury-cathode  units,  since  otherwise  the  tube 
would  be  extinguished  during  the  negative  half  cycle  of  an  applied  a-c 
voltage. 

13-7.  The  Excitron.*  As  discussed  in  the  preceding  section,  if  the 
arc  in  a pool-cathode  rectifier  is  broken  for  any  reason  whatsoever,  the 
arc  will  remain  extinguished  until  it  is  again  initiated.  Of  course,  if  an 
auxiliary  circuit  is  provided  in  order  to  maintain  the  arc,  even  when  the 
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Fig.  13-13.  Glass-pool-cath- 
ode full-wave  mercury-arc 
rectifier. 
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main  anode  is  not  conducting,  then  continuous  operation  of  the  rectifier  is 
possible.  The  excitron  provides  such  an  auxiliary  circuit. 

The  excitron  is  a single-anode  pool-cathode  rectifier  tube  which  is  pro- 
vided with  a holding  or  excitation  anode,  a control  grid,  and  the  main 
anode.  In  this  tube  an  arc  is  struck  to  and  is  continuously  maintained 
by  the  excitation  anode,  which  is  connected  in  a d-c  circuit.  Control  of 
the  current  in  the  main  anode  circuit  is  effected  by  the  grid,  precisely  as 
in  the  thyratron.  The  tube  possesses  the  control  characteristics  of  a 
positive-type  thyratron  but  likewise  possesses  the  current  capabilities  of 
the  pool  cathode. 

The  ignition  in  these  tubes  is  accomplished  by  means  of  a solenoid- 
operated  mercury-spray  splash  device.  The  unit  is  placed  in  operation 
by  the  mercury  spray,  which  is  thrown  upward  to  the  excitation  anode. 
As  the  mercury  falls  away  from  the  excitation  anode,  the  auxiliary  arc  is 
struck. 

Excitrons  are  designed  for  high-current  service  and  are  used  in  banks 
as  the  individual  elements  of  a polyphase  rectifier  system.  Excitrons  are 
made  in  both  sealed-off  and  pumped  types  by  the  Allis-Chalmers  Mfg.  Co. 
One  sealed  excitron  made  by  them  carries  a 400-amp  d-c  continuous- 
current  rating.  A unit  assembly,  comprising  a 12-tank  rectifier  for  rail- 
way service,  is  rated  at  3,000  kw,  600  volts. 

13-8.  The  Ignitron.®  In  distinction  to  the  excitron,  the  ignitron  is  a 
single-anode  pool  tank  which  is  provided  with  a starting  ignitor  electrode 
which  initiates  the  arc  when  it  is  extinguished.  A drawing  of  such  a unit 
is  given  in  Fig.  13-14. 

With  an  a-c  potential  applied  between  the  anode  and  the  pool,  the  arc 
would  become  extinguished  once  each  alternate  half  cycle,  provided  that 
the  arc  could  be  initiated  regularly.  It  is  the  duty  of  the  starting  ignitor 
to  provide  this  regular  ignition  once  each  alternate  half  cycle.  The  start- 
ing ignitor  is  made  of  a refractory  material  (among  them  being  silicon 
carbide,  boron  carbide,  and  carborundum),  which  projects  into  the  mer- 
cury-pool cathode,  as  seen  in  Fig.  13-14.  The  ignitor  has  a cold  resistance 
of  20  to  100  ohms,  which,  under  operating  conditions,  decreases  to  2 to 
10  ohms. 

There  is  no  generally  accepted  theory®  for  the  mechanism  of  the  start- 
ing. The  most  likely  explanation  is  that  the  ignitor  operates  because  of 
high  field  emission  near  the  mercury-ignitor  junction.  Once  ignition 
begins,  the  tiny  spark  expands  into  an  arc  between  the  cathode  and  the 
anode.  This  process  is  accomplished  in  short  times,  usually  measured  in 
microseconds.^®  If  the  point  in  the  cycle  at  which  the  current  passes 
through  the  ignitor  rod  is  controlled,  then  the  output  of  the  tube  is  like- 
wise controlled. 

Ignitrons  may  have  two^^  or  three  ignitors,  only  one  of  these  being  used 
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at  any  time.  Owing  to  the  high  surge  current  through  the  ignitor  rod  it 
gradually  deteriorates.  With  several  available  as  stand-bys,  the  life  of  the 
tube  is  extended. 

Some  ignitrons  are  equipped  with  an  auxiliary  or  holding  or  excitation 
anode.  This  auxiliary  anode  serves  two  functions.  It  has  been  found 
that  for  steady  operation,  especially  at  relatively  light  loads,  the  current 
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Fig.  13-14.  A sealed  ignitron  for  power  rectifier  service.  {Courtesy  of  General  Electric 
Co.) 


surge  through  the  ignitor  should  be  maintained  for  an  appreciable  portion 
of  the  cycle.  However,  in  order  to  prolong  the  life  of  the  ignitor  rods,  the 
ignition-current  pulse  duration  should  be  made  as  short  as  possible,  so 
that  heating  of  the  ignitor  rod  is  small.  The  use  of  the  auxiliary  anode 
permits  a short  excitation  pulse  and  then  serves  to  maintain  the  arc  spot 
for  the  remainder  of  the  main-anode  cycle.  A second  reason  for  the 
auxiliary  anode  is  that  it  provides  another  arc-conduction  circuit,  which, 
because  of  its  relatively  close  spacing  to  the  cathode,  will  usually  conduct 
even  in  those  rare  instances  when  the  main  arc  circuit  might  not  fire. 
Owing  to  the  usual  electrical  connections  (see  Fig.  14-34)  that  are  used 
for  ignitor  excitation,  the  duty  on  the  ignitor  rod  and  the  rectifier  in  the 
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firing  circuit  is  likely  to  be  very  severe  during  a misfire.  Some  protection 
from  this  surge  is  afforded  by  the  auxiliary-anode  shunt  path. 

Some  ignitrons  are  provided  with  a grid  which  may  be  used  to  perform 
a phase-shift  control  function  in  much  the  same  way  that  the  grid  per- 
forms in  a thyratron.  Thus  it  can  be  used  for  controlling  the  point  in  the 
cycle  at  which  the  tube  will  conduct,  assuming  that  an  arc  has  previously 
been  established  to  the  auxiliary  anode  by  the  ignitor  rod.  However,  it 
has  been  found  that  the  ignitor  often  permits  control  over  a larger  portion 
of  the  cycle  than  does  the  grid.  The  single  grid  which  surrounds  the 
anode  and  is  sometimes  called  the  anode  shield  or  shield  grid  also  serves  to 
reduce  the  tendency  for  arc  back. 

In  multianode  rectifiers,  failure  in  the  inverse  direction  frequently 
occurs  because  an  arc  may  form  between  anodes.  This  unwanted 
initiation  of  an  arc  to  an  idle  anode  is  known  as  arc  hack,  flash  hack,  or 
hackflre.  Arc  back  under  these  circumstances  results  in  an  internal  short 
circuit  between  anodes,  and  so  of  the  power  transformers,  and  may 
result  in  permanent  injury  to  the  tube  unless  protective  devices  are 
employed.  In  single-anode  rectifiers,  conduction  in  the  inverse  direction 
between  the  cathode  and  anode  is  likewise  called  “backfire.” 

The  exact  nature  of  arc-back  phenomena  is  not  completely  understood. 
They  seem  to  occur  at  random  times.  That  is  to  say,  no  arc  backs  may 
occur  in  a rectifier  under  normal  operating  conditions  for  some  time,  and 
then  several  may  occur  at  relatively  closely  separated  times. 

The  use  of  grids  that  surround  each  of  the  anodes  is  a frequent  practice 
in  order  to  reduce  arc  back.  The  presence  of  these  grids  serves  several 
useful  purposes.  They  shield  the  anodes,  thus  preventing  droplets  of 
mercury  from  condensing  on  the  anodes.  They  also  reduce  the  deioniza- 
tion time  by  furnishing  large  surfaces  for  recombination.  Furthermore, 
the  presence  of  the  grid  affects  the  voltage  distribution  in  such  a way  as  to 
prevent  strong  fields  from  forming.  This  reduction  in  potential  gradient 
allows  a higher  total  sparking  potential.  One  three-grid  (pentode) 
ignitron  designed  for  rectification  or  inversion  service  at  20,000  volts  at  a 
continuous  current  of  200  amp  is  manufactured  by  the  General  Electric 
Co. 

The  ignitron  has  three  principal  applications:  heavy-duty  (above  25 
amp)  power  rectification,  inversion,  and  control  switching  of  alternating 
currents,  as  in  resistance  welding.  The  first  two  are  continuous-duty 
operation,  and  the  third  is  an  intermittent  application. 

13-9.  Gas-tube  Ratings.  Gas-  or  vapor-filled  rectifier  tubes  are  given 
average  current  ratings  rather  than  rms  current  ratings.  The  tube  must 
dissipate  an  instantaneous  power  given  by  the  product  of  the  instantane- 
ous anode  current  and  the  instantaneous  tube  voltage.  Since  this 
voltage  is  substantially  constant  and  independent  of  the  tube  current. 
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the  average  power  is  the  product  of  this  tube  drop  and  the  average  tube 
current.  Furthermore,  units  are  given  peak  current  ratings,  specifying 
the  maximum  current  that  the  tube  should  be  permitted  to  reach  in  each 
conducting  cycle  and  averaged  over  various  time  intervals. 

The  grid  in  the  thyratron  is  also  given  average  and  peak  ratings. 
These  ratings  should  not  be  exceeded,  for  otherwise  the  glass  press 
through  which  the  leads  pass  may  be  ruptured. 

The  function  of  a rectifier  is  to  act  as  a synchronous  switch  which 
permits  current  to  pass  in  one  direction  only.  That  is,  electrons  must 
flow  from  the  cathode  to  the  anode  only  while  the  anode  is  positive 
with  respect  to  the  cathode.  It  is  necessary,  therefore,  that  the  anode 
remain  insulating  during  that  por- 
tion  of  the  voltage  cycle  when  it  ^ 
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the  pressures  and  spacing  usually 

employed  in  arc  discharge  tubes  of  the  externally  heated  types,  only  the 
portion  of  the  sparking-potential  curve  to  the  left  of  the  minimum 
sparking  value  comes  into  consideration. 

The  “maximum  peak  forward  voltage”  is  a quantity  that  is  significant 
only  for  gas  tubes  controlled  by  means  of  a grid.  It  specifies  the  largest 
positive  potential  that  may  be  applied  to  the  anode  before  the  grid  loses  its 
arc-initiation  ability.  That  is,  if  the  plate  voltage  exceeds  this  value, 
breakdown  will  first  occur  between  the  grid  and  the  anode.  The  glow 
that  results  immediately  changes  to  an  arc  between  the  cathode  and  the 
anode.  Of  course,  once  the  arc  forms,  a sheath  forms  around  the  grid 
and  it  becomes  ineffective. 

The  condensed-mercury  temperature  limits  are  specified  for  the  safe 
and  efficient  operation  of  mercury-vapor  tubes.  The  range  usually 
extends  from  about  30°  to  80°C,  corresponding  to  vapor  pressure  of 
approximately  0.003  to  0.08  mm.  The  upper  temperature  limit  is 
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Fig.  13-15.  Tube  drop  and  peak  inverse 
voltage  of  an  866  gas  diode  as  a function 
of  temperature.  {H.  C.  Steiner  and  H.  T. 
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determined  by  the  peak  inverse  voltage,  since  this  voltage  limit  may  fall 
below  a safe  value  at  the  higher  temperatures  (see  Fig.  13-15).  The 
lower  temperature  limit  is  determined  by  several  factors ; As  the  pressure 
decreases,  the  tube  drop  increases  (see  Fig.  13-15),  so  that  the  power 
loss  in  the  rectifier  increases.  This  results  in  a decreased  efficiency.  In 
addition,  the  high  tube  drop  may  result  in  serious  cathode  disintegration. 

It  is  desirable,  therefore,  especially  in  the  large  metal-tank  rectifiers, 
that  the  mercury-condensation  temperature  be  maintained  in  the  proper 
range.  For  this  reason,  water  cooling  of  the  tank  is  usually  employed. 

13-10.  Deionization  Time.^^  Once  the  arc  has  been  initiated  in  a 
thyratron,  the  grid  loses  its  control  feature,  as  already  explained.  Sup- 
pose that  the  anode  potential  is  momentarily  removed  and  is  then  quickly 
reapplied.  The  grid  is  supposed  to  be  highly  negative  during  this  experi- 
ment. Will  the  tube  again  conduct,  or  will  the  grid,  because  of  its  large 
negative  value,  regain  control  and  so  prevent  the  arc  from  reigniting? 
The  answer  to  this  question  is  found  by  examining  the  conditions  at  the 
grid. 

The  grid  loses  control  after  conduction  starts  because  of  the  formation 
of  the  positive-ion  sheath  around  it,  which  effectively  shields  the  electro- 
static field  of  the  grid  and  so  prevents  this  field  from  altering  conditions 
in  the  plasma.  If,  therefore,  the  positive  ions  in  the  sheath  have  had  time 
enough  to  diffuse  to  the  grid  and  recombine  with  electrons  to  form  neutral 
molecules  before  the  anode  voltage  is  reapplied,  then  the  grid  regains 
control  (see  Sec.  12-11  for  a discussion  of  recombination).  The  minimum 
time  of  this  process  is  called  the  deionization  time. 

The  deionization  time  td  depends  upon  many  factors.  As  the  gas  pres- 
sure increases,  td  increases,  since  the  diffusion  takes  place  at  a slower  rate. 
This  is  also  affected  by  the  increased  probability  of  additional  ion  forma- 
tion by  electronic  collisions.  Also,  large  values  of  anode  current  result  in 
large  values  of  td,  since  the  number  of  ions  to  be  swept  out  of  the  sheath  is 
correspondingly  large.  However,  small  deionization  times  are  favored 
by  small  electrode  spacings  and  by  the  presence  of  large  surfaces  at  which 
recombination  may  occur.  Furthermore,  highly  negative  potentials  on 
the  inverse  cycle  favor  small  deionization  times. 

From  this  discussion,  it  is  clear  that  the  deionization  time  depends 
upon  both  the  tube  and  the  circuit  in  which  the  tube  is  used.  For  com- 
mercial tubes  operated  under  rated  conditions,  it  varies  between  10  and 
1,000  Msec.  This  time  is  so  short  that  satisfactory  operation  of  thyra- 
trons  on  60-cycle  mains  results.  However,  the  deionization  time  may 
offer  a serious  limitation  to  the  use  of  such  tubes  in  applications  at  higher 
frequencies.  Hydrogen  is  used  as  the  gas  in  a thyratron  when  very 
fast  deionization  time  is  desired.  A value  of  td  about  one-tenth^®  that 
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for  a mercury  thyratron  results  because  the  small  mass  of  the  hydrogen 
ion  allows  it  to  diffuse  more  rapidly  out  of  the  sheath. 

The  ionization  time  is  the  time  required  for  conduction  to  be  established 
once  the  anode  potential  has  been  applied.  It  seldom  exceeds  10  /isec  and 
so  can  generally  be  neglected. 

13-11.  Industrial  Power  Tubes.  It  may  be  well  to  compare  the  indus- 
trial power  tubes,  viz.,  phanotrons,  thyratrons,  and  tubes  with  pool- type 
tubes.  Tubes  with  pool  cathodes  require  no  cathode  heating  power  and 
no  cathode  heating  time.  Consequently,  these  units  are  immediately 
ready  for  service.  Large  average  currents  (hundreds  or  thousands  of 
amperes)  and  extremely  high  peak  currents  are  possible  without  any 
harmful  effects  on  the  tube.  There  is  no  cathode  sputtering  as  in  the 
heater  tubes. 

For  uncontrolled  rectification,  phanotrons  are  used.  If  control  is 
desired,  then  thyratrons  are  used  when  the  average  current  requirement 
is  below  about  25  amp.  If  the  current  exceeds  this  value  pool-type  tubes 
are  employed. 

If  in  a multianode  mercury-pool  tank  each  of  the  anodes  is  completely 
surrounded  by  a grid,  then  such  a system  will  possess  characteristics 
that  are  somewhat  like  those  of  a positive-control  thyratron.  Mercury- 
arc  rectifiers  equipped  with  these  grids  are  known  as  grid  pool  tanks. 
The  single-anode  metal  sealed-off  tank  rectifier  unit  is  largely  supersed- 
ing the  multianode  tank,  principally  for  the  following  reasons: 

1.  Each  unit  is  complete  and  requires  no  auxiliary  pumping  apparatus. 
In  the  smaller  sizes,  only  air  cooling  is  necessary,  although  the  larger  units 
are  provided  with  a water  jacket  for  water  cooling. 

2.  If  a polyphase  system  is  desired,  a number  of  single-anode  tanks  are 
required.  Since  each  anode  is  in  a separate  chamber,  the  cathode-anode 
distance  can  be  made  smaller  than  is  possible  in  a multianode  tank  with  a 
common  pool.  This  reduces  the  length  of  the  plasma  region,  with  a 
consequent  smaller  tube  drop,  which  produces  a more  efficient  unit. 

3.  Single-anode  tanks  make  the  maintenance  problem  a relative  sim- 
ple one.  Thus,  it  is  necessary  to  hold  only  a single  unit  in  reserve  for 
purposes  of  emergency. 

There  is  a fundamental  difference  between  the  control  action  in  a thyra- 
tron or  a grid  pool  tube  and  the  action  of  the  ignitor  rod  in  an  ignitron. 
In  thyratrons  and  grid  pool  tubes,  the  grid  prevents  the  formation  of  an 
arc,  whereas  the  ignitor  initiates  the  arc.  In  the  former  case  the  electrons 
already  exist  in  the  tube  (owing  to  the  presence  of  an  externally  heated 
cathode  or  of  an  arc  to  the  keep-alive  electrode),  but  the  grid  electro- 
statically prevents  them  from  reaching  the  anode  until  a critical  voltage 
is  reached.  In  the  ignitron,  on  the  other  hand,  the  tube  is  in  a non- 
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conducting  state  until  the  ignitor  circuit  is  energized,  when  conduction  is 
forced. 

13-12.  Glow  Tubes.  A glow  tube  is  a cold-cathode  gas-discharge  diode. 
It  operates  in  the  normal-glow-discharge  region  and  so  is  characterized  by 
a fairly  high  tube  drop  and  a low  current-carrying  capacity.  The  voltage 
drop  across  the  tube  over  the  operating  range  is  fairly  constant  and  inde- 
pendent of  the  current. 

One  commercial  type  of  tube  consists  of  a central  anode  wire  which  is 
coaxial  with  a cylindrical  cathode,  as  shown  in  Fig.  13-16.  The  electrodes 
are  of  nickel,  the  inner  surface  of  the  cathode  being  oxide-coated.  The 
gases  commonly  used  are  neon,  argon,  and  helium.  The  tubes  contain- 
ing neon  or  helium  usually  contain  a small  amount  (of  the  order  of  1 per 
cent)  of  argon.  The  presence  of  the  argon  lowers  the  starting  voltage 


Fig.  13-16.  Electrode 
structure  in  a glow 
tube. 


Fig.  13-17.  The  use  of  a glow  tube  as 
a voltage  regulator  to  maintain  ap- 
proximately constant  voltage  across  a 
load. 


(see  Sec.  12-10).  The  cathode  fall  in  the  normal-glow  region  of  the 
discharge  is  determined  solely  by  the  material  of  the  cathode  and  by  the 
type  of  gas.  Commercial  tubes  are  available  which  have  normal  output 
voltages  of  75,  90,  105,  and  150  volts,  respectively,  with  a normal  current 
range  of  from  5 to  40  ma. 

The  current  rating  of  these  tubes  is  determined  by  the  area  of  the 
cathode  and  by  the  pressure  of  the  gas.  It  should  be  recalled  that  the 
normal  current  density  in  the  normal-glow  region  remains  substantially 
constant  and  that  the  area  of  the  cathode  glow  increases  in  proportion  to 
the  current  demanded  by  the  circuit. 

The  principal  use  of  these  glow  tubes  is  as  voltage  regulators.  Since 
the  voltage  remains  constant  (within  a few  per  cent)  over  the  region  of  the 
normal  glow,  then  the  output  voltage  will  remain  substantially  independ- 
ent of  the  current  over  this  range.  For  example,  the  voltage  across  the 
load  in  the  circuit  of  Fig.  13-17  will  be  150  volts  over  a range  of  currents 
from  5 to  40  ma  if  an  OD3/150  tube  is  used.  The  difference  between  the 
supply  voltage  and  the  operating  tube  volt  drop  will  appear  across  the 
resistor  R.  The  supply  voltage  must  be  greater  than  the  breakdown 
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voltage  of  the  tube  in  order  to  make  the  operation  possible.  The  spark- 
ing potential  may  exceed  the  maintaining  voltage  by  50  per  cent  or  more. 
It  is  observed  in  Fig.  13-16  that  a piece  of  metal  is  attached  to  the  cath- 
ode and  is  directed  toward  and  near  to  the  anode.  It  is  the  function  of 
this  “starting  probe’’  to  lower  the  breakdown  voltage  of  the  tube. 
Sparking  takes  place  first  to  the  starting  probe  and  then  spreads  to  the 
rest  of  the  cathode. 

Glow  tubes  may  be  connected  in  series  in  order  to  provide  a constant 
voltage  that  is  the  sum  of  the  tube  drops  of  the  tubes  that  are  used. 
Thus,  the  use  of  an  OD3/150  and  an  OC3/105  tube  in  series  will  provide 
a constant  255-volt  source. 

A glow  lamp  may  be  connected  as  in  Fig.  13-9  (with  the  grid  circuit 
omitted)  to  produce  oscillations  of  the  saw-tooth  variety. 

It  must  be  emphasized  that  the  glow  tube  is  far  from  an  ideal  voltage 
regulator.  As  already  stated  above,  its  output  voltage  varies  by  per- 
haps 5 per  cent  over  its  normal-glow  region.  Also,  the  voltage  charac- 
teristics of  the  tubes  vary  with  age  mainly  because  of  the  deterioration 
of  the  cathode,  caused  by  sputtering.  The  maintaining  voltage  is  not 
precisely  the  same  value  each  time  the  tube  is  fired.  The  cathode  is 
photosensitive,  and  the  tube  voltage  will  depend  somewhat  upon  the 
illumination  falling  on  the  cathode.  The  tube  characteristics  are  also 
slightly  temperature-sensitive.  Voltage  changes  of  a few  tenths  of  a per 
cent  sometimes  occur  abruptly  and  for  no  apparent  reason.  Also,  the 
tube  may  break  out  into  high-frequency  oscillations  (which  often  can  be 
prevented  by  shunting  a capacitor  across  the  tube).  One  of  the  most 
stable  voltage-regulator  tubes  available  is  the  type  5651.  Over  the  nor- 
mal operating  range  of  1.5  to  3.5  ma,  the  manufacturers  claim  that  the 
maintaining  voltage  (87  volts)  of  this  tube  under  continuous  operation 
will  not  drift  with  age  by  more  than  0.3  volt. 

The  Zener  diode  (Sec.  5-2)  is  replacing  the  VR  tube  in  many  appli- 
cations. 

Glow  tubes  having  smaller  ratings  than  those  considered  above  are 
available.  Several  such  tubes  having  ratings  ranging  from  ^ to  3 watts 
are  available.  These  smaller  lamps  are  used  extensively  as  test  lamps. 
For  example,  they  will  indicate  circuit  continuity;  by  brilliancy,  whether 
the  circuit  potential  is  110  volts  or  higher;  by  flicker,  whether  the  circuit 
frequency  is  25  cps  or  higher;  by  glow,  which  terminal  is  positive,  since 
the  negative  electrode  is  covered  with  glow  on  a d-c  source.  They  are 
also  used  to  indicate  the  presence  of  a high-intensity  radio-frequency  field, 
since  the  gas  will  glow  in  such  a field.  The  tube  need  not  be  connected 
conductively  into  the  circuit.  It  is  operating  not  as  a normal  glow  tube 
but  rather  as  an  electrodeless  discharge  (see  Sec.  12-22).  The  tubes  may 
also  be  used  as  pilot  lights  to  indicate  that  a circuit  is  energized,  and  as  a 
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dim-light  source  for  exit  markers,  for  fire-station  markers,  or  for  location 
markers  in  general. 

13-13.  Cold-cathode  Triodes.^®  This  tube  is  referred  to  as  a “grid 
glow  tube,”  although  the  third  element  is  more  appropriately  named  the 
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Transfer  current,  microamperes 
Fig.  13-18.  Transfer  characteristic  of  a 
cold-cathode  triode.  RCA  OA4-G.  Con- 
trol-gap-maintaining  voltage  is  60  volts 
and  main-gap-maintaining  voltage  is 
75  volts. 


“control  electrode,”  “control  an- 
ode,” or  “starter  anode”  rather 
than  the  “grid.”  The  geometry  of 
the  electrodes  is  such  that  a dis- 
charge takes  place  from  the  cathode 
to  the  control  electrode  at  a lower 
voltage  than  is  required  for  a dis- 
charge from  the  cathode  to  the 
anode.  Once  the  control  gap  has 
been  broken  down,  however,  it  is 
possible  for  the  discharge  to  transfer 
to  the  main  anode.  The  anode- 
cathode  voltage  that  is  required  for 
this  transfer  to  occur  is  a function 
of  the  transfer  current,  f.e.,  the 
current  in  the  cathode-to-control- 
electrode  circuit.  These  features 
are  evident  from  an  inspection  of 
the  curve  of  Fig.  13-18.  Such  a 
curve  is  called  the  “transfer”  or 
‘ ‘ transition  ’ ’ characteristic . 


For  zero  transfer  current,  which  means  that  the  control  electrode  is  not 
connected  in  the  circuit,  the  anode  voltage  is  equal  to  the  breakdown  volt- 
age between  the  cathode  and  the  anode.  It  is  noted  that  the  required 
anode-cathode  voltage  falls  rapidly  as  the  transfer  current,  which  pro- 
vides more  ionization,  is  increased.  Regardless  of  the  magnitude  of  the 


transfer  current,  however,  the  anode- 
cathode  voltage  can  never  fall  below 
the  maintaining  voltage  for  this  gap. 
Hence,  the  transfer  characteristic 
approaches  this  sustaining  voltage 
asymptotically.  The  transfer  char- 
acteristic depends  upon  the  type  of 
gas,  the  gas  pressure,  and  the  elec- 
trode structure. 


The  use  of  the  tube  as  a relay  is  illustrated  in  Fig.  13-19.  The  plate 
supply  voltage  Ebb2  is  greater  than  the  main-gap  sustaining  voltage  but 
less  than  the  main-gap  breakdown  voltage.  The  voltage  Ebbi  is  less  than 
the  control-gap  breakdown  voltage.  It  is  now  possible  for  a positive  pulse 
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to  raise  the  control-anode  voltage  above  the  breakdown  point  so  that  a 
discharge  will  occur  between  these  two  electrodes.  If  the  transfer  current 
is  sufficiently  high  so  that  Ebb2  will  cause  breakdown,  then  the  discharge 
will  transfer  to  the  anode  circuit.  In  this  way  a small  input-circuit  cur- 
rent is  able  to  control  milliamperes  in  the  load  circuit. 

Here,  as  in  the  case  of  thyratrons,  once  conduction  between  the  cathode 
and  anode  has  begun,  the  discharge  cannot  be  controlled  or  extinguished 
by  means  of  the  control  electrode.  It  is  necessary  that  the  anode-cathode 
voltage  be  lowered  below  the  sustaining  value  for  a time  that  is  long 
enough  to  permit  deionization  to  take  place.  The  deionization  time  of 
these  tubes  is  of  the  order  of  10  msec. 

Among  the  applications  in  which  these  tubes  have  been  used,  the  most 
important  are  as  rectifiers  in  selective-ringing  telephone  circuits ; as  volt- 
age regulators,  providing  two  different  output  voltages,  the  anode-cathode 
drop  or  the  control  electrode-cathode  voltage;  as  relaxation  oscillators; 
and  as  relays  or  switching  units. 

A special  cold-cathode  glow-discharge  tube  called  a Dekatron^"^  contains 
1 anode,  10  cathodes,  and  20  control  electrodes.  It  is  used  as  a decade 
counter  which  delivers  1 output  pulse  for  every  10  input  pulses. 

13-14.  Gaseous  Discharges  as  Sources  of  Light.  Gaseous-discharge 
lamps  generally  possess  a higher  luminous  efficiency  than  lamps  of  the 
incandescent-filament  type.  As  a result,  the  former  are  rapidly  supple- 
menting the  latter  in  many  applications. 

In  addition  to  the  higher  luminous  efficiencies,  the  gaseous-discharge 
lamps  possess  features  characteristic  of  these  sources.  Because  of  this, 
various  types  of  gaseous-discharge  tubes  are  applied  to  a very  diversified 
field  of  application.  In  the  advertising  field,  neon,  helium,  and  argon 
signs  are  very  common;  sodium- vapor  lamps  are  found  in  the  field  of 
highway  illumination;  high-intensity  mercury-vapor  lamps  are  used  for 
industrial  lighting  and  floodlighting,  as  the  intense  point  sources  of  light 
for  projection  work,  for  searchlights,  for  locomotive  headlights,  and  for 
photoprinting;  and  fluorescent  lighting  is  a common  source  of  illumination 
for  indoor  lighting. 

1.  “Neon”  Signs.‘^°  These  are  glow  lamps  in  long  tubular  form. 
They  contain  an  inert  gas  (not  necessarily  neon)  at  a few  millimeters 
pressure  between  cold  electrodes.  The  mechanism  of  the  discharge  is 
that  discussed  in  Sec.  12-16.  The  cathode  glow  is  now  an  insignificant 
part  of  the  light-emitting  region  of  the  discharge,  and  most  of  the  lumi- 
nosity comes  from  the  long  plasma  in  the  tube.  If  the  tube  is  filled  with 
neon,  the  glow  is  red-orange.  If  helium  is  used,  the  glow  is  yellow.  And 
if  mercury  (mixed  with  argon  and  neon)  is  used,  the  glow  is  blue.  Various 
other  distinctive  colors  are  obtained  by  using  colored  glass  tubing.  For 
example,  a mercury-argon  mixture  in  a yellow  glass  tube  gives  a green  light. 
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Such  tubes  require  a high  voltage  for  breakdown  but  need  only  moder- 
ate voltages  to  maintain  the  discharge.  It  is  for  this  reason  that  luminous- 
sign  transformers  are  provided  with  magnetic  leakage  shunts  so  as  to 
provide  poor  regulation.  In  this  way,  high  voltages  are  made  available 
at  light  load,  and  low  voltages  result  after  the  discharge  occurs.  Under 
normal  conditions  of  operation,  these  luminous  signs  require  100  to  200 
volts/ft,  depending  upon  the  dimensions  of  the  glass  tubing  used.  A 
typical  transformer  supplies  10,000  volts  on  open  circuit  and  30  ma  on 
short  circuit. 

2.  Sodium-vapor  Lamps. These  lamps  are  provided  with  an  oxide- 
coated  filament,  and  they  operate,  therefore,  as  low-voltage  arcs  and  not 
as  glow  discharges.  The  bulb  contains  a small  quantity  of  metallic 
sodium  (less  than  0.5  g)  which  vaporizes  to  some  extent  as  the  temper- 
ature of  the  unit  rises  to  its  normal  operating  value  (200°  to  300°C). 
The  vapor  pressure  of  the  sodium  is  so  low,  even  under  steady  operating 
conditions,  that  neon  gas  is  added  (at  a pressure  of  about  1.5  mm  Hg) 
both  for  starting  and  for  continuing  the  operation  of  the  lamp. 

To  operate  the  lamp,  the  filament  is  first  heated  and  then  an  arc  is 
struck.  At  the  outset  of  operation  the  color  of  the  discharge  is  the  dis- 
tinctive red-orange  that  is  characteristic  of  the  neon  gas.  This  color  gives 
way  gradually  to  the  yellow  light  that  is  characteristic  of  the  normal 
sodium  discharge.  The  explanation  of  this  change  of  color  is  very  simple. 
Initially,  the  neon  pressure  is  so  much  higher  than  that  of  sodium  that 
most  of  the  electrons  from  the  hot  filament  collide  with  neon  atoms. 
However,  once  the  discharge  is  established,  most  of  the  region  in  the  bulb 
will  be  a plasma  in  which  a considerable  number  of  low-energy  electrons 
will  exist.  Although  these  electrons  may  make  many  collisions  with  the 
plentiful  neon  atoms,  these  collisions  will  be  elastic  ones  because  the  first 
excitation  potential  of  neon  is  16.6  volts.  Since  the  first  excitation  poten- 
tial of  sodium  is  only  2.11  volts,  then  the  probability  of  sodium  excitation 
in  the  plasma  will  be  high  because  many  electrons  will  possess  sufficient 
energy  for  this  process  although  they  may  not  possess  as  much  as  16.6 
volts  energy.  The  light  is  emitted  in  the  transition  from  the  first  exci- 
tation level  to  the  normal  state  of  sodium. 

3.  Mercury-vapor  Lamps. The  luminous  efficiency  of  a low-pressure 
mercury-vapor  lamp  is  approximately  the  same  as  that  of  an  incandescent- 
filament  source.  However,  as  the  pressure  is  increased,  the  luminous 
efficiency  also  increases.  As  a consequence,  the  design  of  these  lamps 
has  been  toward  higher  and  higher  pressure.  For  example,  the  1,000-watt 
type  A-H6  lamp  operates  at  a pressure  of  75  atm.  The  entire  arc  is  con- 
centrated in  a water-cooled  quartz  chamber  only  1 in.  long  and  0.1  in.  in 
diameter.  This  results  in  a 65,000-lumen  light  source,  having  a bright- 
ness of  30,000  candles/cm2,  or  about  one-fifth  that  of  the  sun.  A gas  such 
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as  neon  or  argon  at  a few  centimeters  pressure  is  used  to  initiate  the  arc. 
The  cold  electrodes  are  thereby  raised  to  a temperature  at  which  they 
emit  electrons  thermionically.  The  high  temperature  causes  the  mercury 
to  vaporize,  and  the  pressure  increases  to  1 atm  or  more. 

The  reason  for  the  necessity  of  high  pressures  in  order  to  obtain  a high 
luminous  output  in  a mercury-vapor  lamp  is  found  by  studying  the  mer- 
cury spectrum.  The  strongest  line  in  the  spectrum  is  the  ultraviolet  line, 
2,537  A.  As  shown  in  the  energy-level  diagram  of  Fig.  12-2,  this  line  is 
excited  when  an  atom  falls  back  from  its  4.88-ev  level  to  the  ground  state. 
The  lines  in  the  visible  part  of  the  spectrum  arise  from  transitions  between 
higher  energy  levels.  These  high-energy  transitions  are  favored  by  high 
current  density  and  a high  pressure  because,  under  these  conditions,  many 
collisions  will  take  place , particularly  with  the  metastable  atoms.  Further- 
more, for  sufficiently  high  pressures,  the  resonance  line  2,537  A is  entirely 
absent  from  the  spectrum.  This  results  from  the  process  of  self-absorption 
(see  Sec.  12-8).  As  a result,  some  of  the  energy  that  would  appear  in  this 
ultraviolet  line  at  the  low  pressures  is  transformed  (by  multiple  collisions) 
into  visible  radiation.  In  addition,  because  of  the  high  temperatures  at 
which  these  arc  sources  operate,  a considerable  part  of  the  radiation 
appears  as  a continuous  visible  spectrum,  characteristic  of  an  incan- 
descent solid. 

In  contrast  with  this,  the  sodium- vapor  lamp  possesses  a high  efficiency 
at  low  pressures  because  its  yellow  radiation  originates  from  transitions 
between  the  2.11-ev  level  and  the  ground  state.  The  sodium  atom  is 
easily  excited  to  its  resonance  potential  by  an  electronic  collision,  and  so 
multiple  collisions  are  unnecessary  for  the  efficient  production  of  light 
with  this  source,  as  is  the  case  with  the  mercury  radiation. 

4.  Fluorescent  Lamps^^  The  fluorescent  lighting  units  consist  gener- 
ally of  a coated  emitter  and  an  anode  that  have  been  sealed  in  the  opposite 
ends  of  a glass  tube  that  contains  mercury  at  low  pressure.  Tubes  for 
use  on  a-c  lines  are  frequently  provided  with  emitters  at  each  end  of  the 
glass  tube,  these  acting  alternately  as  cathode  and  anode  upon  potential 
reversal.  The  inner  wall  of  these  lamps  is  covered  with  a thin  layer  of 
fluorescent  material.  The  thickness  of  this  layer  must  be  sufficient  to 
absorb  most  of  the  impinging  excitation  radiation,  although  it  must  not 
be  so  thick  that  it  will  absorb  any  appreciable  amount  of  its  own  light. 
Excitation  is  generally  provided  by  the  ultraviolet  light  contained  in  the 
spectrum  of  the  mercury  discharge.  The  fluorescent  materials  used  in 
these  lamps  are  particularly  sensitive  to  the  middle  ultraviolet  region 
(2,000  to  3,000  A). 

In  order  to  start  a fluorescent  tube,  it  is  necessary  to  strike  an  arc  in 
the  discharge  tube.  This  requires  the  application  of  a high  voltage  across 
electrodes.  These  high  voltages  are  obtained  either  by  the  use  of  a step-up 
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transformer  or  by  means  of  an  inductive  surge  produced  by  the  associated 
starting  device.  Starting  is  accomplished  in  the  usual  household  lighting 
unit  by  one  of  the  circuits  shown  in  Fig.  13-20.  Refer  to  Fig.  13-20a. 

When  the  switch  S is  closed,  the  line  current 
passes  through  the  ballast  unit  L (a  small 
inductor)  and  the  filaments  F.  After  a 
short  time  has  elapsed  during  which  the 
filaments  have  become  heated,  the  switch 
S is  opened.  The  interrupted  current 
through  L generates  a high  voltage  across 
it,  and  in  consequence  a high  voltage  ap- 
pears across  the  tube.  Once  the  arc  has 
been  struck,  the  positive-ion  bombardment 
of  the  emitter  will  maintain  its  temperature 
and  continued  operation  results. 

Figure  13-20?)  provides  for  automatic 
starting.  The  starter  is  a rather  interesting 
combination  of  a glow-discharge  tube  (which 
operates  in  the  abnormal-glow  region)  and 
a bimetallic  element.  When  the  unit  is 
switched  on,  the  starter  glow  discharge 
begins.  The  bimetallic  element,  which  is 
part  of  the  glow  electrode,  heats,  so  that 
the  contacts  close  and  the  glow  discharge  is 
extinguished.  This  connects  the  filaments 
into  the  circuit,  and  at  the  same  time  the 
bimetallic  element  cools.  After  a short 
time,  the  bimetallic  unit  contacts  open  and 
thereby  produce  the  high  voltage  across  the 
tube,  as  with  the  manual  start.  Once  the  lamp  discharge  starts,  the 
voltage  across  it  is  not  high  enough  to  restrike  the  glow  in  the  starter  and 
it  remains  out. 

The  luminous  efficiency  of  fluorescent  lamps  exceeds  that  of  the  usual 
incandescent  lamp.  Furthermore,  this  highly  efficient  lighting  occurs 
with  the  lamps  operating  at  a relatively  low  temperature.  Because  the 
operating  temperature  of  these  units  is  about  40°C,  these  tubes  have  been 
said  to  produce  “cold”  light. 


Fig.  13-20.  Fluorescent  lamp 
starting  by  (a)  manual  start, 
Q})  automatic  start.  L is  the 
ballast  unit,  F are  the  filaments, 
S is  the  manual  switch,  GS  is 
the  glow  switch,  B is  the  bi- 
metallic strip. 
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CHAPTER  14 


RECTIFIERS 


Any  electrical  device  which  offers  a low  resistance  to  the  current  in  one 
direction  but  a high  resistance  to  the  current  in  the  opposite  direction 
is  called  a rectifier.  An  ideal  rectifier  is  one  with  zero  resistance  in  the 
forward  direction  and  with  infinite  resistance  in  the  reverse  direction. 
In  effect,  therefore,  a rectifier  is  a synchronized  switch  that  opens  and 
closes  the  circuit  as  the  a-c  voltage  that  is  applied  across  the  device 
changes  its  polarity.  A number  of  devices  have  characteristics  which 
approximate  those  of  the  ideal  rectifier.  Among  these  are  high-vacuum 
thermionic  diodes,  gas-filled  thermionic  diodes,  pool-cathode  mercury 
arcs,  and  semiconductor  rectifiers. 

Vacuum-tube  (and  semiconductor)  rectifiers  possess  a small  and 
approximately  constant  forward  resistance,  whereas  a gas  tube  is  charac- 
terized by  an  almost  constant  tube  drop  during  conduction.  Because  of 
this  difference  in  the  volt-ampere  char- 
acteristic, the  operation  of  rectifier  cir- 
cuits involving  vacuum  tubes  will  be 
considered  separately  from  that  of  cir- 
cuits using  gas  tubes.  The  analysis  for 
a semiconductor  rectifier  is  identical 
with  that  for  a vacuum  diode,  provided 
that  the  plate  resistance  of  the  vacuum 
tube  is  replaced  by  the  forward  resistance  of  the  crystal  diode.  The 
back  resistance  of  the  junction  diode  is  not  as  high  as  that  of  a vacuum 
tube,  but  it  is  usually  so  much  higher  than  the  load  resistance  that  little 
error  is  introduced  in  assuming  the  semiconductor  back  resistance  to 
be  infinite. 

Single-phase  Half-wave  Vacuum  Rectifier.  The  basic  circuit 
for  half-wave  rectification  is  shown  in  Fig.  14-1.  W^e  shall  assume 
that  the  diode  forward  resistance  is  rp  and  is  constant  so  that  during 
conduction  = 4rp.  If  the  transformer  secondary  voltage  is  e = Em  sin  oot 
it  follows  from  Fig.  14-1  that 

e = eh  ihRh  = ihiXp  + Rifi  — Em  sin  cot 
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Fig.  14-1.  Basic  circuit  for  half- 
wave rectification. 


(14-1) 
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or 


where 


% — 


Er, 


Vp  + Rl 


sin  oit  = Im  sin  oit 


ib  — 0 


Im  — 


Er, 


Tp  + Rl 


when  0 < cof  < TT 

(14-2) 

“ ” 

when  TT  < coi  < 271 J 

(14-3) 

This  analysis  permits  one  to  draw  an  electrical  circuit  that  is  equivalent  to 
the  circuit  of  Fig.  14-1.  This  equivalent  circuit  is  shown  in  Fig.  14-2. 

The  symbol represents  an  ideal  synchronized 
switch  which  permits  current  to  pass  through  the 
circuit  during  the  conduction  period  and  which 
opens  the  circuit  on  the  inverse  cycle.  The  arrow 
points  in  the  direction  of  forward  current  flow. 


>Rr 


Fig.  14-2.  Equivalent 
circuit  of  a single-phase 
half-wave  rectifier. 


Example.  A d-c  ammeter,  an  a-c  ammeter,  and  the  cur- 
rent coil  of  a wattmeter  are  inserted  in  series  with  the  load 
of  Fig.  14-1.  The  potential  coil  of  the  wattmeter  is  across  the  transformer  secondary. 
A d-c  voltmeter  is  placed  across  the  diode.  What  do  these  four  instruments  read? 

Solution.  A d-c  ammeter  reads  the  full-cycle  average  current  passing  through  it. 
However,  by  definition,  the  average  value  of  a periodic  function  is  g^iven  by  the  area  of 
one  cycle  of  the  curve  divided  by  the  base.  Expressed  mathematically. 


= -L  P’' 

27r  yo 


ib  da 


(14-4) 


where  a = w<.  It  follows  from  Eq.  (14-2)  that 


27r  yo 


Im  sin  a da  = 


(14-5) 


Note  that  the  upper  limit  of  the  integral  has  been  changed  from  2Tr  to  tt  since  the 
instantaneous  current  in  the  interval  between  w and  27r  is  zero  and  so  contributes 
nothing  to  the  integral. 

An  a-c  ammeter  indicates  the  effective  or  rms  current  passing  through  it.  By 
definition,  the  effective  or  rms  value  squared  of  a periodic  function  of  the  time  is  given 
by  the  area  of  one  cycle  of  the  curve  representing  the  function  squared  divided  by  the 
base.  Expressed  mathematically, 


This  becomes,  by  use  of  Eq.  (14-2), 


I 


rms 


sin^ 


(14-6) 


(14-7) 


It  should  be  noted  that  the  rms  value  of  this  wave  is  different  from  the  rms  value  of  a 
sinusoidal  wave. 

A d-c  voltmeter  reads  the  average  value  of  the  voltage  across  its  terminals.  Since 
the  voltmeter  is  across  the  tube,  the  instantaneous  tube  voltage  must  be  plotted  and 
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the  area  under  one  cycle  of  this  curve  must  be  found.  When  the  tube  is  conducting, 
it  has  a resistance  Vp  and  the  voltage  across  it  is  UTp.  When  the  tube  is  nonconducting, 
the  current  is  zero  and  from  Fig.  14-1  it  is  seen  that  the  transformer  secondary  voltage 
e appears  across  the  tube.  Thus, 


— l/hT p — I mX p Sm  Ot 
Cb  = Em  sin  ot 


0 < a < TT 
IT  < Oi  < 27r 


(14-8) 

A plot  of  the  tube  voltage  is  shown  in  Fig.  14-3.  The  reading  of  the  voltmeter  is 
(Edc)  tube  ~ ^mfp  sin  a dot  J Em  sin  a da^ 


- (Imrp  - Em)  =-  [Intr, 


lm{rp  + Rl)\ 


where  use  has  been  made  of  Eq.  (14-3).  Hence 

(w 

V^rfcjtube  — 


(14-9) 


oc 


This  result  is  negative,  which  means  that  if  the  voltmeter  is  to  read  upscale,  its  positive 
terminal  must  be  connected  to  the  cathode 
of  the  diode.  Since  Idc  = /m  A,  the  d-c  tube 
voltage  is  seen  to  be  equal  to  —IdcRh  or  to 
the  negative  of  the  d-c  voltage  across  the 
load  resistor.  This  result  is  evidently  cor- 
rect because  the  sum  of  the  d-c  voltages 
around  the  complete  circuit  must  add  up  to 
zero. 

It  should  be  noted  that  the  voltmeter 
reading  does  not  equal  the  product  of  the 
direct  current  Idc  times  the  tube  resistance 
Tp.  The  reason  for  this  is  that  the  tube  is 
a nonlinear  device  whose  resistance  is  con- 
stant (and  equals  Vp)  only  when  the  plate 
voltage  is  positive.  On  the  other  hand,  the 
d-c  voltage  across  the  load  does  equal  the  product  of  direct  current  Idc  times  the  out- 
put resistance''i?L  because  the  load  is  a truly  constant  resistor. 

A wattmeter  tndicutes  the  average  value  of  the  product  of  the  instantaneous  current 
through  its  current  coil  and  the  instantaneous  voltage  across  its  potential  coil.  Hence  the 
power  read  by  the  wattmeter  will  be 


Fig.  14-3.  The  tube  voltage  across 
the  vacuum  diode  in  Fig.  14-1. 


1 /■  2’r  . 

R i / ei/b  doc 

27r  Jo 

This  becomes,  by  Eq.  (14-2), 

1 /■27r 

Pi  ~ ^ Jq  **'*(rp  -h  Rl)  doc 

This  may  be  written,  by  virtue  of  Eq.  (14-6),  as 

. I 

Pi  = IvmB^irp  + Rl) 


(14-10) 


(14-11) 


This  result  could  have  been  written  down  immediately  by  arguing  physically  that 
all  the  power  supplied  by  the  transformer  must  be  used  to  heat  the  load  and  the  tube 
resistances. 
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Equation  (14-11)  expresses  the  total  power  supplied  to  the  plate  circuit  of  the  recti- 
fier. This  quantity  can  readily  be  calculated  in  any  specific  application.  The  total 
input  power  to  the  rectifier  system  cannot,  in  general,  be  predicted  theoretically. 
The  total  input  power  includes  the  transformer  losses,  the  filament  heating  power, 
and  the  power  losses  in  any  auxiliary  apparatus. 


The  above  illustration  indicates  the  general  method  of  calculating  what 
d-c  or  a-c  instruments  will  read  in  any  electronic  circuit.  It  is  not 
restricted  to  the  simple  diode  rectifier.  The  wave  forms,  in  general,  may 
be  more  complicated  than  those  of  the  simple  diode  considered  above,  but 
the  method  is  the  same.  For  assistance  in  the  calculations,  rough 
sketches  of  the  curves  are  made,  and  the  readings  of  the  instruments  are 
obtained  from  an  evaluation  of  the  area  under  the  curve  (for  a d-c  instru- 
ment) or  the  area  under  the  squared  function  (for  an  a-c  instrument).  If 
a wattmeter  reading  is  desired,  the  curve  representing  the  current  through 
its  current  coil  is  multiplied  by  the  curve  representing  the  voltage  across 
its  potential  coil  and  the  area  under  the  product  curve  is  then  evaluated. 

The  d-c  power  supplied  to  the  load  will  he  defined  as  the  product  of  the  read- 
ingfifi  aTdfii^nimeter  in  the  load  circuit  dfiid^dTE-cfioltmeter  across JheJ,_oad. 


Thus, 


Pdc  = Edcldc  = IdfiRLj^., 


X.. 

tt  L 


(P’s 


(14-12) 


For  the  half-wave  vacuum  diode. 


(14-13) 


It  is  important  to  note  that  Pdc  given  in  Eq.  (14-13)  is  quite  different 
from  Pi  given  in  (14-11),  or  from  the  reading  of  a wattmeter  placed  across 
the  load.  In  those  applications  which  are  d-c  operated,  as,  for  example, 
d-c  machinery  and  electroplating,  the  presence  of  a-c  components,  in  addi- 
tion to  the  d-c  component,  may  contribute  to  the  over-all  heating  of  the 
system  without  contributing  to  the  useful  operation.  Hence,  usually  a 
filter  (Chap.  19)  is  interposed  between  the  rectifier  and  the  load  in  order 
to  remove  these  a-c  components.  If  the  filter  were  completely  effective, 
then  the  power  delivered  to  the  load  would  be  Pdc- 
. As  a measure  of  the  efficiency  of  the  rectification  process,  and  also  as 
a comparison  of  the  various  types  of  rectifiers  to  be  discussed,  it  is  con- 
venient to  define  the  efficiency  of  rectification  (also  called  the  “conversion 
efficiency or  the  “theoretical  efficiency”)  yr  as  the  ratio  of  the  d-c  out- 
put power  to  the  plate-circuit  power.  This  is 


rjr  ^ X 100%  = 


\/rms/  1 


IimJ^{rp  -f-  Rl) 


X 100 


100 


-f-  rp/  Ru 


% 


(14-14) 
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By  combining  this  with  Eqs.  (14-5)  and  (14-7),  there  results 


Vr  = 


\IJ2)  1 


100 


40.6 


+ TpfRi,  1 -b  Tp/Rl 


% 


(14-15) 


This  indicates  that  the  theoretical  maximum  efficiency  of  a single- 
phase half-wave  circuit  is  40.6  per  cent.  Actually,  of  course,  the  over-all 
efficiency  of  the  system,  which  is  obtained  by  considering  the  power  sup- 
plied to  the  entire  system,  is  considerably  less  than  this. 

It  may  be  easily  shown  that  the  maximum  power  output  of  such  a sys- 
tem occurs  for  Rl  = Vp.  At  this  load,  the  plate-circuit  efficiency  is  only 
one-half  its  maximum  possible  value,  or  20.3  per  cent. 

There  are  several  features  of  the  single-phase  half-wave  circuit  that 
warrant  special  attention.  First,  it  is  noticed  that  on  the  inverse  cycle, 
viz.,  that  part  of  the  cycle  during  which  the  tube  does  not  conduct,  the 
maximum  potential  across  the  tube  is  equal  to  the  transformer  maximum 
potential.  That  is,  the  peak  inverse  voltage  to  which  the  tube  is  sub- 
jected during  operation  is  equal  to  the  transformer  maximum  value. 

In  order  to  prevent  stray  charges  from  building  up  on  various  parts  of 
the  system,  it  is  desirable  to  ground  either  the  positive  or  the  negative 
side  of  the  load.  An  inspection  of  Fig.  14-4,  with  the  negative  terminal 
of  the  system  connected  to  ground,  indicates  that  the  heater  winding  of 
the  transformer  is  at  a high  d-c  po- 
tential with  respect  to  ground.  For 
example,  suppose  that  the  output 
voltage  is  10,000  volts.  Then,  the 
center  tap  of  the  filament-trans- 
former secondary  is  10,000  volts 
above  ground.  Since  one  side  of  the 
a-c  power  line  is  generally  grounded, 
there  will  be  10,000  volts  between 
the  primary  and  secondary  windings  of  the  filament  transformer  even 
though  the  primary  voltage  rating  is  only  115  volts  and  the  secondary 
rating,  perhaps,  5 volts.  This  requires  that  the  insulation  between  the 
windings  of  the  filament  transformer  be  capable  of  withstanding  this  high 
voltage  without  rupture. 

If  the  positive  output  terminal  is  grounded,  then  the  center  tap  of  the 
secondary  of  the  filament  transformer  is  at  ground  potential  also.  Hence, 
the  high  output  voltage  does  not  appear  between  the  primary  and  second- 
ary of  the  heater  transformer,  and  it  is  now  not  necessary  to  use  a specially 
built  high-insulation  transformer. 


A-c 

Input 


Fig.  14-4.  To  investigate  the  insulation 
stress  in  the  filament  transformer  when 
one  side  of  the  load  is  grounded. 


f\\  C<. 


■ ' I .If  Cj  ■ 


Example.  Calculate  the  regulation  and  the  efficiency  of  rectification  of  a type 
5U4-GB  diode  used  in  the  circuit  of  Fig.  14-1.  The  rated  output  current  is  225  ma. 
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The  transformer  secondary  voltage  is  230  volts  rms.  Also,  find  the  current  at  which 
maximum  power  is  obtained. 

Solution.  By  regulation  is  meant  the  variation  of  d-c  output  voltage  as  a function 
of  d-c  output  current.  This  is  given  by 

E tic  “ ^ dcE  Jj 


and,  from  Eqs.  (14-5)  and  (14-3), 

j Im  Ernl'K 

Solve  this  for  IdcRi,  and  combine  with  the  first  equation.  The  result  is 


Edc  = 


Er, 


J dc^  ii 


(14-16) 


(14-17) 


This  result  (which  is  consistent  with  Thevenin’s  theorem)  shows  that  Edc  equals 
Em/ir  at  no  load  and  that  the  d-c  voltage  decreases  linearly  with  the  d-c  output  cur- 
rent. The  larger  the  magnitude  of  the  tube  resistance,  the  greater  is  the  rate  of 
decrease. 

From  the  volt-ampere  curve  for  the  type  5U4-GB  tube  given  in  Fig.  A9-4  it 
is  found  that  this  characteristic  can  be  approximated  by  a straight  line,  from  which  a 
value  of  Tp  = 260  ohms  is  calculated.  Also,  the  peak  transformer  voltage  is  Em  = 
\/2  A'rms  (for  a sine  wave)  = (\/2)  (230)  = 325  volts.  Hence, 

Edc  = 103.5  - 2607d. 

It  follows  from  this  expression  that  the  d-c  voltage  drops  from  103.5  volts  at  no  load 
to  45.0  volts  at  the  rated  value  of  225  ma.  By  definition,  the  percentage  regulation  is 

^ 1 j.  * Eno  load  — Efullload  ^ 

% regulation  s X 100% 

iifull  load 

If  the  output  voltage  does  not  vary  with  load,  then  the  percentage  regulation  is  zero. 
In  the  present  illustration, 

% regulation  = ^^^  45  ^ X 100  = 130% 

This  extremely  poor  regulation,  combined  with  the  low  efficiency  and  high  harmonic 
content  of  the  output  wave,  explains  why  half-wave  high-vacuum  diodes  are  seldom 
used  when  appreciable  currents  are  required. 

A more  accurate  way  of  estimating  the  effective  tube  resistance  than  that  employed 
above  using  the  static  characteristic  is  to  obtain  a regulation  plot  Edc  vs.  Idc  in  the 
laboratory.  The  negative  slope  of  the  resulting  straight  line  is  Vp.  The  result  so 
obtained  includes  the  resistance  of  the  transformer  as  well  as  the  tube  resistance.  It 
also  includes  the  effect  of  the  transformer  regulation. 

To  obtain  the  conversion  efficiency  as  a function  of  load  current,  eliminate  the  term 
Rl  from  Eq.  (14-15)  as  was  done  above  for  the  regulation.  This  simple  substitution 
yields 

Vr  = 40.6  (1  - ^ % (14-18) 

This  shows  that  the  plate-circuit  efficiency  decreases  linearly  with  the  plate  current. 
Using  the  numerical  values  found  for  the  type  5U4-GB  tube  gives 

Vr  = 40.6(1  - 2.51/do)  % 

Thus  Vr  decreases  from  40.6  per  cent  at  no  load  to  17.6  per  cent  at  full  load. 


RECTIFIERS 


343 

The  current  at  which  maximum  power  is  obtained  from  the  rectifier  is  readily  found 
by  equating  the  plate-circuit  eflficiency  vr  to  20.3  and  then  solving  for  7^,.  This  leads 
to  the  value  200  ma  for  this  tube.  A second  method  of  obtaining  the  same  result  is 
to  set  Rl  = Tp  = 260  in  Eq.  (14-16). 


14-2.  Ripple  Factor.  Although  it  is  the  purpose  of  a rectifier  to  con- 
vert alternating  into  direct  current,  the  simple  circuit  considered  above 
does  not  achieve  this.  Nor,  in  fact,  do  any  of  the  more  complicated 
rectifier  circuits  have  a truly  constant  output.  What  is  accomplished  is 
the  conversion  from  an  alternating  current  into  a unidirectional  current, 
periodically  fluctuating  components  still  remaining  in  the  output  wave. 
It  is  for  this  reason  that  filters  are  frequently  used  in  order  to  decrease 
these  a-c  components.  A measure  of  the  fluctuating  components  is  given 
by  the  ripple  factor  r,  which  is  defined  as 


rms  value  of  the  alternating  components  of  the  wave 
average  value  of  the  wave 


This  may  be  written  as 


E, 


(14-19) 


where  the  terms  Am/  and  E^mf  denote  the  rms  value  of  the  a-c  components 
of  the  current  and  voltage,  respectively. 

In  order  to  measure  the  ripple  factor  of  a given  rectifier  system  experi- 
mentally, the  measurement  of  the  ripple  voltage  or  the  ripple  current  in 
the  output  should  be  made  with  instruments  that  respond  to  higher  than 
power  frequencies,  so  that  the  contributions  from  the  higher  harmonic 
terms  will  be  recorded.  These  measurements  may  be  made  using  a 
“square-law”  voltmeter  of  either  the  thermocouple  or  the  vacuum-tube 
type.  A capacitor  must  be  used  in  series  with  the  input  to  the  meter  in 
order  to  “block”  the  d-c  component.  This  capacitor  charges  up  to  the 
average  value  of  the  voltage  and  only  the  ripple  components  in  the  wave 
are  recorded  by  the  meter. 

An  analytical  expression  for  the  ripple  factor,  defined  in  Eq.  (14-19), 
is  possible.  By  noting  that  the  instantaneous  a-c  component  of  current 
is  given  by 

i i Idc  > 

then 


Ams'  = 


Idc)^  da 


‘^Idci  + Idc^)  da 


The  first  term  of  the  integral  becomes  simply  Ama^  of  the  total  wave. 


1 P’'  . 

Since  ^ / i da  is  Idc  by  definition,  then  the  second  term  under  the 
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integral  sign  is 


(-27d.)(7,.)  - -2Iao^ 


The  rms  ripple  current  then  becomes 

J~'7„„3'  = V4.ns^  - 27,„2  7^e'  = I dc^  j 

By  combining  this  result  with  Eq.  (14-19), 


r = 


(14-20) 


This  result  is  independent  of  the  current  wave  shape  and  is  not  restricted 
to  a half-wave  vacuum  diode.  In  the  case  of  the  half-wave  single-phase 
rectifier,  the  ratio 


I dc 


IJ2 

l-ml 


= - = 1.57 


from  Eqs.  (14-5)  and  (14-7).  Hence 

r = Vl-572  - 1 = 1.21  (14-21) 

This  result  indicates  that  the  rms  ripple  voltage  exceeds  the  d-c  output 
voltage.  This  shows  that  the  single-phase  half-wave  rectifier  is  a rela- 
tively poor  device  for  converting  alternating  into  direct  current. 


Fig.  14-5.  Schematic  wiring  diagram  and  equivalent  circuit  of  a full-wave  vacuum 
rectifier. 


} C 


14-3.  Single-phase  Full-wave  Vacuum  Rectifier.  The  circuit  of  the 
single-phase  full-wave  rectifier  is  shown  in  Fig.  14-5.  This  circuit  is  seen 
to  comprise  two  half-wave  circuits  which  are  so  connected  that  conduction 
takes  place  through  one  tube  during  one  half  of  the  power  cycle  and 
through  the  other  tube  during  the  second  half  of  the  power  cycle. 

The  current  to  the  load,  which  is  the  sum  of  these  two  currents,  has  the 
form  shown  in  Fig.  14-6.  The  d-c  and  rms  values  of  the  load  current  in 
such  a system  are  readily  found,  from  the  definitions  (14-4)  and  (14-6), 
to  be  ^ 

! 27  7 

Ldc  — irms  ^ 


(14-22) 


TT 
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where  Im  is  the  maximum  value  of  the  current  wave, 
power  is,  therefore, 

p j 2p  EJRi 

Pdc  = IdcRh  = 


Tf/  (Vp  + RlY 
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The  d-c  output 
(14-23) 


oc=ui 


where  Em  is  the  peak  transformer  secondary  voltage  from  one  end  to  the 
center  tap.  It  is  noted,  by  comparing  Eq.  (14-22)  with  Eq.  (14-5),  that 
the  direct  current  supplied  to  the  load  for  the  full-wave  connection  is 
twice  that  for  the  half-wave  connec- 
tion. Hence  the  power  delivered  to 
the  load  is  larger  by  a factor  of  4 in 
the  full-wave  circuit.  However,  the 
power  depends  upon  the  circuit  con- 
stants and  parameters  in  the  same 
way  as  for  the  half-wave  circuit. 

A little  thought  should  convince 
the  reader  that  the  input  power  sup- 
plied to  the  plate  circuit  in  the  full- 
wave  case  is  given  by  the  same  ex- 
pression as  for  the  half-wave  case, 
viz.. 


*61 


*62 


DC 


Pi  = Lra,^irp  -f  Rl)  (14-24) 

The  efficiency  of  rectification  of  the 
rectifier  is  then  easily  found  to  be 


Load 

current 


100 


oc 


oc 


81.2 


1 + Tpf  Rl 


% (14-25) 


Fig.  14-6.  The  transformer  voltage,  the 
individual  tube  currents,  and  the  load- 
current  wave  forms  in  a single-phase 
full-wave  rectifier. 


This  expression  shows  a theoretical 
maximum  twice  that  obtained  for  the  half-wave  circuit. 

The  required  current  ratio  that  appears  in  the  expression  for  the  ripple 
factor  is 

-^rms  _ Im/'\/‘i 

I dc 


= 1.11 


2/„/7r 

The  ripple  factor  for  the  full-wave  circuit  is,  from  Eq.  (14-20), 
r = \/l-lP  - 1 = 0.482 


(14-26) 


A comparison  of  this  value  with  the  value  given  by  Eq.  (14-21)  for  the 
half-wave  circuit  shows  that  the  ripple  factor  has  dropped  from  1.21  in 
the  half-wave  case  to  0.482  in  the  present  case.  Clearly,  therefore,  the 
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full-wave  circuit  gives  more  efficient  rectification  with  a larger  fraction  of 
the  a-c  input  power  being  converted  into  d-c  power. 

The  d-c  output  voltage  is  given  by 

Eao  = ^ - hcTp  (14-27) 

TT 

Full-wave  rectification  is  usually  accomplished  through  the  use  of  a 
tube  that  is  so  constructed  as  to  contain  both  diodes  within  a single 
envelope,  such  as  the  type  5U4-GB  tube.  Semiconductor  junction  power 
diodes  are  also  packaged  in  pairs  for  full-wave  rectification. 

Let  us  consider  the  diagram  of  Fig.  14-5  from  the  point  of  view  of  peak 
inverse  voltages.  Suppose  that  tube  1 is  conducting,  whence  tube  2 is 
in  the  nonconducting  state.  Except  for  the  ibVp  drop  in  tube  1,  the  peak 
potential  between  the  transformer  mid-point  and  the  cathode  is  Em,  the 


Fig.  14-7.  (a)  Idealized  voltage-ampere  characteristic  of  a gas  diode.  The  break- 
down, maintaining,  and  extinction  voltages  are  all  assumed  to  be  equal  to  Eq.  (b) 
The  equivalent  circuit. 


transformer  maximum  value.  This  is  the  voltage  that  appears  across  the 
load  Rl.  But  the  potential  difference  between  the  mid-point  and  the 
anode  of  tube  2 is  also  Em,  so  that  the  potential  between  the  cathode  and 
anode  of  tube  2 is  2Em.  Hence,  the  peak  inverse  voltage  of  each  diode 
in  a full-wave  system  is  twice  the  transformer  maximum  voltage  to  center 
tap  if  the  tube  drop  is  neglected. 

The  conditions  imposed  on  the  insulation  between  the  primary  and  the 
secondary  of  the  filament  heating  transformer  are  the  same  as  those  which 
exist  in  the  case  of  the  half-wave  circuit.  Thus,  if  the  negative  of  the 
system  is  grounded,  it  is  necessary  to  use  a filament  transformer  having 
interwinding  insulation  that  will  withstand  the  full  d-c  potential.  If  the 
positive  of  the  system  is  grounded,  this  insulation  stress  will  not  exist. 

14-4.  Circuits  with  Gas  Diodes.  Although  the  general  characteristics 
of  the  circuits  for  diode  operation  remain  substantially  unchanged  when 
the  high-vacuum  diodes  are  replaced  by  gas-filled  or  vapor-filled  tubes, 
certain  differences  do  exist  which  we  shall  now  investigate. 
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A gas  tube  will  not  conduct  until  the  potential  difference  between  the 
anode  and  the  cathode  reaches  the  breakdown  value.  During  conduc- 
tion, a constant  voltage  drop  will 
exist  between  the  cathode  and  the 
anode.  When  the  anode  potential 
falls  below  the  extinction  voltage, 
conduction  ceases.  The  situation 
is  illustrated  in  Fig.  14-7 ; (a)  gives 
the  idealized  volt-ampere  charac- 
teristic and  (h)  gives  the  equivalent 
circuit.  The  wave  forms  are  indi- 
cated in  Fig.  14-8.  Actually,  the 
breakdown  and  the  extinction  po- 
tentials are  not  exactly  the  same, 
and  as  a result,  Fig.  14-8  is  only 
approximate.  However,  very  little 
practical  error  is  introduced  by  this 
approximation. 

A limitation  to  the  use  of  gaseous 
diodes  of  the  mercury-vapor  type 
lies  in  the  fact  that  the  electrons  in 
the  plasma  of  the  discharge  perform 
oscillations  of  high  frequencies.^ 

This  high-frequency  disturbance 
may  prove  annoying  in  certain  cases,  although  it  may  be  suppressed  by 
connecting  radio-frequency  chokes  in  series  with  each  anode  lead. 

Example.  Calculate  the  regulation  and  efficiency  of  rectification  of  a half-wave  cir- 
cuit using  a gas-filled  rectifier  tube.  Assume  that  the  constant  tube  drop  during 
conduction  Eq  is  small  compared  with  the  transformer  secondary  peak  value  Em- 

Solution.  The  instantaneous  load  voltage  ei,  equals  the  instantaneous  transformer 
voltage  less  the  constant  tube  drop.  Hence,  during  conduction, 

Cl  = Em  sin  a — Eq 

The  corresponding  expression  for  the  current  is 

Em  sin  a — Eo 

lb  p 

JxL 

The  d-c  load  voltage  is  found  by  taking  the  average  value  of  cl.  Thus  ' 

\ f Ott 

Edc  = TT  I ^ 

"TT  J ai 

where  ai  is  the  angle  at  which  the  tube  fires  and  a2  is  the  angle  at  which  conduction 
ceases.  However,  if  Em  ^ Eo,  little  error  will  be  made  by  assuming  that  ai  = 0 and 
a2  = TT.  By  changing  the  limits  as  indicated,  and  carrying  out  the  indicated  integra- 


Fig.  14-8.  The  wave  forms  for  a half- 
wave circuit  using  an  ideal  gas  diode, 
(a)  Input  voltage,  (b)  Voltage  across 
the  tube,  (c)  Plate  current. 
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tion,  there  results 


(14-28) 


This  equation  does  not  contain  the  load  current.  This  means,  of  course,  that  Edc 
remains  constant,  independent  of  the  load  current.  Thus  perfect  regulation  is 
indicated. 

To  calculate  the  efficiency  of  rectification,  it  is  necessary  to  know  the  input  power  to 
the  plate  circuit.  This  is  given  by 


Pi  = 


‘lir 


/o’ 


eib  da 


sin  a) 


Rl 


da 


where  the  limits  have  again  been  taken  as  0 and  tt  instead  of  ai  and  a2.  This  expres- 
sion reduces  to 


Pi  = 


Em^ 

4:Rl 


The  d-c  power  to  the  load  is 


P dc  — E del  dc  — 


Ede^ 

Rl 


Err,^ 

tt^Rl 


^ Eq\^ 

V 2eJ 


The  efficiency  of  rectification  is,  therefore, 


Vr  = 


( \ —IL  ^ 

V 2eJ 

TcEn, 


(14-29) 


(14-30) 


(14-31) 


This  expression  shows  that  ijr  is  independent  of  the  load  current.  If  the  numerator  of 
Eq.  (14-31)  is  divided  by  the  denominator,  and  if  all  powers  of  Eo/Em  higher  than  the 
first  are  neglected,  this  may  be  written  in  the  form 

Vr  = 40.6  (l  - 1.87  % (14-32) 

To  the  same  approximation  as  that  of  this  problem,  the  ripple  factor 
is  given  by 

r = 1.21^1  +0.5^°^  (14-33) 

The  foregoing  shows  that  the  result  of  using  gas  tubes  in  a rectifier 
circuit  is  to  yield  a slightly  lower  d-c  output  voltage  and  efficiency  of 
rectification  than  the  maximum  possible  values  with  vacuum  diodes. 
However,  the  values  are  substantially  constant  and  independent  of  the 
load  current,  and  under  normal  operation  these  values  are  generally 
higher  than  actually  exist  when  vacuum  diodes  are  used.  The  ripple 
voltage  with  gas  tubes  is  slightly  higher  than  with  vacuum  diodes. 
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If  the  tube  drop  is  very  small  compared  with  Em,  the  foregoing  expres- 
sions reduce  to 

Eac  = — Vr  = 40.6%  r = 1.21 

IT 

These  are  exactly  the  values  that  would  be  obtained  from  the  correspond- 
ing equations  for  the  vacuum  diode,  if  the  plate  resistance  rp  were  set 
equal  to  zero. 

The  analysis  of  the  full-wave  gas-tube  circuit  is  similar  to  that  made 
above  for  the  half-wave  rectifier. 

14-6.  Other  Full  -wave  Circuits.  A variety  of  other  rectifier  circuits 
find  extensive  use.  Among  these  are  the  bridge  circuit,  several  voltage- 
doubling circuits,  and  a number  of  voltage-multiplying  circuits.  The 
bridge  circuit  finds  application  not  only  for  power  circuits  but  also  as  a 
rectifying  system  in  rectifier  a-c  meters  for  use  over  a fairly  wide  range  of 
frequencies. 

The  essentials  of  the  bridge  circuit  are  shown  in  Fig.  14-9.  In  order 
to  understand  the  action  of  this  circuit,  it  is  necessary  only  to  note  that 
two  tubes  conduct  simultaneously. 

For  example,  during  that  portion 
of  the  cycle  when  the  transformer 
polarity  is  that  indicated  in  Fig.  14-9, 
tubes  1 and  3 are  conducting,  and 
current  passes  from  the  positive  to 
the  negative  end  of  the  load.  The 
conduction  path  is  shown  on  the 
figure.  During  the  next  half  cycle, 
the  transformer  voltage  reverses  its 
polarity,  and  tubes  2 and  4 send  current  through  the  load  in  the  same 
direction  as  that  during  the  previous  half  cycle. 

The  principal  features  of  the  bridge  circuit  are  the  following:  The  cur- 
rents drawn  in  both  the  primary  and  the  secondary  of  the  supply  trans- 
former are  sinusoidal,  and  therefore  a smaller  transformer  may  be  used 
than  for  the  full-wave  circuit  of  the  same  output;  a transformer  without  a 
center  tap  is  used;  and  each  tube  has  only  transformer  voltage  across  it  on 
the  inverse  cycle.  The  bridge  circuit  is  thus  suitable  for  high-voltage 
applications.  For  example,  if  the  output  is  10,000  volts,  then  the  peak 
inverse  voltage  across  each  tube  is  10,000  volts.  However,  if  a full-wave 
circuit  were  used,  then  the  peak  inverse  voltage  would  be  20,000  volts. 
The  transformers  supplying  the  heaters  ot  the  tubes  must  be  properly 
insulated  for  the  high  voltage. 

The  rectifier  meter  which  is  illustrated  in  Fig.  14-10  is  essentially  a 
bridge-rectifier  system,  except  that  semiconductor  elements  replace  the 


circuit. 
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tubes,  and,  of  course,  no  transformer  is  required.  Instead,  the  voltage  to 
be  measured  is  applied  through  a multiplier  resistor  R to  two  corners  of 


Fig.  14-10.  The  rectifier  voltmeter. 


the  bridge,  a d-c  milliammeter  being 
used  as  an  indicating  instrument  across 
the  other  two  corners.  Since  the  d-c 
milliammeter  reads  average  values  of 
current,  the  meter  scale  is  calibrated  to 
give  rms  values  when  a sinusoidal  volt- 
age is  applied  to  the  input  terminals. 
As  a result,  this  instrument  will  not 


read  correctly  when  used  with  wave  forms  which  contain  appreciable 


harmonics. 


A common  voltage-doubling  circuit,  which  delivers  a d-c  voltage 
approximately  equal  to  twice  the  transformer  maximum  voltage  at  no 
load,  is  shown  in  Fig.  14-11.  This  circuit  is  operated  by  alternately 
charging  each  of  the  two  capacitors  to  the  transformer  peak  voltage  Em, 
current  being  continually  drained  from  the  capacitors  through  the  load. 
The  capacitors  also  act  to  smooth  out  the  ripple  in  the  output. 

This  circuit  is  characterized  by  poor  regulation  unless  very  large 
capacitors  are  used.  The  inverse  voltage  across  the  tubes  during  the 
nonconducting  cycle  is  twice  the  trans- 


former voltage.  If  ordinary  rectifier 
tubes  are  used,  two  separate  filament 
transformers  or  one  transformer  with 
windings  well  insulated  from  each 
other  must  be  used.  The  latter  diffi- 
culty can  be  avoided  in  low-voltage 
systems  by  using  special  tubes,  for 
example,  the  25Z5,  which  is  equipped 
with  separated,  indirectly  heated  cath- 
odes, each  being  surrounded  by  its 
own  anode.  The  heaters  are  con- 


Fig.  14-11.  The  bridge  voltage- 
doubler  circuit.  This  is  the  single- 
phase  full-wave  bridge  circuit  of 
Fig.  14-9  with  two  capacitors  replac- 
ing two  tubes. 


nected  in  series  internally  but  are  well  insulated  from  the  cathodes.  The 
action  of  this  circuit  will  be  better  understood  after  the  capacitor  filter  is 
studied  in  Chap.  19. 

Circuits  for  obtaining  n-fold  multiplication,  ^ n even  or  odd,  are  given  in 
Probs.  14-14  and  14-15. 


14-6.  Controlled  Rectifiers.  A number  of  applications  exist  which 
require  a controlled  amount  of  current.  These  include  electric-welding 
operations,  lighting-control  installations  in  theaters,  motor-speed  control, 
and  a variety  of  other  industrial  control  applications.  It  is  possible  to 
vary  the  amount  of  current  supplied  to  the  load  either  by  controlling  the 
transformer  secondary  voltage  or  by  inserting  a controlling  resistor  in  the 
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output  circuit.  Neither  of  these  methods  is  desirable.  The  first  method 
may  require  expensive  auxiliary  equipment,  and  the  second  is  character- 
ized by  poor  efficiency.  The  development  of  thyratrons,  ignitrons,  and 
excitrons  has  made  control  a relatively  inexpensive  process. 

It  was  pointed  out  in  Sec.  13-3  that  the  presence  of  the  massive  grid 
structure  between  the  cathode  and  the  anode  of  the  thyratron  to  provide 
complete  electrostatic  shielding  between  these  electrodes  permits  control 
of  the  initiation  of  the  arc  by  controlling  the  grid  potential.  With  an 
applied  a-c  potential  to  the  anode,  the  arc  is  extinguished  once  each  alter- 
nate half  cycle  provided  that  the  arc  is  initiated  regularly.  The  average 
rectified  current  can  be  varied  over  wide  limits  by  controlling  the  point  in 
each  half  cycle  at  which  the  arc  initiation  occurs. 

In  order  to  analyze  the  action  of  a thyratron  in  a controlled  rectifier 
circuit,  use  is  made  of  the  critical  grid  breakdown  characteristic  of  Fig. 


-8  -6  -4  -2  0 +2  +4  +6  +8  +10 

D-c  grid  voltoge  ot  start  of  discharge 


Fig.  14-12.  The  breakdown  characteristics  of  a negative-  and  a positive-control 
thyratron. 

14-12.  This  curve  gives  the  minimum  grid  potential  required  for  con- 
duction to  occur  for  each  value  of  plate  potential.  Thus,  if  a sinusoidal 
plate  voltage  is  applied  to  the  tube,  the  potential  of  the  grid  just  to 
permit  conduction  at  each  point  in  the  cycle  is  found  from  the  critical  grid 
curve.  The  important  curves  are  illustrated  in  Fig.  14-13.  In  this  figure 
the  sine  waves  represent  the  plate  potential  as  a function  of  time.  On 
these  same  curves  are  drawn  the  critical  grid  (eg)  voltages  corresponding 
to  these  values  of  plate  voltage.  The  critical  grid  curves  for  the  negative- 
control  tube  in  Fig.  14-13a  and  for  the  positive-control  tube  in  Fig.  14-13& 
are  obtained  from  the  critical  grid  breakdown  curves  of  Fig.  14-12,  which 
are  plotted  for  35°C  (the  approximate  operating  temperature  in  air). 

The  critical  grid  breakdown  curve  is  drawn  only  for  positive  anode 
voltages,  since  conduction  does  not  take  place  if  the  anode  is  negative. 
For  the  positive  tube  the  critical  grid  curve  is  a straight  line  parallel  to  the 
time  axis,  indicating  that  the  breakdown  voltage  is  substantially  inde- 
pendent of  the  anode  potential.  For  the  negative  tube,  a point-by-point 
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plot  is  required  to  draw  the  critical  grid  curve,  as  in  Fig.  14-13a.  This  is 
obtained  from  the  critical  grid  starting  curve  as  follows:  Corresponding 
to  any  time  ti  in  the  positive  half  cycle,  the  plate  voltage  eti  is  obtained 
from  the  impressed  voltage  curve.  Then  corresponding  to  this  value  Cbi, 
the  critical  grid  point  e^i  (the  minimum  value  of  grid  potential  at  which 
conduction  will  just  take  place)  is  read  off  the  curve  of  Fig.  14-12.  This 


Fig.  14-13.  The  sinusoidal  plate  supply  voltage  and  the  corresponding  critical  grid 
(eg)  curve  for  (a)  a negative-control  tube  and  (b)  a positive-control  tube. 


point  is  plotted  on  Fig.  14-1 3a  at  the  point  corresponding  to  the  time  ti. 
(The  grid-voltage  values  are  so  small  that  it  is  difficult  to  draw  the  critical 
grid  curve  to  scale.) 

Suppose  that  the  circuit  is  so  arranged  that  the  grid  potential  exceeds 
the  critical  grid  breakdown  value  at  some  angle,  say  <p.  Conduction  will 
start  at  this  point  in  the  cycle.  The  voltage  drop  across  the  tube  during 

conduction  of  the  thyratron,  like 
that  of  any  gas  tube,  remains  sub- 
stantially constant  at  a low  value 
that  is  independent  of  the  current. 
This  tube  drop  is  of  the  order  of  10 
to  15  volts.  If  the  tube  drop  after 
conduction  has  begun  is  denoted  by 
Eo,  the  current  that  flows  through  a 
pure  resistance  plate  load  Rl  during  the  time  that  the  tube  is  conducting 
is  given  by 


Sr/i/  ^ 
input  \^g 
voltage 


Plate 

supply 

voltage 


Fig.  14-14.  A thyratron  circuit  with  a-c 
plate  and  grid  excitation. 


% 


Em  sin  ut  — Eo 
Rl 


(14-34) 


where  Em  is  the  maximum  value  of  the  applied  potential.  This  expression 
is  seen  to  follow  directly  from  the  circuit  of  Fig.  14-14. 

The  resulting  form  of  the  output  current  is  illustrated  in  Fig.  14-15. 
The  breakdown  or  ionization  time  is  so  smalP  that  it  need  not  be  taken 
into  consideration  in  most  applications.  This  accounts  for  the  vertical 
rise  in  the  plate-current  curve  at  the  angle  99.  The  current  is  seen  to  rise 
abruptly  at  this  angle  and  then  follows  the  sine  variation  given  in  Eq. 
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(14-34)  until  the  supply  voltage  Cp  falls  below  Eq  at  the  phase  tt  — (po. 
The  current  will  remain  zero  until  the  phase  <p  is  again  reached  in  the 
next  cycle. 


Fig.  14-15.  The  wave  shape  of  the  load  current  4 in  a thyratron.  Conduction  starts 
at  the  angle  <p  and  stops  at  x — in.  each  cycle.  The  broken  curve  Cp  is  the  impressed 
plate  voltage. 

The  average  rectified  current  (the  value  read  on  a d-c  ammeter)  will  be 


which  integrates  to 

ho  = 2^^  j^cos  ^ + cos  <P0  - ^ h - (pa  - (p)  (14-35) 

where  a = ut  and  where  (pa  is  the  smallest  angle  defined  by  the  relation 

^Ea  = Em  sin  (Pa  (14-36) 

If  the  ratio  Ea/Em  is  very  small,  then  (po  may  be  taken  as  zero  and 
Eq.  (14-35)  reduces  to  the  form 


The  limits  of  variation  of  the  angle  (p 
This  analysis  shows  that  the 
average  Tectified"' 'cniTrent' i3an  be 
controlled  by  Var^iig  the  position 
at  which  the  grid  potential  exceeds 
the  critical  grid~starting  value. 
The  maximum  current  is  obtained 
wbienThe^rc  is  initialed  at  the  be- 
ginning of  each  cycle;  and  the 
minimum  current  is  obtained  when 


in  Eq.  (14-37)  are  from  0 to  tt. 


Fig.  14-16.  The  wave  shape  of  the  anode 
voltage  66  of  a thyratron. 


the  grid  potential  is  applied  at  a point  where  no  conduction  occurs,  viz.,  at 
tlm  end  (rf  the  positive  half  cyde. 

The  voltages  across  the  thyratron  for  the  conditions  illustrated  in  Fig. 
14-15  are  shown  in  Fig.  14-16.  The  applied  voltage  appears  across  the 
tube  until  conduction  begins.  After  breakdown  the  tube  voltage  is  a 
constant  equal  to  Ea-  When  the  applied  voltage  falls  to  such  a low 
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value  that  the  tube  is  extinguished,  then  the  tube  voltage  is  again  equal 
to  the  applied  voltage. 

The  reading  of  a d-c  voltmeter  placed  across  the  tube  will  be 


If  Em  ^ Eq,  this  reduces  to 

Edc  = — ~ (1  + cos  <p) 


(14-39) 


The  appearance  of  the  negative  si 
tive  than  the  plate  for  most  of 


Fig.  14-17.  The  wave  shapes  of  the 
tube  current  and  tube  voltage  in  a 
thyratron.  Conduction  begins  at  60 
deg  and  (since  » Eg)  ceases  at 
180  deg. 

total  power  delivered  by  the  a-c  supply, 
tion  equals  15  volts. 

Solution.  Since  Em  ^ Eg,  little  erroi 


:n  means  that  the  cathode  is  more  posi- 
,he  cycle.  This  is  in  agreement  with 
Fig.  14-16.  It  is  to  be  emphasized 
that  a d-c  voltmeter  does  not  read  Eo, 
if  an  a-c  potential  is  applied  to  the 
plate.  If  the  voltmeter  is  to  read 
upscale,  it  must  be  connected  with  its 
positive  terminal  at  the  cathode. 

It  should  be  noted  that  the  d-c  load 
voltage  is  the  negative  of  the  d-c  tube 
voltage  [compare  Eqs.  (14-37)  and 
(14-39)].  This  follows  from  the  fact 
that  the  sum  of  the  d-c  voltages  around 
the  circuit  is  zero. 

Example.  A thyratron  is  connected  ac- 
cording to  Fig.  14-14  and  supplies  power  to 
a 200-ohm  resistance  load  from  a 230-volt 
source  of  supply.  If  the  grid  voltage  is 
adjusted  so  that  conduction  starts  60  deg 
after  the  start  of  each  cycle,  calculate  the 
readings  of  the  following  meters:  (1)  an 
a-c  ammeter  in  series  with  the  load,  (2)  an 
a-c  voltmeter  across  the  tube,  (3)  a watt- 
meter inserted  in  the  circuit  so  as  to  read  the 
Assume  that  the  tube  drop  during  conduc- 

will  be  made  by  assuming  that  conduction 


continues  until  the  end  of  each  positive  half  cycle.  The  instantaneous  current  through 
the  tube  and  the  voltage  across  the  tube  will  have  the  forms  shown  in  Fig.  14-17. 
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1.  The  instantaneous  current  during  the  conduction  is 

. _ 230  sin  « — 15  1 

200  [ for  ^ ^ ^ TT 

ib  = 1.625  sin  a - 0.075  J 


An  a-c  ammeter  reads  the  rms  value  of  the  current  wave.  For  the  wave  sketched, 


= Vs 


(1.625  sin  a - 0.075)2  da 


= \ (2.65  sin2  « - 0.244  sin  a + 0.00564)  da 

' Ztt  Jtt/Z 

= \/0.533  - 0.058  + 0.002  = 0.69  amp 


If  the  tube  drop  is  neglected,  then 


/rma  = f’'  (1.625  sin  a)^  da  = a/0^3  = 0.73  amp 

The  limits  of  integration  are  from  60  to  180  deg,  the  current  being  zero  outside  of  this 
range. 

2.  The  a-c  voltmeter  reads  the  rms  value  of  the  voltage  wave  sketched.  It  is  noted 
that  between  0 and  7r/3  the  tube  voltage  equals  the  line  voltage;  between  tt/S  and  tt, 
it  is  constant  and  equal  to  Fq;  and  between  w and  2a-,  it  again  equals  the  line  voltage. 
Thus, 


= (230  V2  sin  a)^  da  15*  da  + j (230  y/2  sin  aY  da  j 


= 178  volts 


If  the  tube  drop  is  neglected,  then  very  little  error  is  introduced. 

3.  The  instantaneous  power  from  the  a-c  supply  is  the  product  of  the  instantaneous 
line  current  and  the  instantaneous  line  voltage.  The  wattmeter  will  read  the  average 
value  of  this  product.  Hence 

P = — f (1.625  sin  a — 0.075)  (230  \/2  sin  a)  da  = 101  watts 
Jtt/S 

The  integration  extends  only  from  a-/3  to  tt,  for  there  can  be  no  power  when  the  current 
is  zero.  If  the  tube  drop  is  neglected,  the  calculated  power  equals  107  watts. 

14-7.  Phase -shift  Control.  In  the  phase-shift  method  of  control,  the 
point  in  each  half  cycle  at  which  conduction  will  take  place  is  varied  by 
changing  the  phase  angle  between  the  plate  and  grid  potentials.  These 
conditions  are  illustrated  in  Fig.  14-18.  In  this  figure  the  grid  voltage  eg 
lags  the  plate  voltage  Cp  by  an  angle  6,  as  indicated  by  the  sinors  that 
represent  the  sine  waves.  An  examination  of  this  figure  shows  that  at  the 
time  corresponding  to  the  phase  ^ the  grid  voltage  just  equals  the  critical 
breakdown  value,  so  that  conduction  starts  at  this  point  in  the  cycle. 
The  arc  will  be  extinguished,  of  course,  when  the  plate  potential  falls  to  a 
value  too  small  to  maintain  conduction. 
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It  should  be  noted  that  the  curve  marked  Cp  in  Fig.  14-18  (and  in 
Fig.  14-13)  is  really  the  plate  supply  voltage  and  not  the  anode  voltage  e*. 
However,  before  conduction  begins  in  each  cycle,  Cp  — Cb,  and  hence  the 
foregoing  method  of  determining  the  angle  (p  at  which  conduction  begins 
is  valid. 

If  the  magnitude  of  the  applied  grid  voltage  is  large  compared  with  the 
critical  grid  voltage  (appropriate  to  the  plate  potential  at  any  phase),  the 


Fig.  14-18.  Phase-shift  control  of  a thyratron.  The  grid  voltage  eg  lags  the  plate 
voltage  Cp  by  an  angle  6.  Conduction  begins  at  the  angle  <f>  at  which  the  grid-voltage 
curve  intersects  the  critical  grid  curve.  The  sinors  (phasors)  which  generate  the 
plate  and  grid  voltages  are  indicated  to  the  left. 

angle  <p  is  approximately  equal  to  the  angle  6.  Under  these  circumstances 
the  critical  grid  curve  may  he  assumed  to  coincide  with  the  zero  voltage  axis. 
Furthermore,  if  the  maximum  value  of  the  plate  voltage  is  much  larger 
than  the  tube  drop,  then  Eq.  (14-37)  will  give  the  dependence  of  d-c  load 
current  upon  the  phase  angle  for  all  values  of  ^ for  which  the  grid  voltage 
lags  the  plate  voltage.  When  the  grid  voltage  leads  the  plate  voltage  by 
any  angle,  an  inspection  of  Fig.  14-18  reveals  that  conduction  will  occur 


Fig.  14-19.  The  average  load  current  as  a function  of  the  angle  between  the  grid  and 
plate  voltages.  The  tube  drop  has  been  neglected,  and  the  critical  grid  characteristic 
has  been  assumed  to  coincide  with  the  zero  voltage  axis. 

very  nearly  at  the  beginning  of  each  cycle.  The  maximum  possible  recti- 
fied current  is  obtained  under  these  conditions.  These  results  are  illus- 
trated in  Fig.  14-19. 

It  is  observed  from  this  curve  that  the  current  is  very  small  for  an  angle 
slightly  less  than  180  deg.  For  an  angle  slightly  larger  than  180  deg,  the 
plate  current  suddenly  rises  to  its  full  value.  Since,  when  the  grid  is  180 
deg  leading,  the  tube  will  be  on,  and,  when  it  is  180  deg  lagging,  the  tube 
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will  be  off,  the  180-deg  point  is  a critical  one.  This  critical  point  may  be 
obtained  in  the  laboratory  by  using  a phase-shifting  system  that  allows  a 
shift  through  the  180-deg  point. 

For  those  cases  where  a small  plate  potential  or  a small  grid  potential 
may  be  employed,  the  generalization  that  <p  = d will  no  longer  be  valid. 
Such  cases  can,  however,  be  analyzed  by  drawing  the  plate,  grid,  and 
critical  grid  curves  to  scale  in  the  manner  shown  in  Fig.  14-18.  Under 
some  extreme  conditions,  it  may  be  found  that  <p  differs  considerably  from 
6.  Also,  if  the  tube  drop  is  not  negligible  compared  with  the  peak  plate 
voltage,  the  d-c  plate  current  will  be  given  by  Eq.  (14-35)  and  not  by  the 
simplified  expression  (14-37).  However,  the  approximations  introduced 
above,  viz.,  the  neglect  of  the  tube  drop  and  the  assumption  that  the  criti- 
cal grid  curve  coincides  with  the  zero  voltage  axis,  are  valid  in  many 
practical  problems. 

14-8.  Phase -shifting  Circuits.  A number  of  methods  exist  by  which 
the  phase  between  the  plate  and  grid  voltages  may  be  varied.  A direct 
way  is  to  employ  a polyphase  phase  shifter. 

These  devices  are  essentially  wound-rotor  in- 
duction motors,  generally  with  unity  transfor- 
mation ratio,  the  rotor  of  which  may  be  set  at 
any  fixed  desired  angle  with  respect  to  the 
stator.  The  primary  is  excited  with  a three- 
phase  supply.  This  causes  a rotating  magnetic 
field  to  be  set  up,  the  phase  of  the  emfs  induced 
in  the  secondary  windings  being  a function  of 
the  angular  position  of  the  rotor.  A so-called 
“three-phase  selsyn”  may  be  used  for  this  pur- 
pose in  exactly  this  way. 

The  more  customary  method  of  shifting  the  phase  is  through  the  use  of 
simple  phase-shifting  networks.  The  phase-shifting  network  of  Fig. 
14-20  is  frequently  employed.^  The  cathode  return  K is  connected  to 
the  mid-point  of  a single-phase  system.  The  phase  between  the  grid 
and  plate  voltages  is  controlled  by  means  of  the  two  impedances  Zi  and 
Z2,  arranged  as  shown. 

In  order  to  analyze  this  phase-shifting  network,  it  is  convenient  to  draw 
a sinor  diagram  of  this  circuit.  Consider  the  case  where 


Fig.  14-20.  A network 
which  allows  the  phase  of 
the  grid  voltage  to  be 
shifted  with  respect  to  the 
phase  of  the  plate  voltage. 


and 


Zi  = R {a.  resistor) 

Z2  = coL  (an  inductor) 


The  voltage  notation  conventions  used  here  are  explained  in  Appendix 
VIII.  The  reader  is  urged  to  study  these  carefully  before  proceeding 
further;  otherwise,  the  diagrams  which  follow  may  not  be  clear  to  him. 
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The  first  step  in  the  analysis  is  to  label  the  cathode,  plate,  and  grid  with 
the  letters  K,  P,  and  G,  respectively.  Other  letters  (a,  h,  and  h)  are  also 
added  at  the  junction  points  in  the  network.  Conditions  are  then  con- 
U gidered  before  conduction  begins  in  each  cycle.  The  plate  current,  the  grid 

/ ..  / current,  and  the  cathode  current  are  all  zero  before  conduction  begins, 

and  the  tube  may  be  removed  from  the  circuit  without  any  effect.  The 
simple  network  of  Fig.  14-21  is  obtained.  Before  conduction,  there  is  no 
voltage  drop  in  the  load  resistor  Rl,  and  points  b and  P are  at  the  same 
potential  as  indicated  on  the  diagram.  Similarly,  h and  G are  at  the  same 
potential. 

The  sinor  diagram  is  given  in  Fig.  14-22.  The  voltage  drop  Epa  from 
P to  a is  drawn  along  the  horizontal  axis.  Since  the  cathode  is  connected 
to  the  mid-point  of  the  system,  then  the  point  K is  located  midway 


Fig.  14-21.  Before  conduction  begins  in  Fig.  14-22.  Circle  diagram  for  the  circuit 
each  cycle  the  circuit  of  Fig.  14-20  of  Fig.  14-20  for  conditions  before  conduc- 
reduces  to  this  network.  tion  starts  in  each  cycle.  The  diagram  is 

used  to  determine  the  phase  angle  d 
between  the  plate  and  grid  voltages. 

between  the  end  points  a and  P of  the  sinor  Epa.  Since  the  circuit  is 
inductive,  the  current  I lags  the  voltage  Epa.  The  IP  drop  from  G to  a is 
in  phase  with  the  current,  and  the  IX l drop  leads  the  current  by  90  deg. 
The  sum  of  the  two  drops  must,  of  course,  equal  the  line  voltage  drop 
Epa.  The  angle  aGP  is  a right  angle.  As  either  P or  L is  varied,  the 
point  G has  as  its  locus  a semicircle  whose  diameter  is  the  voltage  drop 
Epa  = 2E  or  whose  radius  is  E.  This  is  referred  to  as  a “circle  diagram.” 

Since  the  points  K and  G are  already  located  on  the  diagram,  then  the 
sinor  Eg*  can  be  drawn  between  them.  The  sinor  diagram  shows  that  the 
grid  voltage  Eg*  lags  the  plate  voltage  Ep*  by  the  angle  6.  As  either  P or  L 
is  varied,  this  angle  changes  but  the  magnitudes  of  both  the  plate  and  the 
gricTvdltages  remain  constant  and  equal  to  the  input  voltage  E. 

With  the  system  of  Fig.  14-20,  the  load  current  will  decrease  as  the 
resistance  decreases,  provided  that  Xz,  is  constant.  This  result  is  evident 
from  the  following;  If  P decreases,  I increases,  IX l will  increase,  and 
the  angle  B increases.  From  Fig.  14-19,  it  is  seen  that  Idc  decreases  as 
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6 increases.  The  phase  angle  can  be  obtained  from  Fig.  14-22.  The 
result  is  seen  upon  inspection  to  be 

6 Z2I  Z2 

tan  2 = ^ ^ (14-40) 

where 

Z2  — X L ~ wZy  and  Z\  — R 

If  and  Z2  are  interchanged,  then  a sinor  diagram  similar  to  the  fore- 
going for  the  new  conditions  indicates  that  now  6 becomes  an^syagle  pLZead 
of  the  grid  voltage  over  the  plate  voltage.  For  this  case  there  can  be  no 
control  over  the  magnitude  of  the  rectified  current,  Idc  remaining  constant 
and  independent  of  6,  as  indicated  in  Fig.  14-19. 

A similar  analysis  shows  that,  for  the  case  where  Zi  = 1/uC  and 
Z2  — R,  the  angle  6 is  also  given  by  Eq.  (14-40).  Here  with  Xc  held 
constant  and  R adjustable,  the  rectified  plate  current  decreases  as  R 
increases.  The  possible  arrangements  for  L and  C constant,  with  an 
adjustable  R,  are  tabulated. 


Zi 

Z2 

Control 

R 

Xl 

Idc  increases  as  R increases 

Xl 

R 

No  control;  maximum  conduction 

R 

Xc 

No  control;  maximum  conduction 

Xc 

R 

Idc  decreases  as  R increases 

The  quantity  R that  appears  in  the  phase-shift  circuit  need  not  neces- 
sarily be  an  ohmic  resistor  but  may  be  a thermionic  tube  whose  resistance 
is  varied  by  changing  one  of  the  control  voltages;  it  may  be  a photocell 
whose  resistance  varies  with  illumination ; or  it  may  be  any  other  resistor. 
Of  course,  R could  be  maintained  fixed  in  any  of  these  circuits,  and  the 
phase  angle  could  be  controlled  by  varying  L or  C. 

Numerous  other  phase-shifting  networks  exist.  The  following  illus- 
tration shows  another  such  circuit: 

Example.  Two  similar  capacitors  C and  two  similar  resistors  R are  employed  in  the 
phase-shifting  network  sketched  in  Fig.  14-23.  Show  that  phase-shift  control  of  the 
thyratron  is  obtained  by  varying  C.  In  particular,  li  R = 10®  ohms  and  C = 0.001 
/if,  what  will  be  the  d-c  plate  current  through  the  200-ohm  plate  load? 

Solution.  Since  the  plate  and  grid  voltages  are  large,  little  error  is  made  by  neglect- 
ing the  tube  drop  and  by  assuming  that  the  critical  grid  curve  coincides  with  the  zero 
voltage  axis. 

The  first  step  in  the  analysis  is  to  label  the  cathode,  plate,  and  grid  with  the  letters 
K,  P,  and  G,  respectively.  Other  letters  are  also  added  at  the  junction  points  in  the 
network  as  shown.  Before  conduction  begins  in  each  cycle,  the  tube  represents  an 
open  circuit,  and  the  network  of  Fig.  14-23  reduces  to  that  shown  in  Fig.  14-24. 
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To  construct  the  sinor  diagram  of  the  control  network,  the  grid  transformer  second- 
ary voltage  sinor  is  taken,  for  convenience,  along  the  horizontal  axis  in  Fig7  14-25. 
The  currents  through  both  parallel  brancTies  hga  and  hka  are  equal,  since  each  circuit 
contains  the  same  elements  R and  C.  This  current  is  denoted  by  I,  and  it  leads  the 
voltage  Eba,  since  each  branch  is  capacitive.  The  voltage  drop  from  point  k to  point  a 
equals  IR  and  is  in  phase  with  I.  Similarly,  the  voltage  drop  from  6 to  A:  is  Eb*  = I Ac 
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Fig.  14-23.  A phase-shifting  network 
for  thyratron  control. 


Fig.  14-24.  The  equivalent  circuit  of  the 
network  in  Fig.  14-23  before  conduction 
begins  in  each  cycle. 


and  lags  I by  90  deg,  since  Ac  is  a capacitive  reactance.  Since  the  sinors  E^a  and  Eb& 
are  mutually  perpendicular,  this  locates  the  point  k on  a semicircle  with  Eba  as  the 
diameter  and  drawn  above  the  horizontal  axis. 

By  employing  a similar  analysis,  the  point  g is  located  on  a semicircle  with  Ebo  as 
diameter  but  drawn  below  the  horizontal  axis,  as  shown  by  the  broken  semicircle  in 
j Fig.  14-25.  The  grid  voltage  E^*  is  seen  to  be  equal 

in  magnitude  to  the  secondary  grid  transformer 
voltage  and  is  therefore  independent  of  the  par- 
ticular values  of  R and  C.  The  angle  between  E^* 
and  Ebo  is  6 and  represents  the  aH^e  betweenThe  grid^ 
aiid”' plate  voltages.”  “This  follows  fr^niTthefa^  thaU 
Eb'o'  = Epfc'IFefore  conduction  starts  in  each  cycle) 
1)  and  Eba  is  either  in  phase  with  or  180  deg  out  of 
*“"7  phase  with  Eb'o'. 

When  Eba  is  180  deg  out  of  phase  with  Eb'o',  the 

^ age  and  so  no  control  of  the  bufpuT  current  IFpossi- 

TTrr,  1/1  OK  c t)le.  Hence  the  maximum  current  wiH  flow’ for  all 

hiG.  14-25.  Circle  diagram  for  — , ^ t,-  • ■ , . , 

the  network  of  Fig.  14-23.  values  of  B.  If  Eb'o'  is  in  phase  with  Eba,  then  the 

current  can  be  controlled  from  zero  to  a maximum 

value  by  varying  C from  very  large  values  to  very  small  values. 

It  is  seen  from  the  geometry  of  the  circle  diagram  that 

tan  I = ^ = oiRC 
^ Ac 

For  the  present  case  with  R = 10«  ohms,  C = 0.001  ^f,  and  co  = 120Tr,  then  tan  (0/2)  = 
0.377,  from  which  B = 41.2°.  By  Eq.  (14-37),  the  direct  current  is  found  to  be 


440  V2 


(1  + cos  41.2°)  = 0.87  amp 
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14-9.  D-c  Bias  Control.  It  is  possible  to  control  the  magnitude  of  the 
average  rectified  current  of  a thyratron  by  varying  the  d-c  grid  bias  volt- 
age Ec  on  the  tube.  An  a-c  plate  supply  voltage  must  be  used.  This  is 
called  the  “bias-control”  method.  This  method  of  control  is  most  easily 
understood  by  referring  to  Fig.  14-26. 


Fig.  14-26.  The  bias  method  of  con- 
trol. Conduction  starts  at  the  phase 
(p  at  which  the  d-c  grid  voltage  Ee 
equals  the  critical  grid  voltage. 


Control  grid  voltage,  volts 


Fig.  14-27.  The  experimentally  deter- 
mined average  plate  current  in  a 
thyratron  as  a function  of  the  d-c  grid 
voltage  in  the  bias  method  of  control. 


The  tube  will  conduct  at  the  point  where  Ec  intersects  the  critical  grid 
curve,  the  angle  ^ of  the  diagram.  Clearly,  if  the  negative  grid  voltage  is 
too  large  {Ec  > E'),  the  grid- voltage  line  will  not  intersect  the  critical  grid 
characteristic  and  conduction  will  not  be  possible.  The  maximum  nega- 
tive bias  is  that  for  which  the  grid  voltage  line  is  tangent  to  the  critical 
grid  curve,  and  the  tube  conducts  for  one-quarter  of  the  cycle.  For  less 
negative  values  of  the  bias  voltage,  the 
angle  <p  at  which  conduction  begins  is  less 
than  90  deg.  Control  is  evidently  possi- 
ble over  the  range  from  full  conduction  to 
half  conduction. 

A curve  showing  the  variation  of  the  d-c 
plate  current  with  bias  voltage  is  shown  in 
Fig.  14-27.  As  predicted,  the  plate  cur- 
rent can  be  varied  from  a maximum  value 
to  a value  about  one-half  of  this  maximum. 

If  one  attempts  to  obtain  smaller  values  of 
rectified  current,  the  tube  ceases  to  con- 
duct and  the  current  falls  to  zero,  as  shown. 

An  unstable  critical  condition  analogous  to  that  which  prevails  in  the 
phase-shift  method  of  control  for  6 = 180°  occurs  here  at  the  point  ^ = 90°. 

14-10.  Bias  Phase  Control.  It  is  a shortcoming  of  the  d-c  bias  method 
of  control  discussed  in  Sec.  14-9  that  it  provides  control  only  over  the 


P 


Fig.  14-28.  A circuit  for  bias 
phase  control  of  a thyratron. 
The  grid  voltage  is  the  sum  of 
the  a-c  voltage  across  the  capaci- 
tor C and  the  d-c  bias  voltage  Ec. 
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range  from  maximum  current  to  approximately  one-half  this  value.  It  is 
possible  to  extend  the  range  of  control  by  combining  a-c  and  d-c  grid 
excitation.  A circuit  for  such  control  is  illustrated  in  Fig.  14-28.  The 
RC  network  serves  to  provide  a fixed  shift  between  the  grid  and  plate 
voltages.  Control  is  then  obtained  by  varying  the  d-c  grid  bias  Ec  either 
positively  or  negatively. 


Fig.  14-29.  Current  variations  with  bias  phase  control.  The  phase  angle  between 
plate  and  grid  voltages  is  kept  constant  at  45  deg  and  the  bias  voltage  is  varied: 
(a)  Ec  = 0;  (b)  Ec  negative;  (c)  Ec  positive.  The  sinors  generating  the  Cp  and  eg 
curves  are  shown  to  the  left. 

Suppose,  for  convenience,  that  R — Xq.  The  a-c  grid  voltage  will 
then  lag  the  plate  voltage  by  45  deg  and  will  have  a maximum  value  that 
is  0.707  times  the  maximum  of  the  plate  voltage,  as  can  easily  be  seen 
from  a simple  sinor  diagram.  Assume  also  that  the  critical  grid  curve 
coincides  with  the  zero  voltage  axis.  Then,  with  zero  bias  Ec  = 0,  con- 
duction will  start  at  the  45-deg  point  in  each  positive  half  cycle,  as  shown 
in  Fig.  14-29a.  From  Eq.  (14-37)  the  direct  current  is  closely  approxi- 
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mated  by 

Idc  = ^(1  + cos  (p)  (14-41) 

where  I'  = Em/T^Rh  represents  the  maximum  possible  direct  current. 
For  v?  = 45°, 

^ = I (1  -b  cos  45°)  = 0.85 
This  is  indicated  in  Fig.  14-30. 

If  now  a negative  d-c  bias  is  applied,  this  is  equivalent  to  sliding  the 
Bg  curve  downward  with  respect  to  the  curve.  This  is  indicated  in 
Fig.  14-295.  The  a-c  grid  voltage 
Bg  intersects  the  zero  voltage  axis 
farther  along  in  the  cycle,  and  the 
plate  current  is  decreased.  It  can 
be  seen  from  the  diagram  that  the 
minimum  rectified  current  will  exist 
when  the  negative  bias  Eg  equals 
the  peak  a-c  grid  voltage  Egm.  Con- 
duction will  then  start  at  an  angle 
(f  — 135°.  Under  this  condition, 
hc/E  = ^(1  + cos  135°)  = 0.15. 

If  the  d-c  bias  is  made  more  negative  than  this  value,  no  conduction  is 
possible. 

If  the  bias  is  made  positive,  this  is  equivalent  to  sliding  the  Bg  curve 
upward  with  respect  to  the  Cj,  curve.  Conduction  will  start  at  some  angle 
that  is  smaller  than  45  deg.  This  is  shown  in  Fig.  14-29c.  An  inspection 
of  this  diagram  shows  that  when  the  d-c  bias  equals  0.707  times  the  peak 
grid  alternating  voltage  {Eg  = 0.707 Eg„^),  conduction  will  take  place  over 
the  full  half  cycle  and  maximum  current  will  be  delivered. 

A plot  of  Idc/ E as  a function  of  Eg/ Egm  is  given  in  Fig.  14-30.  Different 
shapes  of  control  curves  of  this  type  are  obtained  for  each  phase-shift 
angle.  An  angle  of  lead  results  in  a quite  different  control  characteristic 
from  the  same  angle  of  lag.  The  method  of  obtaining  these  control  curves 
is  summarized  as  follows:  The  sinor  Ep  is  drawn  horizontally,  and  the 
sinor  Eg  is  drawn  at  the  given  angle  with  respect  to  it.  Then  the  Bp  and  Bg 
curves  are  drawn  as  the  vertical  projections  of  the  corresponding  sinors,  as 
they  are  imagined  to  rotate  in  a counterclockwise  direction.  This  ensures 
the  proper  orientation  of  the  a-c  grid  voltage  with  respect  to  the  plate 
voltage.  The  entire  analysis  may  be  invalid  unless  this  is  done  carefully. 
The  Bg  curve  is  now  moved  upward  for  a positive  d-c  bias  and  downward 
for  a negative  d-c  bias.  The  angle  at  which  the  Bg  curve  intersects  the 


Fig.  14-30.  The  control  characteristic  of 
the  network  in  Fig.  14-28. 


364  VACUUM-TUBE  AND  SEMICONDUCTOR  ELECTRONICS 


Ec/E, 


gm. 


-1.0 


-2.0 

Fig.  14-31.  Linear  control  is  obtained 
with  the  bias  phase  method  if  the  grid 
voltage  lags  the  plate  voltage  by  90  deg. 


zero  voltage  axis  is  noted  for  each  value  of  bias,  and  the  corresponding 
direct  current  is  calculated  from  Eq.  (14-41). 

One  special  case  is  of  importance.  If  the  phase-shift  angle  is  90  deg 
with  the  grid  voltage  lagging  the  plate  voltage,  then  linear  control  from 

zero  to  maximum  current  is  ob- 
tained as  illustrated  in  Fig.  14-31. 
The  proof  of  this  statement  is  left 
to  the  reader  (Prob.  14-3  le). 

14-11.  On-Off  Control.  A va- 
riety of  circuits  exist  which  permit 
on-off  control  of  a thyratron.  Such 
circuits  would  be  employed  when 
it  is  desired  to  use  the  thyratron 
as  a switch  or  contactor. 

Consider  a positive-grid  thyra- 
tron which  operates  with  alternat- 
ing current  on  the  plate  and  with  a d-c  bias  on  the  grid.  The  critical  grid 
characteristic  is  a straight  line,  as  can  be  seen  from  Fig.  14-12.  If  the 
grid  voltage  is  more  positive  than  this  critical  grid  voltage,  conduction 
takes  place.  If  the  grid  voltage  is  less  than  this  critical  value,  the  tube 
does  not  conduct.  Thus  the  tube  acts  as  a power  switch,  with  the  grid 
controlling  the  “on”  or  “off”  status. 

There  are  other  instances  when  continuous  control  is  not  obtained,  only 
an  on-off  control  being  exercised.  Consider,  for  example,  the  phase-shift 
control  circuits  of  Sec.  14-8.  It  is  seen  from  Fig.  14-19  that  if  the  circuit 
parameters  are  so  adjusted  that  the  phase  shift  between  the  grid  and  plate 
potentials  is  in  the  neighborhood  of  180  deg 
either  full  rectified  current  or  zero  current  is 
obtained. 

Another  example  of  on-off  control  is 
illustrated  in  the  circuit  of  Fig.  14-32. 

The  switch  & serves  as  an  arcless  contactor 
to  control  considerable  power  through  the 
load  Rh-  With  & open,  no  conduction 

occurs  since  Ecc  is  so  adjusted  that  it  is  more  negative  than  the  maximum 
negative  critical  grid  value  (the  voltage  E'  of  Fig.  14-26).  When  the 
switch  S is  closed,  the  grid  is  tied  to  the  cathode  and  approximately 
maximum  rectified  current  is  delivered.  The  resistor  R serves  to  prevent 
short-circuiting  the  battery  Ecc  when  S is  closed.  The  resistor  Rg  is  large 
enough  to  keep  the  grid  current  after  breakdown  within  safe  limits. 

14-12.  D-c  Operation  of  Thyratrons.  Since  the  grid  provides  a means 
of  initiating  the  discharge  but  not  of  extinguishing  it,  the  plate  voltage 
must  be  reduced  below  the  extinction  voltage  before  conduction  will  cease. 


Fig.  14-32.  An  on-off  thyratron 
control  circuit. 
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In  those  circuits  considered  above,  the  application  of  an  a-c  plate  voltage 
resulted  in  arc  extinction  once  each  cycle.  If  the  thyratron  is  operated 
with  a d-c  voltage  applied  to  the  plate,  then  for  control  it  is  necessary  that 
some  means  be  provided  for  extinguishing  the  arc.  This  can  be  accom- 
plished manually  by  opening  a switch  in  the  plate  circuit,  by  means  of  a 
relay  in  the  plate  circuit,  or  by  suitable  electrical  means. 

A variety  of  electrical  methods  exist  for  extinguishing  the  arc  in  a 
thyratron.  In  one  method,  a series  LC  circuit  is  connected  between  the 
plate  and  the  cathode.  With  such  an  oscillatory  circuit,  the  output  when 
the  tube  fires  will  be  a pulse  of  current  that  tends  to  oscillate  from  a 
positive  to  a negative  value.  Since  the  tube  cannot  pass  a reverse  cur- 
rent, the  arc  will  be  extinguished.  This  method  has  been  used  to  permit 
voltage  pulses  applied  to  the  grid  to  be  recorded  on  a mechanical  counter 
in  the  plate  circuit. 

A second  method,  which  is  used  extensively  for  the  generation  of  rectan- 
gular pulses  of  relatively  short  dura- 
tion, is  quite  like  that  just  described 
except  that  an  open-circuited  arti- 
ficial transmission  line  replaces  the 
LC  circuit.® 

Many  other  electrical  circuits 
exist  which  effectively  open  the  plate 
circuit.®  In  one  such  circuit  one 
thyratron  is  used  as  a means  for 
extinguishing  the  arc  in  a second 
thyratron  (see  Prob.  14-47). 

14-13.  Control  of  Ignitrons.  The 
general  features  of  the  ignitron  are 
discussed  in  Sec.  13-8.  In  this  tube, 
the  arc  is  established  once  each  cycle 
of  the  applied  power  by  means  of  a 
high-current  surge  to  the  ignitor  cir- 
cuit. Since  ignition  may  be  estab- 
lished at  any  point  in  the  cycle,  then 
control  of  the  average  anode  current 
is  possible. 


Fig.  14-33.  A simple  ignitron  circuit 
and  the  wave  forms  of  the  anode  volt- 
age, anode  current,  and  ignitor  current. 


The  fundamental  circuit  of  the  ignitron  for  simple  rectification  with- 
out phase  control  is  illustrated  in  Fig.  14-33.  The  wave  forms  of  the 
anode  voltage,  the  anode  current,  and  the  ignitor  current  are  also  shown. 
Conduction  occurs  if  the  anode  potential  is  sufficiently  positive  to  main- 
tain the  arc  that  results  from  the  ignition  spark.  After  conduction 
begins,  the  anode-cathode  voltage  across  the  ignitron  is  the  arc  drop 
(about  10  to  20  volts).  If  this  is  less  than  the  maintaining  voltage  of 
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the  diode,  the  current  through  the  ignitor  rod  falls  to  zero.  These  con- 
ditions are  illustrated  in  the  figure.  If  the  drop  across  the  ignitron  is 
greater  than  the  diode  maintaining  voltage,  the  ignitor-rod  current  is  not 
reduced  to  zero  but  falls  to  a small  value. 

The  series  rectifier  serves  two  purposes,  to  limit  the  ignitor  current  after 

ignition  on  the  positive  half  cycle 
to  a small  value  (or  zero)  and  to 
prevent  inverse  currents  on  the 
negative  half  cycle.  The  instan- 
taneous power  required  by  the 
ignitor  is  relatively  high,  although 
the  total  energy  involved  is  small, 
owing  to  the  short  time  interval 
Hence,  the  average  ignitor  power 

IS  small. 

The  instantaneous  power  required  for  ignition  is  considerably  higher 
than  that  required  by  the  grid  circuit  of  a thyratron,  and  the  general 
methods  of  control  of  thyratrons  are  not  applicable  to  ignitron  control. 
A common  method  of  control  utilizes  a thyratron  in  the  circuit.  In  this 
method,  which  is  illustrated  in  Fig.  14-34,  the  point  of  ignition  in  each 
cycle  is  controlled  by  controlling  the  breakdown  point  of  the  thyratron, 


Thyratron 


Grid  control 
circuit 
9 

Fig.  14-34.  An  ignitron  controlled  by 
means  of  a thyratron. 


during  which  the  ignitor  operates. 


Rl 


Fig.  14-35.  An  ignitron  control  circuit  in  which  the  ignitor-rod  current  does  not  pass 
through  the  load  Ri,. 


which  is  in  series  with  the  ignitor  rod.  The  grid-control  circuit  of  the 
thyratron  may  be  any  of  those  studied  above,  viz.,  a phase  shifter,  a phase- 
shifting  network,  etc.  It  should  be  noted  that,  in  this  circuit,  the  ignitor 
current  passes  through  the  load.  This  may  not  be  desirable  in  some 
applications  and  can  be  avoided  by  using  the  circuit  of  Fig.  14-35.  In 
this  circuit  the  thyratron  plate  current,  which  is  also  the  ignitor  current, 
is  supplied  by  the  energy  stored  in  the  capacitor  C in  the  thyratron  plate 
circuit. 

To  understand  the  operation  of  this  circuit,  suppose  that  the  thyratron 
is  nonconducting.  The  capacitor  C will  become  charged  to  the  peak 
value  of  the  transformer  voltage  through  the  series  gas  diode.  This  aux- 
iliary charging  circuit  must  be  so  connected  as  to  provide  the  capacitor 
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polarity  as  shown.  It  must  also  be  phased  properly  with  respect  to  the 
ignitron  supply  transformer,  as  shown  by  the  polarity  markings  on  Fig. 
14-35,  so  that  the  capacitor  is  charged  during  the  half  cycle  when  the 
ignitron  anode  is  negative.  If  the  thyratron  grid  voltage  is  now  adjusted 
so  that  conduction  will  occur  in  the  next  half  cycle,  the  capacitor  charge 
will  flow  through  the  thyratron  and  ignitor-rod  circuits  and  breakdown 
will  occur  provided  that  the  ignitron  anode  voltage  is  sufficiently  positive. 

The  current  surge  through  the  thyratron  and  ignitor-rod  circuit  will 
quickly  discharge  the  capacitor.  As  a result  the  thyratron  plate  current 
will  fall  below  that  necessary  to  maintain  the  arc,  and  the  current  through 
the  thyratron  and  ignitor-rod  circuit  will  fall  to  zero.  The  diode  rectifier 
must  now  supply  enough  current  to  charge  the  capacitor  again  before  the 
cycle  is  over  so  that  the  plate  voltage  of  the  thyratron  will  be  at  its  full 
value  when  the  grid  again  assumes  control.  This  action  is  repeated  in 
each  cycle. 

14-14.  Polyphase  Rectifiers.  Single-phase  rectifiers  are  used  exten- 
sively to  provide  sources  of  rectified  power  at  voltages  up  to  several  kilo- 
volts and  for  currents  up  to  several  amperes.  If  larger  powers  are 
required,  polyphase  rectifiers  are  employed.  Such  polyphase  systems 
are  used  for  supplying  power  for  railway  systems,  for  supplying  the  large 
direct  currents  required  for  electroplating,  for  supplying  the  moderate- 
current  high-voltage  power  required  for  the  plate  circuits  of  radio  trans- 
mitters, or,  in  fact,  for  any  application  that  requires  large  direct  currents. 

A number  of  reasons  exist  for  preferring  polyphase  rectifiers  for  high- 
power  service.  First,  most  a-c  power  is  generated  and  distributed  as 
three-phase  power,  and  a rectifying  system  which  operates  directly  from 
the  three-phase  lines  is  clearly  desirable.  Second,  the  ripple  in  the  out- 
put of  a polyphase  rectifier  which  operates  without  a filter  decreases  with 
an  increase  in  the  effective  number  of  phases.  Moreover,  the  lowest 
harmonic  that  exists  in  the  output  of  a rectifier  is  directly  dependent  on 
the  number  of  effective  phases.  The  larger  the  number  of  phases,  the 
higher  the  frequency  of  the  first  harmonic  term,  and  consequently  it  is 
easier  to  obtain  effective  filtering  with  a simple  and  generally  inexpen- 
sive filter.  Third,  the  transformers  and  associated  equipment  are  utilized 
to  better  advantage  in  certain  polyphase  circuits  than  with  single-phase 
circuits,  so  that  for  a given  rectifier  output,  the  rating  of  the  auxiliary 
equipment  is  smaller  than  with  the  single-phase  system. 

Although  the  primary  source  of  power  is  usually  a three-phase  system, 
considerable  advantage  may  be  realized  by  using  more  than  three  phases. 
The  desired  phase  transformation  is  effected  by  means  of  transformers  to 
yield  6-phase,  12-phase,  or  other  polyphase  power. 

Because  of  the  greater  current  capacity  of  gas  tubes  and  the  fact  that 
the  tube  drop  remains  substantially  constant  during  the  conducting  por- 
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tion  of  the  cycle  (thereby  providing  a high  and  substantially  constant 
efficiency),  polyphase  rectifiers  seldom,  if  ever,  employ  vacuum  diodes. 
If  moderate  values  of  current  are  required  at  high  voltage,  mercury-vapor 
diodes  are  usually  employed.  If  high  currents  are  required  at  low  volt- 
age, semiconductor  rectifiers  may  be  used.  F or  very  high-current  sources 

at  moderate  values  of  voltage,  poly- 
phase pool-cathode  tanks  or  banks  of 
ignitrons  or  excitrons  are  employed. 
The  general  operating  theory  is  sub- 
stantially the  same  in  either  case. 

The  circuit  of  the  three-phase  half- 
wave rectifying  system  is  given  in 
Fig.  14-36.  The  corresponding  pri- 
mary and  secondary  transformer  wind- 
ings are  shown  parallel  to  each  other,  a method  of  representation  that  will 
be  adhered  to  throughout  the  text.  The  symbol  e.,  represents  the  voltage 
at  anode  >S  with  respect  to  the  neutral  0 of  the  transformer  secondary. 


rectifier. 


Fig.  14-37.  Transformer  voltages,  tube  currents,  and  load  current  in  a three-phase 
half-wave  rectifier.  The  sinors  generating  the  three-phase  wave  forms  are  shown 
at  the  left. 

The  operation  of  such  a system  is  made  clear  by  reference  to  Figs.  14-36 
and  14-37.  At  a time  such  as  h (indicated  on  Fig.  14-37),  only  ei  is  posi- 
tive, and  so  only  anode  1 is  passing  current.  Since  the  voltage  drop 
across  the  tube  is  small,  most  of  the  voltage  appears  across  the  load  Rl. 
At  an  instant  later  than  t2,  the  transformer  voltage  62  also  becomes  posi- 
tive. However,  the  second  tube  remains  nonconducting  because  the  volt- 
age of  the  plate  with  respect  to  the  cathode,  eb2,  is  still  negative.  From 
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Fig.  14-36  we  observe  that 


662  — 62  — Sl 

where  is  the  voltage  across  the  load  Rl.  However,  when  tube  1 con- 
ducts, then  bl  = ei  — Eo,  where  Eo  is  the  constant  tube  drop.  Hence 

662  = 62  — 61  Eo  (14-42) 

Thus,  so  long  as  61  is  greater  than  62,  €^2  will  be  less  than  Eo  and  tube  2 
will  not  conduct. 

At  the  time  to,  however,  62  equals  e\.  At  an  instant  later,  62  exceeds  61, 
and  tube  2 will  fire  because  eb2  > Eo.  Further,  since  the  plate  voltage 
on  the  first  rectifier  is 

661  = 61  — 62  + Eo 

as  is  evident  from  the  way  Eq.  (14-42)  has  been  derived,  then  651  will  fall 
below  Eo  and  conduction  of  tube  1 will  cease  when  62  exceeds  Ci. 

By  following  the  same  sequence  of  arguments,  we  see  that  the  current 
will  transfer  to  tube  3 at  the  time  t = h.  Thus  each  tube  conducts  for 
120  deg,  or  one- third  of  the  total  cycle.  The  output  current  is  the  sum  of 
the  currents  through  each  of  the  anodes  and  is  given  by  zl  of  Fig.  14-37.  « 

Also  indicated  in  Fig.  14-37  is  the  average  or  d-c  component  of  cur- 
rent Idc  that  exists  in  anode  1.  Since  this  is  the  value  of  the  direct  cur- 
rent through  each  transformer  sec- 
ondary winding,  it  will  cause  some 
saturation  of  the  transformer  core. 

This  is  undesirable,  for  a distortion 
of  the  output  wave  form  may 
result. 

For  the  same  reasons  that  the 
single-phase  full-wave  circuit  is 
more  desirable  than  the  single- 
phase half-wave  circuit,  the  three- 
phase  full-wave  circuit  is  more 
desirable  than  the  three-phase  half- 
wave system.  The  full-wave  circuit  supplies  higher  power  at  a higher 
efficiency  than  the  half-wave  circuit. 

If  three  transformers  with  center  taps  or  with  double  secondary  wind- 
ings are  available,  the  six  rectifier  units  may  be  connected  as  in  Fig.  14-38. 

The  physical  behavior  of  this  circuit  is  identical  with  that  of  the  three- 
phase  half-wave  rectifier,  except  that  each  tube  conducts  for  60  instead  of 
120  deg.  Furthermore,  since  the  average  current  through  each  secondary 
winding  is  zero,  there  is  no  saturation  of  the  transformer  core. 
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If  three  transformers  without  center  taps  are  available,  then  full-wave 
rectification  is  possible  through  the  use  of  the  three-phase  bridge  circuit, 
shown  schematically  in  Fig.  14-39.  The  output  wave  shape  is  the  same 
as  that  for  the  six-phase  half-wave  circuit.  However,  the  individual  tube 
currents  differ  from  those  in  the  six-phase  half-wave  circuit,  since  each 
pair  of  tubes  conducts  for  two  successive  60-deg  intervals  during  each 
cycle.  As  was  also  true  in  the  case  of  the  single-phase  bridge  circuit, 
two  tubes  always  act  in  series  to  pass  current  to  the  load. 

A 


Fig.  14-39.  Three-phase  full-wave  bridge  circuit.  At  the  instant  shown,  the  potential 
of  point  B is  positive  with  respect  to  point  A,  and  tubes  4 and  2 are  conducting. 
The  corresponding  current  path  is  indicated  by  the  broken  line. 

From  the  way  in  which  the  circuit  diagram  has  been  drawn,  it  is  noted 
that  tubes  1,  2,  and  3 form  a Y-connected  system  which  is  connected  in 
parallel  with  a second  group  of  tubes  4,  5,  and  6.  This  latter  group  has 
the  plates  connected  to  the  lines  feeding  the  cathodes  of  the  first  group. 

To  understand  the  operation  of  this  rectifier,  refer  to  Fig.  14-40,  in 
which  the  three-phase  line  voltages  Bba,  sac,  and  bcb  are  indicated  by  solid 
lines.  The  negative  of  these  voltages  Bab,  cca,  and  bbc,  respectively,  are 
indicated  by  the  broken  lines.  The  diodes  that  conduct  over  each  60-deg 

interval  of  the  output  voltage  are 
also  indicated.  Thus,  at  the  in- 
stant when  the  voltage  bba  is  a 
maximum  {B  being  positive  with 
respect  to  A),  the  plates  of  tubes  4 
and  2 are  positive,  so  that  these 
tubes  are  conducting  current.  The 
current  path  through  these  tubes, 
the  transformer  secondaries,  and 
the  load  is  given  in  Fig.  14-39. 
When  the  voltage  Bbc  exceeds  Bba, 
then  the  current  will  switch  from 
tubes  4 and  2 to  tubes  4 and  3.  The  explanation  for  this  commutation 
is  very  similar  to  that  given  for  Fig.  14-37  for  the  three-phase  half-wave 
circuit.  The  reader  should  check  the  commutation  sequence  indicated  in 
Fig.  14-40.  In  particular,  note  that  the  tubes  conduct  in  pairs  and  that 
each  tube  carries  current  for  120  deg  in  each  cycle,  as  predicted. 


Fig.  14-40.  In  the  three-phase  bridge 
circuit  two  tubes  pass  current  simul- 
taneously. Each  tube  conducts  for 
120  deg  of  each  cycle  as  shown. 
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14-15.  The  Double -Y  Rectifier  Circuit.  A very  important  rectifier 
circuit,  which  is  known  as  a douhle-Y  circuit, is  illustrated  in  Fig.  14-41. 
Pool-cathode  multianode  or  single-anode  tanks  may  be  used  with  this  cir- 
cuit so  that  advantage  is  taken  of  the  very  high  currents  that  are  available 
from  the  pool  cathode.  Also,  the  peak  anode  current  in  such  a system  is 
one-half  the  total  load  current,  whereas  in  the  bridge  circuit  the  peak 
anode  and  the  load  currents  are 
equal.  Consequently,  the  double- Y 
connection  recommends  itself  for 
systems  that  are  to  supply  high  cur- 
rents, and  it  is  used  on  most  large 
six-phase  or  higher-phase  rectifiers. 

It  will  be  noted  that  this  system 
consists  essentially  of  two  separate 
three-phase  Y-connected  secondary 
systems  whose  corresponding  wind- 
ings are  displaced  by  180  electrical 
degrees  with  respect  to  each  other. 

The  two  three-phase  systems  have  their  neutral  points  connected  together 
by  a center-tapped  reactor,  generally  referred  to  as  the  “interphase  trans- 
former,” which  is  marked  ONO'  in  the  diagram. 

The  three-phase  system  of  voltages  of  group  I,  consisting  of  anodes  1,  3, 
and  5,  are  shown  in  Fig.  14-42.  Directly  below  are  indicated  the  three- 

phase  voltages  of  group  II,  consist- 
ing of  anodes  2, 4,  and  6.  It  should 
be  noted  that  the  voltage  of  anode 
4 is  the  negative  of  that  of  anode 
1,  5 is  the  negative  of  2,  and  6 is  the 
negative  of  3.  The  action  of  the 
circuit  can  best  be  understood  if  the 
interphase  transformer  is  consid- 
ered simply  as  a “commutating 
reactor”*  that  causes  two  anodes 
to  fire  simultaneously. 

Consider,  for  example,  the  in- 
stant of  time  t\  shown  on  the  curves 
of  Fig.  14-42.  At  this  instant,  the 
voltages  63,  64,  and  65  are  negative,  so  that  anodes  3,  4,  and  5 are  not  con- 
ducting. The  voltages  61  and  62  are  positive,  and  anodes  1 and  2 conduct 
simultaneously.  Although  the  voltage  Ce  is  positive,  the  anode-cathode 
voltage  of  anode  6 is  -f  65  — 62,  which  is  negative,  so  that  anode  6 is  not 
conducting.  (The  tube  drop  is  neglected,  for  simplicity.) 

Consider  the  path  10iV’0'2Al,  which  connects  anodes  1 and  2 together 


Fig.  14-42.  The  internal  and  external  be- 
havior of  a double- Y-connected  rectifier. 


Fig.  14-41.  The  double-Y  rectifier 
connections. 
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through  the  interphase  transformer.  If  ec  (the  “commutating  voltage”) 
is  the  voltage  to  the  center  tap  of  this  reactor,  then  Kirchhoff ’s  law  around 
this  path  gives 

fie  = Kci  — 62)  (14-43) 

Anodes  1 and  2 are  passing  current  simultaneously,  and  it  is  the  differ- 
ence in  voltage  between  the  two  conducting  anodes  that  appears  across 
the  reactor. 

The  load  voltage  is  found  by  choosing  a path  through  the  load,  through 
one  half  of  the  interphase  reactor,  and  through  either  anode  1 or  anode  2. 
The  result  is  either 


ez,  = Cl  — Cc  or  Cl  = 62  + Cc  (14-44) 


By  adding  these  expressions, 


Ci  — ^(ci  + C2)  (14-45) 

This  equation  shows  that  the  load  voltage  is  the  average  value  of  the  trans- 
former voltages  e\  and  e^  and  is  so  indicated  in  Fig.  14-42. 

At  the  time  ti  when  ei  equals  ez,  the  current  shifts  from  anode  1 to 
anode  3,  exactly  as  in  a simple  three-phase  system.  However,  anode  2 
continues  to  carry  current.  At  the  time  tz  the  current  transfers  from 
anode  2 to  anode  4,  which  then  conducts  simultaneously  with  tube  3. 

From  the  foregoing  reasoning,  we  can  conclude  that  internally  group  I 
behaves  independently  of  group  II , each  functioning  as  an  ordinary  three- 
phase  half-wave  rectifier,  and  each  tube  conducts  for  120  deg/cycle. 
Since  two  anodes  always  conduct  simultaneously,  these  two  groups  may 
be  considered  to  be  acting  essentially  in  parallel.  The  difference  in  volt- 
age between  the  transformer  potentials  to  the  anodes  that  are  conducting 
appears  across  the  commutating  reactor.  The  load  voltage  is  the  average 
value  of  the  output  voltage  of  group  I and  group  II.  This  load  voltage  is 
seen  from  Fig.  14-42  to  have  twice  the  frequency  of  either  group  I or 
group  II. 

14-16.  Rectifier-design  Data.  The  main  results  of  the  analysis  of  the 
uncontrolled  rectifier  circuits  outlined  above  are  summarized  in  Table  14-1. 

Suppose  that  the  three  circuits  that  yield  effective  six-phase  output 
are  compared.  We  note  from  Table  14-1  that  the  six-phase  half-wave 
circuit  requires  the  largest  transformer  kilovolt-ampere  (kva)  rating. 
Furthermore,  this  circuit  possesses  no  features  that  compensate  for  the 
low  transformer  utilization  factors,*  and  so  this  circuit  is  seldom  used. 

* The  transformer  utilization  factor  is  defined  as  the  ratio  of  the  d-c  power  output 
supplied  to  the  load  to  the  volt-ampere  rating  of  the  transformer  bank. 
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TABLE  14-1* 

RECTIFIER-DESIGN  DATA 


Circuit 

One- 

phase 

full- 

wave 

One- 

phase 

bridge 

Three- 

phase 

half- 

wave 

Three- 

phase 

bridge 

Double- 

Y 

Six- 

phase 

half- 

wave 

Circuit  diagram 

Transformer  second- 

14-5 

14-9 

14-36 

14-39 

14-41 

14-38 

ary  rms  volts /deg.  . 

l.llEac 

l.llFdo 

0.855Pdo 

0.427Pdo 

0.855Pdo 

0.74lPdc 

Peak  inverse  voltage. . 

3 . \AEdc 

l.^lEac 

2.09Pdo 

1.045Pdo 

2 . 09Pdc 

2.09Pdo 

Average  tube  current . 

0.5/do 

0.5/do 

i 0.33/do 

0.33/do 

0.167/do 

0.167/do 

Peak  tube  current .... 
Transformer  second- 

/do 

I dc 

I dc 

I dc 

0 . 5/do 

I dc 

ary  kva  rating 

Transformer  primary 

1 . 57Pdc 

l.llPdo 

1.481Pdo 

l.MlPdc 

1.481Pdo 

1 . 814Pdo 

kva  rating 

Principal  ripple  fre- 

l.llPdo 

l.llPdo 

1.21Pdo 

1.047Pdo 

1.047Pdo 

1.283Pdo 

quency 

2/ 

2/ 

3/ 

6/ 

6/t 

6/ 

Ripple  factor 

0.472 

0.472 

0.177 

0.0404 

0.0404 

0.0404 

* The  values  in  this  table  are  based  upon  the  following  assumptions:  zero  trans- 
former resistance;  zero  transformer  reactance;  zero  tube  drop;  very  large  reactance  in 
series  with  the  load  so  that  the  tube  current  is  constant  (except  for  the  ripple  frequency 
and  ripple  factor). 

t The  load  ripple  frequency  is  6/,  but  the  interphase  reactor  ripple  frequency  is  3/. 


The  three-phase  bridge  circuit  is  characterized  by  (1)  high  transformer 
primary  and  secondary  utilization  factors,  (2)  two  tubes  in  series  during 
the  conduction  period,  (3)  low  inverse  peak  voltage  per  tube.  Though 
(1)  and  (3)  are  desirable  features,  the  drop  in  the  two  conducting  tubes 
results  in  a reduced  rectifier  efficiency.  This  circuit  is  used  extensively 
for  high-voltage  moderate-current  service. 

The  double-Y  circuit  is  characterized  by  (1)  poor  transformer  secondary 
utilization  factor,  but  with  a high  primary  utilization  factor,  (2)  high 
inverse  peak  voltage  per  anode,  (3)  low  average  tube  current.  By  virtue 
of  (3),  this  circuit  is  recommended  for  moderate-voltage  high-current 
service.  Other  advantages  arise  from  the  fact  that  the  arc  drop  is  lowered 
as  a result  of  the  low  peak  current.  This  results  in  an  increased  efficiency. 
Furthermore,  since  a lower  current  is  commutated,  the  regulation  is 
improved. 

Example.  The  plates  of  a certain  radio-frequency  power  amplifier  require  4.5  amp 
at  16,000  volts.  Design  a polyphase  rectifier  that  will  supply  this  power  from  a 220- 
volt  three-phase  supply. 
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Solution.  The  three-phase  bridge  circuit  is  used  for  the  reasons  given  in  the  fore- 
going discussion.  From  the  data  in  column  5 of  Table  14-1,  it  is  found  that 

Peak-inverse  voltage  = 1.045  X 16,000  = 16,700  volts 
Average  tube  current  = 0.33/dc  = 1.5  amp 
Peak-tube  current  = 4.5  amp 

Western  Electric  type  255-A  mercury-vapor  diodes,  for  which 

Peak-in  verse-voltage  rating  = 20,000  volts 
Peak-tube-current  rating  = 5.0  amp 


would  be  satisfactory  tubes  to  use  in  this  circuit. 


Transformer  characteristics: 

Transformer-secondary  rating 


1.047  X 16,000  X 4.5 
3 


= 25.1  kva 


Transformer-primary  rating  = 25.1  kva 

Transformer-secondary  voltage  = 0.427  X 16,000  = 6,830  volts  rms 
Transformer-primary  voltage  = 220  volts  rms 


14-17.  Controlled  Polyphase  Rectifiers.®  Many  of  the  circuits  con- 
sidered above  for  polyphase  rectifiers  have  been  adopted  for  use  with 
grid  pool  tanks,  ignitrons,  and  excitrons. 


Fig.  14-43.  A double-Y  ignitron  circuit  with  thyratron  control.  The  complete 
ignitor-rod  control  circuit  is  shown  for  only  one  ignitron. 

Figure  14-43  shows  a typical  circuit  of  a three-phase  double-Y  con- 
trolled ignitron  circuit.^®  Each  ignitron  is  controlled  by  an  individual 
thyratron.  For  simplicity,  only  one  ignitron  is  shown  connected  to  its 
control  thyratron.  The  A-connected  primaries  of  the  grid  transformers 
are  supplied  from  the  three-phase  supply  through  a phase  shifter.  The 
output  voltage  of  this  system  for  a pure  resistance  load  with  an  angle  of 
delay  <p  is  shown  as  a heavy  line  in  Fig.  14-44.  The  d-c  value  of  this 
voltage  is,  of  course,  controlled  by  varying  <p. 
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Fig.  14-44.  The  output-voltage  wave  shape  of  a controlled  six-phase  rectifier. 

Another  common  circuit  for  grid  pool  tanks  is  the  bias  phase  control  dis- 
cussed in  Sec.  14-10/^  which  has  been  extended  for  polyphase  operation 
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CHAPTER  15 


UNTUNED  VOLTAGE  AMPLIFIERS 


In  this  chapter,  we  consider  the  following  problem:  Given  a low-level 
input  wave  form  which  is  not  necessarily  sinusoidal  but  which  may  con- 
tain frequency  components  from  a few  cycles  to  a few  megacycles,  how 
can  this  voltage  signal  be  amplified  with  a minimum  of  distortion? 

We  shall  also  discuss  many  topics  associated  with  the  general  problem 
of  amplification,  such  as  the  classification  of  amplifiers,  power  sources  for 
amplifiers,  hum  and  noise  in  amplifiers,  etc. 

16-1.  Classification  of  Amplifiers.  Amplifiers  are  described  in  many 
ways,  according  to  their  frequency  range,  the  method  of  operation,  the 
ultimate  use,  the  type  of  load,  the  method  of  interstage  coupling,  etc. 
The  frequency  classification  includes  d-c  (from  zero  frequency),  audio 
(20  cps  to  20  kc),  video  or  pulse  (up  to  a few  megacycles),  radio-frequency 
(a  few  kilocycles  to  hundreds  of  megacycles),  and  ultrahigh-frequency 
(hundreds  or  thousands  of  megacycles)  amplifiers. 

The  position  of  the  quiescent  point  and  the  extent  of  the  characteristic 
that  is  being  used  determine  the  method  of  operation.  Whether  the  tub^e 
or  transistor  is  being  operated  as  a Class  A,  Class  AB,  Class  B,  or  Class  C 
amplifier  is  determined  from  the  following  definitions: 

1.  A Class  A amplifier  is  one  in  which  the  operating  point  and  the 
input  signal  are  such  that  the  plate  or  collector  current  flows  at  all  times. 
A Class  A amplifier  operates  essentially  over  a linear  portion  of  its 
characteristic. 

2.  A_  Class  B amplifier  is  one  in  which  the  operating  point  is  at  an 
extreme  end  of  its  characteristic  so  that  the  quiescent  power  is  extremely 
small.  Hence,  either  the  quiescent  current  or  the  quiescent  voltage  k- 
approximately  zero.  If  the  signal  voltage  is  sinusoidal,  amplification 
takes  place  for  only  one-half  a cycle.  For  example,  if  the  quiescent 
plate  or  collector  current  is  zero,  then  this  current  will  remain  zero  for 
one-half  a cycle. 

3.  A Class  AB  amplifier  is  one  operating  between  the  two  extremes 
defined  for  Class  A and  Class  B.  Hence,  the  plate  or  col1ef»tnr  mirrpnt 
(or  voltage)  is  zero  for  part  but  less  than  one-half  of  an  input  sinusoidal 
signal  cycle. 
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4.  A Class  C amplifier  is  one  in  which  the  operating  point  is  chosen 
so  that  the  plate  or  collector  current  (or  voltage)  is  zero  for  more  than 
one-half  of  an  input  sinusoidal  signal  cycle. 

In  the  case  of  a vacuum-tube  amplifier  the  suffix  1 mav  he  a,dded  to 
the  letter  or  letters  of  the  class  identification  (,o  denote  that  grid  current 
does  not  flow  during  any  part  of  the  input  cycle.  The  suffix  2 may  be 
added  to  denote  that  grid  current  does  flow  during  some  part  of  the  input 
cycle. 

The  classification  according  to  use  includes  voltage,  power,  current,  or 
general-purpose  amplifiers.  In  general,  the  load  of  an  amplifier  is  an 
impedance.  The  two  most  important  special  cases  are  the  idealized  resis- 
tive load  and  the  tuned  circuit  operating  near  its  resonant  frequency. 

Class  AB  and  Class  B operation  are  used  with  untuned  power  ampli- 
fiers, whereas  Class  C operation  is  used  with  tuned  radio-frequency  ampli- 
fiers. Many  important  wave-shaping  functions  may  be  performed  by 
Class  B or  C overdriven  amplifiers.  This  chapter  considers  only  the 
untuned  audio  or  video  voltage  amplifier  with  a resistive  load  operated  in 
Class  A. 

16-2.  Distortion  in  Amplifiers.  The  application  of  a sinusoidal  signal 
to  the  grid  of  an  ideal  Class  A amplifier  will  result  in  a sinusoidal  output 
wave.  Generally,  the  output  wave  form  is  not  an  exact  replica  of  the 
input-signal  wave  form  because  of  various  types  of  distortion  that  may 
arise,  either  because  of  the  inherent  characteristics  of  the  tubes  or  transis- 
tors or  from  the  influence  of  the  associated  circuit.  The  types  of  dis- 
tortion that  may  exist  either  separately  or  simultaneously  are  nonlinear 
(nstortion,  frequency  distortion,  and  delay  distort, inn 

Nonlinear  distortion  results  from  the  production  of  new  frequencies 
in  the  output  which  are  not  present  in  the  input  signal.  These  new  fre- 
quencies, or  harmonics,  result  from  the  existence  of  a nonlinear  dynamic 
curve  and  are  considered  in  some  detail  in  Secs.  16-2  and  16-3.  This 
distortion  is  sometimes  referred  to  as  “amplitude  distortion.” 

Frequency  distortion  exists  when  the  signal  components  of  different 
frequency  are  amplified  differently.  In  vacuum  tubes  this  distortion 
arises  from  the  characteristics  of  the  associated  circuit  and  must  be  dis- 
tinguished from  nonlinear  distortion.  As  seen  in  Sec.  8-3,  if  the  load 
circuit  is  reactive  in  character,  then  the  gain  A is  a complex  number 
whose  magnitude  and  phase  angle  depend  upon  the  frequency  of  the 
impressed  signal.  A plot  of  gain  (magnitude)  vs.  frequency  of  an  ampli- 
fier is  called  the  amplitude  frequency  response  characteristic.  If  this  plot 
is  not  a horizontal  straight  line  over  the  range  of  frequencies  under  con- 
sideration, the  circuit  is  said  to  exhibit  frequency  distortion  over  this 
range. 

Delay  distortion,  also  called  “phase-shift  distortion,”  results  from 
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unequal  phase  shifts  of  waves  of  different  frequency.  This  distortion  is 
due  to  the  fact  that  the  phase  angle  of  the  complex  gain  A depends  upon 
the  frequency.  For  the  idealized  special  case  where  the  phase  shift  is 
proportional  to  the  frequency,  a time  delay  will  occur  although  no  dis- 
tortion is  introduced.  To. prove  this  statement,  suppose  that  a complex 
input  signal  of  the  form 

Ci  = Emi  sin  (cof  + 0i)  “h  Em.2  sin  (2coi  + 

T Emz  sin  (3coi  -|-  03)  (15-1) 

is  impressed  on  an  amplifier.  If  the  gain  A is  constant  in  magnitude  but 
possesses  a phase  shift  that  is  proportional  to  the  frequency,  the  output 
will  then  be  of  the  form 

60  = A-Emi  sin  {oit  di  4')  T AEm2  sin  (2co^  T 02  T 2i/') 

+ AEms  sin  (3coi  + 03  T 3i^)  + • ■ ■ 

Choose  a new  time  variable  t',  defined  by 

cot  4^  = ^t'  (15-2) 

Then 

Co  ~ AEmi  sin  {cot'  T 0i)  AEmi  sin  i^cot'  T 02) 

4*  AEmz  sin  {Scot'  dz)  “!“■■■  (15-3) 

which  is  simply  the  expression  given  by  Eq.  (15-1)  multiplied  by  A, 
which  has  been  plotted  to  the  new  time  scale  t'.  This  analysis  shows  that 
an  amplifier  which  has  a fiat  amplitude  response  and  for  which  the  phase 
angle  is  proportional  to  the  frequency  {or  is  zero)  will  preserve  the  signal  in 
form,  although  it  will  he  delayed  in  time.  Unless  these  conditions  are  true, 
the  input  and  output  waves  will  no  longer  have  the  same  wave  shape. 

Delay  distortion  is  not  of  much  importance  in  amplifiers  of  the  audio 
type,  since  delay  distortion  is  not  perceptible  to  the  ear.  It  is  very 
objectionable  in  systems  that  depend  on  visual  observation  or  on  wave- 
shape preservation  for  their  operation,  as  in  radar,  television,  or  other 
pulse  systems. 

16-3.  The  Decibel.  In  many  problems  it  is  found  very  convenient  to 
compare  two  powers  on  a logarithmic  rather  than  on  a direct  scale.  The 
unit  of  this  logarithmic  scale  is  called  the  decibel  (abbreviated  db) . The 
number  N of  decibels  by  which  the  power  P2  exceeds  the  power  Pi  is 
defined  by 

AT  ^ 10  logio  ~ (15-4) 

u 1 

It  should  be  noted  that  the  specification  of  a certain  power  in  decibels  is 
meaningless  unless  a standard  reference  level  is  implied  or  is  stated  spe- 
cifically. A negative  value  of  N means  that  the  power  P2  is  less  than  the 
reference  power  Pi. 
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If  the  input  and  output  impedances  are  equal  resistances,  then  P2  = 
/ R and  Pi  = Ei^/R,  where  Ei  and  Ei  are  the  output  and  input  voltage 
drops.  Under  this  condition,  Eq.  (15-4)  reduces  to 

N = 20  logio  ^ = 20  logio  A (15-5) 

Hi 

where  A is  the  magnitude  of  the  voltage  gain  of  the  unit.  The  input  and 
output  resistances  are  not  equal  in  general.  However,  this  expression  is 
adopted  as  a convenient  definition  of  the  decibel  voltage  gain  of  an  amplifier, 
regardless  of  the  magnitudes  of  the  input  and  output  resistances.  That  is, 
if  the  voltage  amplification  is  10,  then  its  decibel  voltage  gain  is  20;  if  the 
voltage  amplification  is  100,  the  decibel  voltage  gain  is  40;  etc.  If  there 
is  the  possibility  of  confusion  between  voltage  and  power  gain,  then  the 
designation  dbv  can  be  used  for  decibel  voltage  gain. 

16-4.  Cascading  of  Amplifiers.  When  the  amplification  of  a single 
amplifier  is  insufficient  for  a particular  purpose,  two  or  more  stages  may 
be  connected  in  cascade.  The  output  voltage  from  the  first  stage  serves 
as  the  input  voltage  of  the  second  stage,  that  from  the  second  stage  serves 
as  the  input  voltage  to  the  third  stage,  and  so  forth.  The  resultant  volt- 
age gain  equals  the  product  of  the  individual  voltage  gains  of  each  stage. 
This  statement  is  verified  as  follows; 


_ E2  _ output  voltage  of  the  first  stage  _ 
^ ^ ” input  voltage  to  the  first  stage 


and 


A2  = 


Ea 


output  voltage  of  the  second  stage  ^ 


E2  input  voltage  to  the  second  stage 
The  resultant  or  over-all  amplification  is  defined  as 

_ E3  output  voltage  of  the  second  stage 


El 


input  voltage  to  the  first  stage 


= A/e 


It  follows  from  these  expressions  that 

A = A1A2  (15-6) 

or 

A/e  — A lA  2/ ^1  -j-  02  (15-7) 

The  logarithm  of  the  magnitude  of  this  expression  is 

logic  A = logic  Ai  4-  logic  A<i  (15-8) 

By  comparing  this  result  with  Eq.  (15-5),  which  defines  the  decibel  volt- 
age gain,  it  is  seen  that  the  over-all  decibel  voltage  gain  of  a multistage 
amplifier  is  the  sum  of  the  decibel  voltage  gains  of  the  individual  stages. 
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Since,  from  Eq.  (15-7),  6 = di 9^,  the  resultant  phase  shift  of  a multi- 
stage amplifier  is  the  sum  of  the  phase  shifts  introduced  by  each  stage. 

The  above  considerations  are  independent  of  the  type  of  interstage 
coupling  and  are  valid  for  both  transistor  and  vacuum-tube  amplifiers. 
However,  it  must  be  emphasized  that,  in  calculating  the  gain  of  one  stage, 
the  loading  effect  of  the  next  stage  must  be  taken  into  account. 

16-6.  Resistance-Capacitance  (RC)  Coupled  Vacuum-tube  Ampli- 
fiers. This  type  of  coupling,  often  called  “resistance  coupling,”  is  one 
of  the  simplest  and  one  of  the  most  widely  used  methods  of  coupling 
between  stages  of  an  audio-  or  video-frequency  amplifier.  It  is  used  when 
substantially  constant  amplification  over  a wide  range  of  frequencies  is 
desired.  The  schematic  diagram  of  the  system  is  shown  in  Fig.  15-1. 


Fig.  15-1.  Two  i?C-coupled  vacuum-tube  amplifier  stages  in  cascade. 


Although  only  two  stages  are  shown,  more  stages  may  be  added.  The 
tubes  used  in  such  an  amplifier  may  be  pentodes,  although,  for  simplicity, 
the  diagram  indicates  the  use  of  triodes.  The  following  analysis  is  valid 
for  either  type  of  tube,  it  being  necessary  only  that  the  screen  voltage 
remain  constant  when  pentodes  are  used.  We  shall  assume  throughout 
this  chapter  that  the  signal  amplitude  is  small  enough  so  that  each  tube 
operates  linearly,  unless  specifically  stated  otherwise. 

The  function  of  the  “blocking”  or  “coupling”  capacitor  Cc  is  to  pre- 
vent any  d-c  voltages  that  may  be  present  in  the  circuit  of  one  stage  from 
appearing  in  any  other  stage.  Thus,  Cc  prevents  any  d-c  voltage  that 
may  exist  at  the  plate  of  Ti  from  appearing  at  the  grid  of  and  changing 
the  grid-biasing  voltage.  Values  of  the  coupling  capacitors  are  deter- 
mined, as  will  be  seen  later,  by  the  low-frequency  response.  They  range 
from  about  0.001  pi  to  0.5  pi.  The  resistor  Rg,  which  is  known  as  the 
grid  leak,  serves  as  the  path  whereby  the  grid  bias  voltage  is  impressed 
on  the  tube.  It  also  serves  as  the  path  that  permits  any  charge  which 
may  be  collected  by  the  grid  of  the  tube  to  be  returned  to  the  cathode. 
A typical  value  for  Rg  is  1 megohm.  The  load  resistor  Ri,  is  determined 
principally  by  the  gain  and  frequency  response  desired. 

The  capacitors  Co  and  Ci  represent,  respectively,  the  output  and  input 
capacitances  of  the  tube  (Sec.  8-9).  These  capacitors  have  been  indi- 
cated by  dashed  lines  because  they  have  not  been  included  deliberately 
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but  are  rather  unavoidable  attributes  of  the  vacuum  tubes  employed. 
In  any  practical  arrangement  of  the  amplifier  components  there  are  also 
capacitances  associated  with  the  tube  sockets  and  the  proximity  to  the 
chassis  of  components  and  signal  leads.  We  shall  assume  that  these 
additional  stray  capacitances  have  been  included  in  Co  and  Ci. 

16-6.  Amplitude  and  Phase  Response  of  a Broadband  RC-coupled 
Vacuum-tube  Amplifier  Stage.  The  linear  current  equivalent  circuit 
from  the  grid  of  one  tube  to  the  grid  of  the  succeeding  tube  of  Fig.  15-1 


Fig.  15-2.  The  equivalent  circuit  of  an  72C-coupled  amplifier  stage. 


is  drawn  in  Fig.  15-2.  The  exact  solution  of  this  network  is  complicated 
and  tells  us  very  little  about  the  physical  behavior  of  the  amplifier.  A. 
great  deal  more  information  is  obtained  if  the  characteristics  of  the  ampli- 
fier are  studied  in  three  separate  frequency  ranges.  There  is  one  region 
where  the  frequency  is  so  low  that  the  shunt  capacitances  have  no  appreci- 
able effect  but  the  influence  of  Cc  is  marked.  There  is  a second  range 
where  the  frequency  is  high  enough  to  permit  us  to  neglect  the  series 
capacitance  Cc  but  in  which  the  influence  of  the  shunt  capacitances  must 
be  taken  into  account.  Finally,  there 
is  the  range,  which  falls  between  the 
low-  and  high-frequency  regions,  in 
which  we  may  neglect  all  capacitances, 
without  introducing  appreciable  error. 

1.  Intermediate  {Mid-hand)  Frequen- 
cies. In  this  range  all  capacitances  can  The  mid-band  equivalent 

, 1,1  1 ,1  . . c circuit  of  an  itC-coupled  amplifier 

be  neglected,  and  the  circuit  of  rig.  stage. 

15-2  reduces  to  that  shown  in  Fig.  15-3. 

The  output  voltage  E2  is  given  by  E2  = —gmR^i,  where  R is  the  parallel 
combination  of  rp,  Rl,  and  Rg,  or  R is  the  total  impedance  from  plate 
to  cathode. 


R rp  Rl^  Rg 


(15-9) 


The  mid-band  gain  A„,  defined  as  the  ratio  E2/E1,  is  given  by 


Ao  = —g„,R  (15-10) 

This  result  was  obtained  in  Sec.  8-5.  For  a pentode  amplifier  both  rp  and 
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Eg  usually  are  much  larger  than  El.  Hence  E = El  and  A„  = —gmEh. 

2.  High  Frequencies.  In  this  range  the  capacitance  Cc  may  be  neg- 
lected, and  the  equivalent  circuit  is  that  shown  in  Fig.  15-4a  and  6.  In 
the  latter  figure  E is  given  by  Eq.  (15-9)  and  (7*  = Co  + Cj.  The  out- 


(6) 

Fig.  15-4.  The  high-frequency  equivalent  circuit  of  an  EC-coupled  amplifier  stage. 


put  voltage  is  calculated  by  multiplying  the  short-circuit  current  —gmS>i 
by  the  impedance  of  E and  C*  in  parallel,  or 


17  gmFjl 

~ l/E  -h  icC. 


(15-11) 


The  ratio  of  the  high-frequency  gain  A2  = E2/E1  to  the  mid-band  gain 
Ao  = —gmE  is  given  by 


M ^ 1 _ 1 

Ao  1 jwECs  1 +i(///2) 


where  /2  is  defined  by 

f - ^ 

•'"  “ 2irECs 


(15-12) 


(15-13) 


We  see  that/2  is  that  frequency  for  which  the  reactance  of  the  total  shunt 
capacitance  C.,  equals  the  effective  parallel  resistance  E.  The  magnitude 
of  the  amplification  A2/A0  and  the  phase  angle  62  are  found  from  Eq. 
(15-12)  to  be 


A2  1 

3“.  “ VTTWW 


$2  = arctan  L 


(15-14) 


Note  that  62  is  the  angle  by  which  the  output  lags  the  input,  with  the 
initial  180-deg  phase  shift  through  the  amplifier  neglected.  If  / = /2, 
A2I Ao  — l/\/2  = 0.707  and  20  log  (A2/A0)  = — 3 dbv.  Hence,  /2  is 
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the  upper  frequency  at  which  the  amplification  falls  to  0.707  of  its  mid- 
band value  or  at  which  the  voltage  gain  has  decreased  by  3 dbv.  There- 
fore fi  is  called  the  upper  Z-dbv  frequency,  the  upper  half-power  frequency, 
or  the  upper  corner  frequency.  At 


this  frequency  the  phase  shift  is  45 
deg. 

3.  Low  Frequencies.^  In  this 
range  the  shunting  capacitances 
may  be  neglected,  and  the  equiva- 
lent circuit  is  that  shown  in  Fig. 
15-5a.  The  impedance  to  the  left 
of  points  A and  B is  R',  the  parallel 
combination  of  and  Rl,  or 


R'  = 


r liRi 


+ Rl 


(15-15) 


The  open-circuit  voltage  between 
A and  B is  -gmR''Ei-  Hence,  if 
the  portion  of  Fig.  15-5a  to  the  left 
of  A and  B is  replaced  by  its 
Th4venin’s  equivalent  the  result 
shown  in  Fig.  15-56  is  obtained. 
The  output  voltage  is  given  by 


I -QmE- 


© 


XRr  Rn 


Ez 


B 

[a) 


9m  ^ ^1 


Fig.  15-5.  The  low-frequency  equivalent 
circuit  of  an  J^C-coupled  amplifier  stage. 


Rg 


E2  = —gn,R'l£‘i 

^ Rg  A R'  j/icCc{Rg  + R') 


Rg  R'  — j/ 0}Cc 

R'Ra  1 


(15-16) 


Since  R'Rg/{Rg  + R')  equals  the  parallel  resistance  of  R'  and  Rg,  this 
expression  represents  the  parallel  combination  of  rp,  Rl,  and  Rg.  Hence, 
fromEq.  R' Rg/ {Rg  + R')  = 72,  and  the  ratio  of  the  low-frequency 

gain  Ai  = E2/E1  to  the  mid-band  gain  Ao  = — ^^72  is  given  by 


Ai  1 _ 1 

A.  1 - i/coa72/  1 - i(/i//) 


where  72/  = 72^  4-  72'  and  /i  is  defined  by 

f - ^ 

~ 2tcCcRJ 


(15-17) 


(15-18) 


We  see  that  /i  is  the  frequency  for  which  the  reactance  of  the  coupling 
capacitance  Cc  equals  the  resistance  RJ . Incidentally,  in  practice  it  is 
usually  true  that  72,  » 72'  so  that  72/  ^ 72,.  The  magnitude  Ai/ Ao  and 


384  VACUUM-TUBE  AND  SEMICONDUCTOR  ELECTRONICS 


the  phase  angle  6i  are  found  from  Eq.  (15-17)  to  be 


= 1 

A.  Vl  + (/i//)* 


Oi  = 


— arctan 


/i 

/ 


(15-19) 


Note  that  Bi  is  the  angle  by  which  the  output  lags  the  input,  neglecting  the 
initial  180-deg  phase  shift  through  the  amplifier.  If  / = /i,  Ai/Ao  = 
l/\/2  = 0.707.  Hence,  /i  is  the  lower  frequency  at  which  the  voltage 
gain  falls  to  0.707  of  its  mid-band  value  or  at  which  the  gain  has  decreased 
by  3 dbv.  Therefore  /i  is  called  the  lower  S-dhv  frequency,  the  lower  half- 
power frequency,  or  the  lower  corner  frequency.  At  this  frequency  the 
phase  shift  is  45  deg. 


Fig.  15-6.  The  band-pass  characteristic  of  an  ifC-coupled  amplifier  stage. 


16-7.  Discussion  of  RC -coupled  Amplifier  Characteristics.  Universal 
curves  of  voltage  gain  and  phase  shift  can  be  drawn,  based  upon  Eqs. 
(15-14)  and  (15-19).  For  example,  the  relative  gain  of  any  broadband 
RC-coupled  amplifier  is  indicated  in  Fig.  15-6.  The  frequency  scale  is 
logarithmic  because  it  is  desired  to  cover  a very  large  range  of  frequencies. 
The  frequency  range  from/i  to/2  is  called  the  hand  width  of  tbo  ninplifior 
stage.  We  may  anticipate  in  a general  way  that  a signal,  all  of  whose 
Foiiner  components  of  appreciable  amplitude  lie  well  within  the  range 
/i  to  /2,  will  pass  through  the  stage  without  excessive  distortion.  The 
criterion  must,  however,  be  applied  with  some  caution.  ^ 

The  mid-band  region  may  be  defined  as  the  range  which  extends  over 
frequencies  greater  than  lO/i  and  less  than  O.I/2.  Over  this  range  the 
amplification  is  constant  to  within  0.5  per  cent,  and  the  phase  shift  is 
less  than  ±0.1  rad  or  less  than  ±6  deg. 
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The  upper  frequency  that  can  be  included  in  the  substantially  flat  por- 
tion of  the  amplitude  response  curve  can  be  increased  by  decreasing  Cs- 
Hence,  every  attempt  must  be  made  to  keep  this  shunt  capacitance  as 
small  as  possible  by  careful  wiring  and  proper  choice  of  tube  type.  The 
upper  3-db  frequency  can  also  be  increased  by  decreasing  the  load  resist- 
ance and  hence  R.  However,  a decrease  of  R simultaneously  decreases 
the  gain.  A figure  of  merit  F which  is  useful  in  comparing  tube  types  is 
the  magnitude  of  the  gain-band-width  product.  Since  then  this 

product  may  be  defined  by  /2A0,  or 


Thus  the  larger  the  ratio  of  transconductance  to  the  sum  of  output  and 
input  capacitances  of  a tube,  the  better  is  this  tube  as  a wide-band 
amplifier.  The  6AK5  pentode  has  one  of  the  largest  figures  of  merit  of 
any  tube.  Its  parameters  are  gm  = 5.1  millimhos  and  Co  + Ci  — 6.8  jUjuf. 
Taking  stray  capacitances  into  account,  we  shall  assume  a total  shunt 
capacitance  Ca  = 15  so  that 


/2A0 


5.1  X 10-3 
27r  X 15  X 10-12 


= 6 X 10^  cps 


Hence,  a voltage  gain  of  10  is  possible  with  a band  width  of  6 megacycles, 
an  amplification  of  60  is  attained  with  a 1-megacycle  band  width,  etc. 

The  magnitude  of  the  coupling  capacitor  Cc  is  the  most  important 
factor  which  determines  the  frequency  below  which  the  response  curve 
will  begin  to  depart  markedly  from  its  mid-band  value.  The  larger  its 
capacitance,  the  better  will  be  the  low-frequency  response.  There  are, 
however,  several  practical  limitations  to  the  size  of  the  capacitor  that 
may  be  employed  in  this  connection.  It  must  be  of  high  quality;  i.e., 
the  leakage  current  must  be  small.  Otherwise,  a conduction  path  from 
the  plate  circuit  of  one  stage  to  the  grid  circuit  of  the  next  stage  may 
exist.  Good-quality  capacitors  in  sizes  much  larger  than  1.0  juf  are  rela- 
tively expensive  and  are  usually  rather  large  physically.  The  larger  the 
size  of  the  capacitor,  the  greater  will  be  the  capacitance  between  its 
terminals  and  ground.  This  shunting  capacitance  must  be  included  in 
Cs.  Hence,  too  large  a value  of  Cc  will  adversely  affect  the  high-frequency 
response. 

The  grid  leak  Rg  is  made  large  in  order  to  obtain  a low  value  of  /i. 
The  upper  limit  to  this  value  is  set  by  the  grid  current.  The  grid  cur- 
rent is  ordinarily  very  small,  but  if  Rg  is  made  very  much  larger  than 
about  1 megohm,  the  small  grid  current  through  Rg  may  cause  an  appreci- 
able voltage  drop.  Since  grid  current  is  not  a stable  quantity,  an  erratic 
spurious  voltage  may  be  generated  at  the  grid. 
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The  value  of  Rg  should  usually  be  kept  below  several  megohms  for 
another  reason.  Assume  that  the  tube  is  slightly  “gassy.”  Then  the 
grid  will  act  somewhat  as  a probe  in  a gas  tube,  and  with  a negative  bias 
it  will  collect  positive  ions.  The  small  positive-ion  current  through  a 
large  Rg  may  give  an  appreciable  voltage  drop,  which  will  tend  to  make 
the  grid  less  negative.  This  increases  the  plate  current  which  in  turn 
means  a greater  positive-ion  current.  This  phenomenon  may  become 
cumulative,  and  the  tube  may  be  damaged  by  the  excessive  currents 
drawn. 

Typical  values  for  the  coupling  capacitors  and  resistors  as  well  as 
recommended  tubes  and  operating  voltages  for  audio  amplifiers  may  be 
found  in  the  receiving-tube  manuals  published  by  tube  manufacturers. 

The  upper  3-dbv  freguency  for  n cascaded  stages  is/2^”^  and  equals  the 
frequency  for  which  the  over-all  voltage  gain  falls  to  1/^2  (3  dbv)  of  its 
mid-band  value.  Thus  is  calculated  from 


to  be 


Vl  + \/2 


Vn_ 


(15-21) 


For  example,  for  n = 2,  /2^^V/2  = 0.64.  Hence  two  cascaded  stages, 
each  with  a band  width  /2  = 10  kc,  have  an  over-all  band  width  of  6.4  kc. 
Similarly,  three  cascaded  10-kc  stages  give  a resultant  upper  3-db  fre- 
quency of  5.1  kc,  etc. 

Jf  the  lower  3-dbv  frequency  for  » cascaded,  stages  is/fi”^,  then  corre- 
sponding to  Eq.  (15-21)  we  find 


I'fi^  = 1 

fi  - 1 


(15-22) 


If  the  amplitude  response  for  a single  stage  is  plotted  on  log-log  paper 
the  resulting  graph  will  approach  a straight  line  whose  slope  is  6 dbv/ 
octave  both  at  the  low  and  at  the  high  frequencies.  For  example,  it 
follows  from  Eq.  (15-14)  that,  for///2  » 1,  20  log  (A2/ Ag)  = 20  log  (f^/f). 
Hence  every  time  the  frequency  / doubles  (which,  by  definition,  is  one 
octave)  the  response  drops  by  20  log  2 = 6 db.  For  an  n-stage  amplifier 
it  follows  that  the  amplitude  response  falls  6n  decibels  per  octave  or, 
equivalently,  20n  decibels  per  decade. 

Other  characteristics  of  wide-band  amplifiers  not  considered  in  this 
text  are  the  following:  Both  the  high-  and  low-frequency  range  may  be 
extended  with  the  use  of  special  passive  compensating  networks.^  The 
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high-frequency  response  may  be  extended  to  hundreds  of  megacycles 
with  a distributed  amplifier.^  The  frequency  and  phase  response  dis- 
cussed above  are  steady-state  characteristics  and  give  the  output  of  the 
amplifier  for  a given  sinosoidal  input  signal.  From  these  characteristics 
it  is  difficult  to  calculate  the  behavior  of  the  amplifier  for  a nonsinusoidal 
input  (for  example,  a video  pulse) . The  transient  behavior  of  C-coupled 
amplifiers  is  discussed  in  Ref.  4. 

16-8.  Transformer-coupled  Vacuum-tube  Amplifiers.  The  coupling 
from  the  output  of  one  stage  to  the  input  of  the  next  stage  may  be  made 
by  means  of  a transformer.  The  primary  winding  is  in  series  with  the 
plate  of  the  first  tube,  and  the  secondary  is  in  series  with  the  grid  of 
the  second  tube.  The  low-frequency  response  of  a transformer-coupled 
amplifier  is  limited  by  the  primary  magnetizing  inductance.  If  this 
amplifier  is  to  be  used  at  low  audio  frequencies,  L must  be  very  large 
(tens  of  henry s)  and  hence  a bulky  iron-core  transformer  is  required. 
Such  a transformer  will  have  considerable  leakage  inductance  and  shunt 
capacitance  which  will  consequently  limit  the  high-frequency  response  to 
the  audio  range.  Since  RC  coupling  requires  less  space,  makes  use  of 
less  expensive  equipment,  and  has  a better  frequency  response  charac- 
teristic than  transformer  coupling,  an  audio  interstage  transformer  is  now 
seldom  employed  with  vacuum-tube  amplifiers.  An  exception  to  this 
statement  is  the  use  of  a transformer  to  drive  the  grid  of  a stage  positive 
during  part  of  the  cycle.  Since  audio  transformer  coupling  finds  such 
limited  application,  it  will  not  be  discussed  further  here.  A complete 
analysis  is  given  in  Ref.  5. 

If  a narrow  pulse  (of  the  order  of  a microsecond)  is  to  be  amplified, 
it  is  not  necessary  to  have  good  low-frequency  response.  The  primary 
inductance  need  only  be  large  enough  (of  the  order  of  millihenrys)  so  as 
not  to  distort  appreciably  the  flat  top  of  the  wave.  Small  inexpensive 
iron-core  transformers  make  excellent  interstage  coupling  elements  for 
pulse  amplifiers.® 

16-9.  Cascaded  Transistor  Stages.  Since  the  voltage  gain  of  a 
grounded-collector  stage  is  less  than  unity,  it  is  not  possible  (without  a 
transformer)  to  increase  the  over-all  amplification  by  cascading  such 
stages.  Hence,  grounded-collector  stages  are  not  used  in  cascade. 

Grounded-base  jKC-coupled  stages  also  are  seldom  cascaded  because 
the  voltage  gain  of  such  an  arrangement  is  approximately  the  same  as 
that  of  the  output  stage  alone.  This  statement  may  be  verified  as  follows : 
The  voltage  gain  of  a stage  equals  the  short-circuit  current  gain  times  the 
effective  load  resistance  R divided^yJdie  inp„^  The  resist- 

ahcevR^  igThe  paralleTcbmbination  of  the  actual  load  resistance  Rl,  the 
output  impedance  Ro  of  the  stage  under  consideration,  and  (except  for  the 
last  stage)  the  input  resistance  Ri  of  the  following  stage.  This  parallel 
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combination  is  certainly  less  than  Ri,  and  hence  for  identical  stages  the 
effective  load  impedance  is  less  than  the  input  impedance.  The  maxi- 
mum current  gain  is  a,  which  is  less  than  unity  (but  approximately  equal  to 
unity).  Hence,  the  voltage  gain  of  any  stage  (except  the  last  or  output 
stage)  is  less  than  unity.  [This  analysis  is  not  strictly  correct  because 
Ri  is  a function  of  the  effective  load  resistance  and  hence  will  vary  some- 
what from  stage  to  stage  (Prob.  15-13).] 

Since  the  short-circuit  current  gain  of  a grounded-emitter  stage  is  much 
greater  than  unity,  it  is  possible  to  increase  the  oveT^ll  volta'^  amplifi- 
cation by  cascading~such  stages!  Two  stages  of  an  /jJC-coupled  amplifier 
consisting  of  common-emitter  stages  are  indicated  in  Fig.  15-7.  It  should 


Fig.  15-7.  Two  common-emitter  transistor  stages  in  cascade. 


be  emphasized  that,  since  the  input  impedance  Rj  of  each  stage  is  very 
much  smaller  than  the  output  impedance  Rp  {Rj^  2 kilohms,  Ro  ^ 80 
kitbhms;  see  Table  10-3),  ^ch  stage  is  almost  short-circuitecT  by  the 
folliywmg'  stage.  Despite  this  fact,  it  is  possible  to  obtain  voltage  gain 
because  the  current  gain  is  large.  If  Rg  is  the  resistance  in  series  with 
the  first  stage,  if  Rn  is  the  input  resistance  of  the  first  stage,  if  Rl'\s,  the 
load  oh  the  last  stage,  and  if  kg,  A;2^  . . ^^the  current  gains  of 

the  first,  second,  third.  . . . stages,  then  the  over-all  voltage  gain  A is, 
ffom'T:^  (1^30),  (10-31),  and_(lo5gI 

A = (Aa'Ai/A./  ■ ■ ■)  „ (15-23) 

The  amplitude  and  phase  response  of  the  i?(7-coupled  transistor  ampli- 
fier can  be  determined  by  considering  three  frequency  ranges  (low,  inter- 
mediate, and  high)  just  as  was  done  in  Sep.  15-6  for  the  vacuum-tube 
amplifier.  The  equivalent  circuit  at  low  frequencies  for  any  stage  (exoept 
the  last)  is  given  in  Fig.  15-8a,  y^ere  Aj  is  tfie  siiort-clrcuit  ^rrent  gain 
an3~IriS"the  iiipuL’nnrreiit  to  the  stage  (Fig.  10-75}'  The  resistor  Rj,  is 
useTTo  supply  the  proper  quiescent  bas^e  culrrent,  and  its  resistance  is 
very  large  {=  100  kilohms)  compared  with  Ri  (^  2 kilohms).  Hence 
Rb  may  be  omitted  from  Fig.  15-8.  The  resistance  of  Rl  is  usually  of 
the  same  order  as  that  of  Ro.  Let  R'  denote  the  parallel  combination  of 
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Ro  and  the  load  resistance  Rl  oi  the  stage  under  consideration  so  that 


R'  ^ (15-24) 

/Vi  I -tCo 

The  equivalent  circuit  reduces  to  that  given  in  Fig.  15-85.  The  output 


(b) 

Fig.  15-8.  The  equivalent  circuit  of  an  i?C-coupled  transistor  amplifier  stage. 


current  1 2 is  given  by 


I2  AJi 

The  low-frequency  current  gain  (A/)iow  is  given  by 

lA,  jiow  - ^ 


(15-25) 


In  the  mid-band  region  we  may  neglect  the  small  series  reactance  of  Cc, 
and  the  equivalent  circuit  is  given  in  Fig.  15-9.  The  mid-band  current 
gain  AJ  is  given  by 

A-”'  = A.  ^ (15-26) 


The  low-frequency  current  gain  relative  to  the  mid-band  gain  is 


where 


(A/)w  R'-\-Ri  _ 1 

A, o'  R'  + Ri-j/c,Co  l-i(/i//) 


2irCc{R'  d"  Ri) 


(15-27) 


(15-28) 
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is  the  lower  3-db  frequency.  Equations  (15-27)  and  (15-28)  correspond 
to  Eqs.  (15-17)  and  (15-18)  for  the  i^C-coupled  vacuum-tube  amplifier. 

As  a numerical  example,  consider  Cc  — 1 fii  and  R'  Ri  = 10  kilohms. 
Then  from  Eq.  (15-28)  we  find  /i  = 16  cps.  The  voltages  required  for 
a transistor  are  low  (a  few  volts  or  tens  of  volts)  and  hence  a low-voltage 
capacitor  may  be  used  for  Cc.  Capacitors  of  small  physical  size  and  large 
capacitance  (tens  of  microfarads)  are  available  commercially.  If  we 
choose  Cc  = 10  /xf  for  the  above  illustration,  then  fx  is  1.6  cps,  indicating 

that  it  is  possible  to  obtain  excellent 
low-frequency  response  with  transistor 
amplifiers. 

In  order  to  calculate  fx  the  value 
of  Ro  must  be  used.  If  the  circuit 
parameters  are  given,  then  Ro  can 
be  calculated  from  Table  10-2.  This 
equation  contains  Rg,  which  repre- 
sents the  effective  resistance  in  series 
with  the  base  input  circuit.  For  the  first  stage  the  value  of  Rn  is  known. 
For  all  other  stages  Rg  is  assumed  infinite  (see  the  illustrative  example  in 
Sec.  10-5). 

The  transistor  amplifier  response  for  high  frequencies  is  usually  deter- 
mined by  the  frequency  characteristic  of  a.  For  the  grounded-emitter 
stage  the  upper  3-db  frequency /2  is  given  by  Eq.  (11-16),  namely. 


Fig.  15-9.  The  mid-band  equivalent 
circuit  of  an  TSC-coupled  transistor 
amplifier  stage. 


/2  = (1  - «)/„ 

where  /„  is  the  a cutoff  frequency.  ‘ if  ' - 

The  maximum  current  gain  is  (Table  10-3) 


(15-29) 


Ai  = (15-30) 

1 — a 

and  the  current-gain-band-width  product  is 

Aif2  = afc.^fa  (15-31) 

As  a — ^ 1 the  band  width  decreases,  although  the  current  gain  increases. 
Hence,  for  a video  amplifier  a should  not  be  too  close  to  unity.  For 
example,  if  /„  = 5 megacycles  and  a = 0.98,  then /2  = 100  kc,  which  is 
a very  low  video  frequency.  If  /„  = 50  megacycles  and  if  a = 0.9,  then 
a current  gain  of  9 at  a band  pass  of  5 megacycles  is  possible.  Transistors 
with  such  large  values  of  /„  are  available  commercially  but  are  expensive. 
This  illustration  indicates  that  it  is  difficult  and  costly  to  obtain  excellent 
high-frequency  response  with  a transistor  amplifier.  It  must  also  be 
recalled  that  if  n stages  are  cascaded  the  over-all  upper  3-db  frequency  is 
multiplied  by  \/2^''”  — 1,  which  is  less  than  unity. 
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Transformer  coupling  is  sometimes  used  with  cascaded  transistor  ampli- 
fiers. The  step-down  transformer  matches  the  high  output  impedance  of 
one  stage  to  the  low  input  impedance  of  the  following  stage.  With  such  a 
connection  higher  gain  can  be  realized  than  with  RC  coupling.  However, 
the  transformers  have  poorer  frequency  response  and  are  more  costly  than 
the  RC  networks.  Hence,  usually  RC  coupling  is  used  even  though  more 
stages  may  be  required  for  the  same  gain  than  would  be  necessary  if  the 
stages  were  transformer-coupled. 

It  is  not  necessary  that  all  cascaded  stages  be  of  the  same  type.  For 
example,  if  the  source  impedance  is  high,  then  a common-collector  stage 
may  be  used  at  the  input,  although  all  other  stages  are  of  the  common- 
emitter  variety.  Similarly,  a grounded-base  input  stage  may  be  used  to 
match  a very  low  signal-source  impedance. 

16-10.  Voltage  Sources  for  Amplifiers.  The  potentials  required  for 
the  several  electrodes  of  a vacuum  tube  are  supplied  as  follows; 

1.  The  Heater  or  A Supply.  The  most  common  method  of  energizing 
the  heater  is  from  a low-voltage  winding  of  a transformer  whose  primary 
operates  from  the  a-c  power  lines.  Sometimes  a number  of  tubes  in  a 
system  are  connected  with  their  heaters  in  series  so  that  the  total  voltage 
is  115  volts.  Such  a combination  can  be  excited  directly  from  the  a-c 
supply  mains,  thus  saving  the  expense  of  a heater  transformer.  Storage 
batteries  are  used  when  d-c  heating  is  necessary  (see  Sec.  15-11).  Special 
low-drain  tubes  operate  from  dry  cells. 

2.  The  Plate,  B-supply,  or  E^b  Voltage.  The  d-c  plate  supply  necessary 
for  most  tubes  ranges  from  about  90  to  500  volts.  These  d-c  voltages 
are  obtained  from  a rectifier,  which  is  provided  with  sufficient  filtering 
so  that  the  ripple  is  not  excessive  (Chap.  19).  It  must  be  noted  that  the 
ripple  in  the  plate  circuit  of  one  stage  appears  directly  across  the  grid  of 
the  second  stage  and  so  is  amplified  along  with  the  signal.  This  imposes 
severe  requirements  on  the  power-supply  design.  Sometimes  one  or  more 
VR  tubes  are  used  to  maintain  constant  R-supply  voltage  (see  Sec.  13-12). 
If  better  voltage  stabilization  and  regulation  are  necessary,  then  elec- 
tronically regulated  power  supplies  must  be  used  (Chap.  19).  Special 
low-drain  tubes  use  batteries  for  the  plate  supply. 

3.  The  Grid  or  C Supply.  The  grid  of  a voltage  amplifier  ordinarily 
requires  very  little  current,  and  so  low-power  dry  cells  may  be  used  for 
this  purpose.  Sometimes  VR  tubes  fed  from  a separate  negative  supply 
voltage  are  used.  This  arrangement  is  the  fixed-bias  method. 

In  most  cases,  however,  the  necessary  bias  voltage  is  obtained  without 
the  use  of  a separate  grid  battery  by  the  self-bias  method  illustrated  in 
Fig.  15-10.  A resistor  Rk  is  connected  in  series  with  the  cathode  of  the 
tube.  The  quiescent  current  passes  through  Rk,  and  this  voltage  fur- 
nishes the  grid  bias.  The  correct  self-biasing  resistor  is  Rk  = Ecc/Ib, 
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where  is  the  desired  bias.  If  a pentode  is  used,  then  the  screen  current 
Is  also  passes  through  the  cathode  resistor.  Hence,  Rk  = Ecc/{Ib  + Is). 

Note  that  a capacitor  Ck  shunts  Rk  in  Fig.  15-10.  To  see  the  purpose 
of  this  capacitor,  suppose  that  the  input  signal  voltage  increases.  Then 
the  plate  current  increases,  the  voltage  across  Rk  increases,  and  the 
increase  in  voltage  between  grid  and  cathode  is  less  than  the  increase  in 

input  signal.  Hence  the  gain  of  the  amplifier 
is  less  than  it  would  be  if  fixed  bias  were  used. 
In  order  to  avoid  this  loss  in  gain  due  to  the 
“feedback”  from  the  output  to  the  input 
circuit,  the  resistor  Rk  is  shunted  by  the 
capacitor  Ck,  the  reactance  of  which  must  be 
small  compared  with  Rk  over  the  operating 
frequency  range.  [It  follows  from  Fig.  17-76 
that,  if  feedback  is  to  be  avoided,  {ti  l)|Zfc| 
<3C  \Rl  + rp|,  where  Zk  is  the  impedance  in  the 
cathode  circuit.]  If  the  amplifier  is  to  operate  without  loss  of  gain  at 
low  frequencies,  then  large-capacitance  capacitors  are  required.  Low- 
voltage  electrolytic  capacitors  having  capacitances  of  50  or  more  micro- 
farads in  a very  small  volume  are  commercially  available  for  this  specific 
application. 

Self-bias  leads  to  more  stable  quiescent  operation  (d-c  stability)  than 
fixed  bias.  Consider,  for  example,  that 
for  some  reason  (such  as  a change  in  Ei^ 
voltage  or  aging  of  a tube  or  a tube  re- 
placement, etc.)  the  current  tends  to 
increase.  Then  this  current  through  Rk 
will  increase  the  bias  and  so  the  quies- 
cent current  will  change  much  less  than 
it  would  have  were  fixed  bias  used. 

4.  The  Screen  Supply.  Either  a 
portion  of  the  5-supply  voltage  is 
tapped  off  (sometimes  a VR  tube  is  used)  or  else  the  full  B supply  is 
applied  to  the  screen  through  a series  voltage-dropping  resistor  R^.  In 
either  case  a capacitor  Cd  is  used  between  the  screen  and  cathode.  The 
capacitance  of  Ca  is  made  large  enough  so  that  the  voltage  from  cathode 
to  screen  remains  sensibly  constant  independent  of  variations  in  the  screen 
current  as  the  signal  is  applied.  This  statement  implies  that  Ra  must  be 
much  greater  than  X/wCd  for  the  frequency  band  under  consideration. 
The  self-bias  method  of  feeding  the  screen  is  illustrated  in  Fig.  15-11 
and  is  to  be  preferred  over  the  fixed-bias  method  for  reasons  of  d-c  sta- 
bility (as  explained  under  3 above).  If  Is  and  Eg  are  the  quiescent  screen 


Fig.  15-11.  A resistor  in  the  screen 
lead  of  a tube  provides  the  screen 
bias. 


Fig.  15-10.  A resistor  in  the 
cathode  lead  of  a tube  pro- 
vides the  grid  bias. 
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current  and  voltage,  respectively,  then  the  required  value  of  Rd  is  given  by 

Rd  = {E,,  - E.)/L. 

The  complete  wiring  diagram  for  a typical  two-stage  resistance-coupled 
amplifier  employing  pentode  tubes  is  given  in  Fig.  15-12.  It  should  be 
noted  that  a common  B supply  is  used  to  supply  the  plates  of  both  tubes. 
The  center  tap  of  the  filament  transformer  is  usually  grounded.  How- 
ever, if  a cathode  is  at  a high  voltage  (over  100  volts)  with  respect  to 


Fig.  15-12.  The  schematic  wiring  diagram  of  a two-stage  7?C-coupled  amplifier. 

ground  it  may  be  necessary  to  use  a separate  heater  transformer  for  this 
tube  and  to  connect  the  center  tap  to  the  cathode. 

It  should  be  noted  that  coupling  exists  between  stages  of  a multistage 
amplifier  through  the  impedance  of  the  common  B supply.  In  the  above 
circuit  the  point  marked  B is  not  at  a fixed  voltage  with  respect  to  ground 
but  varies  with  the  current  demand  because  of  the  regulation  of  the  B 
supply.  For  example,  as  the  relatively  large  current  in  the  output  stage 
varies,  it  will  cause  a voltage  drop  in  the  internal  impedance  of  the  power 
supply.  This  will  appear  as  a spurious  voltage  in  the  first  tube  (and  also 
in  all  other  stages).  This  feedback  may  become  large  enough  and  be  of 
the  proper  phase  to  cause  the  amplifier  to  oscillate. 

Another  undesirable  feature  of  using  a common  B supply  is  that  any 
ripple  appearing  in  the  filter  output  is  impressed  on  the  grids  of  all  the 
tubes  (except  the  first).  Specifically,  in  Fig.  15-12,  if  the  reactance  of 
Cci  is  neglected,  then  the  fraction  Rgp/ {Rgp  + i^z,i)  of  the  ripple  voltage 
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of  the  B supply  will  appear  as  a spurious  signal  on  the  grid  of  the  second 
stage,  where  Rgp  represents  and  in  parallel. 

These  interactions  which  result  from  the  use  of  a common  B supply 
can  be  greatly  reduced  by  the  proper  use  of  RC  combinations,  known  as 
decoupling  filters.  Such  decoupling  filters  are  included  in  Fig.  15-13  for  a 
resistance-coupled  two-stage  amplifier.  Triodes  are  shown  in  this  circuit 
for  the  sake  of  simplicity.  These  filters  must  be  designed  so  that  the 
resistance  is  much  greater  than  the  reactance  of  the  capacitor  for  the  fre- 
quencies under  consideration.  Under  these  conditions,  most  of  the  a-c 


Fig.  15-13.  A two-stage  amplifier  using  decoupling  filters  RiCi  and  R2C2. 

variations  in  the  5-supply  impedance  appear  across  the  resistor  of  these 
units.  Hence,  the  voltage  across  the  capacitor  of  the  decoupler  is  very 
nearly  constant  and  independent  of  any  5-supply  variations.  Since  the 
voltage  across  Ci  is  the  effective  plate  supply  for  the  first  tube  and  the 
voltage  across  (^2  is  the  effective  plate  supply  of  the  second  tube,  the  two 
stages  have  been  rendered  independent  of  each  other.  These  decoupling 
filters  also  serve  to  reduce  hum  from  the  power  supply. 

The  power  source  for  the  collector  circuit  of  a transistor  is  either  a 
battery  or  a low-voltage  power  supply  as  described  under  2 above.  To 
avoid  interaction  between  stages,  RC  decoupling  filters  of  the  type  indi- 
cated in  Fig.  15-13  are  often  used  in  the  collector  circuit.  The  base  cir- 
cuit may  be  supplied  from  a battery  although  more  commonly  self-bias  is 
used  for  reasons  of  d-c  stability,  as  explained  in  Sec.  9-12. 

16-11.  Spurious  Input  Voltages.  It  often  happens  that  with  no 
apparent  input  signal  to  an  amplifier  an  output  voltage  of  considerable 
magnitude  may  be  obtained.  The  amplifier  may  be  oscillating  because 
some  part  of  the  output  is  inadvertently  being  fed  back  into  the  input. 
This  oscillation  may  result  from  the  nonzero  output  impedance  of  the 
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power  supply  and  can  usually  be  prevented  by  the  use  of  appropriately 
placed  decoupling  filters,  as  discussed  in  the  preceding  section. 

Feedback  may  occur  through  the  interelectrode  capacitance  from  grid 
to  plate  of  a tube,  through  lead  inductances,  stray  wiring,  etc.,  the  exact 
path  often  being  very  difficult  to  determine.  The  undesired  or  'parasitic 
oscillation  may  occur  with  any  type  of  circuit,  such  as  audio-,  video-,  or 
radio-frequency  amplifier,  oscillator,  modulator,  pulse  wave  form  gener- 
ating circuits,  etc.  Parasitic  oscillations  are  particularly  prevalent  with 
circuits  in  which  (physically)  large  tubes  are  used,  tubes  or  transistors 
are  operated  in  parallel  or  push-pull,  and  in  power  stages.^  The  fre- 
quency of  oscillation  may  be  in  the  audio  but  is  usually  much  higher  and 
often  is  so  high  (hundreds  of  megacycles)  that  its  presence  cannot  be 
detected  with  an  oscilloscope. 

Parasitic  oscillations  can  usually  be  eliminated  by  a change  in  circuit 
parameters,  a rearrangement  of  wiring,  some  additional  bypassing  or 
shielding,  a change  of  tube  or  transistor,  the  use  of  an  r-f  inductor  in  the 
plate  circuit,  r-f  chokes  in  series  with  filament  lead,  etc.  A small  resist- 
ance (50  to  1,000  ohms)  placed  in  series  with  a grid  and  as  close  to  the 
grid  terminal  as  possible  is  often  very  effective  in  reducing  high-frequency 
oscillations. 

Even  if  an  amplifier  is  not  oscillating,  undesirable  output  voltages  may 
be  present  in  a vacuum-tube  amplifier  in  the  form  of  hum  from  the  use  of 
a-c  heated  filaments.^  There  are  several  sources  of  this  hum. 

1.  The  magnetic  field  produced  by  the  filament  current  will  deflect  the 
electron  stream.  During  some  portion  of  each  half  cycle  the  electrons 
may  be  deflected  to  such  an  extent  as  to  miss  the  plate.  A 120-cycle 
hum  results  (if  a 60-cycle  power  source  is  used). 

2.  Effective  capacitances  exist  between  each  side  of  the  heater  and  the 
grid.  If  these  capacitances  are  not  equal,  an  effective  60-cycle  voltage  is 
impressed  upon  the  grid. 

3.  The  heater-cathode  insulation  is  not  infinite.  If  self-bias  is  used, 
leakage  will  take  place  from  the  heater  through  this  insulation  resistance 
in  series  with  the  cathode  impedance  Z*.  The  voltage  across  Zk  appears 
as  hum. 

4.  The  heating  and  cooling  of  the  cathode,  because  the  heating  power  is 
periodic,  introduces  a 120-cps  hum.  This  would  not  be  true  if  the  plate 
current  were  strictly  space-charge-limited  since  it  would  then  be  inde- 
pendent of  the  temperature  of  the  emitter.  However,  some  parts  of  the 
cathode  are  at  a low  enough  temperature  so  that  some  temperature- 
limited  current  exists.  Furthermore,  the  effect  of  the  initial  velocities 
is  a function  of  temperature. 

Hum  from  the  above  sources  can  be  eliminated  completely  only  by 
using  d-c  heating  power. 
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In  addition  to  hum  that  is  inherent  in  the  tube  construction,  some  hum 
may  appear  from  pickup  resulting  from  the  stray  magnetic  fields  of  the 
power  transformer  or  from  the  fields  produced  by  the  heater  current  in 
the  connecting  leads.  The  effect  of  the  former  is  negligible  with  properly 
shielded  transformers,  and  that  of  the  latter  may  be  reduced  if  the  heater 
leads  are  twisted.  There  may  also  be  electrostatic  pickup  from  the  a-c 
line.  Finally,  there  is  the  possibility  of  pickup  of  r-f  signals  radiated 
through  space.  These  spurious  voltages  can  often  be  eliminated  by 
proper  shielding  or  bypassing. 

It  should  be  emphasized  that  hum  troubles  are  usually  of  importance 
only  in  the  first  stage  of  a high-gain  amplifier,  for  the  small  spurious  volt- 
ages introduced  in  this  stage  are  amplified  by  all  succeeding  stages. 

Microphonics  is  the  name  given  to  the  spurious  output  voltages  caused 
by  the  vibrations  of  the  electrodes  because  of  mechanical  or  acoustical 
jarring  of  the  tube.  Some  tubes  are  much  more  microphonic  than  others 
of  presumably  identical  construction,  and  this  source  of  trouble  can  often 
be  eliminated  by  changing  tubes.  In  many  cases,  it  is  necessary  to  mount 
the  tubes  in  rubber  or  in  special  supports.  In  addition,  special  tubes  are 
available  in  which  the  microphonic  effect  and  also  the  heater  hum  effects 
outlined  above  have  been  minimized.  A transistor  is,  of  course,  com- 
pletely nonmicrophonic  because  there  can  be  no  mechanical  motion 
between  the  emitter,  base,  and  collector. 

15-12.  Noise.  It  is  found  that  there  is  an  inherent  limit  to  the  ampli- 
fication obtainable  from  an  amplifier  even  after  the  above-mentioned 
sources  of  hum  have  been  eliminated.  Under  these  conditions,  the  out- 
put of  the  amplifier  when  there  is  no  impressed  input  signal  is  called 
amplifier  noise.^  If,  therefore,  only  a very  small  voltage  is  available, 
such  as  a weak  radio,  television,  radar,  etc.,  signal,  it  may  be  impossible 
to  distinguish  the  signal  from  the  background  noise. 

There  are  two  important  contributing  factors  to  the  noise  of  an  ampli- 
fier. The  first  results  from  the  fact  that  the  electrons  in  the  circuit  ele- 
ments of  the  amplifier  are  in  a state  of  incessant  activity.  The  random 
fluctuations  produced  by  the  thermal  agitation  of  the  electrons  appears 
as  a thermal  noise  voltage  called  the  Johnson  noise.  The  second  cause, 
which  arises  within  the  tube  itself,  is  produced  primarily  by  the  random 
motion  of  the  electrons  in  the  cathode-anode  space. 

The  electrons  in  a conductor  possess  varying  amounts  of  energy  by 
virtue  of  the  temperature  of  the  conductor.  The  slight  fluctuations  in 
energy  about  the  values  specified  by  the  most  probable  distribution  are 
very  small,  but  they  are  sufficient  to  produce  small  noise  potentials  within 
a conductor.  In  particular,  if  this  conductor  is  the  grid-leak  resistor,  this 
voltage  will  be  applied  to  the  grid  of  the  tube  and  will  be  equivalent  to  an 
input  signal.  The  rms  value  of  the  thermal  noise  voltage  En  is  given  by 
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the  expression 

En^  = ^kTRB  (15-32) 

where  k is  the  Boltzmann  constant,  T is  the  resistor  temperature  in 
degrees  Kelvin,  R is  the  resistance  in  ohms,  and  B = /2  - /i  is  the  fre- 
quency band  width  in  cycles  per  second. 

An  idea  of  the  order  of  magnitude  of  the  voltage  involved  is  obtained 
by  calculating  the  noise  voltage  generated  in  a 1 -megohm  resistor  at  room 
temperature  over  a 10-kc  band  pass.  Equation  (15-32)  yields  for  the 
value  13  ^v.  Clearly,  if  the  band  pass  of  an  amplifier  is  wider,  then  the 
input  resistor  must  be  smaller,  if  excessive  noise  is  to  be  avoided.  Thus, 
if  the  amplifier  considered  is  10  megacycles  wide,  its  input  resistance 
cannot  exceed  1,000  ohms,  if  the  fluctuation  noise  is  not  to  exceed  that 
of  the  10-kc  audio  amplifier. 

It  is  obvious  that  the  band  pass  of  an  amplifier  should  be  kept  as  low 
as  possible  (without  introducing  excessive  frequency  distortion)  because 
the  noise  power  is  directly  proportional  to  the  band  width.  It  should 
also  be  observed  that  the  same  noise  power  exists  in  a given  band  width 
regardless  of  the  center  frequency.  Such  a distribution  which  gives  the 
same  noise  per  unit  band  width  anywhere  in  the  spectrum  is  called  white 
noise. 

Among  the  various  possible  sources  of  noise  in  the  tube  itself,  one  of  the 
most  important  is  the  shot  effect.  Normally,  one  assumes  that  the  cur- 
rent in  a tube  under  d-c  conditions  is  a constant  at  every  instant.  Actu- 
ally,  however,  the  current  from  the  cathode  to  the  anode  consists  of  a 
stream  of  individual  electrons,  and  it  is  only  the  time  average  flow  which  is 
constant.  These  fluctuations  in  the  number  of  electrons  emitted  consti- 
tute the  shot  noise.  If  the  cathode  emission  is  temperature-limited,  then 
the  rms  noise  current  /„  amperes  in  a diode  is  given  by  the  expression 

In^  = 2ehB  (15-33) 

where  e is  the  electronic  charge.  If,  is  the  emission  current  in  amperes, 
and  B is  the  band  width  in  cycles  per  second.  If  the  load  resistor  is  R, 
then  a noise  voltage  of  magnitude  InR  will  appear  across  the  load.  Tem- 
perature-limited diodes  are  used  as  constant-current  white-noise  gener- 
ators for  test  purposes. 

If  the  tube  is  space-charge-limited,  the  irregularities  in  emission  are 
decreased,  and  the  plate-current  fluctuation  is  much  less  in  a space- 
charge-limited  tube  than  in  one  which  is  temperature-limited.  This  fact 
is  explained  qualitatively  by  the  automatic-valve  action  of  the  space- 
charge  cloud  in  the  neighborhood  of  the  cathode,  as  discussed  in  Sec.  4-3. 
The  space-charge-limited  noise  power  is  of  the  order  of  10  per  cent  of  the 
temperature-limited  value. 
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Other  sources  of  noise  in  vacuum  tubes  are  the  following;  Gas  noise 
caused  by  the  random  ionization  of  the  few  molecules  remaining  in  the 
tube;  secondary-emission  noise  arising  from  the  random  variations  of 
secondary  emission  from  the  grid  and  plate;  flicker  noise  caused  by  the 
spontaneous  emission  of  particles  from  an  oxide-coated  cathode,  an  effect 
particularly  noticeable  at  low  frequencies;  and  induced  grid  noise  resulting 
from  the  random  nature  of  the  electron  stream  near  the  grid.  In  addi- 
tion to  the  above,  we  also  have  in  a pentode  'partition  noise  which  arises 
from  the  random  fluctuation  in  the  current  division  between  the  screen 
and  the  plate.  Because  of  this  partition  effect  a pentode  may  be  much 
noisier  (perhaps  by  a factor  of  10)  than  a triode.  Hence,  the  input  stage 
to  a high-gain  amplifier  is  usually  a triode.  We  should  note  that  it  is 
the  input  stage  whose  noise  must  be  kept  extremely  low  because  any 
noise  generated  in  this  tube  is  amplified  by  all  the  following  stages. 

A transistor  is  much  noisier  than  a vacuum  tube.  In  addition  to 
thermal  noise,  there  exists  noise  due  to  the  random  motion  of  the  carriers 
crossing  the  emitter  and  collector  junctions.  There  is  also  a partition 
effect  arising  from  the  random  fluctuation  in  the  division  of  current 
between  the  collector  and  base.  It  is  found  that  a transistor  does  not 
generate  white  noise,  but  rather  that  the  noise  power  is  inversely  pro- 
portional to  frequency.  Also,  the  amount  of  noise  generated  depends 
upon  the  quiescent  conditions.  Hence,  in  specifying  the  noise  in  a tran- 
sistor the  center  frequency  and  the  operating  point  must  be  given. 

A noise  flgure  F has  been  introduced  in  order  to  be  able  to  specify 
quantitatively  how  noisy  a circuit  is.  By  definition,  F is  the  ratio  of  the 
noise  power  output  of  the  circuit  under  consideration  to  the  noise  power 
output  which  would  be  obtained  in  the  same  band  width  if  the  only  source 
of  noise  were  the  thermal  noise  in  the  internal  resistance  of  the  signal 
source.  Thus,  the  noise  figure  is  a quantity  which  compares  the  noise 
in  an  actual  amplifier  with  that  in  an  ideal  (noiseless)  amplifier.  Usually 
F is  expressed  in  decibels.  The  noise  figure  of  a triode  may  be  as  low  as 
a few  decibels  throughout  the  video-frequency  range  whereas  10  to  30  db 
is  representative  for  a junction  transistor  and  40  to  70  db  for  the  point- 
contact  type. 
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CHAPTER  16 


AUDIO  POWER  AMPLIFIERS 


A.  POWER  amplifier  serves  to  supply  power  to  some  devices  such  as  a 
loud-speaker,  a servo  motor,  a relay,  or  a switching  circuit.  Power  ampli- 
fiers may  be  operated  as  Class  A,  AB,  B,  or  C,  depending  upon  the  par- 
ticular purpose  of  the  unit.  If  the  amplifier  is  to  reproduce  the  audio 

spectrum  without  distortion,  the 

Cg  1 amplifier  must  be  operated  in  Class 

I I ^ single  tube  or  transistor  is 

^ ^ used.  If  two  devices  are  used  in  a 

^ balanced  (push-pull)  circuit,  then 

1 i 1 . the  amplifier  may  be  operated  in 

— Class  AB  or  Class  B. 

Only  audio-frequency  power  am- 
G P plifiers  will  be  considered  in  this 

©1J.  I T.  J chapter.  Particular  emphasis  will 

/L-  ^ placed  upon  the  types  of  circuits 

J > used,  the  power  output,  the  distor- 

[ tion,  and  the  efficiency. 

K 16-1.  Class  A Triode  Power  Am- 

Fig.  16-1.  The  schematic  wiring  dia-  pfifiers.  Consider  a simple  triode 

gram  and  the  equivalent  circuit  of  a n j.  t 

simple  series-fed  power  amplifier.  amplifier  that  supplies  power  to  a 

pure  resistance  load  Rl.  The  sche- 
matic and  equivalent  circuits  of  this  amplifier  are  indicated  in  Fig.  16-1. 
The  plate  current  is  given  by 


1^ 

1 

t)  i 

I \ 

'ff  r 

L J 

Fig.  16-1.  The  schematic  wiring  dia- 
gram and  the  equivalent  circuit  of  a 
simple  series-fed  power  amplifier. 


Tp  Rl 


and  the  power  supplied  to  the  load  is 


Tp  Rl/ 


(16-1) 


The  conditions  for  maximum  power  transfer  to  the  load  may  readily  be 
determined.  If  it  is  assumed  that  y.,  r^,  and  Eg  are  constants,  the  power 
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transfer  is  a maximum  when 


from  which  it  follows  that 


Rl  = Tr. 


(16-2) 


Under  these  conditions,  the  maximum  output  power  is 


(€•)■'• 


l^QmEg^ 

4 


A plot  of  Eq.  (16-1)  is  given  in  Fig.  16-2,  and  we  observe  that  although  a 
maximum  exists  for  Rl  — Vp  this 
maximum  is  quite  broad. 

For  a given  operating  point  the  0.88 — 

power  supply  voltage  required  will  P/P^ax  / [ I 

increase  with  the  magnitude  of  Rl-  / j i 

Since  the  maximum  power  transfer  / i i 

occurs  when  the  load  resistor  equals  0 0.5  i.o  1.5  2.0 

the  internal  plate  resistance  of  the 

tube,  it  is  necessary  to  have  tubes  power  output  from  the 

..11  1 £ - j X amplifier  in  Fig.  16-1  as  a function  of 

with  low  values  of  Vp  m order  to 

obtain  reasonable  amounts  of  out- 
put power  with  nominal  values  of  plate  supply  voltage.  Tubes  with  low 
values  of  Vp  also  usually  possess  rather  low  values  of  As  a result, 
large  grid-excitation  voltages  are  required  for  appreciable  amounts  of 
output  power.  It  is  noted  from  Eq.  (16-3)  that  the  product  ngm  is  a 
figure  of  merit  for  a power  tube. 

If  the  amplitude  distortion  is  negligible  and  if  the  amplifier  supplies 
power  to  a pure  resistance  load,  then  the  power  output  may  be  found 
graphically  as  follows : 

P = Epip  = Ip^Rl 

where  Ep  and  Ip  are  the  rms  output  voltage  and  current,  respectively, 
and  where  Rl  denotes  the  magnitude  of  the  load  resistance.  The  numeri- 
cal values  of  Ep  and  Ip  can  be  determined  graphically  in  terms  of  the 
maximum  and  minimum  voltage  and  current  swings,  as  indicated  in  Fig. 
16-3.  Under  the  conditions  of  negligible  distortion,  it  is  seen  that 

Y I m I man  I min 

2 V2 


Eman  " E„ 

2 V2 


and 
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so  that  the  power  becomes 


Emim  _ Im^RL 
2 ~ 2 


(16-4) 


which  may  also  be  written  in  the  form 


P = 


(-^max Emin)  (^ImaK -^min) 

8 


(16-5) 


This  equation  allows  the  output  power  to  be  calculated  very  simply. 


Fig.  16-3.  The  output-current  and  voltage  wave  forms  of  a triode  power  amplifier. 

All  that  is  necessary  is  to  plot  the  load  line  on  the  volt-ampere  charac- 
teristics of  the  tube  and  to  read  off  the  values  of  E^^^,  E^i^,  /max,  and  /min- 

16-2.  Second  Harmonic  Distortion  in  Triodes.  In  the  preceding  sec- 
tion the  tube  was  idealized  as  a perfectly  linear  device.  However,  in 
general,  the  dynamic  characteristic  is  not  a straight  line.  This  non- 
linearity arises  because  the  static  plate  characteristics  are  not  equidistant 
straight  lines  for  constant-grid-voltage  increments.  If  the  dynamic  curve 
is  nonlinear  over  the  operating  range,  the  wave  form  of  the  output  volt- 
age differs  from  that  of  the  input  signal.  Distortion  of  this  type  is  ealled 
nonlinear  or  amplitude  distortion. 

In  order  to  investigate  the  magnitude  of  this  distortion  we  shall  assume 
that  the  dynamic  curve  of  a triode  with  respect  to  the  quiescent  point  Q 
can  be  represented  by  a parabola  rather  than  a straight  line.  Thus, 
instead  of  relating  the  alternating  plate  current  ip  with  the  grid  excitation 


AUDIO  POWER  AMPLIFIERS 


403 


voltage  Qg  by  the  relation 

=Geg  Rl 

that  arises  from  the  linear  equivalent  circuit  of  the  triode,  we  assume 
that  the  relationship  between  ip  and  Cg  is  given  more  accurately  by  the 
expression 

ip  = GiBg  + GiBg^  (16-7) 

where  the  G’s  are  constants.  Actually,  these  two  terms  are  the  beginning 
of  a power  series  expansion  of  ip  as  a function  of  eg. 

If  the  input  wave  form  is  sinusoidal  and  of  the  form 

Cg  = Egm  COS  wt 

the  substitution  of  this  expression  in  Eq.  (16-7)  leads  to 
i/p  G \E gjfi  cos  o)t  I G *2,E gni^  cos^  oit 

Since  cos^  wt  = ^ ^ cos  2 at,  the  expression  for  the  instantaneous  total 

current  % reduces  to  the  form 


ih  — Ib  ip  — Ih  Bq  Bi  cos  at  Bi  cos  2at  (16-8) 


where  the  B’s  are  constants  which  may  be  evaluated  in  terms  of  the  G’s. 
The  physical  meaning  of  this  equation  is  evident.  It  shows  that  the 
application  of  a sinusoidal  signal  on  a parabolic  dynamic  characteristic 
results  in  an  output  current  which  contains,  in  addition  to  a term  of  the 
same  frequency  as  the  input,  a second  harmonic  term  and  also  a constant 
current.  This  constant  term  Bo  adds  to  the  original  d-c  value  /&  to  yield 
a total  d-c  component  of  current  h + Bq.  Hence,  a sinusoidal  input 
signal  has  changed  the  average  value  of  the  output  current  and  hence  rectifi- 
cation has  taken  place. 

The  amplitudes  Bo,  B\,  and  B2  for  a given  load  resistor  are  readily 
determined  from  either  the  static  or  the  dynamic  characteristics.  We 
observe  from  Fig.  16-4  that  when 


at  — 0, 
at  = 
cot  = TTy 


-^max 

ih  I b 

ib  -=  luE.u  i 


(16-9) 


By  substituting  these  values  in  Eq.  (16-8)  there  results 


7max  = Ib  Bo  -|-  Bl  -|-  B2  1 

Ib  = Ib  Bo  — B2  i (16-10) 

7min  = Ib  Bo  — Bl  -|-  B2  ] 


This  set  of  three  equations  determines  the  three  unknowns  Bo,  Bi,  and  B2. 
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Fig.  16-4.  Static  and  dynamic  characteristics  of  a triode.  The  output  current  has 
zero-axis  symmetry  provided  only  that  the  input  is  assumed  to  be  of  the  form  eg  = 
Egm  cos  cat. 


It  follows  from  the  second  of  this  group  that 

Bo  = B2  (16-11) 

By  subtracting  the  third  equation  from  the  first,  there  results 

~ (16-12) 

With  this  value  of  B\,  the  value  for  B^  may  be  evaluated  from  either  the 
first  or  the  last  of  Eqs.  (16-10)  as 

52  = 5o  - (16-13) 

The  second  harmonic  distortion  is  defined  as 

s jl^  (16-14) 

(To  find  the  per  cent  second  harmonic  distortion,  is  multiplied  by  100.) 

The  quantities  Zmin,  and  /?,  appearing  in  these  equations  are  obtained 
directly  from  the  characteristic  curves  and  the  load  line. 
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If  the  dynamic  characteristic  is  given  by  the  parabolic  form  (16-7) 
and  if  the  input  contains  two  frequencies  coi  and  coa,  then  the  output  will 
consist  of  a d-c  term  and  sinusoidal  components  of  frequencies  coi,  C02, 
2co2,  oji  + C02,  and  coi  - C02  (Prob.  16-2).  The  sum  and  difference 
frequencies  are  called  inteTmodulation  or  combination  frequencies. 

16-3.  Harmonic  Generation  in  a Tube.  The  analysis  of  the  previous 
section  has  assumed  a parabolic  dynamic  characteristic.  This  approxi- 
mation is  usually  valid  for  voltage  amplifiers  where  the  swing  is  small. 
However,  for  a triode  power  amplifier  with  a large  input  swing  (the  grid 
may  even  be  driven  positive  during  part  of  the  input  cycle)  it  is  an 
inadequate  assumption.  It  is  likewise  true  that  the  parabolic  approxi- 
mation may  not  be  sufficiently  accurate  to  describe  the  behavior  of 
tetrodes  and  pentodes  as  circuit  elements. 

It  IS  frequently  necessary,  therefore,  to  express  the  dynamic  curve  with 
respect  to  the  Q point  by  a power  series  of  the  form 

ip  = GiCg  -I-  GiCg'^  d-  GiCg^  -}-  G iCg^  + * ’ ' (16-15) 

If  we  assume  that  the  input  wave  is  a simple  cosine  function  of  time 
of  the  form 


Cg  ^ EgmCOSOit  (16-16) 

then  the  output  current  will  have  the  form 

ih  = Ih  + Bq  -\-  Bi  cos  o)t  -f-  B2  cos  2(at  -)-  Bz  cos  3co^  -f-  • • • (16-17) 

This  equation  results  when  Eq.  (16-16)  is  inserted  in  Eq.  (16-15)  and  the 
proper  trigonometric  transformations  are  made. 

That  the  output-current  wave  form  must  be  expressible  by  a relation- 
ship of  this  form  is  made  evident  from  an  inspection  of  Fig.  16-4.  It  is 
observed  from  this  figure  that  the  plate-current  curve  must  possess  zero-- 
axis  symmetry,  or  that  the  current  is  an  even  function  of  time.  Expressed 
mathematically,  i{ut)  = i{  — o}t).  Physically,  it  means  that  the  wave 
shape  for  every  quarter  cycle  of  the  plate-current  curve  as  the  operating 
point  moves  from  point  Q to  point  1 is  similar  to  the  shape  of  the  curve 
that  is  obtained  as  the  operating  point  moves  back  from  point  1 to 
point  Q.  Similarly,  the  wave  shape  of  the  current  generated  by  the 
operating  point  as  it  moves  from  point  Q to  point  2 is  symmetrical  with 
that  generated  as  it  moves  from  point  2 back  to  point  Q.  These  con- 
ditions are  true  regardless  of  the  curvature  of  the  characteristics.  Since 
i is  an  even  function  of  time,  the  Fourier  series  in  Eq.  (16-17)  representing 
a periodic  function  possessing  this  symmetry  contains  only  cosine  terms. 
(If  any  sine  terms  were  present  they  would  destroy  the  symmetry  since 
they  are  odd  and  not  even  functions  of  time.) 
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If  in  Eq.  (16-15)  one  assumes,  as  is  frequently  done  in  the  literature, 
that  the  excitation  voltage  is  a sine  instead  of  a cosine  function  of  the 
time,  the  resulting  output  current  is  no  longer  expressed  by  a series  of 
cosine  terms  only.  Though  a sine  function  differs  from  a cosine  function 
in  the  shift  of  the  time  axis  by  an  amount  oit  = 7r/2,  nevertheless  such  a 


and  the  corresponding  values  of  plate 
current  that  are  used  in  the  five-point 
schedule  for  determining  the  Fourier 
components  Bo,  Bi,  B^,  B3,  and  B4 
of  the  current. 


shift  destroys  the  above-noted  zero- 
axis  symmetry.  It  is  found  in  this 
case  that  the  Fourier  series  repre- 
senting the  output  current  contains 
odd  sine  components  and  even  cosine 
components. 

Any  one  of  a number  of  methods^ 
may  be  used  in  order  to  obtain  the 
coefficients  .Bo,  Bi,  B2,  etc.  These 
include  the  standard  procedures  em- 
ployed in  conventional  Fourier  anal- 
ysis, viz.^  the  schedule  method  or  the 
Fischer-Hinnen  average  selected  or- 
dinate method.  The  method  due  to 
Espley,  which  is  a combination  of 
the  two  standard  procedures  and 
which  is  simply  an  extension  of  the 
method  of  procedure  of  the  last  sec- 
tion, will  be  described  here.  It  was 
assumed  in  the  foregoing  section  that 
only  three  terms.  Bo,  Bi,  and  B2,  of 
the  Fourier  series  were  different  from 
zero.  These  three  values  were  eval- 
uated in  terms  of  three  measured 
values  of  current,  /max,  and  7b- 
As  the  next  approximation,  it  will 
be  assumed  that  only  five  terms.  Bo, 


Bi,  B2,  B3,  and  B4,  exist  in  the  resulting  Fourier  series.  In  order  to 
evaluate  these  five  coefficients,  the  values  of  the  currents  at  five  different 
values  of  eg  are  needed.  These  are  chosen  at  equal  intervals  in  the  grid 
swing.  Thus,  7j,  7b,  I-h  and  correspond,  respectively,  to  the 
following  values  of  eg ; maximum  positive  value,  ^ the  maximum  positive 
value,  zero,  ^ the  maximum  negative  value,  and  the  maximum  negative 
value.  These  values  are  illustrated  in  Fig.  16-5. 

By  assuming  that  the  grid  voltage  has  the  form 


eg  ^ gm  COS  0)t 
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as  illustrated,  then  when 


ijit  = 0, 


cot 


3’ 


cot 


cot 


27r 

y’ 


cot  = TT, 


^6 

^6  = I \ 

ih  = /-I 
% — j^min 


(16-18) 


By  combining  these  conditions  with  Eq.  (16-17),  five  equations  containing 
five  unknowns  are  obtained.  The  solution  of  these  equations  yields 


Bo  — 4^(/max  + 27i  2/_i  -f-  7,„i„)  — 7b 

Bl  = h ~ I-i  ~ 7nun) 

B2  = Ti^rnax  “ 275  + 7„i„) 

Bz  = -g-(-^max  — 27l  + 27_J  — 7,ni„) 

Bi  — — 47i  -b  675  — 47_|  -j-  7„,in) 


(16-19) 


This  method  might  be  termed  a “five-point  schedule.”  Higher  har- 
monics can  be  obtained  by  employing  a seven-point,  a nine-point,  etc., 
schedule. 

If  a large  number  of  determinations  of  harmonic  distortion  are  to  be 
made,  it  might  be  advantageous  to  use  specially  constructed  direct- 
reading  scales  or  certain  trigonometric  simplifications  that  are  described 
in  the  literature.  ^ 

The  harmonic  distortion  is  defined  as 

where  7)*  (s  = 2,  3,  4,  . . .)  represents  the  distortion  of  the  sth  har- 
monic. An  example  illustrating  how  these  equations  may  be  used  to 
determine  the  distortion  in  multielectrode  tubes  is  given  in  Sec.  16-8. 

If  the  distortion  is  not  negligible,  the  power  output  at  the  fundamental 
frequency  is 

jj  Bi^Rl 


However,  the  total  power  output  is 

P = -b  B2‘^  -b  -b  • • •)  ^ 


(16-21) 
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which  may  be  written  as 

P = (1  + D22  + + • ■ ■)Pi 

or 

P = (1  + D^)Pi  (16-22) 

where  the  total  distortion  or  distortion  factor  is  defined  as 

D ^ (16-23) 

If  the  total  distortion  is  10  per  cent  of  the  fundamental,  then 
P = [1  + (0.1)2]Pi  = l.OlPl 

The  total  power  output  is  only  1 per  cent  higher  than  the  fundamental 
power  when  the  distortion  is  10  per  cent.  Hence,  little  error  is  made  in 
using  only  the  fundamental  term  in  calculating  the  power  output. 

In  passing  it  should  be  noted  that  the  total  harmonic  distortion  is  not 
necessarily  indicative  of  the  discomfort  to  someone  listening  to  music. 

Usually  the  same  amount  of  distor- 
tion is  more  irritating,  the  higher  the 
order  s of  the  harmonic  frequency. 

16-4.  Output  Circuits.  If  the 
load  resistance  is  connected  directly 
in  the  plate  circuit  of  the  power 
tube,  as  shown  in  Fig.  16-1,  the 
quiescent  current  passes  through 
this  resistance.  This  current  rep- 
resents a considerable  waste  of 
power,  as  it  does  not  contribute  to 
the  a-c  component  of  power.  Furthermore,  it  is  generally  inadvisable 
to  pass  the  d-c  component  of  current  through  the  output  device,  for 
example,  the  voice  coil  of  a loud-speaker.  For  these  reasons  a parallel- 
feed  arrangement  or  an  output  transformer  is  usually  employed. 

The  parallel-feed  circuit  is  illustrated  in  Fig.  16-6.  The  plate  supply 
voltage  is  connected  across  the  tube  through  a high  inductance  L instead 
of  being  in  series  with  the  load  resistor.  The  blocking  capacitor  C pre- 
vents  the  d-c  battery  voltage  from  appearing  across  the  load  Ji^r.  The 
magnitude  of  this  capacitor  must  be  sufficiently  high  so  that  its  reactance 
is  small  compared  with  Rl-  Furthermore,  the  inductance  L must  be  high 
enough  to  prevent  an  appreciable  fraction  of  the  alternating  current  from 
passing  through  it.  In  this  way  the  alternating  component  of  the  tube 
current  passes  through  the  RC  branch,  while  a negligible  reactance  drop 
exists  across  the  capacitor. 

The  voltage  and  current  relations  for  this  type  of  circuit  are  shown  in 


C 


Fig.  16-6.  A power  amplifier  employing 
parallel  or  shunt  feed.  Usually  Ai  ^ Rj, 
and  Ac  <3C  Rl. 
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Fig.  16-7.  The  construction  differs  from  that  of  the  simple  series-fed 
circuit  in  that  the  resultant  resistance  is  now  higher  for  the  a-c  than  for 
the  d-c  component.  This  indicates  the  need  for  distinguishing  between 
the  ‘‘dynamic”  resistance  and  the  ‘'static'’  resistance  of  the  load.  The 
qnj^ent  pointJs  determinnd  hv  drawing  a load  lineThrduiF  tlie  point 
ib  = 0,  Bb  = Ebb,  with  a slope  determined  by  the  d-c  resists, nop  nf  f.hp 
chokB":^h;  gmce" this  resistance  is  generally  small,  this  static  load  line 
will  he  almost  vertical.  The  point  Q is,  as  before,  the  intersection  of  this 
load  line  with  the  grid  characteristic  corresponding  to  the  bias  voltage  Ec. 


Fig.  16-7.  The  dynamic  and  static  load  lines  of  a shunt-fed  or  transformer-coupled 
amplifier. 

However,  for  the  frequencies  at  which  the  amplifier  is  to  be  used,  the 
impedance  of  the  inductor  is  so  large  that  no  alternating  current  passes 
through  it.  Since,  at  these  frequencies,  the  reactance  of  C is  considered 
negligible,  the  tube  works  into  a resistance  load  Rl.  Thus,  the  dynamic 
load  line  is  drawn  through  the  point  Q with  a slope  determined  by'^, 
^ shown  in  h igTlG-?. 

IT  a~t}ynamic  loud-speaker,  the  impedance  of  the  voice  coil  of  which 
may  be  of  the  order  of  from  5 to  15  ohms,  were  used  in  a shunt-fed 
circuit,  only  a small  output  power  would  be  possible.  This  follows  from 
the  fact  that  the  internal  resistance  of  the  tube  is  very  much  higher  than 
that  of  the  speaker,  and  so  most  of  the  power  generated  would  be  lost  in 
the  tube  itself.  If  an  output-matching  transformer  is  used,  however,  it  is 
possible  to  match  the  load  resistance  with  that  of  the  tube.  Figure  16-8 
illustrates  such  an  output  circuit. 

The  impedance-matching  properties  of  an  ideal  transformer  follow  from 
the  simple  transformer  relations 

El  = E2  and  /i  = 1 2 (16-24) 

iV  2 -/V  1 

where  Ei  is  the  primary  voltage,  E2  is  the  secondary  voltage,  Ii  is  the 
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primary  current,  /2  is  the  secondary  current,  Ni  is  the  number  of  pri- 
mary turns,  and  N2  is  the  number  of  secondary  turns.  When  N2  < N 1, 
these  equations  show  that  the  transformer  reduces  the  voltage  in  pro- 
portion to  the  turns  ratio  n = N2/N1  and  steps  the  current  up  in  the 
same  ratio.  The  ratio  of  these  equations  yields 

El  1 E2 
1 1 1 2 

Since,  however,  Ei/Ii  represents  the  effective  input  resistance  Rl', 
whereas  E 2/ 1 2 is  the  output  resistance  Rl,  then 

Rl'  = \Rl  (16-25) 


Fig.  16-8.  A low-resistance  load  is 
matched  to  a high-resistance  tube 
through  an  output  transformer. 


If,  for  example,  Rl  = 10  ohms  and  n = then  Rl'  = 2,250  ohms,  a 

value  which  is  comparable  with  the 
internal  resistance  of  a power  triode. 

The  same  distinction  between  the 
static  and  dynamic  load  lines  must 
be  made  for  the  transformer-coupled 
load  as  for  the  shunt-fed  circuit. 
Thus,  Fig.  16-7  is  also  valid  for  the 
transformer-coupled  unit  provided 
that  Rl  is  interpreted  as  the  resist- 
ance of  the  primary  winding  of  the 
transformer  and  that  Rl  denotes  the  effective  load  Rl'- 

16-6.  Frequency  Response  of  an  Output  Transformer.  Since  an  out- 
put transformer  is  never  “ideal,”  the  frequency-response  curve  will  not 
be  flat  for  all  frequencies.  The  tube  load  will  be  a pure  resistance  only 
in  the  mid-frequency  range.  At  low  frequencies,  the  gain  will  fall,  owing 
to  the  small  reactance  of  the  transformer  magnetizing  inductance  L which 
will  act  as  a shunt  across  the  load.  At  the  high  frequencies,  the  trans- 
former leakage  reactance  a will  act  effectively  as  a high  impedance  in 
series  with  the  load,  and  the  gain  will  again  fall.  The  transformer  and 
tube  capacitances  usually  play  an  unimportant  role  over  the  entire  audio 
range  for  a triode-amplifier  load.  The  equivalent  circuit  is  shown  in 
Fig.  16-9.  If  Lp  is  the  primary  inductance  and  K is  the  coefficient  of 
coupling  between  primary  and  secondary,  then  it  can  be  shown  that® 
the  magnetizing  inductance  is  L = KLp  and  the  leakage  inductance  is 
a = 2Lp(l  — K).  The  secondary  output  voltage  is  Eo. 

1.  Intermediate  Frequencies.  All  reactances  are  negligible,  and  hence 
<r  may  be  short-circuited  and  L may  be  open-circuited.  Then  the  gain  is 
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given  by 


+ nRL/n 

Rx'  + R2' 


(16-26) 


where  Ei'  = -}-  -Bi  is  the  total  primary  resistance 

B2'  = R-i/n^  -t-  Rhln-  is  the  total  secondary  resistance  referred  to 
the  primary 

n = N2/Niis  the  ratio  of  secondary  to  primary  turns  and  is  less 
than  unity 

2.  Low  Frequencies.  The  leakage  reactances  are  negligible,  and  a may 
be  shorted,  but  the  reactance  of  L now  parallels  R2  . The  solution  of  this 
series-parallel  circuit  for  the  gain  rel- 
ative to  the  mid-band  gain  is  found  ^ a-  Rz 

to  be  


where 


1 

i(/i//) 


(27rL)(Bi'  -f-  B2') 


(16-27) 


(16-28) 


Fig.  16-9.  The  equivalent  circuit  of  a 
tube  containing  an  output  transformer. 
The  transformer  primary  and  secondary 
winding  resistances  are  Ri  and  R2, 
respectively.  The  magnetizing  induct- 
ance is  L,  and  the  total  leakage  in- 
ductance is  (T. 


We  see  that  the  lower  3-db  frequency  respectively.  The  magnetizing  induct- 
/i  is  that  frequency  for  which  the  ance  is  L,  and  the  total  leakage  in- 
magnetizing  reactance  equals  the  ductance  is  <t. 
parallel  combination  of  Ri  and  B2'. 

3.  High  Frequencies.  The  reactance  of  L is  so  large  that  its  shunting 
action  may  be  ignored,  but  the  leakage  reactance  a must  be  taken  into 
consideration.  A simple  series  circuit  results,  and  the  gain  relative  to 
the  mid-band  gain  is  found  to  be 


where 


^ ^ 1 
Ao  1 -Fjif/fi) 

j.  Ri  -f-  R2' 


(16-29) 


(16-30) 


We  see  that  the  upper  3-db  frequency  /2  is  that  frequency  for  which  the 
total  series  leakage  reactance  equals  the  total  series  resistance. 

These  expressions  for  Ai/Ao  and  A2/A0  are  identical  with  those 
obtained  for  an  BC-coupled  amplifier  in  Chap.  15  (except  that  /i  and  /2 
have  different  meanings).  Hence,  the  universal-gain  and  phase-shift 
curves  of  Fig.  15-6  are  applicable  here. 

According  to  these  results,  the  response  characteristics  of  a transformer- 
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coupled  output  stage  can  be  improved  greatly  if  a transformer  having  a 
very  high  primary  inductance  and  very  low  leakage  inductance  is  used. 
If  the  quiescent  current  is  not  allowed  to  pass  through  the  transformer 
primary,  d-c  saturation  of  the  core  is  avoided  and  the  primary  inductance 
may  be  greatly  increased  by  using  high-permeability  iron.  Furthermore, 
smaller  wire  can  be  used,  and  more  turns  can  be  wound  on  the  same-sized 
core.  Hence  a combination  of  transformer  coupling  and  shunt  feed  (to 
keep  the  quiescent  current  out  of  the  transformer  primary)  is  often  used 
to  improve  the  frequency  response  of  an  output  stage. 

Equation  (16-29)  is  valid  only  for  a triode.  For  a pentode  or  a beam 
power  tube  for  which  the  plate  resistance  is  very  large,  the  primary 
shunting  capacitance  Cs  can  no  longer  be  neglected.  It  often  happens 
for  such  a circuit  that  there  is  a resonance  between  Cs  and  a in  the  audio 
range.  Under  these  circumstances  the  response  at  high  frequencies  may 
rise  above  the  mid-band  value  before  finally  falling  to  a low  value. 

16-6.  Maximum  Undistorted  Power  Output.  The  maximum  output 
power  and  the  corresponding  value  of  load  resistance  depend  upon  the 
method  of  operation.^  Three  cases  will  be  discussed  below.  These  are 
(1)  the  small-signal  condition,  (2)  the  fixed  quiescent  plate  voltage  con- 
dition, and  (3)  the  fixed  quiescent  operating  condition. 

1.  The  Small-signal  Condition.  In  Sec.  16-1  it  is  shown  (assuming 
linear  operation)  that  if  the  signal  amplitude  is  kept  constant  the  maxi- 
mum power  output  is  obtained  for  iSi  = Vp.  However,  the  requirement 
that  Eg  must  remain  constant  is  an  artificial  and  unnecessary  limitation. 
A large  grid  swing  may  be  obtained  by  using  several  stages  of  voltage 
amplification  before  the  power,  or  output,  stage.  Hence,  in  what  follows 
it  is  assumed  that  any  required  signal  voltage  Eg  is  available. 

2.  The  Fixed  Quiescent  Plate  Voltage  Condition.  A transformer  or 
shunt-fed  arrangement  is  much  more  common  for  power  amplifiers  than 
the  series-fed  circuit.  Under  this  method  of  operation,  Eb  = Ebb  (except 
for  the  small  d-c  voltage  drop  in  the  choke  resistance  IF  now  seems 
reasonable  to  ask : What  must  be  the  value  of  the  load  resistance  in  order 
that  the  power  output  Ue~a  maximum  tor~gr~gmall  aHowablU  distortion 
and  for  a fixed  v^e  of  quiescent  plate  voltage?  An  analysis^  shows 
that  the  answer  to  this  query  is  Rl  = 2rp.  The  solution  will  not  be  given 
here  because  rhe  conditions  set  forth  above  are  not  practical  since  no  con- 
sideration was  given  to  the  allowable  plate  dissipation  of  the  tube.  It 
turns  out  that,  if  the  tube  were  to  be  operated  under  these  conditions,  in 
most  cases  the  allowable  plate  dissipation  would  be  exceeded. 

3.  The  Fixed  Quiescent  Operating  Condition.  Since  the  tube  manufac- 
turers specify  both  the  maximum  allowable  plate  voltage  and  the  maxi- 
mum allowable  plate  dissipation,  a very  practical  problem  is  the  following: 
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Find  the  value  of  the  load  resistance  in  order  that  the  power  output  be  a 
maximum  for  a small  allowable  distortion  and  a specified  quiescent  point. 

The  answer  to  this  problem  is  obtained  graphically.  If  Pp  is  the  maxi-*' 
mum  specified  plate  dissipation  and  Eh  the  maximum  specified  plate  volt- 
age,* then  the  quiescent  current  is  Pp/Eh  = /&.  A series  of  load  lines  are 
passed  through  this  quiescent  point,  and  in  each  case  the  output  power 
and  the  distortion  are  calculated  corresponding  to  a grid-cathode  swing 
up  to  zero  voltage  and  down  to  a grid  voltage  equal  to  twice  the  quiescent 
grid  voltage. 

The  results  of  the  above  indicated  calculations  for  a 2A3  power  triode 
(Fig.  A9-6)  are  shown  in  Fig.  16-10. 

The  specified  plate  dissipation  is  15 
watts,  and  the  specified  plate  voltage 
is  250  volts,  which  gives  a quiescent 
current  of  15/250  amp  = 60  ma. 

From  the  plate  characteristics  of  the 
2A3,  the  corresponding  quiescent  grid 
voltage  is  45  volts.  Hence,  the  grid 
swing  is  from  zero  to  —90  volts. 

It  is  observed  from  this  diagram 
that  the  maximum  power  of  3.5  watts 
is  obtained  at  about  3,000  ohms, 
which  is  approximately  four  times 
the  plate  resistance  of  the  tube.  The 
second  harmonic  distortion  is  not 
negligible  at  this  point,  although  the 
5 per  cent  that  exists  is  usually  tol- 
erable. The  curves  of  Fig.  16-10 
show  that  the  power  output  has  a very  broad  maximum  with  respect  to 
load  resistance  but  that  the  distortion  varies  rapidly  with  Rl.  Hence, 
we  have  a choice  of  resistance  to  give  a low  value  of  distortion  without 
too  much  sacrifice  of  output  power. 

16-7.  Plate -circuit  Efficiency.  The  various  components  of  power  in 
an  amplifier  circuit  will  now  be  examined.  Suppose  that  the  tube  is  sup- 
plying power  to  a pure  resistance  load.  The  average  power  input  from 
the  d-c  supply  is  Ebbh-  The  power  absorbed  by  the  output  circuit  is 
Ib'^Ri  + IpEp,  where  Ip  and  Ep  are  the  rms  output  current  and  voltage, 
respectively,  and  where  Ri  is  the  static  load  resistance.  If  Pp  denotes 
the  average  power  dissipated  by  the  plate,  then,  in  accordance  with  the 
principle  of  theconservatioh  of~energy~ 


0 1 2 3 4 5 

Load  resistance,  kllohms 


Fig.  16-10.  Power  output  and  second 
harmonic  distortion  of  a type  2A3 
triode  as  a function  of  load  resistance. 
Conditions  of  operation:  /&  = 60  ma, 
Eb  = 250  volts,  Ee  = —45  volts,  Vp  = 
800  ohms. 


Ebbib  — Ib^Rl  T Epip  -f- 


(16-31) 
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Since,  however, 

Ebb  = -£"&  + IbRi 


Pp  may  be  written  in  the  form 


V 


y 

V- 

{^4 


Pp  = Ebib  - Epip  (16-32) 

If  the  load  is  not  a pure  resistance,  EpIp  must  be  replaced  by  EpIp  cos  6, 
where  cos  d is  the  power  factor  of  the  load. 

Equation  (16-32)  expresses  the  amount  of  power  that  must  be  dissi- 
pated  by  the  plat^  It  represents  the  kinetic  ener^  of  the  electrons 
whiclTTs  converted  into  heat  upon  bombardment  of  the  plate  by  these 
electrons.  If  the  a-c  power  output  is  zero,  i.e.,  if  no  applied  signal  exists, 
then  Pp  has  its  maximum  value  of  Ebh.  Otherwise,  the  heating  of  the 
anode  is  reduced  by  the  amount  of  the  a-c  power  converted  by  the  tube 
and  supplied  to  the  load.  Hence,  a tube  is  cooler  when  delivering  power 
to  a load  than  W-hen  there  is  no  such  a-c  power  transfer.  Obviously,  then, 
lEelnaximum  plate  dissipation  is  determined  by  the  zero-excitation  value. 

The  theoretical  efficiency,  conversion  efficiency,  or  plate-circuit  efficiency 
rip  gives  a measure  of  the  ability  of  the  tube  to  convert  the  d-c  power  of 
the  plate'supply  into  the  a-c  power  supplied  to  the  load  and  is  defined  as 

(16-33) 


Vp  = 


a-c  power  output  to  the  load 


^ - r- 1009' 

d-c  power  input  to  the  plate  circuit 


If  the  distortion  coniponents  are  negligible,  then 

-T/ 


Vp  = 


100% 


(16-34) 


^ Ebbh  -J 

The  plate-circuit  efficiency  differs  from  the  over-all  efficiency  because  the 

grid  power,  the  cathode  heating 
power,  and  (for  a pentode)  the 
screen  power  are  not  included  in 
the  denominator  of  Eq.  (16-33). 

It  is  possible  to  obtain  an  approx- 
imate expression  for  rip  for  triodes, 
iErertain  Tdealizations  are  made  in 
curves.  TTIiese 


Fig.  16-11.  The  graphical  construction 
from  which  the  plate-circuit  efficiency 
of  an  ideal  amplifier  with  a resistance 
load  is  calculated. 


the  characteristic 
idealizations  will,  of  coursE^  introduce 


errors  in  the  analysis.  However,  the 
results  will  permit  an  estimate  of 
the  order  of  magnitude  of  the  plate- 
^ circuit  efficiency  and  in  particular 

furnish  an  upper  limit  to  the  value.  It  will  be  assumed  that  the 
static  curves  of  the  tube  are  parallel  straight  lines  which  are  equidistant 
for  equal  bias  intervals,  as  illustrated  in  Fig.  16-11.  The  dynamic  load 
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is  a resistor  Rl.  This  figure  may  be  used  to  analyze  the  results  of  either 
a series-fed  or  a shunt-  (or 
lerencenfietween  the  two  is 
the  series-fed'easev  ivlrereas  is  equal  to  the  quiescent-point  voltage  Et 
(on  the  assumption  that  the  static  d-c  drop  is  negligible)  in  the  shunt-  ^ 
fed  amplifier. 

We  shall  also  a.ssume-that  the -grid  does  not  swing  beyond  Eg  = 0 but 
that  it  may  swing  to  give  zero  current,  Then 


le  only  dif-  - 
that  the  5-supply  voltage  equals 


and 


U = E 


E pi p 

Vp  “tt  f 


E I 


E„ 


25bb/b  5bb 


% 


(16-35) 


The  type  of  coupling  used  must  now  be  taken  into  consideration  before  the 
analysis  can  be  carried  further.  For  the  transformer  or  shunt-fed  load, 


so  that 


Ehh  — Ej,  — Em  + ‘^Im'fp 


50Em 

+ 21. r. 


% 


which  reduces  to  the  form 


50 

1 + 2rp/RL 


% 


(16-36) 


This  result  shows  that  the  theoretical  maximum  value  of  r]p  is  50  per  cent. 
This  optimum  value  cannot  be  obtained  since  to  do  so  would  require  an 
infinite  load  resistance.  For  the  2A3  operating  near  the  peak  power  out- 
put of  3.5  watts,  as  indicated  in  Fig.  16-10,  we  see  that  Rl  = 3,000  ohms 
and  Tp  = 800  ohms.  The  value  of  rip  as  calculated  from  Eq.  (16-36)  is 
33  per  cent.  The  true  value  of  plate-circuit  efficiency  is  less  than  that 
given  by  Eq.  (16-36)  because,  in  practice,  the  operating  range  will  be 
smaller  than  that  assumed  in  the  above  derivation.  That  is,  the  mini- 
mum current  cannot  be  zero  if  excessive  distortion  is  to  be  avoided.  For 
example,  since  the  output  power  is  3.5  watts  and  the  d-c  input  power  is 
15  watts  for  the  2A3  amplifier,  then  the  actual  value  of  rip  is  3.5/15  = 23 
per  cent. 

Alternative  forms  for  the  output  power  P and  the  conversion  efficiency 
rip  which  do  not  involve  tp  or  Rl  are  easily  obtained  from  the  above 
relationships.  These  are 

P = !(/»..  - % = 25  ~ % 

JCJbb 

(16-37) 
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where  = 2Imrp  is  the  minimum  tube  voltage,  is  the  maximum 
tube  voltage,  /^ax  is  the  peak  value,  and  /min  = 0 is  the  minimum  value 
of  the  tube  current. 

An  analysis  similar  to  that  just  given  shows  that  the  maximum  theo- 
retical efficiency  of  a series-fed  power  amplifier  is  25  per  cent,  or  one-half 
that  of  the  shunt-fed  configuration.  This  is  another  reason  why  the  series 
arrangement  is  seldom  used. 

Increased  output  power  and  plate-circuit  efficiency  may  be  obtained 
by  driving  the  grid  positive.  However,  the  signal  source  impedance  must 


Fig.  16-12.  Plate  characteristics  of  a 6F6  pentode.  Three  load  lines  corresponding  to 
resistance  values  of  3,000,  5,500,  and  8,000  ohms  are  shown  passing  through  the 
quiescent  point,  Eb  = 200  volts,  J?c  = - 15  volts. 

be  low  compared  with  the  grid  input  impedance.  Otherwise,  this  mode 
of  operation  will  introduce  a high  nonlinear  distortion. 

16-8.  Power  Pentodes  and  Beam  Power  Tubes.®  The  desirable  fea- 
tures of  a power  pentode  or  beam  tube  are  the  ability  to  deliver  a large 
power  output  with  a small  grid  swing  (high  power  sensitivity),  a high 
efficiency,  and  possibly  lower  distortion. 

The  discussion  (Sec.  16-3)  of  harmonic  generation  in  a vacuum  tube 
resulting  from  the  nonlinear  dynamic  characteristic  is  applicable  to  multi- 
electrode tubes  as  well  as  to  triodes.  Under  ordinary  conditions  of  oper- 
ation of  a triode,  the  second  harmonic  is  the  principal  component  of 
distortion.  It  will  be  shown  below  tj^  it  is  possible  to  eliminate  com- 
pletely,  by  the  proper  choice  of  the  load  resistance,  the  second-harm  on  ic- 
distortion  componenUTn  a multielecUode  tube.  The  third-order-dis- 
torTK)Ri;ermds-iiIen  the  most  important. 

Consider  a 6F6  pentode  operating  under  the  following  conditions: 
Ef  = 6.3  volts,  Ec2  = 250  volts,  Eb  = 200  volts,  and  Ec  = —15  volts. 
Three  load  lines  corresponding  to  load  resistances  of  3,000,  5,500,  and 
8,000  ohms  pass  through  the  quiescent  point,  as  shown  in  Fig.  16-12. 
Suppose  that  a signal  voltage  having  a peak  value  of  15  volts  is  impressed 
on  the  grid.  The  grid  will  then  swing  from  0 to  —30  volts.  Oscillo- 
grams of  the  ovit^Vii-current  wave  forms  reveal  the  following:  The  wave 
form  closely  resembles  a sine  wave  for  the  case  Rl  = 5,500  ohms.  For 
Rl  = 8,000  ohms,  the  upper  half  of  the  wave  is  decidedly  smaller  than 
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the  lower  loop,  whereas  for  Rl  = 3,000  ohms  the  upper  half  is  larger. 
The  lower  half  of  the  current  wave  is  identical  for  all  three  resistances. 

An  inspection  of  the  static  characteristics  of  the  6F6  (Fig.  16-12)  reveals 
the  reason  for  these  results.  The  bottom  half  of  the  wave  is  obtained 
as  the  grid  swings  from  -15  to  —30  volts.  At  the  quiescent  point 
(—15  volts)  the  current  is  the  same  for  all  three  loads.  At  —30  volts 
the  current  is  still  practically  the  same  for  all  loads,  for  the  u-eb  charac- 
teristic is  practically  a horizontal  line,  as  seen  in  Fig.  16-12.  Conse- 
quently, the  lower  halves  of  the  current  waves  are  almost  identical  for 
the  three  loads. 

The  upper  loop  of  the  output-current  wave  is  obtained  as  the  grid 
swings  from  — 15  volts  to  zero.  Since  the  4-65  characteristic  for  e,,  = 0 
is  a rapidly  varying  one  in  the  region  of  low  values  of  Cb,  the  peak  cur- 
rent depends  critically  upon  the  point  of  intersection  of  the  load  line  with 
this  characteristic.  For  low  resistances  the  point  of  intersection  will  be 
on  the  upper  portion  of  the  Cc  = 0 curve.  This  results  in  a peaked  out- 
put wave.  For  high  resistances,  the  point  of  intersection  will  be  on  the 
rapidly  falling  portion  of  this  curve  and  gives  rise  to  a flat-topped  curve. 

The  choice  of  Rl  = 5,500  ohms  was  determined  by  the  requirement 
that  the  second  harmonic  distortion  be  zero.  From  Eqs.  (16-19), 

Ri  = T(4nax  ~ 2/6  -b  /min) 

and  /max  must  equal  2Ib  — /mm  in  order  that  B2  = 0.  It  is  found  from 
Fig.  A9-7  that  Ib,  under  the  prescribed  conditions  of  operation,  is  equal  to 
37  ma.  Also,  /min  (corresponding  to  Ec  = —30  volts)  is  substantially 
independent  of  the  load  line  and  is  found  to  be  7 ma.  Hence,  /max  must 
equal 

2 X 37  - 7 = 67  ma 


The  corresponding  value  of  Cb  (for  Cc  = 0,  4 = 67  ma)  is  35  volts, 
follows  that 


„ 200  - 35 

67  - 37 


5.5  kilohms 


It 


The  other  two  values  of  load  resistance  were  arbitrarily  chosen  in  order 
to  illustrate  the  distortion. 


Example.  Calculate  the  distortion  and  the  power  output  of  the  amplifier  discussed 
above,  if  it  is  working  into  an  8,000-ohm  load. 

Solution.  A load  line  corresponding  to  8,000  ohms  is  drawn  through  the  quiescent 
point,  Ec  = —15,  Eh  = 200,  on  the  static  curves  of  Fig.  A9-7.  The  following  points 
of  intersection  of  this  line  with  the  plate  characteristics  are  obtained: 


ec 

0 

-5 

-10 

-15 

-20 

-25 

-30 

ib 

1 

59 

56 

48 

37 

26 

15 

7 

1 
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The  values  of  and  7_i  introduced  in  Sec.  16-3  are  the  current  values  when  the 
grid  swings  to  one-half  its  peak  values  (positively  and  negatively,  respectively).  The 
peak  swing  in  this  case  is  15  volts,  so  that  /i  is  the  current  for  = —7.5  volts.  7_i 
represents  the  current  for  Cc  = —22.5  volts.  These  values  do  not  appear  in  the  table 
and  must  be  obtained  either  by  interpolation  or  from  the  plotted  dynamic  curve  {ih 
vs.  Be).  The  latter  method  yields  7i  = 52  ma  and  7_i  = 21  ma.  From  the  table, 
fmax  = 59  ma,  Ib  = 37  ma,  and  7min  = 7 ma.  These  are  the  five  values  required  for 
the  five-point  schedule.  Using  the  formulas  of  Eqs.  (16-19),  there  result 

Bo  = -1.7  Bi  = 28  R2  = -2.0  S3  = -1.7  S4  = 0.3  ma 
Hence,  the  second-,  third-,  and  fourth-harmonic-distortion  components  are 


The  total  distortion  is 
The  total  power  is 


i>,  = ioojf| 
Dz  = 100  j^j 
c.-ioo}!;! 


200 

28 

170 

28 

28 


= 7% 


= 6% 


= 1% 


D = V7''  -t-  62  + 12  = 9.3% 


P = 


(1  + lP)B^HtL 
2 


3.15  watts 


Suppose  that  it  is  desired  to  investigate  the  proper  load  resistance  of  a 
power  pentode  for  which  the  quiescent  'point  is  specified.  This  is  oper- 
ating condition  3 of  Sec.  16-6,  and  the  procedure  is  essentially  the  same 
as  that  outlined  in  that  section  for  a triode.  However,  since  considerable 
distortion  is  introduced  if  the  magnitude  of  the  load  resistance  is  not 
correctly  chosen,  the  first  step  in  the  analysis  is  to  choose  a load  resistor 
that  will  give  zero  second  harmonic  distortion.  The  values  of  the  third- 
and  higher-harmonic  components  are  then  calculated.  Several  values  of 
resistance  above  and  below  this  load  resistor  are  chosen,  and  the  corre- 
sponding distortion  components  are  calculated  for  each  case.  Also,  the 
output  power  under  the  several  conditions  of  load  is  calculated  either 
from  the  expression 

P = ^B^Rl  (16-38) 

or  from 

P -■=  (16-39) 


These  expressions  assume  that  the  contribution  to  the  power  by  the  har- 
monics is  negligible,  a justifiable  assumption  under  most  circumstances. 
The  calculated  values  of  the  power  output  and  the  corresponding  values 
of  distortion  are  plotted  as  a function  of  the  load  resistance.  The  opti- 
mum load  is  that  which  gives  the  largest  output  power  without  excessive 
distortion. 

It  is  fortunate  that  a large  power  output  is  obtainable  in  power  pentodes 
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for  a value  of  load  resistance  for  which  the  distortion  is  low.  The  power 
output  and  harmonic  distortion  for  a 6L6  beam  power  tube  operating  at 
the  quiescent  point  Eh  = = 250  volts  and  a plate  dissipation  of  19 

watts  are  shown  in  Fig.  16-13.  We  see  that  the  maximum  in  the  power- 
output  curve  is  quite  broad.  For  example,  it  is  possible  to  obtain  at 
least  6.5  watts  of  output  power  with  less  than  10  per  cent  distortion  for 
any  load  resistance  in  the  range  from  2.5  to  4.5  kilohms.  The  plate- 
circuit  efficiency  under  these  con- 


ditions is  650/19  = 34  per  cent. 

Note  that  the  optimum  value  oi  Rl 
for  a pentode  is  a small  fraction  of 
the  plate  resistance  (22.5  kilohms 
for  the  6L6)  whereas  for  a triode 
the  optimum  value  oi  Rl  is  several 
times  Tp. 

16-9.  Shift  of  Dynamic  Load 
Line.^  The  analysis  of  the  pre- 
ceding section  must  be  corrected 
slightly  if  an  appreciable  change  in 
direct  current  occurs  because  of 
rectification  caused  by  the  non- 
linearity of  the  dynamic  charac- 
teristic. Consider  Fig.  16-14,  on 
which  are  indicated  the  static  and 
dynamic  load  lines  of  a pentode 
working  into  a transformer-coupled 
resistive  load.  Point  Q is  the  qui- 
escent point  if  there  is  no  rectification.  If  a calculation  reveals  that 
Bo  9^  0,  then  it  is  no  longer  valid  to  draw  the  dynamic  load  line  through 
the  point  Q.  Instead,  it  must  now  pass  through  some  other  point  D 
of  the  static  load  line.  The  new  dynamic  load  line  D'DD"  is  drawn 
parallel  to  the  original  dynamic  line  through  the  point  D.  The  new 
“quiescent”  point  Q'  is  located  on  the  quiescent  grid  characteristic  Ec, 
and  the  corresponding  quiescent  current  is  /&'. 

The  point  D must  be  determined  by  trial  and  error.  The  correct 
location  is  that  for  which  Idc  = lb  + Bo'.  The  component  Bo'  due  to 
rectification  may  be  either  positive  or  negative.  A negative  value  of 
Bo  is  indicated  in  Fig.  16-14  so  that  the  average  tube  current  decreases 
with  applied  signal.  As  a first  estimate  of  the  correct  location  of  the 
point  D,  the  following  procedure  may  be  adopted:  The  dynamic  load  line 
is  drawn  through  point  Q and  the  rectification  component  5o  is  calculated. 
Then  D is  located  so  that  he  = h + Bo.  The  new  values  of  Ih  and  J5o, 
which  are  the  terms  /&'  and  Bo,  respectively,  are  found.  If  the  correct 


0 12  3 4 5 6 

Lood  resistonce,  kilohms 

Fig.  16-13.  Power  output  and  distortion 
of  a 6L6  beam  tube  as  a function  of  load 
resistance.  (Operating  conditions:  Eh  = 
Ect  = 250  volts,  h = 72  ma,  Ed  = — 14 
volts.) 
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value  of  D has  been  located,  then  the  assumed  direct  current  Idc  will 
equal  the  calculated  direct  current  h'  + Bo'.  This  will  usually  be  the 
case  if  the  rectification  is  small.  For  example,  for  the  6F6  operating 
under  the  conditions  given  in  Sec.  16-8  into  an  8,000-ohm  load  {Ec  = — 15 
volts,  Eb  = 200  volts),  the  value  of  h is  37  ma  and  Bo  = —S  ma  so  that 

the  point  D is  assumed  to  corre- 


Fig.  16-14.  The  operating  point  shifts  when 
rectification  occurs  because  of  a nonlinear 
dynamic  curve. 


spond  to  a current  7<ic  = 34  ma  and 
Eb  = 200  volts.  In  this  calcula- 
tion the  d-c  resistance  of  the  trans- 
former is  neglected  so  that  the  line 
QD  is  a vertical  line.  If  an  8,000- 
ohm  line  is  drawn  through  point  D, 
it  is  found  that  h'  + Bo'  yields 
34  ma  very  closely.  Thus  the 
assumed  value  of  D is  the  correct 
one.  If  the  rectification  is  very 
large,  several  estimates  might  be 
necessary  before  the  correct  point 


D is  found. 


It  should  be  noted  that  these  considerations  are  not  restricted  to  pen- 
todes but  are  also  applicable  to  beam  tubes  and  triodes.  The  method  of 
analysis  would  be  the  same  in  all  cases. 

16-10.  Push-Pull  Amplifiers.  A great  deal  of  the  distortion  that  is 
introduced  by  the  nonlinearity  of  the  dynamic  characteristic  may  be 
eliminated  by  means  of  the  arrange- 
ment shown  in  Fig.  16-15  which  is 
known  as  a “push-pull”  circuit. 

In  this  circuit  the  excitation  volt- 
age is  introduced  through  a center-  j 
tapped  transformer.  Thus,  when 
the  signal  voltage  on  one  tube  is 
positive,  the  signal  voltage  on  the 
other  tube  is  negative  by  an  equal 
amount.  Any  other  circuit  that 
provides  two  equal  voltages  which  16-15.  A push-pull  circuit  using  fixed 

differ  in  phase  by  180  deg  may  be 

used  in  place  of  the  transformer.  Circuits  involving  vacuum  tubes  to 
provide  this  phase  reversal  have  been  devised,  and  several  are  discussed 
in  Sec.  17-7.  Suppose  that  the  signal  input  grid  voltage  to  one  tube  is 
of  the  form 


COS  0)f/ 


AUDIO  POWER  AMPLIFIERS 


421 


The  plate  current  of  this  tube  will  be  represented  by  the  expression 

— Ih  Bo  + Bi  cos  oit  + B2  cos  2o3t  “h  B3  cos  Scjt  + • • • (16-40) 

This  Fourier  series  contains  only  cosine  components,  as  explained  in  Sec. 
16-3.  The  corresponding  input  signal  to  the  second  tube  is 

Cgi  = — Cgl  = Eg„,  cos  (0}t  Tt) 

The  output  current  of  this  tube  is  obtained  by  replacing  cot  by  coi  -f  tt 
in  the  expression  for  4i.  That  is, 

— ibiiiot  “h  tt)  (16-41) 

whence 

ib2  — Ib  Bo  -|-  Bi  cos  {(jlt  -f-  tt)  -j-  B2  cos  2(oit  T tt)  -|-  • * • 
which  is 

ib2  = Ib  Bo  — Bi  cos  B 2 cos  2o}t  — B3  cos  Soil  -!-■'*  (16-42) 

As  illustrated  in  Fig.  16-15,  the  currents  Ai  and  ib2  are  in  opposite 
directions  through  the  output-transformer  primary  windings.  The  total 
output  current  is  then  proportional  to  the  difference  between  the  plate 
currents  in  the  two  tubes.  That  is, 

i = k{ibi  — 42)  = 2k{Bi  cos  cat  -t-  B3  cos  Zoit  -{-•••)  (16-43) 

This  expression  shows  that  a push-pull  circuit  will  balance  out  all  even 
harmonics  in  the  output  and  will  leave  the  third  harmonic  term  as  the 
principal  source  of  distortion.  This  conclusion  was  reached  on  the 
assumption  that  the  two  tubes  are  identical.  If  the  characteristics  of 
the  two  tubes  differ  appreciably,  then  the  appearance  of  even  harmonics 
must  be  expected. 

The  fact  that  the  output  current  contains  no  even  harmonic  terms 
means  that  the  push-pull  system  possesses  “ half-wave ’’  or  “mirror  sym- 
metry,”  in  addition  to  the  zero-axis  symmetry.  Half-wave  symmetry 
requires  that  the  bottom  loop  of  the  wave,  when  shifted  180  deg  along 
the  axis,  will  be  the  mirror  image  of  the  top  loop.  The  condition  of 
mirror  symmetry  is  represented  mathematically  by  the  relation 

— —i{wt  -h  tt)  (16-44) 

If  co^  -h  TT  is  substituted  for  in  Eq.  (16-43),  it  will  be  seen  that  Eq. 
(16-44)  is  satisfied. 

Because  no  even  harmonics  are  present  in  the  output  of  a push-pull 
system,  such  a circuit  will  give  more  output  per  tube  for  a given  amount 
of  distortion.  For  the  same  reason,  a push-pull  arrangement  may  be 
used  to  obtain  less  distortion  for  a given  power  output  per  tube. 
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Another  feature  of  the  push-pull  system  is  evident  from  an  inspection 
of  Fig.  16-15.  It  is  noticed  that  the  d-c  components  of  the  plate  current 
oppose  each  other  magnetically  in  the  transformer  core.  This  eliminates 
any  tendency  toward  core  saturation  and  consequent  nonlinear  distortion 
that  might  arise  from  the  curvature  of  the  transformer  magnetization 
curve.  Another  advantage  of  this  system  is  that  the  effects  of  ripple 
voltages  that  may  be  contained  in  the  power  supply  because  of  inadequate 
filtering  will  be  balanced  out.  This  cancellation  results  because  the  cur- 
rents produced  by  this  ripple  volt- 
age are  in  opposite  directions  in  the 
transformer  winding  and  so  will 
not  appear  in  the  load.  Of  course, 
the  power-supply  hum  will  also  act 
on  the  voltage-amplifier  stages  and 
so  will  be  part  of  the  input  to  the 
power  stage.  This  hum  will  not 
be  eliminated  by  the  push-pull 
circuit. 

The  wiring  diagram  of  a self-biased  push-pull  amplifier  is  illustrated  in 
Fig.  16-16.  The  voltage  developed  across  the  self-bias  resistor  Rk  at  any 
instant  of  time  is  (4i  -f  ib2)Rk,  which,  from  Eqs.  (16-40)  and  (16-42), 
becomes 

(^61  “H  ih‘dRk  = ‘^Rki.Ib  B2  cos  2o}t  -f-  Bi  cos  4:0)t  (16-45) 

That  is,  the  current  through  the  self-biasing  resistor  contains  only  even 
harmonics.  If  it  is  assumed  that  the  tubes  are  operating  on  the  sub- 
stantially linear  portions  of  their  characteristics  (that  is,  for  a Class  A 
system),  then  Bo  — B2  = Bi  = 0,  and  the  voltage  across  Rk  remains 
fixed  at  its  bias  value  of  2IbRk-  In  other  words,  no  feedback  exists,  and 
it  is  therefore  not  necessary  to  use  a bypass  capacitor.  The  correct  bias 
resistor  for  a desired  bias  voltage  Ecc  is  evidently  Rk  = Ecc/2Ib.  If  the 
tubes  are  operating  over  a nonlinear  region,  then  a capacitor  is  needed  to 
bypass  the  second  and  higher  harmonics. 

The  larger  the  applied  grid  signal,  the  greater  will  be  the  distortion 
arising  from  the  nonlinearity  of  the  tube  characteristics.  Under  the  con- 
ditions of  large  grid  swing  (and  so  of  large  power  output)  the  “rectifi- 
cation” component  2BoRk  will  no  longer  be  negligible  and  will  add  to  the 
bias  2IbRk-  Thus,  the  greater  the  grid  swing,  the  more  negative  will  be 
the  effective  bias  of  the  triodes  in  a push-pull  circuit.  The  rectification 
component  is  so  large  in  Class  B systems  (the  quiescent  current  being 
very  small  or  zero)  that  self-bias  cannot  be  used  for  this  type  of  operation. 

16-11.  Equivalent  Circuit  of  a Push-Pull  Class  A System.  Suppose 
that  both  tubes  of  the  push-pull  system  are  identical  and  that  /x  and 


Input 
? ^ 


Fig.  16-16  A self-biased  push-pull 
circuit. 
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remain  constant  over  the  range  of  operation.  The  equivalent  circuit  of 
the  system  may  then  be  drawn  according  to  the  rules  of  Sec.  8-3.  This 
circuit  is  given  in  Fig.  16-17.  We  see  from  this  figure  that  the  voltage 
drop  from  grid  to  the  cathode  of  the  first  tube  is  Egki  = Eg  whereas  the 
corresponding  quantity  for  the  second  tube  is  Egk2  = —Eg. 


Py 


Fig.  16-17.  The  equivalent  circuit  of  Fig.  16-18.  A circuit  equivalent  to 
the  Class  A push-pull  amplifier  of  Fig.  the  circuit  of  Fig.  16-17. 

16-15. 


The  equivalent  plate  circuit  can  be  redrawn  as  in  Fig.  16-18.  It  is 
clear  from  the  symmetry  of  this  figure  that  Ii  = 1 2-  The  connection 
(drawn  dashed)  between  the  cathode  terminal  and  the  mid-point  of  the 
output  transformer  carries  no  fundamental  frequency  component  of  cur- 
rent, owing  to  the  cancellation  that  occurs  in  this  line.  This  line  may  be 
omitted  from  the  diagram  without  affecting  the  analysis.  By  replacing 
the  coupling  transformer  and  load  resistor  Rl 


by  the  effective  'plate-to-plate  load  resistance  Rff , 
the  final  simplified  equivalent  circuit  becomes 
that  shown  in  Fig.  16-19.  The  resistance  Rl 
of  the  secondary  is  related  to  the  resistance 
Rl  by  the  expression 

Rl'  = Rl  (16-40) 

in  accordance  with  Eq.  (16-25),  total  number 
of  primary  turns  being  2N i. 

The  resultant  current  is  given  by 


‘^t^Eg 

2r^  -b  RE 


(16-47) 


P^ 


Pz 


Fig.  16-19.  The  simplified 
equivalent  circuit  of  the 
Class  A push-pull  amplifier. 


which  may  be  written  in  the  form 


I = 


nEg 

rp  -f-  Rl  l‘^ 


(16-48) 
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The  total  power  delivered  to  the  load  is 

This  expression  may  be  interpreted  as  showing  that  the  total  output 
power  is  twice  the  power  of  each  tube  working  into  the  equivalent  load 
resistance  Ri! {‘I. 

Equation  (16-49)  may  also  be  written  in  the  more  significant  form 


/ ixE,  Y Ri! 

\rj2  + R^/^j  4 


(16-50) 


This  expression  reveals  that  the  Class  A push-pull  amplifier  may  be 
represented  by  a single  composite  generator  having  an  emf  iiEg  with  an 
internal  resistance  equal  to  rp/2  and  working  into  a load  resistance  equal 

to  Rl  /^.  It  is  possible,  in  fact,  to 


derive  a set  of  static  characteris- 
tics of  the  composite  tube  from 
the  plate  characteristics  of  the  in- 
dividual tube  and  to  obtain  signif- 
icant operating  information  there- 
from. This  matter  is  examined  in 
the  following  sections. 

16-12.  Composite  Static  Char- 
acteristic Curves.*  The  equiva- 
lent circuits  are  valid  only  if 
and  Qm.  of  the  tubes  are  constant 
over  the  entire  range  of  operation. 
Under  such  conditions,  no  harmon- 
ics are  generated.  However,  push- 
pull  circuits  are  generally  operated 
over  such  a range  that  harmonics  are  introduced.  If  due  account  is  to 
be  taken  of  the  nonlinearity  of  the  tube  characteristics,  a graphical  con- 
struction must  be  employed.  The  explanation  of  this  method  is  some- 
what involved.  However,  it  is  extremely  easy  to  carry  out  the  graph- 
ical construction  in  any  specific  case. 

The  theory  that  forms  the  basis  for  the  graphical  construction  follows 
from  the  circuit  diagram  of  Fig.  16-15,  which  is  redrawn  as  Fig.  16-20  for 
convenience.  An  ideal  transformer  is  assumed.  The  voltage  across  each 
half  of  the  primary  is  e,  as  shown.  The  load  voltage  is,  therefore, 

iV2 

jVi® 


Fig.  16-20.  When  the  grid  voltage  of  one 
tube  increases  by  an  amount  eg,  the  grid 
voltage  of  the  other  tube  decreases  by 
this  amount.  When  the  plate  voltage  of 
one  tube  decreases  by  an  amount  e,  the 
plate  voltage  of  the  other  tube  increases 
by  this  amount.  (Total  number  of 
primary  turns  is  2iVi.) 


(16-51) 
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For  an  ideal  transformer,  the  net  primary  ampere  turns  are  equal  to 
the  secondary  ampere  turns  at  any  instant  of  time.  That  is, 


The  load  voltage  is 


N libi  — N iib2  — N 2^ 


Ni 

= iRh  ~ ~ *62)  Rl 


By  combining  Eqs.  (16-51)  and  (16-53)  there  results 

6 — \lbl  ~ %2) 

where  the  plate-to-plate  resistance  Rl  is  given  by 


R 


■'  - m 


Rl 


(16-52) 

(16-53) 

(16-54) 

(16-55) 


The  following  relationships  are  evident  from  an  inspection  of  Fig.  16-20 : 

Bbl  ' Rb  ^ ^62  Rb  1 B BcX  Rc  I Bg  Bc2  Rc 

(16-56) 

where  Rc  equals  the  UBgativB  of  the  grid-supply  voltage  (or  Rc  = —Rcc) 
and  Rb  equals  the  plate-supply  volt- 
age Rbb,  the  transformer  primary  re- 
sistance being  neglected. 

These  equations  state  that  when 
the  plate  voltage  66 1 of  tube  1 de- 
creases from  the  quiescent-point 
value  Rb  by  an  amount  e,  then  the 
corresponding  voltage  662  of  tube  2 
increases  from  the  quiescent  value  by 
the  same  amount.  Likewise,  when 
the  grid  voltage  Bd  of  tube  1 increases 
from  the  quiescent  voltage  Rc  by  the 
signal  voltage  Bg,  the  corresponding 
voltage  6c2  of  tube  2 decreases  from 
the  quiescent  value  by  the  same 
amount.  These  conditions  are  depicted  in  Fig.  16-21,  which  shows  three 
members  of  the  plate  family  of  the  triodes  under  consideration. 

The  quiescent  point  of  tube  1 is  Qi  and  is  determined  by  the  grid  volt- 
age Rc  and  the  plate  voltage  Rb-  Point  A corresponds  to  661  = Rb  — e 
and  BcX  = Rc  Gg,  the  tube  current  being  f&i.  Point  B corresponds  to 
662  = Rb  + e and  6^2  = Rc  — Gg,  the  tube  current  being  ib2-  If  the  ordi- 
nate at  B is  subtracted  from  the  ordinate  at  A,  then  the  point  C is  located. 


Fig.  16-21.  The  construction  for  obtain- 
ing a point  C on  a composite  static 
characteristic  of  a push-pull  amplifier. 
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(A  pair  of  dividers  is  useful  in  this  connection.)  Point  C has  the  ordinate 
*61  — ^62  for  the  arbitrarily  chosen  instantaneous  values  of  e and  eg. 

The  composite  static  plate  characteristics  denote  the  family  of  (Ai  — uf) 
vs.  Cbi  curves,  with  the  grid  signal  voltage  as  a parameter.  Hence,  point 
C is  one  point  on  the  composite  curve  for  the  signal  voltage  Cg.  Other 
points  on  this  curve  are  found  by  maintaining  Cg  constant  and  by  vary- 
ing e.  The  constructions  for  two 


other  values  e'  and  e"  are  shown 
in  Fig.  16-22aand  16-226.  These 
locate  two  other  points  C and 
C"  on  the  composite  characteris- 
tic. The  locus  of  these  points  is 
the  complete  composite  character- 
istic corresponding  to  the  signal 


Fig.  16-22.  The  construction  in  Fig.  16-21  Fig.  16-23.  Points  C",  C,  and  C”  re- 
repeated for  two  other  points  C'  and  C".  plotted  from  Figs.  16-21  and  16-22 

determine  the  composite  static  char- 
acteristic corresponding  to  the  input 
signal  eg. 


voltage  eg.  This  composite  static  curve  is  given  in  Fig.  16-23.  It  is  seen 
to  extend  above  and  below  the  zero-current  axis  and  to  be  much  more 
linear  than  the  plate  characteristics  of  the  individual  tubes. 

To  find  the  load  line  corresponding  to  a given  Rl  to  be  used  with  the 
composite  curves,  it  is  noted  from  Eqs.  (16-56)  and  (16-54)  that 


ObX 


Eb  - 


(4i  ~ ibf) 


Rl' 

4 


(16-57) 


This  is  the  equation  of  a straight  line  that  passes  through  the  point 
ibi  — ib2  = 0,  Cbi  = Eb,  with  a slope  determined  by  Rl'/^:,  as  shown  in 
Fig.  16-23.  The  point  of  intersection  T of  this  line  with  the  composite 
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static  characteristic  gives  the  current 

ibi  — ibi  = ir 

The  actual  load  current  in  the  transformer  secondary  circuit  is,  according 
to  Eq.  (16-52), 

N^  iVi 

i = {ibi  - 42)  = 


2ft,  mo 


for  the  signal  voltage  eg. 

A family  of  composite  static  characteristics  may  be  obtained  by  repeat- 
ing the  construction  above  for  several  values  of  Such  a family  of 
curves  for  a type  2A3  tube  is  shown 
in  Fig.  16-24.  The  composite  curves 
are  shown  broken  for  the  sake  of 
clarity.  The  quiescent  point  of  each 
tube  was  taken  as  Qi  with  Ec  = —40 
volts,  and  Ei  = 240  volts.  The  qui- 
escent point  Q of  the  push-pull 
system  corresponds  to  these  same 
values  of  Ec  and  Eb  but  to  zero  net 
current  4i  — U2  — 0 and  to  the 
signal  voltage  eg  = 0,  as  shown. 

The  composite  characteristics  are 
labeled  according  to  the  relationship 
Bg  ~ ec  40  volts. 

An  alternative  method  of  obtain- 
ing the  composite  characteristics  was 
described  by  Thompson.®  Accord- 
ing to  this  method,  the  plate  charac- 
teristics of  the  tube  are  plotted  in  the 
usual  way.  These  same  curves  are 
plotted  again,  this  time  with  the  plate  current  plotted  downward,  with  the 
origin  to  the  right,  and  with  the  voltage  scale  shifted  so  that  the  voltages 
Eb  of  both  sets  of  curves  coincide.  This  construction  is  shown  in  Fig. 
16-25.  These  inverted  curves  represent  the  plate  family  of  tube  2.  At 
any  given  ordinate,  the  plate  current  ib2  for  ec2  = Ec  — eg  is  added  alge- 
braically to  the  plate  current  4i  for  Cci  = Ec  + eg.  For  example,  point 
C in  the  diagram  is  obtained  by  subtracting  from  the  magnitude  of  the 
current  (cci  = — 40  -f-  40  = 0)  the  magnitude  of  the  current  tT  (ec2  == 
— 40  — 40  = —80  volts).  This  gives  one  point  on  the  composite  charac- 
teristic corresponding  to  the  signal  voltage  Cg  = 40  volts.  A little  thought 
will  convince  the  reader  that  this  procedure  is  essentially  equivalent  to  the 


ISO 

■/  / . 

Till 
I I I I I 

eg=40  20  0 -20  -40 

Fig.  16-24.  The  family  of  composite 
static  characteristics  for  a 2A3  push- 
pull  amplifier.  Each  tube  operates  at 
the  Q point,  Eb  = 240  volts  and 
Ec  = —40  volts. 
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Fig.  16-25.  The  Thompson  method  of  obtaining  the  composite  static  characteristic 
curves  of  a push-pull  amplifier. 


I*,  ma 


Fig.  16-26.  The  composite  static  characteristics  of  the  6V6  beam-power-tube  push- 
pull  amplifier.  Each  tube  operates  at  the  Q point,  Eb  = 240  volts  and  Ec  = — 12.5 
volts. 
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method  considered  above.  The  Thompson  method  of  construction  is 
very  common  in  the  literature,  but  the  other  method  is  to  be  preferred 
since  it  avoids  the  necessity  of  redrawing  the  complete  plate  family. 

The  foregoing  discussion  of  the  graphical  construction  has  been  entirely 
general,  so  that  it  applies  to  Class  A,  AB,  or  B operation  and  to  any  type 
of  tube,  whether  triode,  beam,  or  pentode.  For  Class  B operation  with 
exactly  zero  quiescent  current  the  composite  characteristics  (for  one-half 
a cycle)  coincide  with  the  static  characteristics. 

Although  the  discussion  assumed  that  the  tubes  are  triodes,  the  method 
is  actually  somewhat  easier  to  apply  to  multielectrode  tubes.  This  sim- 
plification results  because  the  current  ^2  remains  substantially  constant 
for  large  variations  in  e^.  The  composite  static  characteristics  for  the 
6V6  beam  power  tube  are  shown  in  Fig.  16-26.  Specifically,  it  should  be 
noted  that  any  point  C on  the  eg  — 7.5  volt  curve  (with  Ec  = — 12.5  volts) 
is  obtained  by  considering  the  two  plate  characteristics  for  ec  = — 12.5  -|- 

7.5  = —5  volts  and  Cc  = —12.5  — 7.5  = —20  volts.  For  any  voltage  e, 
I A is  located  on  Cc  = —5,  and  is  located  on  Cc  = —20  volts,  as  shown. 
Then  the  point  C is  that  for  which  Ic  = Ia  — Ib-  Since  is  fairly 
constant  for  all  values  of  e,  the  composite  curve  for  eg  = 7.5  volts  is 
essentially  that  for  Co  = — 5 volts  except  that  it  is  shifted  downward  by 
the  amount  Ib-  This  composite  curve  is  shown  dashed  in  Fig.  16-26. 
The  curves  for  eg  = 12.5  volts  (obtained  from  the  static  curves  for  = 

— 12.5  -f-  12.5  = 0 and  ec  = —12.5  — 12.5  = — 25  volts)  and  for  eg  = 

2.5  volts  (obtained  from  the  static  curves  for  Cc  = —12.5  -\-  2.5  = — 10 
volts  and  Cc  = —12.5  — 2.5  = — 15  volts)  are  also  indicated.  Again  it  is 
emphasized  that  the  ordinates  at  the  points  A and  B corresponding  to  the 
same  e and  located  on  the  curves  Cc  = -E’c  + and  ec  = Ec  — eg,  respec- 
tively, can  be  measured  and  subtracted  very  rapidly  if  a pair  of  dividers 
or  a millimeter  ruler  is  employed. 

16-13.  Push-Pull  Dynamic  Characteristics.  The  composite  dynamic 
curve  of  a push-pull  amplifier  can  be  determined  from  the  composite  static 
curves  in  much  the  same  way  that  the  dynamic  curve  is  obtained  from  the 
static  curves  of  a single-tube  amplifier  for  any  load  resistance.  Thus  the 
points  A,  B,  Q,  C,  D are  the  intersections  of  the  equivalent  load  line 
Rl'/^  with  the  composite  static  curves  (Fig.  16-27).  These  points  are 
replotted  in  Fig.  16-28  to  form  the  composite  dynamic  curve. 

The  dynamic  characteristic  of  each  tube  is  determined  in  the  following 
manner:  The  total  current  for  Ec  = 0 is  represented  by  I a in  Fig.  16-27. 
For  the  same  plate  voltage  Ea  and  the  same  grid  bias,  the  current  in 
tube  1 is  Iai-  The  point  Ai  is  plotted  vertically  above  point  A and  on  the 
curve  Ec  = 0.  Similarly,  the  ordinate  at  Bi  gives  the  current  in  tube  1 
when  the  composite  current  is  determined  by  the  ordinate  at  B for  Ec  = 

— 20.  The  same  method  is  used  to  determine  all  the  other  points. 
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From  the  construction  described  above  it  should  be  clear  that  C and 
B are  located  symmetrically  about  the  Q point.  The  current  at  C is  the 
negative  of  the  current  at  B.  The  same  is  true  for  the  currents  at  D 
and  A.  Hence,  it  is  unnecessary  to  draw  either  the  push-pull  load  line  or 
the  composite  static  characteristics  to  the  right  of  the  Q point.  To  complete 
the  load  line  of  tube  1,  point  Ci  (or  Di)  is  located  the  same  distance  to  the 

right  of  Q as  Si  (or  Ai)  is  to  the  left 
of  Q. 

The  individual  dynamic  curves  of 
each  tube  are  shown  in  Fig.  16-28. 
The  points  A^,  B2,  Q2,  C2,  D2  for 
tube  2 are  obtained  by  symmetry 
from  the  corresponding  points  of 
tube  1.  It  is  seen  that,  although 
the  composite  dynamic  characteristic 
is  practically  a straight  line,  the 
individual  dynamic  characteristics 
are  curved.  Thus,  for  a given  sinus- 
oidal input,  the  current  delivered  by 
each  tube  is  not  sinusoidal,  in  gen- 
eral. However,  the  output  current, 
as  determined  from  the  composite 
dynamic  characteristic,  is  almost  an 
exact  sinusoidal  curve.  This  con- 
struction again  demonstrates  that  a 
push-pull  circuit  eliminates  considerable  distortion. 

It  is  unnecessary  to  determine  the  individual-tube  dynamic  curves  if 
only  the  output  current  is  desired.  These  individual  dynamic  curves  are 
required  if  the  plate-circuit  efficiency  is  under  survey.  This  statement 
follows  from  the  fact  that  the  power  input  to  the  system  is  2IdcEhb  = 
2{Ih  + Bf)Ebh  and  .Bo  must  be  found  from  the  individual-tube  dynamic 
FHaracteristics  by  the  method  of  harnTonic  analysis  cohsideredTih^ec.  16-3. 

16-14.  Output  Power  and  Distortion  in  PUsh-Pull  Circuits.  To  find  the 
distortion  in  a push-pull  amplifier,  which  is  known  to  be  predominantly 
a third  harmonic  of  the  signal-voltage  frequency,  the  five-point  schedule 
of  Sec.  16-3  can  be  used.  Since,  however,  the  output  of  a push-pull  sys- 
tem always  possesses  mirror  symmetry,  the  following  relationships  are 
true:  = 0,  Z^ax  = —Imin,  and  /i  = — /-§  (Fig.  16-28).  Under  these 

circumstances,  Eqs.  (16-19)  reduce  to 

Bo  = B2  = B4  = 0 Bi  = + n Ba  = i(/a.ax  - 2Ii) 

(16-59) 

The  third  harmonic  distortion  is  given  by  B3/B1.  The  values  Z^ax  and 


Fig.  16-27.  The  push-pull  load  line  and 
the  load  line  of  one  tube  of  the  push- 
pull  amplifier.  It  is  observed  that  the 
load  line  (dynamic  characteristic)  of 
the  single  tube  is  not  linear. 
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/i  are  the  values  of  current  when  the  grid  signal  is  at  its  maximum  value 
and  at  one-half  of  this  maximum  value,  respectively.  These  current 
values  are  readily  determined  from  the  composite  dynamic  characteristic 
or  from  the  composite  static  characteristics  and  the  load  line  Rl  If 
the  composite  dynamic  characteristic  possesses  an  appreciable  curvature, 
the  fifth  and  higher  harmonic  components  may  not  be  negligible.  Under 


ut 

Fig.  16-28.  The  current  wave  shapes  of  each  tube  and  the  output-current  wave  shape 
from  a push-pull  amplifier  for  a sinusoidal  input  signal.  The  dynamic  curves  are 
determined  from  Fig.  16-27. 


such  circumstances,  it  is  necessary  to  use  a schedule  that  will  permit  the 
calculation  of  these  higher-order  terms. 

The  fundamental  power  output  is  given  by  the  product  of  the  rms 
fundamental  current  squared  and  the  effective  resistance,  or 


B,  Y Rl'  B\Rl' 
V2)  4 8 


(16-60) 


If,  as  is  usually  the  case,  it  is  permissible  to  neglect  the  harmonic  power, 
then  the  total  power  is  given  by 


P = 


(16-61) 


where  and  denote  the  peak  values  of  the  alternating  output  voltage 
and  current,  respectively.  These  values  can  be  read  directly  from  the 
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curves  and  are  determined  by  the  intersection  of  the  load  line  Rl  with 
the  appropriate  composite  static  curve.  For  example,  the  output  power 
for  the  conditions  shown  in  Fig.  16-27,  since  7™  = I a and  Em  = Eb  — Ea, 
is  simply 


p _ (Eb  — Ea)Ia 
2 


(16-62) 


It  is  unnecessary  to  draw  a complete  set  of  composite  characteristics  in 
order  to  calculate  the  output  power.  All  that  is  necessary  is  to  locate 
point  A.  This  may  be  done  very  quickly  by  a method  of  trial  and  error. 
Thus,  the  load  line  representing  RE is  drawn  through  the  given  Q point 

(cb  = Eb,  i = 0)  on  the  plate  charac- 
teristics supplied  by  the  tube  manu- 
facturer. Point  A will  lie  on  this 
line  and  somewhat  to  the  right  of 
the  static  curve  corresponding  to 
the  peak  grid  signal  per  tube,  egm- 
As  a first  approximation,  a value  of 
e is  assumed  that  will  give  a result- 
ant current  point  in  this  neighbor- 
hood. Suppose,  for  example,  that 
the  point  A'  in  Fig.  16-29  is  thus 
located.  Since  this  point  lies  above 
the  load  line,  the  chosen  value  of  e 
is  too  small.  A slightly  larger  value 
of  e is  chosen  as  a second  trial. 
Several  successive  trials  will  permit 
the  point  A on  the  load  line  to  be 
located.  This  is  an  extremely  simple  and  rapid  method.  If  the  value 
of  e originally  chosen  had  been  too  large,  point  A'  would  have  fallen  below 
the  load  line. 

Any  other  point  on  the  dynamic  curve  can  be  found  in  a similar  way 
without  first  drawing  the  complete  composite  static  family.  In  particu- 
lar, in  order  to  calculate  the  third  harmonic  distortion,  all  that  is  neces- 
sary is  to  locate  two  points  on  the  dynamic  curve,  viz.,  1^^,,  = I a,  and  7i. 
The  current  7i  is  found  just  as  7^  above,  except  that  the  plate  character- 
istics for  ec  = Ec  ± ^egm  are  used  instead  of  the  curves  for  ec  = Ec  + egm- 
This  locates  the  point  B in  Fig.  16-29  so  that  Ib  = 

As  was  true  with  a single-tube  amplifier,  the  load  resistance  that  must 
be  used  in  order  to  obtain  maximum  power  from  a push-pull  system 
depends  upon  the  particular  type  of  tube  used  and  upon  the  conditions 
of  operation.  Consider  a set  of  triodes  to  be  used  in  a push-pull  circuit, 
the  composite  static  characteristics  of  which  are  very  nearly  straight  lines 


Fig.  16-29.  The  intersection  A of  the 
load  line  with  the  composite  static 
characteristic  corresponding  to  a given 
signal  voltage  {e„m)  is  easily  found  by 
the  method  of  trial  and  error. 
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with  equal  spacings  for  equal  increments  va  Sg.  For  a given  operating 
point  and  a given  grid  swing,  the  maximum  power  output  will  exist  when 
the  effective  load  resistance  Rl  /•^  equals  the  resistance  corresponding  to 
the  slope  of  the  resultant  composite  characteristic. 

If  the  composite  characteristics  are  not  linear  (as  would  certainly  be 
the  case  if  triodes  were  operated  in  Class  B or  if  pentodes  were  used), 
then  the  optimum  load  line  to  use  is  determined  by  the  methods  described 
in  Secs.  16-6  and  16-8. 


Fig.  16-30.  Graphical  construction  for  determining  the  output-current  wave  shape  for 
a single-tube  Class  B amplifier  from  either  the  plate  characteristics  or  the  dynamic 
characteristic  for  a given  input  signal  voltage.  The  characteristics  are  assumed  to  be 
straight  lines  with  the  plate  line  for  Cc  = 0 passing  through  the  origin. 

16-16.  Class  B Push-Pull  Amplifiers.  The  circuit  for  the  Class  B 
push-pull  system  is  the  same  as  that  for  the  Class  A system  except  that 
the  tubes  are  biased  approximately  at  cutoff.  The  advantages  of  Class  B 
as  compared  with  Class  A operation  are  the  following:  It  is  possible  to 
obtain  greater  power  output,  the  plate-circuit  efficiency  is  higher,  and 
there  is  negligible  power  loss  at  no  signal.  The  disadvantages  are  that 
the  harmonic  distortion  is  higher,  self-bias  cannot  be  used,  and  the  supply 
voltages  must  have  good  regulation. 

In  order  to  investigate  the  plate-circuit  efficiency  of  the  system,  it  will 
be  assumed,  as  in  Sec.  16-7,  that  the  plate  characteristics  of  the  tubes  are 
straight  lines  equally  spaced  for  equal  intervals  of  grid  voltage.  Since 
the  tubes  are  biased  to  cutoff,  current  exists  in  the  plate  circuit  only  when 
Be,  the  instantaneous  grid  potential,  is  more  positive  than  —E,c,  the  grid 
bias  of  the  tube.  The  conditions  for  one  tube  are  illustrated  graphically 
in  Fig.  16-30.  These  diagrams  show  that  the  application  of  a sinusoidal 
grid-exciting  voltage  to  a Class  B amplifier  results  in  a plate-current  wave 
form  which  is  substantially  sinusoidal  during  one-half  of  each  period  and 
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is  zero  during  the  second  half  cycle.  This  is  the  same  wave  form  as  that 
obtained  from  a half-wave  rectifier  (Chap.  14). 

The  results  illustrated  in  Fig.  16-30  represent  one  tube  only.  The 
output  of  the  second  tube  is,  of  course,  a series  of  sine  loop  pulses  that  are 
180  deg  out  of  phase  with  those  of  tube  1.  The  load  current  which  is 
proportional  to  the  difference  between  the  two  tube  currents  is,  therefore, 
a perfect  sine  wave  for  the  ideal  conditions  assumed.  The  rms  value  of 
the  output  current  is  /„/ -v/2>  the  power  output  is 

P = ^ i?  (16-63) 

where  R = Rl  is  the  effective  load  resistance.  The  corresponding 
direct  plate  current  in  each  tube  under  load  is  the  average  value  of  the 
half  sine  loop  of  Fig.  16-30.  This  is,  from  Eq.  (14-5),  I do  = Im/tr. 
Hence,  the  d-c  input  power  from  the  B supply  is 

p.  = 2 (16-64) 


The  factor  2 that  appears  in  this  expression  arises  because  two  tubes  are 
used  in  the  push-pull  system. 

The  plate-circuit  efficiency  is  given  by  the  expression 


P _ TT  Im^R  _ TT  ImR 
“ p; " 4 ZM 


(16-65) 


where  = Ebb,  since  for  zero  quiescent  current  the  plate-supply  voltage 
must  equal  the  (quiescent  plate  voltage.  We  see  from  Fig.  16-30  that 

Eb  = ImTp  4"  Em 

assuming  that  the  grid  does  not  swing  positive.  Also,  since  Em  = ImR, 
this  becomes 

Eb  = Imi'f’p  + R) 


from  which  it  follows  that 


_ X R 


X 100% 


(16-66) 


This  reduces  to  the  form 

rr^ 

This  expression  shows  that  the  maximum  possible  plate-circuit  efficiency 
is  78.5  per  cent  for  a Class  B system  compared  with  a maximum  of  50 
per  cent  for  a Class  A system.  This  increase  in  efficiency  results  from 
the  fact  that  there  is  no  current  in  a Class  B system  if  there  is  no  signal. 
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whereas  there  is  a drain  from  the  plate  power  supply  in  a Class  A system 
even  at  zero  signal.  We  also  note  that  in  a Class  B amplifier  the  dissi- 
pation at  the  plates  is  zero  in  the  quiescent  state  and  increases  with 
excitation,  whereas  the  heating  of  the  plates  of  a Class  A system  is  a 
maximum  at  zero  input  and  decreases  as  the  signal  increases.  Since  the 
direct  current  increases  with  signal  in  a Class  B amplifier,  the  power 
supply  must  have  good  regulation. 

Alternative  forms  for  P and  which  do  not  involve  or  R are  easily 
obtained  from  the  above  relationships.  These  are 

P = = X 100%  (16-68) 

where  = Imfp  is  the  minimum  tube  voltage  and  = Im  is  the 
peak  value  of  the  tube  current. 

If  the  typical  triodes  that  are  used  in  Class  A applications  are  used  for 


Fig.  16-31.  The  schematic  circuit  diagram  of  a high-power  Class  AB2  push-pull 
amplifier. 

Class  B operation,  the  bias  voltage  necessary  to  secure  cutoff  is  large. 
This  results  from  the  low  amplification  factors  of  these  tubes  and  the 
large  voltages  that  are  necessary  in  order  to  obtain  appreciable  amounts 
of  power.  In  order  to  avoid  the  use  of  sources  of  large  fixed  (grid  bias) 
voltage,  special  tubes  which  have  high  amplification  factors  and  which 
operate  at  zero  bias  have  been  designed.  These  tubes  are  therefore 
driven  positive  during  operation. 

Beam  tubes  in  Class  ABi  permit  as  high  an  output  as,  or  even  a higher 
one  than,  the  triodes  in  Class  B2.  Although  the  plate-circuit  efficiency 
may  not  be  so  high  as  in  Class  B operation,  it  is  reasonably  good.  In 
addition.  Class  AB  operation  is  possible  with  lower  distortion.  Also, 
self-bias  may  be  used.  If  greater  power  is  desired,  Class  AB2  can  be  used. 
This  system  will  require  less  driving  power  than  Class  B2,  and  the  dis- 
tortion will  be  smaller.  Figure  16-31®  shows  the  circuit  of  two  6L6  tubes 
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operated  in  Class  AB2  capable  of  delivering  approximately  40  watts  with 
7 per  cent  distortion.  In  this  circuit,  400  volts  is  applied  to  the  plates 
and  250  volts  to  the  screens,  and  a —19-volt  grid  bias  is  used.  The 
plate-to-plate  load  is  5,000  ohms.  A 6F6  tube  connected  as  a triode  is 
used  as  the  driver  tube. 

It  is  found  that  nonlinear  distortion  can  be  reduced  considerably  if  the 
screen  voltages  are  obtained  from  taps  on  the  output  transformer,  instead 
of  from  a fixed  d-c  voltage.  Such  an  ultralinear  circuit^^  has  found  wide 
acceptance  among  high-fidelity  enthusiasts. 

16-16.  Driver  Stages  for  Push-Pull  Amplifiers.  The  driver  stage  of 
the  push-pull  amplifier  is  the  circuit  that  supplies  the  two  signal  voltages 
to  the  grids  of  the  push-pull  tubes.  These  voltages  must  be  equal  in 
magnitude  but  must  be  of  opposite  polarity.  For  high-power  appli- 
cations the  driver  is  usually  an  amplifier  with  a transformer  in  the  plate 
circuit,  as  in  Fig.  16-31.  The  secondary  of  this  transformer  is  center- 
tapped,  each  end  of  the  winding  being  connected  to  one  of  the  grids. 

The  grids  of  zero-bias  tubes  are  driven  positive  during  normal  oper- 
ation, and  frequently  negative-bias  tubes  draw  some  grid  current  over  a 
portion  of  the  signal  peaks.  Consequently  the  power  requirements  of 
the  driver  stage  depend  on  the  circuit  that  it  feeds,  but  this  is  a small 
percentage^  (usually  much  less  than  15)  of  the  output  of  the  push-pull 
stage.  If  the  driver  stage  is  called  upon  to  supply  power,  it  should  have 
a low  internal  resistance,  if  no  distortion  is  to  be  introduced  into  the  grid 
circuit  of  the  push-pull  stage.  Such  distortion  will  arise  if  the  relation- 
ship between  the  grid  current  and  the  grid  voltage  is  not  a linear  one. 
Clearly,  if  the  effective  resistance  in  the  driver  stage  is  high,  an  appreci- 
able nonlinear  voltage  drop  will  be  subtracted  from  the  sinusoidal  input 
voltage,  resulting  in  the  application  of  a distorted  signal  to  the  grids  of 
the  push-pull  tubes.  It  is  advisable,  for  this  reason,  to  use  a step-down 
transformer  to  couple  the  driver  stage  to  the  push-pull  input,  since  the 
step-down  transformer  will  reduce  the  effective  resistance  in  the  grid 
circuit. 

Because  of  their  expense,  bulk,  and  relatively  poor  frequency  response, 
the  use  of  transformers  should  be  avoided  wherever  possible.  If  the  grid 
current  of  the  push-pull  tubes  is  negligible,  then  RC  coupling  may  be  used 
between  the  driver  and  the  output  tubes.  Several  such  phase-inverter 
circuits  are  given  in  Sec.  17-7. 

16-17.  Transistor  Power  Amplifiers.^^  ^ power  transistor  has  a larger 
cross-sectional  area  and  hence  can  deliver  a greater  current  than  can  be 
obtained  from  a voltage  transistor.  The  voltage  ratings  of  both  types 
are  approximately  the  same,  but  because  of  the  increased  current  (of  the 
order  of  0.5  amp)  the  power  rating  of  the  former  may  extend  to  several 
watts  or  tens  of  watts.  In  order  to  be  able  to  dissipate  safely  the  collector 
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power,  these  transistors  are  built  with  radiating  cooling  fins  and/or  are 
enclosed  in  a metal  case.  The  latter  is  connected  to  the  collector  inter- 
nally, and  the  case  is  mounted  on  the  metal  chassis  which  houses  the 
circuit,  directly  or  through  some  thin  mica  (for  electrical  insulation)  so  as 
to  allow  maximum  heat  transfer  away  from  the  collector. 

The  types  of  circuits  and  general  principles  studied  in  this  chapter  in 
connection  with  vacuum-tube  power  amplifiers  are  applicable  with  very 
little  modification  for  transistors. 

For  example,  a transistor  may  be 
used  in  a Class  A or  Class  B circuit, 
with  a series-fed  or  shunt-fed  load, 
single-ended  or  in  a push-pull  ar- 
rangement, etc.  The  methods  of 
calculating  conversion  efficiency, 
power  output,  per  cent  harmonic 
distortion,  etc.,  are  the  same  for  the 
transistor  as  for  tube  circuit.  As  a matter  of  fact,  most  of  the  equations 
derived  in  the  preceding  sections  are  applicable  to  transistors  (the  prin- 
cipal exceptions  to  this  statement  are 
the  formulas  involving  r^,  which  sym- 
bol has  no  meaning  for  transistors). 

An  n-'p-n  power  transistor  in  a 
Class  A circuit  with  a transformer- 
coupled  output  is  indicated  in  Fig. 
16-32.  The  dynamic  load  line  for 
Rl  = {Ni/N2)^Rl  is  drawn  through 
the  quiescent  point  Q (corresponding 
to  quiescent  base  current  I b and  qui- 
escent collector  voltage  Vcc)  on  the 
collector  characteristics  of  Fig.  16-33. 
The  power  output  and  the  collector- 
circuit  efficiency  are  given  by  Eqs. 
(16-37)  or  in  the  semiconductor  notation  indicated  in  Fig.  16-33. 

P = i(/n.a.  - /min)(F^,.  - r,,  = 25  % 

y cc 

(16-69) 

Since  the  collector  volt-ampere  characteristics  resemble  the  plate  charac- 
teristics of  a pentode,  the  distortion  components  may  be  calculated  as 
indicated  in  Sec.  16-8.  The  power  output  and  distortion  are  computed 
for  each  value  of  load  resistance  Rl.  Then  that  value  of  Rl  is  chosen  as 
optimum  which  gives  nearly  maximum  power  output  with  a reasonable 
value  of  distortion.  This  load  line  will  pass  through  the  knee  of  the 


Fig.  16-33.  The  dynamic  load  line  is 
drawn  on  the  collector  characteristics. 


Input 


A,l  Ag 


Vcc 


Fig.  16-32.  A power  transistor  in  a 
Class  A circuit  with  a transformer- 
coupled  output. 
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collector  characteristic  (corresponding  to  21  b),  and  hence  the  ndnimum 
collector  voltage  U^in  will  be  quite  small  compared  with  the  supply  volt- 
age Vcc-  Under  these  circumstances  we  see  from  the  second  of  Eqs. 
(16-69)  that  an  efficiency  close  to  50  per  cent  is  attainable.  If  series 
feed  rather  than  shunt  feed  had  been  employed,  the  maximum  efficiency 
would  have  been  25  per  cent  for  either  the  transistor  or  the  vacuum-tube 
circuit. 

Transistor  push-pul  amplifiers  are  analyzed  in  exactly  the  same  manner 

as  were  their  vacuum-tube  counter- 
parts. Such  an  amplifier  has  an 
output  wave  shape  which  con- 
tains no  even  harmonics  and,  in 
addition,  possesses  mirror  symme- 
try (Sec.  16-10).  The  composite 
characteristics  are  constructed  as 
explained  in  Sec.  16-12  for  a pen- 
tode except,  of  course,  that  the  col- 
lector volt-ampere  curves  instead  of 
the  plate  characteristics  are  used. 

Most  transistor  power  amplifiers  use  two  transistors  in  a Class  B push- 
pull  arrangement,  as  in  Fig.  16-34.  The  important  features  of  such  a 
circuit  are  that  the  quiescent  current  (and  hence  the  battery  drain)  is 
practically  zero  and  that  the  efficiency  is  very  high.  The  power  output 
and  conversion  efficiency  are  given  by  Eqs.  (16-68)  or,  in  the  notation 
of  Eq.  (16-69), 

P = - F„,.)  = 78.5  - ^.^)  % 

Because  Emin  <<C  Vcc,  efficiencies  approaching  the  theoretical  value  of 

78.5  per  cent  can  be  approached  in  practice. 

In  Fig.  16-34  the  base  and  emitter  are  shorted  together  in  the  quies- 
cent state.  This  connection  results  in  a very  slight  forward  bias  of  the 
emitter  and  a quiescent  collector  current  of  the  order  of  47co  (Sec.  9-5). 
Low-level  distortion  may  be  improved  by  using  a small  amount  of  forward 
fixed  bias,  obtained  from  a divider  across  the  Vcc  battery.  A circuit 
which  dispenses  with  the  output  transformer  is  shown  in  Fig.  16-35. 
This  arrangement  requires  a power  supply  whose  center  tap  is  grounded, 
a condition  which  is  not  difficult  to  obtain  with  batteries. 

A circuit^^  which  requires  neither  an  output  nor  an  input  transformer 
is  shown  in  Fig.  16-36.  This  arrangement  uses  transistors  having  com- 
plementary symmetry  (one  n-p-n  and  one  p-n-p  type),  and  hence  there  is 
no  vacuum-tube  counterpart  of  this  circuit.  The  difficulty  with  the  cir- 
cuit is  that  of  obtaining  matched  complementary  transistors.  If  there  is 


Fig.  16-34.  Two  transistors  in  a Class  B 
push-pull  arrangement. 
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an  unbalance  in  the  characteristics  of  the  two  transistors  in  Fig.  16-36 
(or  also  in  Figs.  16-34  and  16-35),  then  considerable  distortion  will  be 
introduced;  even  harmonics  will  no  longer  be  canceled.  In  Fig.  16-36 
the  power  supply  “floats”  with  respect  to  ground.  This  difficulty  may 
be  avoided  by  inserting  the  sources  V cc  in  series  with  each  emitter. 

In  addition  to  that  introduced  by  not  using  matched  transistors,  the 
distortion  in  any  of  the  circuits  discussed  above  is  due  to  the  nonlinearity 


Fig.  16-35.  A push-pull  transistor  circuit  Fig.  16-36.  A push-pull  circuit  using 
which  does  not  use  an  output  transformer.  transistors  having  complementary  sym- 
metry. 


A 
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of  the  collector  characteristics  and  to  the  nonlinearity  of  the  input  imped- 
ance. An  examination  of  the  2N156  collector  characteristics  in  Fig.  A9-3 
shows  that  the  curves  crowd  together  at  the  higher  currents.  This 
decrease  in  spacing  of  the  characteristics  arises  because  the  current  gain 
ae  decreases  with  current.  For  the  2N156,  ae  varies  from  approxi- 
mately 50  at  zero  collector  to  22  at  /c  ==  — 1.0  amp.  If  the  input  is 
sinusoidal,  then  the  nonconstancy  of  ae  causes  the  output  wave  shape  to 
be  flatter  (“squashed”)  on  one  half  a 
cycle  than  on  the  next  half.  The  input 
impedance  is  a function  of  emitter  cur- 
rent principally  because  Te  varies  in- 
versely with  Ie-  Hence,  at  low  values 
oi  I E the  input  impedance  may  become 
appreciable  compared  with  the  driver 
impedance.  Under  these  circumstances 
a sinusoidal  excitation  of  the  driver  stage  will  not  result  in  a sinusoidal 
current  into  the  power  stage.  This  effect  is  particularly  noticeable  in  a 
Class  B amplifier  where  the  quiescent  current  is  almost  zero  and  results 
in  “cross-over  distortion,”  as  indicated  in  Fig.  16-37.  This  type  of 
distortion  would  not  occur  if  the  driver  were  a true  current  generator 
(infinite  output  impedance) . As  already  mentioned,  this  distortion  may 
be  decreased  by  biasing  the  transistors  at  a higher  stand-by  current.  A 
compromise  must  be  made  between  distortion  and  efficiency. 

Power  transistors  may  also  be  used  in  the  common-base  and  common- 


Fig.  16-37.  Illustrating  cross-over 
distortion. 
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collector  arrangements  as  well  as  the  common-emitter  circuits  discussed 
above.  Because  of  its  low  input  impedance  a common-base  configuration 
may  require  considerable  drive.  However,  the  common-collector  input 
drive  is  the  same  as  that  of  the  common-emitter  circuit.  Because  of 
degeneration,  the  former  reduces  distortion  considerably  and  is  often 
used  for  this  reason. 
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CHAPTER  17 


FEEDBACK  AMPLIFIERS 


It  IS  possible  to  modify  greatly  the  characteristics  of  an  amplifier  through 
feedback,  i.e.,  by  combining  a portion  of  the  output  with  the  external 
signal.  There  are  many  advantages  to  be  gained  by  the  use  of  feedback. 
These  will  now  be  studied.  Feedback-amplifier  circuits  find  extensive 
application  in  many  fields.  Among  such  circuits  to  be  described  in  this 
chapter  are  the  cathode  follower,  phase  inverters,  difference  amplifiers, 
and  the  basic  building  blocks  of  an  analog  computer. 

17-1.  Voltage  Feedback  in  Amplifiers. ^ A feedback  amplifier  (vac- 
uum  tube  or  transistor)  may  be  defined  as  one  in  which  the  amplifier 
input  siglial  is  in  part  derived  from  an  external  source  andf  in  part  from 
the  amplifier  output.  Any  amplifier,  whether  it  involves  feedback  or  not, 
may  be  analyzed  by  replacing  it  by  its  linear  equivalent  circuit.  Where 
feedback  is  involved,  however,  it  is  more  fruitful  to  try  to  deal  separately 
with  the  amplifier  proper  and  with  the  feedback  network  in  order  to  be 
able  to  appreciate  the  influence  of  the  feedback  on  the  amplifier  charac- 
teristics. Since,  with  respect  to  its  output  terminals,  the  amplifier  is 
specified  by  the  voltage  gain  and  output  impedance,  we  shall  inquire  into 
the  manner  in  which  these  two  features  of  the  amplifier  are  modified  by 
feedback. 

Consider  the  feedback  arrangement  of  Fig.  17-1.  The  input  terminals 
are  1 and  2,  and  the  input  voltage  between  these  terminals  is  E*.  The 
output  terminals  are  3 and  4,  and  the  output  voltage  is  Eo.  The  net 
voltage  at  the  input  terminals  is  the  sum  of  the  externally  impressed 
signal  voltage  E*  and  a feedback  voltage  E/  = ^Eo.  The  ratio  of  feed- 
hapy  voltage  to  output  voltage  g is  determined  by  the  feedback  network . 
The  feedback  network  may  be  active  or  passive,  and  in  general  ? may  be 
a complex  quantity.  The  convention  with  respect  to  the  polarity  of  all 
signals  is  indicated,  and  this  convention  will  be  adhered  to  consistently  in 
what  follows. 

Let  A be  the  forward  voltage  gain  without  feedback  (the  open-loop  gain) 
between  the  input  and  output  terminals  of  the  amplifier  with  the  load  Zl 
removed.*  We  may  define  A by  the  following  operational  procedure. 

* In  Chap.  8 the  open-circuit  voltage  amplification  was  designated  by  A„  but  we 
shall  now  drop  the  subscript  v for  simplicity. 
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i . x ^ Remove  E^,  and  apply  a voltage  E,-  directly  to  the  terminals  1 and  2. 
The  gain  A is  given  by  A = Eo/Ej. 

The  output  impedance  without  feedback  Zo  of  the  amplifier  is  defined  as 
follows:  Remove  E^,  and  short-circuit  terminals  1 and  2.  Under  these 
conditions  Zo  is  the  impedance  seen  looking  back  into  the  output  terminals 
^ 3 and  4.  Note  that  the  definitions  of  A and  Zp  take  into  account  the 

loading  effect  of  the  impedance  oFthe  fee3back~netwm‘kl  ™~'~ 


toad) 


ia) 


Fig.  17-1.  (a)  A block  diagram  of  a voltage-feedback  amplifier.  The  feedback 
factor  g is  defined  by  g = E//E<,,  where  E/  = E,  - E,.  (b)  The  equivalent  circuit. 

The  input  (output)  impedance  without  feedback  is  Zj  (Zp). 


The  Thevenin  equivalent  circuit  corresponding  to  Fig.  17- la  is  indi- 
cated in  Fig.  17-16.  The  distinguishing  feature  of  voltage  feedback  is  that 
the  feedback  voltage  E/  is  related  to  the  output  voltage  Ep  by  E/  = ^Ep,  in 
which  is  fixed  independently  of  the  external  load  Zi,.  We  may  write 

Ep  = AEi  — liZp  and  E^  = E^  -f-  gEp 


Eliminating  E^-  from  these  equations,  we  find 


Ep 


1 - A? 


E. 


Zp 


1 - A? 


(17-1) 


This  equation  is  in  the  form  of  Eq.  (8-25)  and  hence  we  conclude  that  the 
gain  and  output  impedance  with  feedback  are  given  by  A/  (the  closed-loop 
gain)  and  Z/,  respectively,  where 


A/ 


A 

1 - 5A 


(17-2) 
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and 


(17-3) 


The  Thevenin  equivalent  circuit  is  indicated  in  Fig.  17-2.  The  effect 
of  the  feedback  is,  therefore,  to  modify  both  gain  and  impedance  by  the 
same  factor.  If  |Af|  < |A|,the£eed- 
back  is  termed  negative  or  deoenera- 
twe.  It  |A7r>  |A|,  the  feedback  is 
terrned  positive  or  regenerative.  In 
the  case  of  liegative  feedback,  which 
is  of  principal  interest  to  us,  the 
magnitude  of  both  gain  and  output 
impedance  is  divided  by  the  factor 
11  - 5A1. 

The  input  impedance  without  feedback  is  defined  by  = Ei/Ij, 
where  I*  is  the  input  current.  The  input  impedance  with  feedback  Zjf  is 
defined  by  Zjf  = Es/T.  From  these  definitions  we  find  that 


Fig.  17-2.  The  Thevenin  equivalent  cir- 
cuit of  an  amplifier,  with  feedback 
taken  into  account. 


Zj/  — Zj(l  A^) 


(17-4) 


If  11  — A^l  1,  then  the  input  impedance  may  be  greatly  increased  by 
means  of  the  feedback.  This  result  is  of  particular  importance  with  a 
transistor  amplifier  because  the  input  impedance  of  this  device  without 
feedback  is  fairly  low. 

The  voltage  Ej  is  multiplied  by  A in  passing  through  the  amplifier  and 
then  multiplied  by  ^ in  passing  through  the  feedback  network.  Since 
such  a path  takes  us  from  the  input  terminals  around  the  loop  consisting 
of  the  amplifier  and  feedback  network  back  to  the  input,  the  product  A? 
is  called  the  laoj)  gain,  loop  transmission  feedback  factor,  or  return  ratio. 
Also,  the  amount  of  feedback  introduced  into  an  amplifier  is  often 
expressed  in  decibels  by  the  definition 


M 


A h 

l^iC 


N = db  of  feedback  = 20  logio 


A 


= 20  logic 


1 

1 - A? 


(17-5) 


If  negative  feedback  is  under  consideration,  then  N will  be  a negative 
number. 

17-2.  Voltage -feedback  Amplifier  Characteristics.  Since  negative 
feedback  reduces  the  amplification,  why  is  it  used?  The  answer  to  this 
question  is  that  many  desirable  characteristics  are  obtained  for  the  price 
of  this  reduction  in  gain.  We  shall  now  examine  some  of  these  advan- 
tages of  voltage  feedback. 

Stability  of  Amplification.  The  variation  due  to  aging,  temperature, 
replacement,  etc.,  of  the  circuit  components  and  tube  or  transistor  charac- 


444  VACUUM-TUBE  AND  SEMICONDUCTOR  ELECTRONICS 


teristics  is  reflected  in  a corresponding  lack  of  stability  of  the  amplifier 
gain.  The  fractional  change  in  gain  with  feedback  is  related  to  the  frac- 
tional change  without  feedback  by 


dkf 

1 

dk 

A/ 

■ |1  - gAl 

A 

(17-6) 


This  equation  is  obtained  by  differentiating  Eq.  (17-2).  If  the  feedback 
is  negative,  so  that  |1  — ^Aj  > 1,  the  feedback  will  have  served  to 
improve  the  gain  stability  of  the  amplifier.  For  example,  for  an  ampli- 
fier with  20  db  of  negative  feedback,  11/(1  — Ag)!  = 10,  and  a 1 per  cent 
change  in  the  gain  without  feedback  is  reduced  to  a 0.1  per  cent  change 
after  feedback  is  introduced. 


In  particular,  if  j^Aj  ^ 1,  then 


1 


and,,  the  gain  may  be  made  to  depend  entirely  on  the  feedback  network. 
The  worst  offenders  with  respect  to  stability  ^e  usually  the  vacuum  tubes 
and  transistors  involved.  If  the  feedback  network  should  then  contain 
only  passive  elements,  the  improvement  in  stability  may  indeed  be 
pronounced. 

Feedback  is  used  to  improve  stability  in  the  following  way.  Suppose 
an  amplifier  of  gain  Ai  is  required.  We  start  by  building  an  amplifier 
of  gain  A2  = fcAi,  in  which  fc  is  a large  number.  Feedback  is  now  intro- 
duced to  divide  the  gain  by  the  factor  k.  The  stability  will  be  improved 
by  the  same  factor  fc,  since  both  gain  and  stability  are  divided  by  the 
factor  k = \l  — 5A2I.  If  now  the  instability  of  the  amplifier  of  gain  A2 
is  not  appreciably  poorer  than  the  instability  of  the  amplifier  of  gain 
without  feedback  equal  to  Ai,  this  procedure  will  have  been  useful.  It 
often  happens  as  a matter  of  practice  that  an  amplifier  gain  may  be 
increased  appreciably  without  a corresponding  loss  of  stability.  Con- 
sider, for  example,  the  case  of  a one-tube  pentode  amplifier.  The  gain  is 
— grriRh,  Qm  being  the  tube  transconductance  and  Rl  the  plate-circuit 
resistor.  The  principal  source  of  instability  is  in  gr,„.  Hence  the  frac- 
tional change  in  gain  is  the  same  for  a given  fractional  change  in  gm 
independently  of  the  size  of  Rl^ 

Frequency  Distortion.  It  follows  from  the  equation  A/ = —1/5  that 
if  the  feedback  network  does  not  contain  reactive  elements  then  the  over- 
all gain  is  not  a function  of  frequency.  Under  these  circumstances  a 
substantial  reduction  in  frequency  and  phase  distortion  is  obtained.  JU 
is  to  be  noted,  however,  that  negative  feedback  improves  frequency 
response  only  at  the  expense  of  gain.  * 
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Example.  A fraction  |3  (real  and  positive)  of  the  output  voltage  from  a single-stage 
EC-coupled  amplifier  is  fed  back  to  the  input  circuit,  as  indicated  in  Fig.  17-3.  Inves- 


tigate the  effect  of  this  feedback  upon  the 
upper  and  lower  3-db  frequencies  and/i, 
respectively.  (We  shall  assume  that  C* 
is  arbitrarily  large  so  that  the  self-biasing 
arrangement  in  the  cathode  circuit  intro- 
duces no  frequency  distortion.) 

Solution.  The  high-frequency  gain  A2 
without  feedback  is  given  by  Eq.  (15-12), 

A -4. 

' 1 

where  Ao  (real  and  negative)  is  the  mid- 
band gain  without  feedback.  The  gain 
with  feedback  is  given  by  Eq.  (17-2), 


Ebb 


single-stage  EC-coupled  amplifier. 


Ao 

^ A2  ^ 1 +j(.f/h) 

1 - /3A2  . _ ^A„ 

1 +i(///2) 

1 — l3Ao  +i(///2) 


By  dividing  numerator  and  denominator  by  1 — /3A„,  this  equation  may  be  put  in  the 
form 

Aof 


where 


1 +i(///2/) 

Ao 


Aof  — 


1 - ^Ao 


and  fif  = /2(1  — pAo) 


(17-7) 


We  see  that  the  mid-hand  amplification  vrith  feedback  Aof  equals  the  mid-band  ampli- 
fication without  feedback  Ao  divided  by  1 — Also,  the  upper  3-db  frequency 

with  feedback  f2f  equals  the  corresponding  3-db  frequency  without  feedback /2  multi- 
plied by  the  same  factor  1 — ^Ao.  The  gain-frequency  product  has  not  been  changed 
by  feedback  because,  from  Eq.  (17-7), 


Aoffif  — A of  2 


(17-8) 


By  starting  with  Eq.  (15-17)  for  the  low-frequency  gain  of  a single  EC-coupled 
stage  and  proceeding  as  above,  we  can  show  that  the  lower  3-db  frequency  with  feedback 
fif  is  decreased  by  the  same  factor  as  is  the  gain,  or 

^ 

I - AoP  r 


fu  — 


(17-9) 


For  an  audio  or  video  amplifier  /2  ^/i  and  hence  the  band  width  /2  — /i  =/2-  ; 

Under  these  circumstances,  Eq.  (17-8)  may  be  interpreted  to  mean  that  the  gain-  ^ 
band-width  product  is  the  same  with  or  without  feedback.  ^ qV 

In  the  above  discussion  j8  was  considered  to  be  independent  of  fre- 
quency.  If,  on  the  other  hand,  a frequency  selective  feedback  network 
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is  used,  the  amplification  may  depend  markedly  upon  frequency.  For 
example,  it  is  possible  to  obtain  an  amplifier  with  a high-Q  band-pass 
characteristic  by  using  a feedback  network  which  gives  little  feedback 
at  the  center  of  the  band  and  a great  deal  of  feedback  on  both  sides  of 
this  frequency. 

Nonlinear  Distortion.  Suppose  that  a large  amplitude  signal  is  applied 
to  a stage  of  an  amplifier  so  that  the  operation  of  the  tube  extends 
slightly  beyond  its  range  of  linear  operation  and  as  a consequence  the 
output  signal  is  slightly  distorted.  Negative  feedback  is  now  introduced, 
and  the  input  signal  is  increased  by  the  same  amount  by  which  the  gain 
is  reduced  so  that  the  output  signal  amplitude  remains  the  same.  For 
simplicity,  let  us  consider  that  the  input  signal  is  sinusoidal  and  that  the 
distortion  consists  of  simply  a second-harmonic  signal  generated  within 
the  tube.  We  shall  also  assume  that  the  second-harmonic  component,  in 
the  absence  of  feedback,  is  equal  to  B2.  Because  of  the  effects  of  feed- 
back, a component  B2/  actually  appears  in  the  output.  To  find  the  rela- 
tionship that  exists  between  B2/  and  B2,  it  is  noted  that  the  output  will 
contain  the  term  A5B2/,  which  arises  from  the  component  5B2/  that  is 
fed  back  to  the  input.  Thus  the  output  contains  two  terms:  B2,  gener- 
ated in  the  tube,  and  A5B2/,  which  represents  the  effect  of  the  feedback. 
Hence, 


A^B2/  + B2  = B 


2/ 


or 


B 


B, 


2/ 


1 - A? 


(17-10) 


Since  A and  5 ^re  generally  functions  of  the  frequency,  they  must  be 
evaluated  at  the  second-harmonic  frequency. 

The  signal  voltage  E*  to  the  feedback  amplifier  may  be  the  actual  signal 
externally  available,  or  it  may  be  the  output  of  an  amplifier  preceding 
the  feedback  stage  or  stages  under  consideration.  In  order  to  multiply 
the  input  to  the  feedback  amplifier  by  the  factor  jl  — Agl,  it  is  neces- 
sary either  to  increase  the  nominal  gain  of  the  preamplifying  stages  or 
to  add  a new  stage.  If  the  full  benefit  of  the  feedback  amplifier  in 
reducing  nonlinear  distortion  is  to  be  obtained,  these  preamplifying  stages 
must  not  introduce  additional  distortion  because  of  the  increased  output 
demanded  of  them.  Since,  however,  appreciable  harmonics  are  intro- 
duced only  when  the  output  swing  is  large,  most  of  the  distortion  arises  in 
the  last  stage.  The  preamplifying  stages  are  of  smaller  importance  in 
considerations  of  harmonic  generation. 

It  has  been  assumed  in  the  derivation  of  Eq.  (17-10)  that  the  harmonic 
distortion  generated  within  the  tube  depends  only  upon  the  grid  swing 
of  the  fundamental  signal  voltage.  The  small  amount  of  additional 
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distortion  that  might  arise  from  the  second-harmonic  component  fed 
back  from  the  output  to  the  input  has  been  neglected.  Ordinarily,  this 
will  lead  to  little  error.  Further,  it  must  be  noted,  the  result  given  by 
Eq.  (17-10)  applies  only  in  the  case  of  small  distortion.  The  principle  of 
superposition  Eas  been  used  in  the  derivation,  and  for  this  reason  it  is 
required  that  the  tube  must  be  considered  to  operate  with  at  least  approxi- 
mate linearity. 

Reduction  of  Noise.  By  employing  the  same  reasoning  as  that  in  the 
discussion  of  nonlinear  distortion,  it  can  be  shown  that  the  uoisf>  (Secs. 


Amplifier 


Fig.  17-4.  A block  diagram  of  a current-feedback  amplifier. 


15-11  and  15-12)  introduced  in  an  amplifier  is  multiplied  by  the  factor 
1/jl  — _A^|  if  the  feedback  is  employed.  If  |1  — Ag]  is  much  larger  than 
unity,  thiswpuldr  seem  to  represent  a considerable  reduction  in  the  out- 
put noise.  However,  as  noted  above,  for  a given  output  the  amplification 
of  the  preamplifier  for  a specified  over-all  gain  must  be  increased  by  the 
factor  |1  — A^j.  Since  the  noise  generated  is  independent  of  the  signal 
voltage,  there  may  be  as  much  noise  generated  in  the  preamplifying  stage 
as  in  the  output  stage.  Furthermore,  this  additional  noise  will  be  ampli- 
fied as  well  as  the  signal  by  the  feedback  amplifier,  so  that  the  complete 
system  may  actually  be  noisier  than  the  original  amplifier  without  feed- 
back. If  the  additional  gain  required  to  compensate  that  which  has  been 
lost  because  of  the  presence  of  inverse  feedback  can  be  obtained  by  a 
readjustment  of  the  circuit  parameters  rather  than  by  the  addition  of  an 
extra  stage,  a definite  reduction  will  result  from  the  presence  of  the  feed- 
back. In  particular,  the  hum  introduced  into  the  circuit  by  a poorly 
filtered  power  supply  may  be  decreased  appreciably. 

Output  Impedance.  As  indicated  in  Eq.  (17-3),  the  output  impedance 
with  voltage  feedback  is  1/(1  — A^)  times  the  output  impedance  without 
feedback.  If  |1  — A^l  is  large,  then  voltage  feedback  will  result  in  a 
significant  reduction  in  the  output  impedance.  Because  of  its  small  out- 
put  impedance,  an  amplifier  with  voltage  feedback  will  tend  to  maintain 
cohstaht  voltage  with  changing  loads  and  bpnnG  fl.pprnxiTn!:^t,Gs  t.Vip  irlpal 
voltage  source,^ 

17-3.  Current  Feedback  in  Amplifiers.  A current-feedback  amplifier  is 
shown  in  Fig.  17-4.  The  amplifier  without  feedback  has  a gain  A and 
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an  impedance  Zo.  The  distinguishing  feature  of  the  present  circuit  is 
j that  the  feedback  voltage  is  proportional  to  the  current  which  flows  through 
I the  external  load  Zl  and  the  factor  of  proportionality  between  E/  and  1l  is 
\independent  of  the  output  voltage  £<,.  The  feedback  voltage  is  developed 
across  the  impedance  Zs,  which  is  in  series  with  the  load. 

We  have 


Eo  = AEj  — (Zo  + Zg)Ix,  and 


Ei  = Eg  + Zgii  (17-11) 


from  which 

Eo  = AEg  - [Zo  + Zg(l  - A)]Il  (17-12) 

Comparing  with  Eq.  (8-25),  we  see  that  the  gain  and  impedance  in  the 
presence  of  current  feedback  are  therefore  - n 

[2  Ay  = A Zf  = Zo  + Zg(l  - A)  J (17-13) 

4 The  gain  has  not  been  changed  as  a result  of  the  current  feedback.  This 
result  is  clear  from  Fig.  17-4,  where  Zi.  is  considered  as  an  external  load 
and  not  part  of  the  amplifier.  However,  if  Zl  is  not  connected  to  the 
output  terminals,  then  II  = 0 and  the  feedback  voltage  is  zero.  Under 
these  circumstances  the  unloaded  amplification  with  feedback  must  be 
the  same  as  that  without  feedback. 

If  the  amplifier  w6re  unaltered  except  that  the  feedback  voltage  were 
not  returned  to  the  input,  the  output  impedance  between  terminals  3 
and  4 of  Fig.  17-4  (across  which  the  load  is  placed)  would  be  Zo  + Zg. 
The  effect  of  the  currenLfeedback  is  th^^^  output  imped- 

ance the  additional  impedance  —AZg.  If,  for  example,  A is  a real  n^a- 
tive  number  and  Zg  is  resistive,  the  output  impedance  with  feedback  will 
be  greater  than  the  impedance  without  feedback. 

In  Fig.  17-4  we  have  assumed  that  the  entire  load  current  passes 
through  Zg  and  that  none  of  it  is  shunted  away  by  the  input  circuit  of 
the  amplifier.  (^  In  other  words,  in  order  for  the  above  theory  to  be  valid 
the  input  impedance  of  the  device  (vacuum  tube  or  transistor)  must  be 
large  compared  with  \Zs\.\ 

Many  of  the  characteristics  discussed  in  Sec.  17-2  for  the  output  voltage 
of  a voltage-feedback  amplifier  are  equally  valid  for  the  output  current  of  a 
current-feedback  amplifier.  This  statement  may  be  confirmed  as  follows : 
From  Fig.  17-2  and  Eq.  (17-13)  the  load  current  in  a current-feedback 
amplifier  is  given  by 


AEg  _ -E, 

Zo  -b  Zg(l  — A)  -|-  Zi  Zg 


(17-14) 


provided  that  [ZgA]  )$>  \Zo  4-  Zg  -f  Zl\-  Under  these  circumstances  we 
note  that  the  current  depends  only  upon  Zg  and  not  upon  the  other  ampli- 
fier features.  Hence,  if  the  feedback  impedance  Zg  is  a stable  element, 
the  load  current  is  stable  with  respect  to  aging,  temperature,  and  replace- 
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ment  of  circuit  components  and  device  characteristics.  If  is  a resistor, 
then  II  is  independent  of  frequency  and  the  distortion  in  frequency  and 
phase  is  greatly  reduced.  Note  that  this  conclusion  is  valid  even  if  the 
load  impedance  is  a function  of  frequency.  If  Zs  is  a linear  element,  then 
virtually  no  nonlinear  distortion  of  load  current  results. 

We  may  summarize  the  above  discussion  bv  stating  that  the  Ion, d 
current  in  'aTcllffmt-feedback  amplifier  is  approximately  independent  of  load 
impedmice.  Tn  other  words,  the  circm^hehaves  as  a current  device^  the 
magnitude  of  the  load  current  beii^  qbtoined  by  dividing  the  signal 

voltage  by  the  fe©dbaelt-impedan£ifi_Z£^ 

17-4.  Feedback  Circuits.  The  configuration  in  Fig.  17-3  suffers  the 
disadvantage  that  the  input  signal  must  be  isolated  from  ground.  Since 
usually  one  terminal  of  a signal  source  is 
grounded,  this  circuit  is  of  little  practical 
importance.  Figure  17-3  may  be  modi- 
fied to  include  a transformer  to  couple 
either  the  signal  or  the  feedback  voltage 
into  the  input  circuit.  With  such  a con- 
nection the  limited  frequency  response  of 
the  transformer  must  be  taken  into  con- 
sideration. In  an  audio  push-pull  ampli- 
fier (Fig.  16-31)  it  is  a simple  matter  to 
introduce  voltage  feedback  by  coupling 
part  of  the  voltage  from  the  secondary  of 
the  output  transformer  into  the  secondary 
of  the  input  transformer.  Separate  resistive  feedback  dividers  are  used 
for  each  grid  circuit. 


Fig,  17-5.  Amplifier  with  plate 
and  cathode  resistors.  Instanta- 
neous variations  from  the  quies- 
cent point  are  indicated  by  lower- 
case letters. 


We  shall  consider  the  simple  feedback-amplifier  configuration  of  Fig. 
17-5  which  does  not  use  a transformer  and  yet  allows  a common  ground 
between  the  external  signal  source  and  the  output  terminals.  Depending 
upon  how  this  circuit  is  used,  it  may  exhibit  voltage  feedback  or  current 
feedback  or  fit  into  neither  of  these  two  classifications,  as  we  shall  now 
demonstrate. 

Suppose  that  in  the  circuit  of  Fig.  17-5  we  define  the  output  terminals 
to  be  K and  N so  that  Co  = Ckn  and  the  input  terminals  to  be  G and  K 
so  that  Ci  = Cgk.  The  external  signal  generator  is  connected  to  G and  iV 
so  that  Cs  = Cgn.  The  circuit  may  now  be  redrawn  as  in  Fig.  17-6a,  which 
corresponds  to  Fig.  17-16.  Independently  of  whether  the  resistor  Hk  is 
considered  a part  of  the  amplifier  or  an  external  load,  we  have  a case  of 
voltage  feedback  in  which  (S  = — 1 since  Cf  = —Co.  Let  us  consider  that 
Rk  is  an  external  load  and  not  a part  of  the  amplifier.  Then 


{ 


A = 


€o 


ei 


^kn 

^gk 
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Amplifier 


and  1 — /3A  = 1 p.  The  im- 
pedance without  feedback  seen 
looking  to  the  left  between  termi- 
nals K and  N is  Vp  R^.  The  gain 
and  impedance  with  feedback  are 
found  from  Eqs.  (17-2)  and  (17-3) 
to  be 


A,  = 


M + 1 


and 


Rf  = 


Vp  R I 
ju  + 1 


(17-15) 


indi- 


The  equivalent  circuit  is  as 
cated  in  Fig.  17-66. 

Next,  referring  again  to  Fig.  17-5, 
let  us  consider  that  again  = Cgk 
and  Gs  = Ggn  but  that  now  Go  = Cpn. 
The  circuit  is  redrawn  in  Fig.  17-7a, 
which  corresponds  exactly  to  the  circumstances  of  current  feedback  in 
Fig.  17-4.  Observe  that  here  we  have  no  choice  but  to  require  that  Rl  be 
considered  an  external  load.  The  gain,  with  or  without  feedback,  is 


Fig.  17-6.  (a)  Circuit  of  Fig.  17-5  re- 
drawn as  a voltage-feedback  amplifier. 
(6)  Equivalent  circuit  with  respect  to 
output  terminals  between  cathode  and 
ground. 


Amplifier 


Fig.  17-7.  (a)  Amplifier  with  plate  and  cathode  resistors  drawn  as  a current-feedback 
amplifier,  (b)  Equivalent  circuit  with  respect  to  output  terminals  between  plate 
and  ground. 
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A = Af  = Bpnlegk  = — M-  The  output  impedance  between  terminals  3 
and  4,  neglecting  feedback,  is  + Rk,  so  that  we  have 

Af  = — fx  and  Rf  = rp  4-  (1  -f"  A)Rk  (17-16) 

The  equivalent  circuit  is  shown  in  Fig.  17-76. 

The  above  results  are  extremely  important  and  should  be  emphasized. 
If  we  look  into  the  cathode  of  an  am- 
plifier, we  see  an  equivalent  circuit 
(Fig.  17-66)  consisting  of  a generator 
of  value  n/iu  + 1*)  times  the  signal- 
source  voltage  and  an  impedance 
(rp  -b  Rl)/{p  + 1).  The  latter 
may  be  small  if  n is  large.  On  the 
other  hand,  if  we  look  into  the  plate 
of  an  amplifier,  we  see  an  equivalent 
circuit  (Fig.  17-76)  consisting  of  a 
generator  of  value  —g.  times  the  sig- 
nal-source voltage  and  an  impedance 
Tp  + (m  + l)Rk>  The  latter  may 
be  large  if  g is  large. 

The  above  results  may  be  gener- 
alized to  include  a voltage  source 
ek  in  series  with  the  cathode  and  a 
signal  Ca  in  series  with  the  anode, 
as  indicated  in  Fig.  17-8a.  It 
turns  out  that  these  voltages  are 
transformed  by  the  same  factor 
as  the  resistances  with  which  they 
are  in  series.  For  example,  if  Rk 
is  multiplied  by  4-  1,  then  e*  is 
also  multiplied  by  m + 1-  Hence, 
the  equivalent  circuit  between 
plate  and  ground  is  as  indicated 
in  Fig.  17-86,  and  that  between 
cathode  and  ground  is  given  in 
Fig.  17-8c. 


Fig.  17-8.  (a)  A useful  configuration. 
(6)  T!ie  equivalent  circuit  between  plate 
and  ground,  (c)  The  equivalent  circuit 
between  cathode  and  ground. 


It  should  be  clear  at  this  point  that  any  discussion  of  feedback  must 
necessarily  take  as  its  starting  point  a careful  definition  of  what  are  to  be 
considered  as  the  input  and  output  terminals  of  the  amplifier,  where  the 
external  signal  is  to  be  applied,  what  is  to  be  considered  a part  of  the 
amplifier,  and  what  is  external  to  the  amplifier.  For  example,  if,  in  con- 
nection with  Fig.  17-7,  the  resistor  Rl  were  to  be  considered  part  of  the 
amplifier,  then  the  resultant  circuit  would  correspond  neither  to  voltage 
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k^bb 


(a) 


nor  to  current  feedback  as  we  have  defined  them.  It  might  still  be 
profitable  in  this  latter  case  to  consider  the  amplifier  as  some  new  type  of 
feedback  amplifier.  But  the  point  to  note  is  that  a circuit  must  conform 
in  every  detail  to  the  circumstances  specified  in  Figs.  17-1  and  17-4  before 
we  can  confidently  apply  to  them  the  feedback  formulas  stated  above. 

Another  example  of  a feedback  circuit  which  cannot  be  classified  as 

either  a voltage-feedback  or  a current- 
feedback  configuration  is  obtained  if  the 
cathode  bypass  capacitor  Ck  in  Fig.  17-3 
is  omitted.  The  resulting  circuit  is  a 
combination  of  both  types  of  feedback 
since  it  obtains  current  feedback  through 
Rk  and  voltage  feedback  from  the  divi- 
der Rx-Ri.  Such  a configuration  is  called 
a compound-  or  hridge-feedhack  circuit. 

In  a multistage  amplifier  the  feedback 
network  may  be  local,  extending  from 
output  to  input  of  a single  stage,  or  it 
may  be  connected  from  input  to  output 
of  all  stages  in  cascade.  If  the  feedback 
arrangement  is  of  the  type  indicated  in 
Fig.  17-3,  an  odd  number  of  stages  must 
be  used  in  order  to  have  negative  feed- 
back. If  an  even  number  of  stages  is 
used,  then  the  feedback  is  positive  and 
the  circuit  may  oscillate  (Sec.  17-9). 

Transistor  feedback  circuits,^  analogous  to  the  vacuum-tube  configu- 
rations just  discussed,  can  be  constructed.  Compare,  for  example,  Fig. 
9-18  with  Fig.  17-5. 

17-6.  The  Cathode  Follower.  An  example  of  a circuit  which  may 
profitably  be  viewed  as  a feedback  amplifier  is  the  cathode  follower  of 
Fig.  8-15a,  which  is  redrawn  in  Fig.  17-9a  for  convenience.  Its  equiva- 
lent circuit,  given  in  Fig.  8-1 7a  and  repeated  in  Fig.  17-96,  may  be  drawn 
directly  by  setting  Rl  = 0 in  Fig.  17-66.  The  gain  is  always  less  than 
unity  and  is  given  by 


K 
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3 
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ib) 

Fig.  17-9.  The  cathode  follower 
and  its  equivalent  circuit. 


Af  = 


uRk 


I'p  i)Rk 


(17-17) 


If  (m  -b  l)Rk  then  the  gain  is  m/(m  + 1)  or  approximately  unity. 
A gain  of  0.95  or  larger  is  not  difficult  to  achieve.  The  polarity  of  the 
voltage  at  the  cathode,  the  output  signal,  is  the  same  as  at  the  grid.  The 
cathode  voltage  therefore  follows  very  closely  the  grid  voltage,  and  this 
feature  accounts  for  the  name  given  to  the  circuit. 
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If  numerator  and  denominator  of  Eq.  (17-17)  are  divided  by  and  if  we 
recognize  that  usually  m + 1 = M,  we  may  rewrite  Eq.  (17-17)  in  the  form 


QmRk 
1 + QmRk 


(17-18) 


in  which  Qm  = ju/rp  is  the  transconductance  of  the  tube. 

The  impedance  between  output  terminals  of  the  cathode  follower  is 
determined  by  the  parallel  combination  of  Rk  and  rp/(jLi  -t-  1).  Since 
Tp/iti  + 1)  = l/S'm,  this  impedance  may  be  written,  with  small  error,  as 


R = 


Rk 

1 + QmRk 


(17-19) 


For  QmRk  1,  E = l/fi'm.  Since  Qm  for  a large  variety  of  receiving-type 
tubes  lies  in  the  range  1 to  10  millimhos,  R includes  the  range  100  to 
1,000  ohms.  A low  output  impedance  is  often  an  asset  in  an  amplifier 
since  it  reduces  the  influence  of  the  load  on  the  amplifier  output  voltage. 
The  output  impedance  of  a cathode  follower  is  frequently  appreciably 
smaller  than  the  output  impedance  encountered  in  a conventional  ampli- 
fier where  the  output  signal  is  developed  across  an  impedance  in  the 
plate  circuit. 

The  conventional  amplifier,  however,  provides  gain.  To  make  a fair 
comparison  between  the  two  amplifier  types,  let  us  compare,  for  the  two 
cases,  a figure  of  merit  E,  which  is  defined  as  the  ratio  of  gain  to  output 
impedance.  If,  in  the  conventional  amplifier,  the  resistor  El  is  small  in 
comparison  with  the  tube  plate  resistance  (in  order  that  a low  output 
impedance  may  be  obtained),  then  A = QmRh  and  R = Rl  approxi- 
mately. Therefore 

F (conventional  amplifier)  = ^ 

Kl 


For  a cathode  follower, 

F (cathode  follower)  = QmRk  A QmRk  _ 

1 H"  QmtCk  ttk 

It  appears  that  if  the  gain  of  a conventional  amplifier  is  made  equal  to 
that  of  a cathode  follower,  then  the  output  impedance  of  the  two  circuits 
is  the  same. 

Nevertheless,  where  an  amplifier  of  low  output  impedance  is  required, 
the  cathode  follower  might  still  be  the  circuit  of  choice  since  it  offers 
an  advantage  with  respect  to  stability  of  gain  not  shared  by  the  conven- 
tional amplifier.  In  the  light  of  the  discussion  in  Sec.  17-2  this  feature 
might  well  have  been  anticipated.  Consider,  for  example,  that  the  Qm 
of  the  tube  changes  by,  say,  10  per  cent.  The  gain  of  the  conventional 
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amplifier  also  changes  by  10  per  cent.  On  the  other  hand,  if  a cathode 
follower  were  adjusted  for  approximately  unity  gain  >$>  1),  the 

change  in  gain  would  be  appreciably  reduced.  We  have 

dAf  1 d^rn 

Af  1 “b  QmRk  Qm 

SO  that,  if,  say,  = 10  and  = 0.1,  then  dA/A  = 0.1/11  =0.01. 

Thus,  a 10  per  cent  change  in  has  now  resulted  in  only  a 1 per  cent 
change  in  gain.  This  is  an  improvement  by  a factor  of  10  over  the 
conventional  amplifier. 

A second  advantage  of  the  cathode  follower  lies  in  the  linearity  with 
which  the  output  signal  follows  the  input  signal.  The  advantage  is 
most  pronounced  when  a cathode  follower  of  maximum  possible  gain, 
nominally  unity,  is  compared  with  a conventional  amplifier  of  compara- 
ble gain  and  consequently  comparable  output  impedance.  Consider  first 
a cathode  follower  in  which  Rk  is  made  very  large. 

If  an  output  signal  swing  Aco  is  required,  the  tube  current  must  change 
by  Aco/T^fc,  which  is  small  since  Rk  is  large.  Since  the  nonlinearity 
introduced  by  a vacuum  tube  is  largely  determined  by  the  range  over 
which  its  current  must  vary,  we  may  anticipate  that  the  operation  will 
be  quite  linear.  The  comparable  conventional  amplifier  will  require  a 
plate-circuit  resistor  Rl  nominally  equal  to  l/g-m,  which  is  only  of  the 
order  of  several  hundred  ohms.  The  tube  current  must  then  change 
by  LeoIRti  which  is  very  much  larger  than  ACo/Rk,  and  the  linearity 
will  suffer.  With  a cathode  follower  for  which  gmRk  1 it  is  not  difficult 
to  achieve  a linear  output  voltage  whose  peak-to-peak  value  is  compara- 
ble to  the  total  supply  voltage.  With  a unity-gain  amplifier  the  maxi- 
mum output  swing  is  the  grid  base  (defined  as  the  voltage  swing  from 
zero  bias  to  cutoff).  This  swing  is  approximately  l/g.  times  the  supply 
voltage.  Hence  the  swing  obtainable  from  a unity-gain  conventional 
amplifier  is  much  smaller  than  that  from  a cathode  follower. 

Consider  a circuit  which  is  to  drive  a low-impedance  load,  such  as  a 
long  cable  terminated  in  its  characteristic  impedance,  say,  75  ohms. 
Then  with  a tube  for  which  g^  = 5 millimhos,  gmRk  = 0.375,  and  the 
condition  1 + gmRk  ^ 1 is  not  satisfied.  Under  these  circumstances,  the 
choice  between  a grounded-cathode  and  a cathode-follower  circuit  is  not 
clear-cut.® 

17-6.  Characteristics  and  Applications  of  the  Cathode  Follower.  The 

principal  characteristics  of  the  cathode  follower  may  be  summarized  as 
follows; 

1.  High  input  impedance  (low  input  capacitance). 

2.  Low  output  impedance, 

3.  Stability  of  amplification  with  tube  changing,  voltage  variation,  etc. 
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4.  Output  is  linearly  related  to  the  input. 

5.  No  inversion  of  the  signal. 

6.  Gain  is  less  than  one  but  can  be  made  almost  equal  to  unity. 

7.  The  input  swing  may  be  very  large,  approaching  the  supply  voltage 
in  magnitude. 

8.  The  quiescent  output  voltage  may  be  adjusted  easily. 

9.  Any  ripple  in  the  supply  voltages  appears  at  the  output  greatly 
attenuated  (see  Prob.  17-6). 

The  first  characteristic  is  discussed  in  Sec.  8-10,  where  the  high-fre- 
quency behavior  of  the  cathode  follower  is  considered.  The  other  char- 
acteristics mentioned  above  have  been  studied  in  the  preceding  sections. 

Only  a few  applications  will  be  listed,  although  many  are  suggested  by 
the  above  properties.  A cathode  follower  is  usually  employed  when  a 
high  input  impedance  or  a low  output  im- 
pedance or  both  are  required.  The  input 
stage  to  almost  all  good-quality  cathode-ray 
oscilloscopes  is  a cathode  follower.  When- 
ever it  is  required  to  transmit  a signal  over 
a relatively  long  distance,  the  capacitive 
loading  of  the  long  wires  (or  shielded  cable) 
is  minimized  by  taking  advantage  of  the  low 
output  impedance  of  the  cathode  follower. 

One  such  application  is  the  use  of  the  cathode 
follower  to  couple  the  early  stages  of  the 

amplifier  of  an  oscilloscope,  located  near  the  split-load 

c , , . , , . , , phase  inverter, 

front-panel  input  terminals,  to  the  output 

stages,  which  are  located  near  the  back  of  the  chassis  at  the  base  of  the 
cathode-ray  tube.  Another  such  application  is  the  use  of  the  cathode 
follower  to  feed  video  signals,  by  means  of  a coaxial  cable,  from  a receiver 
to  a number  of  indicators  many  feet  away. 

If  the  output  from  one  circuit  acts  as  the  input  to  another  circuit  and  if 
the  second  circuit  reacts  back  onto  the  first,  then  a cathode  follower  may 
be  used  as  a buffer  stage  to  eliminate  this  reaction. 

Many  electronic  instruments  take  advantage  of  the  great  stability  and 
linearity  of  cathode  followers. 

17-7.  Circuits  with  a Cathode  Resistor.'*  There  are  many  practical 
feedback  networks  which  involve  the  use  of  a resistor  in  the  cathode 
circuit.  Some  of  the  most  important  of  these  “cathode-follower-type” 
circuits  are  described  in  this  section. 

The  Svlit-load  Phase  Inverter.  This  circuit  appears  in  Fig.  17-10.  A 
single  input  signal  provides  two  output  signals;  Ckn,  which  is  of  the  same 
polarity  as  the  input,  and  epn,  which  is  of  opposite  polarity.  Further,  if 
the  plate  and  cathode  resistors  are  identical,  the  magnitudes  of  the  two 
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signals  must  be  the  same,  since  the  currents  in  the  plate  and  cathode 
resistors  are  equal.  The  amplification  \A\  = \ekn/e\  = \epn/e\  may  be 
written  directly  by  comparison  with  either  of  the  equivalent  circuits  of 
Fig.  17-66  or  17-76,  with  the  result  that 

^ 9mR 


|A|  = 


(17-20) 


/x+f 

■VW'/V'' 


-b  (m  + 2)72  - 1 + gmR 

The  exact  result  differs  from  that  given  for  the  cathode  follower,  Eq. 

(17-17),  only  in  the  appearance  of 
a factor  -f  2 in  place  of  the  factor 
ju  -b  1.  The  gain  may  be  made  to 
approach  1 if  g^R  » 1.  The  ratio 
of  the  plate-to-cathode  signal  to  the 
input  signal  may  then  approach  2. 
The  output  impedances  at  the  plate 
and  at  the  cathode  are  different,  the 
plate  impedance  being  higher  than 
the  cathode  impedance. 

If  the  capacitance  from  the  plate 
to  ground  is  greater  than  that  from 
cathode  to  ground,  it  is  possible  to 
equalize  the  frequency  response  of 
the  two  outputs  by  adding  capaci- 
tance across  the  cathode  resistor. 
A phase  inverter,  also  called  a par- 
aphase  amplifier,  is  used  to  convert 
a voltage,  one  terminal  of  which  is 
grounded  (a  single-ended  signal) 
into  symmetrical  voltages,  for  ex- 
ample, for  an  oscilloscope  or  for  a 
push-pull  amplifier  (Sec.  16-16). 

The  Cathode-coupled  Phase  In- 
verter. This  circuit,  shown  in  Fig. 
17-1  la,  serves  the  same  purpose  as  the  split-load  phase  inverter  but  addi- 
^ , , tionally  provides  some  gain  and  equal  output  impedances.  The  two  signals 
and-^^  are  of  opposite  polarity  and  are  nominally  of  equal  amplitude. 
The  equivalent  circuit  of  Fig.  17-66  may  again  be  used  to  advantage To 
analyze  the  operation  of  the  cathode-coupled  phase  inverter.  We  replace 
each  tube  by  its  equivalent  circuit  as  seen  from  the  cathode.  The  resulting 
circuit  is  shown  in  Fig.  17-116.  The  signal  currents  flowing,  respectively, 
j)^of  the  cathode  of  Ti  and  into  the  cathode  of  T2  are  ii  and  i^.  T'he 

^^^|%utput  slgnalslireToT  =~ — i 1 

T^output  sj^alswill  be'brequal  magnitude  if  ii  = U.  This  require- 


W 

Fig.  17-11.  (a)  The  cathode-coupled 

phase  inverter,  (b)  Its  equivalent  cir- 
cuit from  cathode  to  ground. 
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ment  will  be  satisfied  nominally  if  Rk  ^ (/•„  + ■Rl)/(m  + 1).  Typically 
if,  say,  Tp  Rl  = 10  kilohms  and  m + 1 = 20  as  for  a 12AU7  tube, 
(fp  + i?L)/(iu  + 1)  = 1 kilohm  and  Rk  should  be  selected  to  be  about 
10  kilohms  if  an  unbalance  of  no  more  than  about  10  per  cent  is  desired 
(see  Prob.  17-19).  It  is  possible  to  obtain  balanced  outputs  by  choosing 
unequal  values  for  the  two  plate  load  resistors. 

By  applying  Kirchhoff’s  voltage  law  to  the  outside  loop  of  Fig.  17-116 
we  find  for  the  plate-to-plate  gain 


A = 


e 


i^Rl 

Tp  -f  Rl 


(17-21) 


which  is  the  same  gain  that  would  be  provided  by  a single-tube  grounded- 
cathode  amplifier  with  plate  resistor  Rl. 

If  each  tube  carries  a quiescent  current  of,  say,  5 ma,  the  quiescent 
drop  across  Rk  is  100  volts.  We  may  require  for  convenience  that  the 
quiescent  grid  voltages  be  ground  potential.  In  the  linear  range  of  oper- 
ation  the  grid-to-cathode  voltage  of  a tube  is  ii^ally  only  of  the  ord^  of 
several  volts.  The  voltage  at  the  cathodeT^  therefore  also  required  to 
be  in  the  neighborKodd  of  ground  potential.  These  requirements  with 
respect  to,  qulescfiiit^qperating  voltages  may  be  satisfied  , by  returning  the 
cathode  resistor,  as  in  Fig.  i,7--iia,..  td  an  appropriately  large  negative 
voltage  (in  this  example,  Ecc  = 100  volts). 

Other  paraphase  ampIifiefFircmts  exist  which  do  not  involve  feedback 
and  hence  have  greater  voltage  gain  but  less  stability  of  amplification, 
etc.,  than  the  circuits  described  above. 

The  Difference  Amplifier.  Suppose  that  we  have  two  signals  ei  and  62, 
each  measured  with  respect  to  ground.  It  is  desired  to  generate  a third 
signal,  also  to  be  referred  to  ground,  which  signal  is  to  be  proportional 
to  the  voltage  difference  e\  — 62-  One  such  application  would  occur  if 
it  were  required  to  convert  the  symmetrical  signal,  which  appears  at  the 
plates  of  a paraphase  amplifier,  back  to  an  unsymmetrical  signal.  A 
possible  arrangement  for  this  purpose  would  involve  connecting  a trans- 
former primary  from  plate  to  plate  in  Fig.  17-1  la.  The  required  signal 
is  taken  from  the  transformer  secondary,  one  side  of  which  is  grounded. 
The  impedance  of  the  transformer  must  be  high  enough  not  to  load  down 
the  circuit  appreciably,  and  its  frequency  response  must  be  adequate  for 
the  application  at  hand.  A much  more  generally  applicable  method  is 
indicated  in  the  difference  amplifier  of  Fig.  17-12a.  In  this  circuit  one 
of  the  signals,  62,  is  applied  directly  to  the  grid  of  the  tube  T^  and  the 
second  signal,  Ci,  is  applied  to  the  cathode  through  the  cathode  follower 
Ti.  The  output  of  is  proportional  to  its  cathode-to-grid  voltage  and 
hence  approximately  proportional  to  the  difference  ei  — e^. 

The  equivalent  circuit  is  given  in  Fig.  17-126,  where  again  each  tube 
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has  been  replaced  by  its  equivalent  seen  looking  back  into  the  cathode. 
The  output  voltage  is  If  we  assume  that  {fi  \)Rk':^  Vj,  and 

consequently  neglect  entirely  the  presence  of  Rk,  then  ix  = ^2  and  the 
output  is  exactly  proportional  to  the  difference  ex  — 62,  being  given  by 


fiRhjex  ~ 62) 
2r p Rl 


(17-22) 


Ideally,  in  a difference  amplifier,  if  the  input  signals  were  identical, 
Cl  = 62  = Cc,  the  output  signal  would  be  zero.  An  identical  signal  on 


Fig.  17-12.  (a)  A difference  amplifier, 
ground. 


rp  fp+Rz 


(Z») 

(b)  The  equivalent  circuit  from  cathode  to 


both  grids  is  known  as  a common-mode  signal.  The  amplification  Ac  for 
the  common-mode  signal  would  indeed  be  zero  if  Rk  were  infinite.  How- 
ever, if  Rk  is  finite  but  if  (p  4-  l)Rk^  Vp  and  1,  we  find  that 


Co  RlC  p 

Oc  Rk{2rp  -|-  Rl) 


(17-23) 


If  the  signals  are  of  equal  amplitude  and  opposite  polarity,  ed/2  and 
— ed/2,  respectively,  then  represents  the  difference  voltage.  The  gain 
for  this  difference  signal  is  given  approximately,  for  (/x  -j-  l)i2fc  ^ Vp,  by 
Eq.  (17-22)  as 


Co  ^R  L 

Cd  2rp  Rl 


i 


(17-24) 


The  matter  may  be  summarized  in  the  following  manner.  Tdie  output 
for  any  .two  arbitrary  signals  ex  and  62  may  be  expressed  in  terms  oT  a 
difference  signal  = gi  — 62  and  aTcommon-mode  signaTeT^  (er-T^)/2 


as 


(17-25) 


in  which  Ad  is  the  gain  for  the  difference  signal  and  Ac  is  the  gain  for  the 
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common-mode  signal.  These  gains  are  given  by  Eqs.  (17-24)  and  (17-23), 
respectiveT;^  ' 

A quantity  called  the  common-mode  rejection  ratio  which  serves  as  a 
figure  of  merit  for  a difference  amplifier  is  Ad/ Ac  = —nRk/rp  = —gmRk- 
If,  for  example,  the  common-mode  rejection  ratio  is  1,000,  this  means 
that  a 1-mv  difference  of  voltage  at  the 
two  grids  gives  the  same  output  as  1 
volt  applied  with  the  same  polarity  to 
both  grids.  Since  n and  r^  vary  with 
signal  voltage,  this  ratio  is  not  a con- 
stant independent  of  common-mode  sig- 
nal amplitude. 

The  discussion  above  neglects  the  pos- 
sibility that  the  amplification  factors  of 
the  two  tubes  may  be  slightly  different. 

Neglecting  the  influence  of  a finite  Rk^ 
the  ratio  Ad/ Ac  is  given  by 

Ad  _ MiM2  + (mi  + M2)/2  ^ ^ (17-26) 

Ac  Ml  — M2  Am 

in  which  Am  = Mi  “ M2  and  m is  the  nom- 
inal amplification  factor  of  either  tube. 

High-M  tubes  are  therefore  of  advantage 
in  difference  amplifiers. 

Current-feedback  Amplifier  as  a Constant-current  Source.  The  cathode 
follower,  paraphase  amplifier,  and  difference  amplifier  all  operate  with 
improved  performance  as  the  cathode  resistance  becomes  larger.  A large 
cathode  resistance,  however,  results  in  a large  d-c  voltage  drop  due  to  the 
quiescent  tube  current.  In  Sec.  17-3  we  showed  that  current  feedback 
serves  to  increase  the  output  impedance  of  an  amplifier.  If  the  output 
impedance  is  much  greater  than  the  load  impedance,  a current-feedback 
amplifier  may  be  considered  as  a constant-current  device  (for  no  input 
signal)  and  used  to  advantage  in  the  cathode  circuit  to  replace  a large 
ordinary  resistor.  An  arrangement  of  this  type  is  shown  in  Fig.  17-13. 
Referring  to  Fig.  17-7&,  it  appears  that  the  impedance  seen  looking  into 
the  plate  of  the  tube  Ts  in  the  cathode  circuit  is  4-  (1  + u)Rk  = iJ-Rk, 
if  Rk  is  large.  Under  typical  circumstances  —Ecc  might  be  —300  volts, 
Rk  = 500  kilohms,  and  the  cathode  tube  a 12AX7  with  m = 100 
fp  = 100  kilohms.  The  effective  cathode  impedance  of  the  difference 
amplifier  would  then  be  about  50  megohms.  In  the  circuit  of  Fig.  17-13, 
high-/i,  low-current  tubes  would  be  appropriate.  Suppose,  then,  that  the 
individual  tubes  carried  only  0.1  ma  of  current.  The  total  cathode  cur- 
rent is  0.2  ma,  and  if  an  ordinary  50-megohm  resistor  were  used,  a nega- 
tive supply  voltage  of  10,000  volts  would  be  required.  This  voltage  is, 


Fig.  17-1 3. -Tube  acts  as  a very 
high_  dynamic  resistance  of  value 
rp  -|-  (m  + in  the  cathode  of 
'TuFes  f\  and  Tj.  The  potent i- 
oineter  K is  used  to  balance  the  out- 
puts from  the  two  plates. 
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of  course,  impractically  high,  which  demonstrates  the  advantage  of  tube 
Ts  over  an  ordinary  50-megohm  resistor  in  this  application. 

17-8.  A Cascode  Amplifier.  This  circuit  consists  of  two  triodes  in 
series  (the  same  current  in  each)  and  should  not  be  confused  with  cas- 
caded amplifier  stages.  This  configuration  is  indicated  in  Fig.  17-14. 

That  this  circuit  behaves  like  a pentode  can  be  seen  as  follows:  The_ 

load  for  Ti  is  the  effective  impedance  look- 
ing into  the  cathode  of  namely,  Rl  = 
\R  -f-  rp)/(ix  fi-  1).  T or  large  values  of  /x  this 
may  be  very  small  and  to  a first  approxima- 
tion can  be  considered  as  a short  circuit. 
Hence,  the  plate  potential  of  Ti  is  constant. 
The  definition  of  the  transconductance  is 


■^bb 


Qn 


/ A4\ 
\^ej 


El  const. 


plifier. 


Hence,  the  signal  current  is  Aib  = Qm  Ae^  = 
where  ei  is  the  signal  input  voltage. 
The  gain  is  A ==  —R  Aii/ei  = —QmR,  which 
is  the  expression  for  the  gain  of  a pentode. 

Another  point  of  view  is  the  following:  The  plate  d-c  voltage  Eb\  of  Ti 
is  determined  by  the  grid-to-ground  voltage  E'  of  T^.  Actually,  Ebi  = 
E'  — Eci,  where  Ec^  is  the  drop  from  grid  to  cathode  of  and  is  a nega- 
tive number.  The  value  of  E^  may  vary  between  zero  and  the  cutoff 
voltage,  but  this  is  small  compared  with  the  value  of  E'  (which  may  be 
one  or  several  hundred  volts).  Hence,  Ebi  is  essentially  constant,  and 
the  d-c  tube  current  is  also  constant  since  it  is  determined  by  Ebi  and  the 
bias  Ecc.  Hence,  a curve  of  d-c  plate  current  vs.  d-c  voltage  from  the 
plate  of  T2  to  ground  resembles  the  constant-current  characteristic  of  a 
pentode.  From  this  discussion  it  is  clear  that  E'  takes  the  place  of  the 
screen  voltage  in  a pentode.  The  cascode  amplifier  has  the  advantage 
over  the  pentode  in  that  no  screen  current  need  be  supplied  and  in  that 
it  has  the  low  noise  of  a triode  (Sec.  15-12). 

The  exact  expression  for  the  amplification  is  found  by  replacing  7^2  by 
an  impedance  (R  -f  rp)/(n  -1-  1)  and  Ti  by  a generator  /xEi  in  series  with 
an  impedance  Tp.  The  result  is 


Ai  = 


— (m)(m  + ^)R 


+ (m  + 2)rj, 

If  (ju  -f  2)rp  ^ R and  if  ju  ^ 1,  then  this  is  approximately 

— fiR 


(17-27) 


Ai 


QmR 
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which  is  the  result  obtained  by  the  qualitative  arguments  given  above. 

It  is  possible  to  apply  an  a-c  signal  voltage  E2  (in  addition  to  the^bias 
vo]iage~]E7yTo  the~g]dd  of  ^ Under  these  circumstances  fy  acts  as  an 
impedance"^!  magnitude  in  the  cathode  of  Tg.  The  voltage  gain  fm 
this  signal  E2  is 


A2 


—fiR 

^ + (m  + 2)rp 


(17-28) 


If  sinusoidal  signals  are  applied  simultaneously  to  both  inputs,  then,  by 
the  principles  of  superposition,  the  output  Eo  will  be  Eo  = AiEi  -|-  A2E2. 

The  cascode  circuit  is  sometimes  used  as  a feedback  amplifier  by  apply- 
ing the  external  signal  E^  to  the  grid  of  T2  and  the  feedback  voltage  to  the 
grid  of  T 1.  Under  these  circumstances  the  gain  with  feedback  is  given  by 


A/- 


Eo 

E. 


1 


A2 

- Ai5 


(17-29) 


where  Ai  and  A2  are  the  gains  without  feedback  (but  with  the  feedback 
network  in  place)  for  signals  Ei  = E/  and  E2  = E*,  respectively.  If  the 
5 network  does  not  load  the  amplifier,  then  Ai  and  A2  are  given  by  Eqs. 
(17-27)  and  (17-28),  respectively. 

The  quiescent  operating  current  in  a cascode  amplifier  is  found  by 
the  method  of  successive  approximations.  The  method  converges  very 
rapidly  and  is  best  illustrated  by  a numerical  example. 

Example.  Find  the  quiescent  current  in  the  cascode  amplifier  of  Fig.  17-14  if  J?  = 
20  kilohms,  Ebb  = 300  volts,  E'  = 125  volts,  and  Ecc  = 4 volts.  The  tube  is  a 6SN7. 

Solution.  If  T2  is  not  to  draw  grid  current,  then  K2  must  be  at  a higher  potential 
than  Gi.  However,  it  cannot  be  at  too  high  a potential  or  T^,  will  be  cut  off.  Let  us 
take  as  a first  approximation  E^  = —5  and  hence  Ebi  = 125  + 5 = 130  volts. 
Corresponding  to  this  value  of  Ebi  and  to  E^  = — 4,  the  plate  current  h is 
found  from  the  6SN7  characteristics  to  be  4.2  ma.  Hence  Ebi  = Ebb  — hR  — Ebi  = 
300  — (4.2)  (20)  — 130  = 86  volts.  For  Ebi  = 86  volts  and  hi  = 4.2  ma,  we  find 
that  Eci  = — 2 volts. 

The  second  approximation  is  Ebi  = 125  + 2 = 127.  Corresponding  to  this 
value  of  Ebi  and  to  E^  = —4  volts,  we  find  that  Ib  = 4.0  ma.  Hence,  Ebi  = 300  — 
(4.0)  (20)  — 130  = 90  volts.  Corresponding  to  this  Ebi  and  to  hi  = 4.0  ma,  we  find 
Eci  = —2.3  volts. 

The  third  approximation  to  Ebi  is  125  -f-  2.3  = 127.3  volts,  which  is  close  enough  to 
the  previous  value  of  127  so  as  not  to  affect  the  value  of  the  current  appreciably. 
Hence,  Ib  = 4.0  ma. 


17-9.  Feedback  and  Stability.®  Negative  feedback  for  which  |1  - A^l 
> 1 has  been  considered  in  some  detail  in  the  foregoing  sections.  If 
|1  - A5|  < 1,  then  the  feedback  is  termed  'positive  or  regenerative.  Under 
these  circumstances,  the  resultant  gain  A/  will  be  greater  than  A,  the 
nominal  gain  without  feedback,  since  I A/I  = |A|/ll  — Agj  > |A|.  Regen- 
eration as  an  effective  means  of  increasing  the  amplification  of  an  amplifier 
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was  first  suggested  by  Armstrong.®  Because  of  the  reduced  stability  of 
an  amplifier  with  positive  feedback,  this  method  is  seldom  used. 

To  illustrate  the  instability  in  an  amplifier  with  positive  feedback, 
consider  the  following  situation:  No  signal  is  applied,  but  because  of  some 
transient  disturbance  a voltage  Eo  appears  at  the  output  terminals.  A 
portion  of  this  voltage  ^Eo  will  be  fed  back  to  the  input  circuit  and  will 
appear  in  the  output  as  an  increased  voltage  A^Eo.  If  this  term  just 
equals  Eo,  then  the  spurious  output  has  regenerated  itself.  In  other 
words,  if  AgEo  = Eo  (that  is,  if  Ag  = 1),  the  amplifier  will  oscillate 
(Chap.  18).  Hence,  if  an  attempt  is  made  to  obtain  large  gain  by  mak- 
ing Ag  almost  equal  to  unity,  there  is  the  possibility  that  the  amplifier 
may  break  out  into  spontaneous  oscillation.  This  would  occur  if,  because 
of  variation  in  supply  voltages,  aging  of  transistors  or  tubes,  etc.,  A^ 
becomes  equal  to  unity.  There  is  little  point  in  attempting  to  achieve 
amplification  at  the  expense  of  stability.  In  fact,  because  of  all  the 
advantages  enumerated  in  Sec.  17-2,  feedback  in  amplifiers  is  almost 
always  negative. 

If  an  amplifier  is  designed  to  have  negative  feedback  in  a particular 
range  but  breaks  out  into  oscillation  at  some  high  or  low  frequency,  it  is 
naturally  useless  as  an  amplifier.  Hence,  in  the  design  of  a feedback 
amplifier  it  must  be  ascertained  that  the  circuit  is  stable  at  all  frequencies 
and  not  merely  over  the  frequency  range  of  interest.  In  the  sense  used 
here,  the  system  is  stable  if  a transient  disturbance  results  in  a response 
which  dies  out.  A system  is  unstable  if  a transient  disturbance  persists 
indefinitely  and  increases  until  it  is  limited  only  by  some  nonlinearity  in 
the  circuit.  Thus  the  question  of  stability  may  be  considered  to  involve 
a study  of  the  transient  response  of  the  system.  If  Laplace  transform 
notation  is  used,  the  transfer  function  Eo/E*  = A/  is  a function  of  the 
complex  frequency  s = o-  -b  joo.  The  poles  of  the  transfer  function  deter- 
mine the  transient  behavior  of  the  network.  If  a pole  exists  with  a posi- 
tive value  of  cr,  this  will  result  in  a disturbance  increasing  exponentially 
with  time.  Hence,  the  condition  which  must  be  satisfied,  if  a system  is 
to  be  stable,  is  that  the  poles  of  the  transfer  function  must  all  lie  in  the 
left-hand  half  of  the  complex  frequency  plane.  If  the  system  without 
feedback  is  stable,  then  the  poles  of  A do  lie  in  the  left-hand  half  plane. 
It  follows  from  Eq.  (17-2),  therefore,  that  the  stability  condition  requires 
that  the  zeros  of  1 — A^  must  all  lie  in  the  left-hand  half  plane. 

Nyquist^  has  obtained  an  alternative  but  equivalent  criterion  for  sta- 
bility which  may  be  expressed  in  terms  of  the  steady-state,  or  frequency 
response,  characteristic.  It  will  be  given  here  without  proof.  Since  the 
loop  gain  Ag  is  a complex  number  it  may  be  represented  as  a point  in  the 
complex  plane,  the  real  component  being  plotted  along  the  X axis,  and 
the  j component  along  the  Y axis.  Furthermore,  A^  is  a function  of  the 
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frequency.  Consequently,  points  in  the  complex  plane  are  obtained  for 
the  values  of  corresponding  to  all  values  of  / from  zero  to  + oo . The 
locus  of  all  these  points  forms  a closed  curve.  The  criterion  of  Nyquist 
is  that  the  amplifier  is  unstable  if  this  curve  encloses  the  point  1 + jO  and  the 
amplifier  is  stable  if  the  curve  does  not  en- 
close this  point. 

The  criterion  for  positive  or  negative 
feedback  may  also  be  represented  in  the 
complex  plane.  From  Fig.  17-15  we  see 
that  |1  — A^l  = 1 represents  a circle  of 
unit  radius  with  its  center  at  the  point 
1 + jO.  If,  for  any  frequency,  A^  extends 
outside  this  circle,  the  feedback  is  nega- 
tive, since  then  |1  - A^l  > 1.  If,  how- 
ever, A^  lies  within  this  circle,  then 
|1  — Agj  < 1,  and  the  feedback  is  posi- 
tive. In  the  latter  case  the  system  will  not  oscillate  unless  Nyquist’s 
criterion  is  satisfied. 

As  a first  application  of  the  criterion  of  stability,  consider  one  stage 
of  a simple  2?C-coupled  amplifier  with  voltage  feedback.  The  analysis  of 
this  circuit  in  Sec.  15-6  shows  that  the  nominal  gain  A is  real  and  negative 


Fig.  17-15.  The  locus  of  |1  — Ag| 
= 1 is  a circle  of  unit  radius. 


Real 

axis 


Fig.  17-16.  The  locus  in  the  complex  plane  for  all  values  of  frequency  of  the  loop 
Ag  of  an  AC-coupled  amplifier  is  a circle. 


gain 


(a  phase  angle  of  180  deg)  over  most  of  the  audio  range.  For  the  high 
and  low  frequencies,  it  is  found  that  the  gain  falls  to  zero,  and  the  phase 
approaches  ± 90  deg.  If  the  voltage  feedback  factor  g is  independent  of 
the  frequency,  then  A?  varies  as  A.  The  locus  of  Ag  for  all  frequencies 
when  plotted  in  the  complex  plane  can  be  shown  to  be  a circle  plotted  as 
indicated  in  Fig.  17-16.  It  should  be  noted  that  under  these  circum- 
stances this  curve  is  simply  a polar  plot  of  the  gain  A of  the  circuit. 
Furthermore,  since  this  curve  does  not  enclose  the  point  1 + yO,  the 
amplifier  is  stable  and  the  feedback  is  negative  for  all  frequencies.  Alter- 
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natively,  it  is  noticed  from  the  diagram  that  jl  — Agj  > 1 for  all  fre- 
quencies, which  is  the  condition  for  negative  feedback. 

As  a second  specific  illustration,  suppose  that  the  polar  plot  of  a given 
amplifier  has  the  form  illustrated  in  Fig.  17-17.  The  feedback  is  nega- 
tive for  this  amplifier  in  the  fre- 
quency range  from  0 to  /i.  Positive 
feedback  exists  in  the  frequency 
range  from  /i  to  <».  Note,  how- 
ever, that  the  locus  of  does  not 
enclose  the  point  1 + jO.  Hence, 
according  to  the  Nyquist  criterion, 
oscillations  will  not  occur. 

Often  it  is  difficult  to  apply  either 
of  the  above  criteria  for  stability  to  a 
practical  amplifier.  It  should  be 
clear  from  the  foregoing  discussion 
that  no  oscillations  are  possible  if  the 
magnitude  of  the  loop  gain  [A^l  is  less 
zero.  This  condition  is  sought  for  in 
practice  to  ensure  that  the  amplifier  will  be  stable. 

Consider,  for  example,  a three-stage  i^C-coupled  amplifier  with  voltage 
feedback  from  the  output  to  the  input,  as  in  Fig.  1 7-3 . There  is  a definite 
maximum  value  of  the  feedback  fraction  j3  = Ri/ Rg  allowable  for  stable 
operation. « To  see  this,  note  that  if  all  capacitors  are  disregarded  there  is 
180-deg  phase  shift  in  each  stage,  and  540  deg  or,  equivalently,  180  deg, 
for  the  three  stages.  At  high  frequencies  there  is  an  additional  phase 
shift  due  to  the  shunting  capacitances,  and  at  the  frequency  for  which  the 
phase  shift  per  stage  is  60  deg  the  total  phase  shift  around  the  loop  is  zero. 
If  the  gain  at  this  frequency  is  called  Aeo,  then  ^ must  be  chosen  such  that 
A&ol3  is  less  than  unity,  if  the  possibility  of  oscillations  is  to  be  avoided. 
Similarly,  because  of  the  phase  shift  introduced  by  the  blocking  capaci- 
tors, there  is  a low  frequency  for  which  the  phase  shift  per  stage  is  also 
60  deg,  and  hence  there  is  the  possibility  of  oscillation  at  this  low  fre- 
quency also  unless  the  maximum  value  of  jS  is  restricted  as  outlined  above. 

17-10.  The  Operational  Amplifier.^  This  is  a special  type  of  voltage- 
feedback  amplifier  which  is  of  great  importance,  particularly  in  electronic 
analog  computers.  It  can  be  made  to  perform  many  operations  such  as 
sign  changing  or  inverting,  scale  changing,  phase  shifting,  adding,  inte- 
grating, and  differentiating. 

The  operational  amplifier  is  shown  in  Fig.  17-18  and  has  an  important 
advantage  over  the  circuit  of  Fig.  17-1  in  that  the  former  has  one  termi- 
nal (2)  of  the  external  signal  source  in  common  with  an  amplifier  output 
terminal  (4).  In  other  words,  there  is  a common  ground  between  the 


Fig.  17-17.  The  locus  of  Ag  in  the  com- 
plex plane  for  a circuit  which  exhibits 
negative  feedback  for  low  frequencies 
and  positive  feedback  for  high  fre- 
quencies. 

than  unity  when  its  phase  angle  is 


FEEDBACK  AMPLIFIERS 


465 


input  and  output  circuits.  The  feedback  is  now  obtained  from  the  imped- 
ance Z'  between  the  ungrounded  output  (3)  and  input  (1)  terminals. 
There  is  also  an  impedance  Z between  the  ungrounded  terminal  of  the 
signal  source  and  the  input  (1). 

The  amplifier  between  terminals  1,  2,  3,  and  4 is  called  the  hase  amplifier 
and  may  be  of  either  the  vacuum-tube  or  transistor  variety  having  a mid- 
band amplification  A which  is  real  and  negative.  Almost  always  the 


Fig.  17-18.  Two  representations  of  an  operational  amplifier. 


amplifier  consists  of  several  common-cathode  or  common-emitter  stages 
in  cascade.  The  input  terminal  is  the  grid  or  base.  The  output  is  usu- 
ally taken  from  the  plate  or  collector.  Hence  this  type  of  feedback  is 
sometimes  called  plate-to-grid  or  collector-to-base  feedback.  This  latter 
configuration  as  a method  of  stabilizing  the  operating  point  of  a transistor 
was  discussed  in  Sec.  9-12.  Because  of  its  small  size,  low  power  consump- 
tion, and  long  life,  the  transistor  is  an  excellent  circuit  element  for  use  in 
a computer. 

We  shall  now  find  an  equivalent  circuit  of  the  operational  amplifier. 
Let  us  calculate  the  impedance  which  is  presented  by  the  amplifier  at  its 
input  terminals  1 and  2 in  Fig.  17-18.  The  voltage  across  Z'  is 

Ej  — Eo  = Ej  AEj  = Ei(l  A) 

where  A = Eo/Ej  is  the  amplification  without  feedback  but  with  Z'  in 
place  (A  is  called  the  open-loop  loaded  gain).  The  impedance  seen  look- 
ing into  the  input  terminals  is 

E,  E,  _ Z' 

I Ei(l  - A)/Z'  1 - A 

An  equivalent  circuit  which  gives  the  same  input  current  I from  the 
source  Eg,  the  same  amplifier  input  voltage  Ei,  and  consequently  the  same 
output  voltage  as  in  Fig.  17-18  is  indicated  in  Fig.  17-19.  The  input 
impedance  Zj  of  the  amplifier  which,  for  simplicity,  was  neglected  in  the 
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above  discussion  has  been  added  to  Fig.  17-19.  From  this  figure  we  see 
that  if 

« \Zi\  (17-30) 

then  I'  = I.  Under  these  circumstances  the  output  voltage  is 

Eo  = AEi  = AI  (17-31) 

Even  for  a transistor,  for  which  the  input  impedance  is  much  smaller  than 
that  for  a vacuum-tube  amplifier,  the  inequality  (17-30)  will  be  satisfied 
provided  that  the  amplification  A is  made  sufficiently  large.  As  A — > oo 

z z' 


Fig.  17-19.  An  equivalent  circuit  of  the  Fig.  17-20.  Virtual  ground  in  the  opera- 
operational  amplifier.  tional  amplifier. 

the  impedance  across  terminals  1 and  2 approaches  zero  (a  short  circuit) 
and  I = Es/Z.  Also,  as  A — > we  see  from  Eq.  (17-31)  that  the  out- 
put is 

-IZ'  = - yE, 

and  the  over-all  gain  is 

A,  = - (17-32) 

The  operation  of  the  circuit  may  now  be  described  in  the  following 
terms.  At  the  input  to  the  amplifier  proper  there  exists  a virtual  short 
circuit  or  virtual  ground.  The  term  “virtual”  is  used  to  imply  that,  while 
the  feedback  serves  to  keep  the  voltage  E^  at  zero,  no  current  actually 
flows  through  this  short.  The  situation  is  depicted  in  Fig.  17-20,  where 
the  virtual  ground  is  represented  by  the  arrow.  The  current  furnished 
by  the  generator  E*  continues  past  this  virtual  short  through  the  imped- 
ance Z'. 

Since  the  resultant  gain  is  independent  of  the  amplifier  and  depends 
only  upon  the  two  impedances  Z and  Z',  it  is  clear  that  the  advantages 
listed  in  Sec.  17-2  for  the  voltage-feedback  amplifier  are  also  valid  for  the 
operational  amplifier. 

Equation  (17-32)  is  strictly  valid  only  if  A is  infinite.  It  is  sometimes 
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important  to  consider  the  effect  of  a finite  voltage  gain.  If  A/  = £„/£«  is 
calculated  from  Fig.  17-19  we  obtain  the  following  exact  expression: 

_Y 

= Y'  - (1/A)(Y'  + Y + Yi)  (17-33) 

where  the  Y’s  are  the  admittances  corresponding  to  the  Z’s  (for  example, 
Y'  = 1/Z').  Note  that  as  ^ oo 


A/  = 


Y ^ ^ 
Y'  “ Z 


in  agreement  with  Eq.  (17-32). 

17-11.  Operational  Amplifier — Another  Viewpoint.  The  operational 
circuit  is  a type  of  voltage-feedback  amplifier  which  does  not  fall  into  a 
one-to-one  correspondence  with  the  voltage-feedback  arrangement  of  Fig. 
17-1.  It  is  to  be  observed,  for  example,  that  in  Fig.  17-18,  if  the  gain  of 
the  amplifier  proper  were  reduced  to  zero,  an  output  signal  would  still 
appear,  following  the  path  from  input  to  output  through  the  path  of 
the  impedances  Z and  Z'.  In  Fig.  17-1  such  an  alternative  path  is  not 
present.  This  coupling  between  input  and  output  around  the  amplifier 
would  vanish  if  the  output  impedance  of  the  amplifier  were  zero. 

Let  us  attempt  to  obtain  an  equivalent  circuit  of  the  form  indicated  in 
Fig.  17-16.  Taking  the  input  admittance  Y,  into  account  in  Fig.  17-18 
we  have,  from  the  principle  of  superposition, 

^ Y'  -b  Y + Yi  Y'  + Y -f  Yi  (17-34) 

Thus  the  input  consists  of  a linear  combination  of  Eo  and  E*  in  a manner 
which  is  independent  of  any  ex- 
ternal load,  as  is  required  for  volt- 
age feedback.  On  the  basis  of  Eq. 

(17-34),  the  circuit  of  Fig.  17-18 
may  be  replaced  by  an  equivalent 
circuit,  as  shown  in  Fig.  17-21. 

This  figure  is  now  identical  to  Fig. 

17-16  except  that  we  have  taken 
into  account  that  the  external  signal  E^  is  attenuated  by  the  ratio 
« = Y/  (Y'  -b  Y + Yi)  before  application  to  the  amplifier.  The  feed- 
back factor  5 = Y'/ (Y'  -b  Y -b  Yj)  so  that  the  gain  with  feedback  is 

A _ «A  _ YA/(Y' + Y -b  Yi) 

^ 1 - 5A  1 - Y'A/(Y'  -b  Y -b  Yi) 

which  readily  reduces  to  Eq.  (17-33). 


Fig.  17-21.  Another  equivalent  circuit  of 
an  operational  amplifier. 
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The  output  impedance  with  feedback  Z/  is  related  to  the  output  imped- 
ance without  feedback  Zo  by  Eq.  (17-3).  For  a high-gain  amplifier, 
Z/  may  be  extremely  small,  perhaps  only  a fraction  of  an  ohm. 

17-12.  Basic  Uses  of  Operational  Amplifiers.  An  operational 
amplifier  may  be  used  to  perform  many  mathematical  operations. 
Among  the  basic  configurations  are  the  following; 

Sign  Changer  or  Inverter.  If  Z = Z',  then  A/  = —1,  and  the  sign  of 
the  input  signal  has  been  changed.  Hence  such  a circuit  acts  as  a phase 
inverter.  If  two  such  amplifiers  are  connected  in  cascade,  the  output 
from  the  second  stage  equals  the  signal  input  without  change  of  sign. 
Hence,  the  outputs  from  the  two  stages  are  equal  in  magnitude  but  oppo- 
site in  phase,  and  such  a system  is  an  excellent  paraphase  amplifier. 

C 

Co 

(a)  (6) 

Fig.  17-22.  (a)  Operational  integrator,  {h)  Equivalent  circuit. 

Scale  Changer.  If  the  ratio  Z'/Z  = fc,  a real  constant,  then  A/  = —k, 
and  the  scale  has  been  changed  by  a factor  —k.  Usually,  in  such  a 
case  of  multiplication  by  a constant,  — 1 or  —k,Z  and  Z'  are  selected  as 
resistors. 

An  interesting  analogy  may  be  drawn  here  between  the  amplifier  and 
a lever.  The  virtual  ground  is  represented  by  the  fulcrum  of  the  lever. 
If  the  ratio  of  the  lengths  of  the  lever  arms  is  k,  then  a displacement  of 
the  end  of  one  arm  causes  a displacement  of  the  end  of  the  other  arm  in 
the  opposite  direction  which  is  k times  as  large.  In  Fig.  17-20,  the  volt- 
ages Eg  and  Eo  represent  the  lever  displacements. 

Phase  Shifter.  Assume  Z and  Z'  are  equal  in  magnitude  but  differ  in 
angle.  Then  the  operational  amplifier  shifts  the  phase  of  a sinusoidal 
input  voltage  while  at  the  same  time  preserving  its  amplitude.  Any 
phase  shift  from  0 to  360  deg  (or  +180  deg)  may  be  obtained. 

Integrator.  If  Z = i?  and  a capacitor  C is  used  for  Z',  as  in  Fig.  17-22a, 
we  can  show  that  the  circuit  performs  the  mathematical  operation  of  inte- 
gration. The  input  need  not  be  sinusoidal  and  hence  will  be  represented 
by  the  lower-case  symbol  e = e{t).  (The  subscript  s will  now  be  omitted, 
for  simplicity.)  Correspondingly  the  current  as  a function  of  time  is 
designated  by  i = i{t).  In  Fig.  17-226  (analogous  to  Fig.  17-20)  the 
arrow  represents  a virtual  ground.  Hence  i = e/ R and 

Co  — ^ % d/t  -“  — — ' 
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The  amplifier,  therefore,  provides  an  output  voltage  proportional  to  the 
integral  of  the  input  voltage.  It  must  be  remembered  that  the  above 
considerations  are  based  upon  the  approximate  equivalent  circuit  of  Fig. 
17-20  which  is  strictly  valid  only  for  an  amplifier  having  infinite  gain. 
The  higher  the  amplification  of  the  base  amplifier,  the  more  accurate 
will  be  the  integration. 

If  the  input  voltage  is  a constant  e = E,  then  the  output  will  be  a 
ramp  voltage  = -{E/RC)L  Such  an  integrator  makes  an  excellent 
sweep  circuit  for  a cathode-ray-tube  oscilloscope  and  is  called  a Miller 
integrator  or  Miller  sweep M 


Fig.  17-23.  Equivalent  circuit  of  opera-  Fig.  17-24.  Operational  adder  or  sum- 
tional  differentiator.  ming  amplifier. 

Differentiator.  If  Z is  a capacitor  and  Z'  = R,  then  we  see  from  the 
equivalent  circuit  of  Fig.  17-23  that  i = C{de/dt)  and 

e.=  -Ri=-RC~  (17-36) 

SO  that  the  output  is  proportional  to  the  time  derivative  of  the  input. 

Adder  or  Summing  Amplifier.  The  arrangement  of  Fig.  17-24  may  be 
used  to  obtain  an  output  which  is  a linear  combination  of  a number  of 
input  signals.  Here 


* ■ I;  + :!+■■■+ 1; 


eo  = —R 


li  Ri  = R2  = ■ • • = Rn,  then 


'i  = -(^ 
\Ri 


Co  — — ^ (Cl  + C2  -f-  • • • -F  Cn) 


(17-37) 


(17-38) 


and  the  output  is  proportional  to  the  sum  of  the  inputs.  In  the  more 
general  case  of  Eq.  (17-37)  the  scale  of  each  input  signal  may  be  adjusted 
before  adding. 

There  are,  of  course,  many  other  methods  which  may  be  used  to  com- 
bine signals.  The  present  method  has  the  advantage  that  it  may  be 
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extended  to  a very  large  number  of  inputs  requiring  only  one  additional 
resistor  for  each  additional  input.  The  result  depends,  in  the  limiting 
case  of  large  amplifier  gain,  only  on  the  resistors  involved,  and  because 
of  the  virtual  ground  there  is  a minimum  of  interaction  between  input 
sources. 

If  in  Fig.  17-24  the  resistor  R'  is  replaced  by  a capacitor  C,  the  circuit 
will  simultaneously  integrate  and  add.  The  output  will  be  given  by 

Co  = — ^ j idt  = — j eidt  + • • • j Bn  dt  (17-39) 

The  General  Case.  In  the  important  cases  considered  above,  Z and  Z' 
have  been  simple  elements  such  as  a single  R or  C.  In  general,  they  may 
be  any  series  or  parallel  combinations  of  R,  L,  or  C.  Using  the  methods 
of  operational  calculus  or  Laplace-transform  analysis,  Z and  Z'  can  be 
written  in  their  operational  form  as  Z(s)  and  Z'(s),  where  s is  the  com- 
plex frequency  variable.  In  this  notation  the  reactance  of  an  inductor 
is  written  formally  as  Ls  and  that  of  a capacitor  as  1/sC.  The  current 
I(s)  is  then  E(s)/Z(s),  and  the  output  is 

E.W  = EW  (17-40) 

The  amplifier  thus  solves  this  operational  equation. 

17-13.  Electronic  Analog  Computation.®’^^  The  operational  amplifier 
is  the  fundamental  building  block  in  an  electronic  analog  computer.  As 
an  illustration,  let  us  consider  how  to  program  the  differential  equation 

^ + K^e  - e,  = 0 (17-41) 

dC  dt 

where  e\  is  a given  function  of  time  and  K\  and  K2  are  real  positive 
constants. 

We  begin  by  assuming  that  d^e/dC  is  available  in  the  form  of  a volt- 
age. Then  by  means  of  an  integrator  a voltage  proportional  to  de/dt  is 
obtained.  A second  integrator  gives  a voltage  proportional  to  e.  Then 
an  adder  (and  scale  changer)  gives  —Ki{deldt)  — ^26  -f-  ei.  From  the 
differential  equation  (17-41)  this  equals  d’^efdt^,  and  hence  the  output  of 
this  summing  amplifier  is  fed  to  the  terminals  where  we  had  assumed 
dH/dt'^  was  available  in  the  first  place. 

The  procedure  outlined  above  is  carried  out  in  Fig.  17-25.  The  volt- 
age d^ejdV^  is  assumed  to  be  available  at  an  input  terminal.  The  inte- 
grator (1)  has  a time  constant  RC  — 1 sec,  and  hence  its  output  at 
terminal  1 is  —deldt.  This  voltage  is  fed  to  a similar  integrator  (2) 
and  the  voltage  at  terminal  2 is  -\-e.  The  voltage  at  terminal  1 is  fed 
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to  the  inverter  and  scale  changer  (3),  and  its  output  at  terminal  3 is 
-\-Ki{de/dt).  This  same  operational  amplifier  (3)  is  used  as  an  adder. 
Hence,  if  the  given  voltage  ei{t)  is  also  fed  into  it  as  shown,  the  out- 
put at  terminal  3 also  contains  the  term  — Ci,  or  the  net  output  is 
-\-Ki{de/dt)  — Cl.  Scale  changer-adder  (4)  is  fed  from  terminals  2 and  3 
and  hence  delivers  a resultant  voltage  —K^e  — Ki{de/dt)  + Ci  at  termi- 
nal 4.  By  Eq.  (17-41)  this  must  equal  dH/dV^,  which  is  the  voltage  that 
was  assumed  to  exist  at  the  input  terminal.  Hence,  the  computer  is 


Fig.  17-25.  A block  diagram  of  an  electronic  analog  computer. 


completed  by  connecting  terminal  4 to  the  input  terminal.  (This  last 
step  is  omitted  from  Fig.  17-25  for  the  sake  of  clarity  of  explanation.) 

The  specified  initial  conditions  (the  values  of  de/dt  and  e at  f = 0) 
must  now  be  inserted  into  the  computer.  We  note  that  the  voltages  at 
terminals  1 and  2 in  Fig.  17-25  are  proportional  to  de/dt  and  e,  respec- 
tively. Because  of  the  virtual  ground  at  the  input  of  an  operational 
amplifier  the  voltage  across  the  capacitor  C of  an  integrator  equals  the 
output  voltage.  Hence,  initial  conditions  are  taken  care  of  by  applying 
the  correct  voltages  Ei  and  E2  across  the  capacitors  in  integrators  1 and  2, 
respectively. 

The  solution  is  obtained  by  opening  switches  Si  and  S2  and  simultane- 
ously closing  Sz  (by  means  of  relays)  at  i = 0 and  observing  the  wave 
form  at  terminal  2.  If  the  derivative  de/dt  is  also  desired,  its  wave  form 
is  available  at  terminal  1.  The  indicator  may  be  a cathode-ray  tube 
(with  a triggered  sweep),  a Brush  recorder,  or,  for  qualitative  analysis 
with  slowly  varying  quantities,  a vacuum-tube  voltmeter. 

The  solution  of  Eq.  (17-41)  can  also  be  obtained  with  a computer  which 
contains  differentiators  instead  of  integrators.  However,  integrators  are 
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almost  invariably  preferred  over  differentiators  in  analog-computer  appli- 
cations for  the  following  reasons.  Since  the  gain  of  an  integrator  decreases 
with  frequency  whereas  the  gain  of  a differentiator  increases  nominally 
linearly  with  frequency,  it  is  easier  to  stabilize  the  former  than  the  latter 
with  respect  to  spurious  oscillations.  As  a result  of  its  limited  band 
width,  an  integrator  is  less  sensitive  to  noise  voltages  than  a differentiator. 
Further,  if  the  input  wave  form  changes  very  rapidly,  the  amplifier  of  a 
differentiator  may  overload.  Finally,  as  a matter  of  practice,  it  is  very 
convenient  to  introduce  initial  conditions  in  an  integrator. 
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CHAPTER  18 


SINUSOIDAL  OSCILLATORS 


T^here  are  many  different  circuit  configurations  which  deliver  an  essen- 
tially sinusoidal  output  wave  form  even  without  an  input  signal  voltage. 
The  basic  principles  governing  all  these  oscillators  will  be  investigated. 
In  addition  to  determining  the  conditions  required  for  oscillations  to  take 
place,  the  frequency  and  amplitude  stability  will  also  be  studied.  First 
vacuum-tube  and  then  transistor  oscillators  will  be  considered  in  some 
detail. 

18-1.  General  Considerations.  In  Fig.  18-1  is  shown  an  amplifier  and 
feedback  network  with  the  feedback  voltage  not  yet  connected  to  the 
amplifier  input.  The  amplifier  pro- 
vides an  output  voltage  eo  as  a con- 
sequence of  the  externally  applied 
input  voltage  Cj.  Suppose  that  it 
should  happen  that  matters  are 
adjusted  in  such  a way  that  the 
feedback  voltage  C/  is  identically 
equalTo  the  externally  applied  iiT- 
putVoltage  Bs.  Since  the  amplifier 
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Fig.  18-1.  An  amplifier  and  feedback  net- 
work not  yet  connected  to  form  a closed 
loop. 


hasT  no  means  of  distinguishing  the 
source  of  the  input  signal  applied 
to  it,  it  would  appear  that,  if  the  external  source  were  removed  and 
the  output  terminals  3 and  4 of  the  feedback  network  were  connected 
to  the  amplifier  input  terminals  1 and  2,  the  amplifier  would  continue  to 
provide  the  same  output  voltage  as  before.  Note,  of  course,  that  the 
statement  e/  = means  that  the  instantaneous  values  of  e/  and  are 
exactly  equal  at  all  times.  Note  also  that,  since  in  the  above  discussion 
no  restriction  was  made  on  the  wave  form,  it  need  not  be  sinusoidal.  The 
amplifier  need  not  be  linear,  and  the  wave  shape  need  not  preserve  its  form 
as  it  is  transmitted  through  the  amplifier,  provided  only  that  when  it 
emerges  finally  from  the  feedback  coupling  circuit  the  voltage  has  been 
restored  to  its  original  wave  shape.  And  the  wave  form  which  is  avail- 
able from  such  a circuit  and  its  frequency  will  be  precisely  whatever  the 
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wave  form  and  frequency  are  required  to  be  in  order  that  the  fundamental 
condition  Gs  — Cf  shall  be  met. 

Now  we  shall  be  concerned  in  the  present  section  with  a discussion  of 
oscillators  in  which  the  entire  circuit  operates  linearly  and  the  amplifier 
or  feedback  network  or  both  contain  reactive  elements.  Under  such  cir- 
cumstances, the  only  periodic  wave  form  which  will  preserve  its  form  is 
the  sinusoidal  wave  form,  and  such  a circuit  should  be  expected  to  serve 
as  a source  of  a sinusoidal  voltage.  So  long,  then,  as  we  are  dealing  with 
sinusoidal  wave  forms  the  condition  e®  = e/  is  equivalent  to  the  condition 
that  the  amplitude,  phase,  and  frequency  of  e*  and  c/  be  identical.  Since 
the  phase  shift  introduced  in  a signal  in  being  transmitted  through  a 
reactive  network  is  invariably  a function  of  the  frequency  and  since 
usually  there  will  be  only  a single  frequency  for  which  c/  and  eg  will  be 
in  phase  with  one  another,  we  have  the  following  important  principle: 

The  frequency  at  which  a sinusoidal  oscillator  will  operate  is  the  frequency 
for  which  the  total  phase  shift  introduced  as  a signal  proceeds  from  the  input 
terminals,  through  the  amplifier  and  feedback  network,  and  hack  again  to  the 
input  is  precisely  zero  (or,  of  course,  an  integral  multiple  of  27r).  Stated 
'tnore  simply,  the  frequency  of  a sinusoidal  oscillator  is  determined  by  the 

condition  that  the  TodyJffmM  shift  is  zero.  

“While  other  principles  may  be  formulated  which  may  serve  equally  to 
determine  the  frequency,  these  other  principles  may  always  be  shown  to  be 
identical  to  that  stated  above.  It  might  be  noted  parenthetically  that  it 
is  not  inconceivable  that  the  above  condition  might  be  satisfied  for  more 
than  a single  frequency.  In  such  a contingency  there  is  the  possibility  of 
simultaneous  oscillation  at  several  frequencies  or  an  oscillation  at  a single 
one  of  the  allowed  frequencies,  depending  on  the  circumstances. 

The  condition  given  above  determines  the  frequency,  provided  that  the 
circuit  will  oscillate  at  all.  Another  condition  which  must  clearly  be  met 
if  the  oscillator  is  to  function  is  that  the  magnitude  of  e^  and  e/  must  be 
identical.  This  condition  is  then  embodied  in  the  following  principle: 

An  oscillator  will  not  function  if  at  the  oscillator  frequency  the  magnitude 
of  the  product  of  the  gain  of  the  amplifier  and  the  feedback  factor  of  the  feed- 
back network  (the  loop  gain)  is  less  than  unity. 

Both  of  the  above  principles  are  consistent  with  the  feedback  formula 
~ ^/(l  “ 5A).  For  if  = 1 then  A/^  00,  which  may  in  turn  be 
interpreted  that  there  exists  an  output  voltage  even  in  the  absence  of  an 
externally  applied  signal  voltage.  And  the  condition  ^A  = 1 implies,  of 
course,  both  that  = 1 and  that  the  phase  of  ^A  is  zero. 

The  condition  of  unity  loop  gain  A?  = 1 is  called  the  Barkhausen 
criterionT  ^ 

"deferring  again  to  Fig.  18-1,  it  appears  that  if  ^A  at  the  oscillator  fre- 
quency is  precisely  unity  then  with  the  feedback  voltage  connected  to 
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the  input  terminals  the  removal  of  the  external  generator  will  make  no 
difference.  If  is  less  than  unity,  the  removal  of  the  external  gener-  c"* 
ator  will  immediately  result  in  a cessation  of  oscillations.  But  now  sup-  ’ 
pose  that  is  greater  than  unity.  Then  1 volt  appearing  initially  at^  ^ 
the  input  terminals  will,  after  a trip  around  the  loop  and  back  to  the 
input  terminals,  appear  there  as  a voltage  larger  than  1 volt.  This  larger  ^ 

voltage  will  then  reappear  as  a still  larger  voltage  and  so  on.  It  seems, 
then,  that  if  ^A  is  larger  than  unity  the  amplitude  of  the  oscillations  will 
continue  to  increase  without  limit.  But,  of  course,  such  an  increase  ^ I 

the  amplitude  can  continue  only  as  long  as  it  is  not  limited  by  the  onset 
of  nonlinearity  of  operation  in  the  active  devices  associated  with  the  ..i  r" 

amplifier.  Such  a nonlinearity  becomes  more  marked  as  the  amplitude 
of  oscillations  increases.  This  onset  of  nonlinearity  to  limit  the  ampli- 
tude  of  oscillations  is  an  essential  feature  of  the  operation  of  all  practical 
oscillators,  as  the  following  considerations  will  show.  The  condition 
/3A  = 1 does  not  give  a range  of  acceptable  values  of  ^A  but  rather  a 
single  and  precise  value.  Now  suppose  that  initially  it  were  even  possible 
to  satisfy  this  condition.  Then  because  circuit  components  and,  more 
importantly,  vacuum  tubes  and  transistors  change  characteristics  (drift) 
with  age,  temperature,  voltage,  etc.,  it  is  clear  that,  if  the  entire  oscillator 
is  left  to  itself,  in  a very  short  time  either  ^A  will  become  less  than  or 
larger  than  unity.  In  the  former  case  the  oscillator  simply  stops,  and  in 
the  latter  case  we  are  back  to  the  point  of  requiring  nonlinearity  to  limit 
the  amplitude.  An  oscillator  in  which  the  loop  gain  is  exactly  unity  is  an 
abstraction  which  is  completely  unrealizable  in  practice.  .__It  is  accord- 
ingly necessary,  in  the  adjustment  of  a practical  oscillator,  always  to 
arrangeTo  have  0A  somewhat  larger  (say  5 per  cent)  lEah  uhitylh  order 
to  eriMre  tliat,  incide'htal  variations  in  transTstor,  tube,  and  circuit 
pairameters^A  shall  not  faff  below  unity.  While  the  first  two  principles 
stated  above  must  be  satisfied  on  purely  theoretical  grounds,  we  may  add 
a third  general  principle  dictated  by  practical  considerations,  i.e.: 

In  every  'practical  oscillator  the  loop  gain  is  slightly  larger  than  unity,  and 
the  amplitude  of  the  oscillations  is  limited  hy  the  onset  of  nonlinearity. 

The  treatment  of  oscillators,  taking  into  account  the  nonlinearity,  is 
very  difficult  on  account  of  the  innate  perverseness  of  nonlinearities 
generally.  In  many  cases  the  extension  into  the  range  of  nonlinear 
operation  is  small.  For  the  present,  we  shall  simply  neglect  these  non- 
linearities  altogether. 

In  the  above  discussion  we  started  with  an  externally  applied  signal 
which  was  a voltage  wave  form.  We  could  equally  well  have  assumed  a 
current  signal  at  the  amplifier  input.  We  often  adopt  this  point  of  view 
when  dealing  with  transistor  oscillators.  A little  thought  will  show  that 
the  conclusions  reached  above  with  respect  to  the  conditions  for  oscillation 
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remain  valid  if  we  interpret  “loop  gain”  to  mean  “current  gain  around 
the  loop.”  If  in  Fig.  18-1  the  input  impedance  Ri  is  not  infinite,  we  must 
imagine  Ri  to  be  placed  across  terminals  3 and  4 (since  indeed  the  feed- 
back network  will  be  loaded  down  by  the  impedance  Ri  once  the  loop  is 
closed).  The  current  loop  gain  is  given  by  if /is- 

18-2.  The  Phase -shift  Oscillator.^  We  select  the  so-called  phase-shifi 
oscillator  (Fig.  18-2)  as  a first  example  because  it  exemplifies  very  simply 
the  principles  set  forth  above.  Here  an  amplifier  of  conventional  design 
is  followed  by  three  cascaded  arrangements  of  a capacitor  C and  a resis- 
tor R,  the  output  of  the  last  RC  combination  being  returned  to  the  grid. 
y The  amplifier  shifts  by  180  deg  the 

phase  of  any  voltage  which  appears 

on  the  grid,  and  the  network  of 

I A K t K t K resistors  and  capacitors  shifts  the 

' '''  phase  by  an  additional  amount,  ^t 

some  frequency  tbp.  pbasp  sbiff.  in^ 

I Ei  Eo  troduced  by  the  RC  network  will  be 

o ^ _L^  I T [ ^ecise1y”180  lleg,  and  at  thisTre- 

41^3  , — — - — 

j quehcy  The~tT5tal  phase  shift  from 

4r  the  grid  around  the  circuit  and  bac^ 

Fig.  18-2.  An  RC  phase-shift  oscillator,  to the^'pTamdbe^actly  zero.  Th^s 

particular  irequency  will  be  the  one 
at  which  the  circuit  will  oscillate  provided  that~tKe“magnitude  of  the 
amplification  is^-sufficiently  large. 

From  classicai  network ‘analysis  we  find  for  the  transfer  function  of  the 
RC  network,  which  is  also  the  feedback  factor. 


Fig.  18-2.  An  RC  phase-shift  oscillator. 


1 — 5a:^  — j(6a  — 


(18-1) 


where  a = 1/oiRC.  The  phase  shift  is  180  deg  for  = 6 or  / = 
1 7(2x12 (7  v^)-  At  this  frequency  of  oscillation  5 In  order  that 

shall  not  be  less  than  unity,  it  is  required  that  ~A  be  aj^least  29. 
The  oscillator  then  cannot  be  made  to  work  with  a tube  like  the  12AU7 
(ju  ==  20).  It  will  work  with  a 12AX7  (m  = 100),  and  not  infrequently 
the  tube  employed  is  a pentode  like  a 6AC7  or  6AU6. 

In  the  above  discussion  the  loading  of  the  amplifier  by  the  network 
was  neglected.  If  the  network  input  impedance  is  not  Iiigh  compared 
mth  the  amplifier  output  impedance,  the  phase  shift  through  the  ampli- 
fier is  hoFTKOrdeg."  Dhder  these  circumstances  the  aFove  results  must  be 
mddifted-soinewliat.  But  this  is  not  a serious  matter. 

It  is  possible  to  use  more  than  three  RC  sections  in  the  phase-shifting 
network  but  no  clear  advantage  results  from  so  doing.  However,  it  is 
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not  possible  to  use  fewer  than  three  sections  since,  if,  say,  two  sections 
were  used,  each  would  have  to  provide  90  deg  of  phase  shift.  In  this 
case  the  attenuation  would  be  infinite. 

The  phase-shift  oscillator  is  particularly  suited  to  the  range  of  fre- 
quencies from  several  cycles  to  several  hundred  thousand  cycles  and  so 
includes  the  range  of  audio  frequencies.  At  frequencies  in  the  range  of 
megacycles  it  has  no  marked  advantage  over  circuits  employing  a tuned 
LC  network,  and  besides  at  the  higher  frequencies  it  turns  out,  as  a 
matter  of  practice,  that  the  impedance  of  the  phase-shifting  network  may 
become  quite  small  and  the  loading  of  the  amplifier  by  the  phase-shifting 
network  may  become  serious  enough  to  require  methods  of  correction 
which  will  add  complications.  On  the  other  hand,  if  R and  C are  made 
large  but  still  well  within  the  range  of  commercially  available  values,  fre- 
quencies of  the  order  of  one  or  two  cycles  are  easily  attained.  Inductors 
suitable  for  use  in  LC  tuned  oscillators  for  this  frequency  range  may  well 
become  impractical. 

The  frequency  of  the  oscillator  mav  be  varied  by  changing  the  value 
of  any  of  the  impedance  elements  in  the  phase-shifting  network.  But  if 
circuit  components  are  varied  without  discrimination  the  impedance  look- 
ing into  the  phase-shifting  network  and  the  magnitude  of  the  transfer 
function  will  change.  As  a consequence  there  is  the  possibility  that 
will  fall  below  unity  and  the  circuit  will  stop  oscillating.  On  the  other 
band,  if  /3A  should  continue  to  increase  beyond  unity  the  excursion  of 
tube  voltages  must  be  farther  and  farther  into  the  range  of  nonlinear 
operation  in  order  to  succeed  in  limiting  the  amplitude  of  oscillation,  and 
as  a result  the  amplitude  must  increase.  Hence,  a change  in  frequency 
occasioned  by  an  arbitrary  variation  of  circuit  parameters  will  most  usu- 
ally affect  the  amplitude.  Still,  for  quite  small  variations  of  frequency 
a variation  of  any  single  circuit  component  is  quite  feasible.  But  for 
variations  of  frequency  over  a large  range  the  three  capacitors  C must  be 
varied  simultaneously.  Such  a variation  will  keep  the  input  impedance 
to  the  phase-shifting  network  constant  (Prob.  18-2)  and  keep  constant 
also  the  magnitude  of  5.  A variation  of  all  three  resistors  R simultane- 
ously will  keep  jS  constant  but  the  impedance  will  vary.  Such  a vari- 
ation of  the  impedance  will  vary  A and  consequently  gA  as  well.  It  is 
possible  to  reduce  the  attenuation  of  the  phase-shifting  network  by  using 
more  than  three  sections  in  the  phase-shifting  network  or  by  removing 
the  restrictions  that  all  the  capacitors  be  equal  and  that  all  the  resistors 
be  equal,  but  each  of  these  methods  complicates  the  matter  of  obtaining 
variable  frequency  operation. 

.The  phase-shift  oscillator  is  usually  operated  in  Class  A in  order  to 
keep  distortion  to  a minimum.  Self-bias  is  obtained  from  the  cathode 
Rk  — Ck  combination  in  Fig.  18-2. 
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18-3.  Resonant-circuit  Oscillators.  Figure  18-3  shows  the  tuned- 
plate  oscillator  in  which  ajegpnant  circuit  jsjLiged  to  determine  the  fre- 
quency.  Other  oscillators  of  this  type  are  considered  in  Sec.  18-5.  In 
FigT'drS^S  r represents  a resistance  in  series  with  the  plate  winding  (of 
inductance  L)  in  order  to  account  for  the  losses  in  the  transformer.  If 
these  losses  are  negligible  so  that  r can  be  neglected,  then  at  the  frequency 
oj  = 1/\/L(7  the  impedance  of  the  resonant  circuit  is  arbitrarily  large  and 
purely  resistive.  In  this  case  the  voltage  drop  across  the  inductor  from 

plate  to  ground  is  precisely  180  deg  out  of 
phase  with  the  applied  input  voltage  to 
the  vacuum  tube,  independently  of  the  size 
of  the  tube  plate  resistance.  If  the  direc- 
tion of  the  winding  of  the  secondary  of  the 
transformer  (connected  to  the  grid)  is  such 
as  to  introduce  an  additional  phase  shift  of 
180  deg  (it  is  assumed  that  the  secondary*  is 
not  loaded),  the  total  loop  phase  shift  is 
exactly  zero.  At  this  frequency,  then,  the 
phase-shift  condition  for  oscillation  will 
have  been  satisfied.  Again,  since  the  trans- 
former is  considered  to  be  unloaded,  the  ratio  of  the  amplitude  of  the 
secondary  to  the  primary  voltage  is  M/L,  where  M is  the  mutual  induct- 
ance. Since  A = for  an  amplifier  with  an  infinite  load  impedance,  the 
condition  /3A  = 1 is  equivalent  to  p,  = L/M.  More  exactly,  taking  into 
account  the  finite  size  of  the  resistance  r,  we  find 


lator. 
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as  the  frequency-determining  condition  and 


_ prC 
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(18-3) 


as  the  condition  which  is  equivalent  to  = 1. 

The  above  considerations  emphasize  that  the  criteria  stated  in  Sec.  18-1 
with  respect  to  the  loop  phase  shift  and  the  loop  gain  are  the  conditions 
which  characterize  the  operation  of  the  circuit.  In  particular,  note  that 
in  the  general  case  the  frequency  of  oscillation  is  in  the  neighborhood  of, 
but  in  no  way  simply  related  to,  the  frequency  of  a “natural’’  oscilla- 
tion which  might  be  excited  in  the  resonant  circuit.  Nor  is  there  any 
a priori  connection  between  the  oscillation  frequency  and  the  steady- 
state  “resonance ” frequency.  The  frequency  of  oscillation  is  determined 
solely  by  the  consideration  that  the  loop  phase  shift  be  zero.  In  this 
sense,  the  suggestive  near-agreement  of  the  frequency  of  the  oscillator 
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and  the  frequency  of  a natural  oscillation  or  steady-state  resonance  is  to 
be  considered,  superficially  at  least,  as  a pure  coincidence.  In  the  light 
of  these  last  remarks  it  appears,  too,  that  the  designation  of  the  oscillator 
of  Sec.  18-2  as  a “phase-shift  oscillator,”  as  opposed  to  the  present  desig- 
nation “resonant-circuit  oscillator,”  is  entirely  artificial.  All  oscillators, 
those  discussed  above  as  well  as  those  to  be  considered  below,  could  be 
called  “phase-shift  oscillators.” 

The  bias  for  a resonant-circuit  oscillator  is  obtained  from  an  RgCg 
parallel  combination  in  series  with  the  grid,  as  in  Fig.  18-3.  The  grid 
and  cathode  of  the  tube  act  as  a rectifier,  and  if  the  RgCg  time  constant 
is  large  compared  with  one  cycle  the  grid  leak  capacitor  will  charge  up 
essentially  to  the  peak  grid  swing.  This  voltage  across  Cg  acts  as  the 
bias,  and  the  grid  is  therefore  driven  slightly  positive  only  for  a short 
interval  at  the  peak  of  the  swing.  The  voltage  at  the  grid  is  a large 
sinusoid,  and  since  its  peak  value  is  approximately  at  ground  potential 
we  say  that  the  grid  is  “clamped”  to  ground.^  Since  the  grid  base  of 
the  tube  is  traversed  in  a small  fraction  of  one  cycle  the  operation  is 
Class  C. 

When  the  circuit  is  first  energized  the  grid  bias  is  zero  and  the  tube 
operates  with  a large  Qm,  one  greater  than  that  given  by  Eq.  (18-3).  The 
loop  gain  is  therefore  greater  than  unity,  and  the  amplitude  of  oscillation 
starts  to  grow.  As  it  does  so,  grid  current  is  drawn,  clamping  takes  place, 
and  the  bias  automatically  adjusts  itself  so  that  its  magnitude  equals  the 
peak  value  of  the  grid  voltage.  As  the  bias  becomes  more  negative,  the 
value  of  Qm  decreases,  and  finally  the  amplitude  stabilizes  itself  at  that 
value  for  which  the  loop  gain  for  the  fundamental  is  reduced  to  unity. 
This  phenomenon  is  discussed  in  more  detail  in  Sec.  18-8.  Since  the 
operation  is  Class  C,  the  use  of  the  linear  equivalent  circuit  is  at  best  a 
rough  approximation.  In  view  of  the  above  discussion,  the  value  of  gm 
in  Eq.  (18-3)  may  be  considered  to  be  the  minimum  value  required  at 
zero  bias  in  order  for  oscillations  to  start.  It  may  also  be  interpreted  as 
the  average  value  of  transconductance  which  determines  the  amplitude 
of  oscillation. 

18-4.  Bridge  Oscillators.®  In  a bridge  circuit  the  output  is  in  phase 
with  the  input  at  the  balance  frequency  cjo-  Hence,  this  circuit  may  be 
used  as  the  ^ network  for  an  oscillator,  provided  that  the  phase  shift 
through  the  amplifier  is  zero.  This  condition  requires  a two-stage  ampli- 
fier. However,  the  output  of  a balanced  bridge  is  zero  at  co  = coo  and 
therefore  5 = 0 and  A5  = 0 at  CO  = coo.  In  order  to  satisfy  the  Bark- 
hausen  condition  A5  = 1 it  is  necessary  to  unbalance  the  bridge  but  in 
such  a way  that  the  phase  shift  remains  zero.  The  method  of  accom- 
plishing such  an  unbalance  will  be  illustrated  with  reference  to  the  Wien 
bridge  of  Fig.  18-4. 
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El  is  the  input  voltage  to  the  bridge  (the  output  of  the  amplifier)  and 
E 2 is  the  output  voltage  of  the  bridge  (the  input  to  the  ajm^iher).  T wo 
auxiliary  voltages  Ea  and  E^  are  indicated  such  that  E^  = £&  — Eg. 
Clearly,  Eg  = EiR2/iRi  + R2)  is  in  phase  with  Ei.  Now  £&  = E1Z2/ 
(Zi  + 22)7  and  at  the  balance  frequency  Es  must  be  in  phase  with  Ei. 
tFisT not* difficult  to  show  that  Z2  and  Zi  have  the  same  phase  angle  at  the 

angular  frequency  wo  = 1/RC  and  that 
at  this  frequency  Zi  = (1  — j)R  and 
Z2  = (1  — j)R/2.  Hence,  Ej  = ^Ei  at 
o)  = coo.  If  a null  is  desired,  then  R\ and 
Ri  must  be  chosen  so  that  Eg  = -gEi  in 
order  that  E2  = Eb  — Eg  = 0.  Thus 
R^/(^R\  T R^  — or  R\  = 2R2. 

In  the  present  case  where  the  bridge 
is  to  be  used  as  the  g network  for  an 
oscillator  we  must  keep  the  phase  shift 
zero  but  the  magnitude  of  5 must  not 
be  zero.  This  is  accomplished  by  taking  the  ratio  R^/iRi  R2)  smaller 
than  1/3.  For  example,  let 


Fig.  18-4.  A Wien-bridge  network. 


Eg  R2  1 1 

El  Ri  T Ri  3 5 

where  3 is  a number  larger  than  3.  Then 

8 = ^2  _ ~ ^ _ 1 4.  i 

^ El  El  El  3 5 


(18-4) 


(18-5) 


At  CO  = coo,  Eb/Ei  = ^ and  ^ = 1/5.  The  condition  Ag  = 1 is  now  satis- 
fied by  jnaking  A = 3.  Note  that  the  frequency  of  oscillation  is  precisely 
0^  the  null  frequency  of  the  Talariced  bridge,  namely,  /o  = ll2TrRC.  Note 
also  that,  at  any  other  frequency,  E?,  is  not  in  ph^se~with  Ei  and  that 
therefore  E2  = E?,  — Eg  is  not  in  phase  with  Ei  so  that  the  condition 
Ag  = 1 is  satisfied  only  at  the  one  frequency  /o. 

Figure  18-5  is  the  schematic  diagram  of  a simple  Wien-bridge  oscillator. 
The  majority  of  the  audio-frequency  laboratory  oscillators  are  of  this  type 
with  the  exception  that  in  these  commercial  units  pentode  amplifiers  are 
used.  The  advantage  of  the  higher  amplifier  gain  attainable  with  pen- 
todes will  be  discussed  later.  In  Fig.  18-5  the  coupling  capacitors  are 
made  large  enough  so  that  they  introduce  no  appreciable  phase  shifts 
even  at  the  lowest  frequencies  of  operation.  The  resistor  R2  serves  both 
as  an  element  of  the  bridge  and  also  as  a cathode  resistor  for  the  first  tube. 
The  lower  of  the  two  resistors  R serves  also  a dual  purpose  of  bridge  ele- 
ment and  grid  resistor. 

Continuous  variation  of  frequency  is  accomplished  by  varying  simulta- 
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neously  the  two  capacitors  C (ganged  variable  air  capacitors).  Changes 
in  frequency  range  are  accomplished  by  switching  in  different  values  for 
the  two  identical  resistors  R. 

Practical  frequency  limits  are  determined  from  the  following  consider- 
ations; Ganged  variable  resistors  which  track  with  the  same  precision  as 
do  ganged  variable  air  capacitors  are  not  readily  available.  If,  then, 
variable  air  capacitors  are  to  be  used,  they  are  necessarily  relatively  small 
in  capacity.  Hence,  to  attain  low  frequencies  requires  that  large  resis- 
tances R be  used.  Large  values  of  R (remember  that  one  of  the  R’s  is 
also  a grid  leak  resistor)  cause  difficulty  first  because  of  the  possibility  that 


7b  cathode 
follower 
output 
stage 


the  vacuum  tube  will  block  and  secondly  because  if  the  impedance  from 
grid  to  ground  is  very  large  it  becomes  increasingly  difficult  to  shield  the 
grid  against  stray  60-cycle  voltages  from  the  power  supply.  With  the 
exercise  of  care,  resistors  R of  the  order  of  10  megohms  may  be  employed 
and  the  frequency  pushed  as  low  as  two  cycles.  Again  at  low  frequencies 
the  problem  of  selecting  adequately  large  coupling  condensers  becomes 
more  difficult.  At  the  higher  frequencies  difficulties  are  encountered  on 
account  of  the  fact  that  a reduction  in  size  of  the  resistances  R decreases 
the  impedance  looking  into  the  input  terminals  of  the  Wien  bridge  and 
so  increases  the  loading  on  the  amplifier.  Even  if  the  loading  is  not 
adequate  to  stop  the  oscillation,  it  will  have  an  adverse  effect  on  the 
stability  of  amplitude  of  oscillation  with  change  of  frequency  range. 

We  consider  an  ingenious  modification  of  the  circuit  of  Fig.  18-5  which 
serves  to  stabilize  the  amplitude  against  variations  not  only  due  to  range 
switching  but  also  due  to  fluctuations  occasioned  by  the  aging  of  tubes, 
components,  etc.  The  modification  consists  simply  in  replacing  the 
resistor  R^  by  a tungsten-filament  light  bulb.  For  the  circuit  of  Fig. 
18-5  a 110-volt  3-watt  lamp  is  appropriate. 

As  was  noted  above,  the  amplitude  of  oscillation  is  determined  by  the 
extent  to  which  /3A  is  greater  than  unity.  If  /3  is  fixed,  the  amplitude  is 
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then  determined  by  A,  increasing  as  A increases  until  further  increase  is 
limited  by  the  vacuum-tube  nonlinearity.  The  regulation  mechanism 
introduced  by  the  tungsten  bulb  operates  by  automatically  changing  /3  in 
such  a direction  as  to  keep  /3A  more  nearly  constant  if,  as  when  the 
loading  of  the  amplifier  changes,  the  value  of  A should  change.  It  will 
be  recalled  that  the  resistance  of  a tungsten  filament  increases  with  tem- 
perature, and  the  temperature  is  in  turn  determined  by  the  root-mean- 
square  value  of  the  current  which  passes  through  it.  If  the  root-mean- 
square  value  of  the  current  changes,  then,  because  of  the  thermal  lag  of 
the  tungsten  filament,  the  temperature  will  be  determined  by  the  average 
value  over  a large  number  of  cycles  of  the  root-mean-square  value  of  the 
current. 

Consider  now  that  the  amplitude  has  decreased  because  A has  de- 
creased. The  value  of  i?2  will  decrease,  and  as  a consequence  /3  = 1/5 
will  increase,  as  indicated  by  Eq.  (18-4).  Or  to  put  the  matter  another 
way,  as  A changes,  the  extent  to  which  the  Wien  bridge  is  unbalanced 
will  adjust  itself  in  such  a manner  as  to  keep  /BA  more  nearly  constant. 
An  important  fact  to  keep  in  mind  about  the  mechanism  just  described 
is  that,  because  of  the  thermal  lag  of  the  filament,  the  resistance  of  the 
filament  during  the  course  of  a single  cycle  is  very  nearly  absolutely 
constant.  Therefore  at  any  fixed  amplitude  of  oscillation  the  tungsten 
filament  behaves  entirely  like  an  ordinary  linear  resistor.  If  it  should 
happen  that  the  frequency  is  very  low  2 cycles)  it  may  be  that  the 
thermal  lag  of  a tungsten  filament  is  not  adequate.  In  such  a case  a 
thermistor  might  be  employed  which  has  a large  enough  bulk  to  provide 
an  adequate  thermal  lag.  Since  the  thermal  coefficient  of  the  thermis- 
tor is  negative  (decreasing  resistance  with  increasing  temperature),  the 
thermistor  would  be  used  in  place  of  Ri  rather  than  7^2. 

Other  types  of  bridge  networks  besides  the  Wien  bridge  may  be  used 
as  feedback  elements  to  form  an  oscillator.  The  twin-T  and  bridge-T 
networks  have  been  used  for  this  purpose.  The  general  principles  enunci- 
ated above  are  applicable  to  these  bridge-type  oscillators  although  the 
practical  details  are  different. 

Whether  the  circuit  of  Fig.  18-5  is  an  oscillator  or  a frequency-selective 
feedback  amplifier  depends  on  the  setting  of  Bi.  If  Bi  is  set  so  that  at 
the  frequency  coo  the  bridge  is  balanced,  the  circuit  is  that  of  an  amplifier. 
If  the  bridge  is  unbalanced  in  the  manner  indicated  above,  the  circuit  is 
an  oscillator.  If  it  should  be  desired  that  the  circuit  be  used  as  an  ampli- 
fier, then  an  appropriate  and  convenient  means  of  introducing  the  external 
signal  must  be  found. 

18-6.  A General  Form  of  Circuit.  Many  r-f  oscillator  circuits  fall  into 
the  general  form  shown  in  Fig.  18-6.  The  condition  for  oscillation  may 
be  found  by  considering  this  to  be  a feedback  amplifier  with  the  output 
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taken  from  plate  to  cathode  and  with  input  terminals  G and  K.  The 
load  impedance  Zl  consists  of  Z2  in  parallel  with  the  series 
'orXi  and^^^  rhegain  without  feedback  is  A = —ixZ^L/i'Lh  + r^).  The 
feedback  factor  is  ^ = Zi/(Zi  + Z3).  The  loop  gain  is  found  to  be 

A (y  2 

(?'p)(Zi  + Z2  + Z3)  + (Z2)(Zi  + Z3) 

Another  approach  is  to  assume  an  input  voltage  Ej,it  between  grid  and 
cathode  but  with  the  junction  point  G'  of  Zi  and  Z3  not  connected  to  the 


Fig.  18-6.  The  basic  configuration  for 
many  resonant-circuit  oscillators. 


Fig.  18-7.  The  linear  equivalent  circuit 
of  Fig.  18-6. 


grid  G.  The  J^op  gain  is_then  the  voltage  developed  across  Zi  divided 
l^y  The  equivalent  circuit  is  shown  in  Fig.  18-7.  The  loop  voltage 
equations  are 


^l'Egk  + Ii(rp  -f  Z2)  - I2Z2  = 0 (18-7a) 

and 

— I1Z2  + l2(Zi  + Z2  + Z3)  = 0 (18-7&) 

The  loop  gain  is  defined  by  = l-iZi/'Egk,  and  solving  for  1 2 from 

Eqs.  (18-7a)  and  (18-76)  gives  the  result  (18-6). 

If  the  impedances  are  pure  reactances  (either  inductive  or  capacitive) 
then  Zl  = jX\,  Z2  = jX2,  and  Z3  = jXz.  For  an  inductor  X = coL,  and 
for  a capacitor  X = —Xjijic.  Then 


A?  = 


+MX1X2 


0'^p)(^l  + A"2  + X3)  — (A2)(Xi  -|-  X3) 

In  order  for  the  loop  gain  to  be  real  (zero  phase  shift) 

+ X2  A^3  = 0 


and 


A?  = 


-mXi 

(X2)(Xi  -f-  X3)  Xi  -f-  Xg 


(18-8) 

(18-9) 

(18-10) 


From  Eq.  (18-9)  we  see  that  the  circuit  will  oscillate  at  the  resonant  fre- 
quency of  the  series  combination  of  Xi,  X2,  and  X3. 
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Using  Eq.  (18-9)  in  Eq.  (18-10)  yields 

A?  = (18-11) 

A 2 

Since  must  be  positive  and  at  least  unity  in  magnitude,  then  Xi 
and  X2  must  have  the  same  sign.  In  other  words,  they  must  be  the  same 
kind  of  reactance,  either  both  inductive  or  both  capacitive.  Then,  from 
Eq.  (18-9),  Xz  = — (Zi  + X2)  must  be  inductive  if  Xi  and  X2  are 
capacitive,  or  vice  versa. 

If  Xi  and  X2  are  capacitors  and  X3  is  an  inductor  the  circuit  is  called  a 
Colpitis  oscillator.  If  Xi  and  X2  are  inductors  and  X3  is  a capacitor 
the  circuit  is  called  a Hartley  oscillator.  In  this  latter  case,  there  may 


Fig.  18-8.  A Hartley  oscillator. 
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Fig.  18-9.  A Colpitts  oscillator. 


be  mutual  coupling  between  Xi  and  X2  (and  the  above  equations  will 
then  not  apply).  If  Xi  and  X2  are  tuned  circuits  and  X3  represents  the 
grid-to-plate  interelectrode  capacitance,  the  circuit  is  called  a tuned-plate, 
tuned-grid  oscillator.  The  above  theory  indicates  that  both  grid  and  plate 
circuits  must  be  tuned  to  the  inductive  side  of  resonance. 

A practical  form  of  a Hartley  oscillator  is  shown  in  Fig.  18-8.  The 
B-supply  voltage  is  applied  to  the  plate  through  the  inductor  L whose 
reactance  is  high  compared  with  X2.  The  capacitor  C has  a low  react- 
ance at  the  frequency  of  oscillation.  However,  at  zero  frequency  it  acts 
as  an  open  circuit.  Without  this  capacitor  the  5-supply  voltage  would 
be  short-circuited  by  L in  series  with  L2.  The  parallel  combination  of 
Cg  and  Rg  acts  to  supply  the  bias.  The  circuit  operates  in  Class  C and 
the  grid  current  charges  up  Cg  as  explained  in  Sec.  18-3. 

For  a low-power  oscillator  it  is  possible  to  use  series  feed  instead  of  the 
shunt  feed  indicated  in  Fig.  18-8.  The  B supply  is  placed  between  the 
cathode  (ground)  and  L2.  This  eliminates  the  use  of  L and  C but  now 
L2  must  be  insulated  from  ground  by  a voltage  equal  to  the  B supply 
plus  the  peak  a-c  voltage  developed  across  L2. 

A modified  form  of  the  Hartley  circuit  employs  mutual  coupling 
between  Li  and  L2  and  places  C3  in  parallel  with  L2. 

The  practical  form  of  the  Colpitts  circuit  is  shown  in  Fig.  18-9.  Simi- 
lar remarks  to  those  made  above  with  regard  to  L and  C also  apply  here. 
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This  circuit  operates  in  Class  C,  and  Ci  serves  the  double  purpose  of  a 
frequency-determining  element  and  a grid  leak  capacitor.  Some  ultra- 
high-frequency oscillators  are  also  of  the  form  given  in  Fig.  18-6.  The 
impedances  are  not  lumped  elements  but  rather  distributed  (transmission- 
line) elements  so  adjusted  that  they  appear  as  pure  reactances. 

18-6.  Crystal  Oscillators.  If  a piezoelectric  crystal,  usually  quartz, 
has  electrodes  plated  on  opposite  faces  and  if  a potential  is  applied 
between  these  electrodes,  forces  will  be  exerted 
on  the  bound  charges  within  the  crystal.  If 
this  device  is  properly  mounted  then  deforma- 
tions take  place  within  the  crystal  and  an  elec- 
tromechanical system  is  formed  which  will 
vibrate  when  properly  excited.  The  resonant 
frequency  and  the  Q depend  upon  the  crystal 
dimensions,  how  the  surfaces  are  oriented  with 
respect  to  its  axes,  and  how  the  device  is 
mounted.^  Frequencies  ranging  from  a few 
kilocycles  to  a few  megacycles  and  Q’s  in  the 
range  from  several  thousand  to  several  hun- 
dred thousand  are  commercially  available. 

These  extraordinarily  high  values  of  Q and  the 
fact  that  the  characteristics  of  quartz  are  ex- 
tremely stable  with  respect  to  time  and  tem- 
perature account  for  the  exceptional  frequency 
stability  of  oscillators  incorporating  crystals  (Sec.  18-7). 

The  electrical  equivalent  circuit  of  a crystal  is  indicated  in  Fig.  18-10. 
The  inductor  L,  capacitor  C,  and  resistor  R are  the  analogs  of  the  mass, 
the  compliance  (the  reciprocal  of  the  spring  constant),  and  the  viscous 
damping  factor  of  the  mechanical  system.  Typical  values®  for  a 90-kc 
crystal  are  L = 137  henrys,  C = 0.0235  nyi,  and  R = \b  kilohms,  corre- 
sponding to  Q = 5,500.  The  dimensions  of  such  a crystal  are  30  by  4 
by  1.5  mm.  Since  C'  represents  the  electrostatic  capacitance  between 
electrodes  with  the  crystal  as  a dielectric,  its  magnitude  (=  3.5  /x^f)  is 
very  much  larger  than  C. 

If  we  neglect  the  resistance  R,  the  impedance  of  the  crystal  is  a react- 
ance jX  whose  dependence  upon  frequency  is  given  by 


6 6 

(a)  (b) 

Fig.  18-10.  A piezoelectric 
crystal,  (o)  Symbol,  (b) 
Electrical  equivalent  cir- 
cuit. 


jX 


j 

CjC'  03^  — 0}p^ 


(18-12) 


where  = 1/LC  is  the  series  resonant  frequency  (the  zero  impedance 
frequency)  and  cop^  — (1/L)(1/C'  -f-  1/C')  is  the  parallel  resonant  fre- 
quency (the  infinite  impedance  frequency).  Since  C'  ^ C,  then  cop  = cos. 
For  the  crystal  whose  parameters  are  specified  above,  the  parallel  fre- 
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quency  is  only  three-tenths  of  1 per  cent  higher  than  the  series  frequency. 
For  cos  < CO  < Up  the  reactance  is  inductive  and  outside  this  range  it  is 
capacitive,  as  indicated  in  Fig.  18-11. 

A variety  of  crystal  oscillator  circuits  are  possible.  If  in  the  basic 
configuration  of  Fig.  18-6  a crystal  is  used  for  Zi,  a tuned  LC  combination 

for  Z2,  and  the  capacitance  Cpg 
between  plate  and  grid  for  Z3,  the 
resulting  circuit  is  as  indicated  in 
Fig.  18-12.  From  the  theory  given 
in  the  preceding  section  the  crystal 
reactance  as  well  as  that  of  the  LC 
network  must  be  inductive.  In 
order  for  the  loop  gain  to  be  greater 
than  unity  we  see  from  Eq.  (18-11) 
that  Xi  cannot  be  too  small. 
Hence,  the  circuit  will  oscillate  at 
a frequency  which  lies  between  w* 
and  Up  but  close  to  the  parallel- 
resonance  value.  Since  Up  = Us, 
the  oscillator  frequency  is  essen- 
tially determined  by  the  crystal  and 
not  by  the  rest  of  the  circuit.  Figure  18-12  is  the  crystal  version  of  the 
tuned-plate  tuned-grid  oscillator. 

If  in  Fig.  18-6  Zi  is  grid  input  capacitance,  Z2  is  the  plate  output 
capacitance,  and  Z3  is  a crystal,  the  result  is  the  circuit  of  Fig.  18-13, 


1 
J 

Fig.  18-12.  One  form  of  crystal  oscil- 
lator. 

called  the  Pierce  crystal  oscillator.  The  crystal  reactance  must  be  induc- 
tive. Figure  18-13  is  the  crystal  version  of  the  Colpitts  oscillator.  The 
r-f  choke  L and  the  blocking  capacitor  C serve  the  same  functions  as  they 
did  in  Fig.  18-9.  This  circuit  has  the  merit  of  not  requiring  any  tuning  as 
one  crystal  is  replaced  by  another  if  it  is  desired  to  change  the  frequency. 


Fig.  18-13.  A Pierce  crystal  oscillator. 


Fig.  18-11.  The  reactance  function  of  a 
crystal  (whose  resistance  has  been 
neglected). 
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The  Meacham  crystal  oscillator®  is  a bridge-type  circuit  and  is  indi- 
cated in  Fig.  18-14.  The  crystal  operates  at  its  series-resonant  frequency. 
The  behavior  of  this  circuit  should  be  clear  from  the  discussion  of  the 
Wien-bridge  oscillator  of  Sec.  18-4.  This  circuit  has  excellent  amplitude 
stability  because  of  the  lamp  and  exceptional  frequency  stability  because 
of  the  crystal. 

18-7.  Frequency  Stability.  An  oscillator,  having  initially  been  set  at 
a particular  frequency,  will  invariably  not  maintain  its  initial  frequency 
but  will  instead  drift  and  wander  about  in  frequency  sometimes  uniformly 


in  one  direction,  sometimes  quite  erratically.  The  frequency  stability  of 
an  oscillator  is  a measure  of  its  ability  to  maintain  as  nearly  a fixed  fre- 
quency as  possible  over  as  long  a time  interval  as  possible.  These  devia- 
tions of  frequency  arise  because  the  values  of  the  circuit  features,  on  which 
the  oscillator  frequency  depends,  do  not  remain  constant  in  time.  (We 
use  here  the  term  “circuit  features”  to  include  circuit  components,  tube 
parameters,  supply  voltages,  stray  capacities,  etc.)  Accordingly,  an 
obvious  but  clearly  useless  solution  of  the  problem  of  making  a frequency- 
stable  oscillator  is  to  keep  constant  all  the  circuit  features.  In  the  first 
place,  the  number  of  circuit  features  is  very  large,  in  general;  secondly, 
some  of  the  circuit  features  such  as  tube  parameters  are  inherently 
unstable  and  extremely  difficult  to  keep  constant;  and  thirdly,  it  is  hard 
enough  to  know  where  stray  circuit  elements  and  couplings  are  located 
and  how  to  estimate  their  magnitudes  without  having  to  devise  schemes 
to  maintain  them  constant. 

But  we  recognize  also  that  in  every  oscillator  circuit  there  are  a rela- 
tively few  circuit  features  on  which  the  frequency  is  sensitively  dependent 
while  the  frequency  dependence  of  the  far  larger  number  of  remaining 
features  is  comparatively  slight.  For  example,  in  the  circuit  of  Fig.  18-2 
the  frequency  is  for  the  most  part  determined  by  R and  C,  and  the  other 
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features  of  the  circuit  affect  the  frequency  to  a much  smaller  extent.  We 
shall  then  have  taken  a long  step  in  the  direction  toward  frequency  sta- 
bility if  we  take  pains  to  ensure  the  stability,  at  least,  of  these  relatively 
few  passive  elements  which  influence  the  frequency  markedly.  The 
principal  cause  of  drift  in  these  is  the  variation  of  temperature.  Means 
for  maintaining  the  temperature  constant  and  means  for  balancing  the 
temperature-induced  variation  in  one  such  element  against  that  in  another 
can  be  taken. ^ 

In  looking  now  to  the  other  quite  numerous  but  less  important  features 
of  the  circuit  we  might  select  from  these  the  worst  offenders  with  regard 
to  their  influence  on  frequency  stability  and  take  steps  either  to  stabilize 
them  or  to  readjust  the  circuit  in  such  a manner  that  instability  in  these 
features  reflects  to  a smaller  extent  in  the  frequency.  As  an  example  of 
the  former  case,  if  it  should  be  found  that  variations  in  the  5-supply 
voltage  had  a marked  effect  on  the  frequency,  one  might  employ  a regu- 
lated power  supply.  As  an  example  of  the  latter  case  we  have  the  intro- 
duction into  the  plate  circuit  of  a large  resistor  to  minimize  the  effect  of 
plate-resistance  instability.  But  all  these  special  procedures  are,  at  best, 
palliative  measures,  suitable  in  one  circuit  and  not  in  another  and  influ- 
encing, at  most,  one  or  two  of  the  many  features  which  have  some  effect 
on  the  frequency. 

Now  there  is  a principle,  which  can  be  employed  in  the  design  of 
oscillators  where  frequency  stability  is  of  prime  importance,  which  will, 
at  one  blow,  eliminate  to  a large  extent  the  dependence  of  the  frequency 
on  all  but  a very  restricted  number  of  circuit  elements.  The  principle  is 
as  follows: 

If  in  an  oscillator  there  exists  one  set  of  elements  which  has  the  property 
that  at  the  oscillation  frequency  these  components  introduce  a large  variation 
of  phase  with  frequency , then  ddfdw  serves  as  a measure  of  the  independence 
of  the  frequency  of  all  other  features  of  the  circuit.  The  frequency  stability 
becomes  more  marked  as  dd/dco  increases.  In  the  limit,  as  dd/dw  becomes 
infinite,  the  oscillator  frequency  depends  only  on  this  set  of  elements  and 
becomes  completely  independent  of  all  other  features  of  the  circuit. 

This  principle  is  of  great  value  in  serving  as  a guide  in  the  design  of 
oscillators  when  frequency  stability  is  of  importance,  in  providing  a con- 
venient and  easy  comparison  of  the  relative  frequency  stability  of  two  or 
more  different  oscillators,  and  in  permitting  easy  approximations  to  be 
made  of  the  influence  on  the  frequency  of  a variation  of  features  of  an 
oscillator  on  which  the  frequency  is  only  slightly  dependent.  The  proof 
of  the  principle  is  almost  self-evident  and  is  readily  arrived  at  from  the 
following  considerations:  Suppose  that  a variation  takes  place  in  some 
one  feature  of  the  oscillator  other  than  one  of  the  components  of  the  set  of 
elements  described  above.  Then  if  initially  the  phase  condition  for  oscil- 
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lation  was  satisfied  at  the  frequency  of  oscillation  it  will,  in  general,  no 
longer  be  satisfied  after  the  alteration  of  the  circuit  feature.  The  fre- 
quency must  accordingly  shift  in  order  once  again  to  restore  the  loop 
phase  shift  to  the  exact  value  zero.  If,  however,  there  is  a set  of  ele- 
ments which,  at  the  nominal  oscillator  frequency,  produces  a large  phase 
shift  for  a small  frequency  change  (that  is,  dd/doi  large),  then  it  is  clear 
that  the  frequency  shift  required  to  restore  the  circuital  phase  shift  to 
zero  need  be  only  very  small. 

In  a parallel-resonant  circuit  the  impedance  changes  from  an  inductive 
to  a capacitive  reactance  as  the  frequency  is  increased  through  the 
resonant  point.  If  the  Q is  infinite  (an  ideal  inductor  with  zero  series 
resistance),  this  change  in  phase  is  abrupt,  dS/diAi  «> . Hence,  a tuned- 
circuit  oscillator  will  have  excellent  frequency  stability  provided  that  Q is 
sufficiently  high  and  provided  that  L and  C are  stable  (independent  of 
temperature,  current,  etc.). 

These  ideas  about  tuned-circuit  oscillators  can  be  carried  over  to 
account  for  the  exceptional  frequency  stability  of  crystal  oscillators. 
From  Fig.  18-11  we  see  that  for  a crystal  with  infinite  Q the  phase 
changes  discontinuously  from  —90  to  4-90  deg  as  the  frequency  passes 
through  cos  and  then  abruptly  back  again  from  -f90  to  —90  deg  as 
passes  through  Wp.  Of  course,  infinite  Q is  unattainable,  but  since  com- 
mercially available  crystals  have  values  of  Q of  tens  or  hundreds  of 
thousands,  very  large  values  of  dB/d<j)  are  realizable.  Hence,  if  a crystal 
is  incorporated  into  a circuit  (such  as  those  of  Figs.  18-12,  18-13,  and 
18-14)  an  oscillator  is  obtained  whose  frequency  depends  essentially  upon 
the  crystal  itself  and  nothing  else.  The  crystal  frequency  does,  however, 
still  depend  somewhat  on  the  temperature,  and  constant-temperature 
ovens  must  be  employed  where  the  highest  stability  is  required.  The 
U.S.  Bureau  of  Standards  has  been  able  to  maintain  crystals  at  frequen- 
cies constant  to  better  than  1 part  in  10*^  for  periods  of  many  months. 

Let  us  compare  the  frequency  stability  of  the  phase-shift  oscillator 
with  the  Wien-bridge  oscillator.  In  order  to  do  so  we  must  evaluate 
dO/du  for  each  circuit.  From  Eq.  (18-1)  it  follows  that  d for  the  phase- 
shift  oscillator  is  given  by 


_ 6a  — a®  _ 6/a^  — 1 

1 — 5a^  i/a®  — 5/a 


Since  a = l/ooRC,  then 


tan  d = 


- 1 

- 5c^RC 


(18-13) 


(18-14) 


Some  of  the  tedious  algebra  involved  in  finding  d^/dw  may  be  avoided 
if  we  generalize  the  procedure  as  follows:  For  any  oscillator,  tan  6 may  be 


490  VACUUM-TUBE  AND  SEMICONDUCTOR  ELECTRONICS 
written  as  the  ratio  of  two  polynomials  in  oj,  or 

Nice) 


tan  d 


Differentiating  this  equation  yields 


D(co) 


sec^  6 dd  = 


D 


l^dJ) 

Z)2 


(18-15) 


(18-16) 


If  the  phase  shift  through  the  amplifier  is  either  zero  or  x,  then  the  phase 
shift  6 through  the  feedback  network  must  also  be  either  0 or  x at  the 
resonant  frequency  ojq.  In  either  case, 


tan  0 = 0 sec^  0 = 1 

Hence,  for  w = wo,  Eq.  (18-16)  reduces  to 

dN 


A^(coo)  = 0 


dd  = 


D 


(18-17) 


(18-18) 


Let  us  now  apply  this  general  result  to  the  phase-shift  oscillator  for 
which,  from  Eq.  (18-14), 

N = - 1 D = - 5coRC 


From  Eq.  (18-18), 


dd 

dco 


12o}R^C^ 


- 5wRC 

Remembering  that  woRC  = l/\/6,  we  find 


1_2 

'6“ 


{i/V^y  - 5/V6 


= -1.01 


(18-19) 

(18-20) 

(18-21) 


do  dd 

Since  w -^  = ^ ^ , this  equation  is  interpreted  to  mean  that  the 

change  in  phase  in  radians  equals  —1.01  times  the  fractional  change  in 
frequency. 

The  transfer  function  of  a balanced  Wien  bridge  is 


1 -i[3p/(p^  - 1)] 


(18-22) 


where  p = co/coo.  It  is  seen  that  the  phase  changes  discontinuously  from 
-|-90  to  —90  deg  as  w is  increased  through  wq.  Such  a system  is  ideal 
from  the  frequency-stability  point  of  view,  but  unfortunately,  as  already 
pointed  out,  a balanced  bridge  cannot  be  used  in  an  oscillator  circuit. 
If  the  bridge  is  unbalanced  by  an  amount  1/5  then  the  transfer  function  is 


1 - J[3p/(p=>  - 1)] 


(18-23) 
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As  indicated  in  Sec.  18-4,  the  gain  A must  equal  S if  the  circuit  is  to 
oscillate.  If  the  phase  angle  0 of  ^ is  calculated  and  differentiated  with 
respect;  to  w by  proceeding  as  above,  we  find  that 


Equation  (18-24)  indicates  that  a Wien  bridge  will  have  excellent  fre- 
quency stability  provided  that  the  bridge  is  unbalanced  only  slightly 
and  a (correspondingly  large  value  of  gain  is  used.  Of  course,  care  must 
be  taken  to  use  stable  elements  in  the  bridge  and  to  maintain  these  at 
constant  temperature.  Comparison  of  this  result  with  Eq.  (18-21)  shows 
that  a Wien-b ridge  oscillator  with  a gain  greater  than  4.5  has  a better 
frequency  stability  than  a phase-shift  oscillator. 

18-8.  Amplitude  Stability  and  Distortion.  Up  to  the  present,  we  have 
neglected  entirely  the  deviations  from  linear  operation  of  the  vacuum 
tubes  which  are  associated  with  a sinusoidal  oscillator.  We  have,  how- 
ever, r(icognized  that  distortion  due  to  nonlinearity  is  an  essential  feature 
of  the  operation  of  any  practical  oscillator  and  that  it  is  the  onset  of  dis- 
tortion with  increasing  signal  amplitude  which  provides  the  mechanism 
to  stabilize  the  amplitude  of  oscillation. 

In  a single  stage  of  amplification  the  maximum  allowable  negative 
excursion  of  the  input  signal  is  limited  by  the  occurrence  of  cutoff.  On 
the  other  hand,  the  maximum  allowable  positive  excursion  is  determined 
by  the  point  at  which  grid  current  starts  to  flow.  If  the  input  signal  is 
larger  than  the  grid  base,  then  one  or  the  other  of  these  maximum  excur- 
sions is  exceeded  and  harmonics  must  be  generated. 

There  are  four  methods  of  obtaining  amplitude  stability  in  an  oscillator. 
These  are  (1)  grid-leak  biasing,  as  in  the  Class  C resonant-circuit  oscil- 
lator; (2)  grid  limiting  and/or  cutoff  limiting,  as  in  a Class  A phase-shift 
oscillator;  (3)  control  of  the  feedback  factor  by  a thermosensitive  ele- 
ment, as  in  the  bridge-type  oscillator;  and  (4)  variation  of  the  bias  and 
hence  gain  by  means  of  a rectified  output. 

To  proceed  further  to  take  into  account  the  effect  of  the  harmonic 
voltages  which  are  generated,  we  must  divide  oscillators  into  two  classes, 
those  incorporating  a resonant  circuit  and  those  which  have  no  such 
highly  selective  circuit. 

Consider  the  resonant-circuit  oscillator  first.  Assume  that  the  input 
voltage  to  the  tube  is  sinusoidal  but  of  amplitude  large  enough  to  pro- 
duce harmonic  currents  within  the  tube.  The  output  voltage,  however, 
will  consist,  for  the  most  part,  of  the  fundamental  frequency  because  of 
the  filtering  action  of  the  resonant  circuit  itself.  The  filtering  action  will 
become  more  pronounced  as  the  Q of  the  circuit  increases.  Hence  we 
have  the  result  that  high  Q values  which  contribute  to  good  frequency 
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stability  also  contribute  to  good  wave  form.  Also  because  of  the  filtering 
action  the  feedback  voltage  returned  to  the  input  will  be  almost  entirely 
of  the  fundamental  frequency  so  that  our  initial  premise  that  the  input  is 
sinusoidal  is  justified.  Since  it  is  the  circuit  which  does  the  filtering  inde- 
pendently of  the  tube,  the  tube  may  be  permitted  to  make  wide  excursions 
into  the  range  of  nonlinearity  before  the  output  will  be  appreciably  dis- 
torted. For  example,  the  input  voltage  may  easily  be  so  large  that  if 
the  plate  load  were  a pure  resistance  the  output  would  be  a good  square 
wave.  Nevertheless,  because  of  the  filtering  of  the  resonant  circuit,  the 
output  will  actually  be  of  good  sinusoidal  wave  form. 

Our  picture  of  the  operation  of  a resonant-circuit  oscillator  is  the 
following:  A sinusoidal  voltage  Ei  appears  at  the  input  of  the  oscillator, 
and  as  a consequence  there  appears  at  the  output  a fundamental  sinus- 
oidal voltage  AiEi  plus  some  harmonics.  Because  of  the  filtering  action 
of  the  resonant  circuit,  the  harmonics  vanish  and  the  sinusoidal  voltage 
^lAiEi  is  returned  to  the  input.  (The  subscript  1 on  (3  and  A refers  to 
the  fundamental.)  It  should  now  be  clear  that  the  amplitude  of  the 
oscillation  should  be  determined  by  the  condition  ^lAi  = 1. 

Resonant-circuit  oscillators  usually  operate  in  Class  C,  and  bias  is 
obtained  from  a parallel  RgCg  combination  in  series  with  the  grid,  as  in 
Fig.  18-3.  When  the  power  is  first  turned  on,  the  bias  is  zero  and  the 
gain  is  much  greater  than  unity.  The  amplitude  starts  to  increase  and  is 
soon  large  enough  so  that  grid  current  is  drawn  near  the  peak  of  the 
sinusoid.  Because  of  the  clamping^  action  at  the  grid  a bias  voltage 
builds  up  across  Cg.  In  accordance  with  the  discussion  given  above, 
an  equilibrium  bias  is  reached  which  limits  the  amplitude  to  that  value 
for  which  the  loop  gain  for  the  fundamental  is  unity. 

The  situation  is  somewhat  different  for  phase-shift  or  bridge  oscillators 
where  no  resonant  circuit  is  present  to  act  as  a strong  filter  to  attenuate 
the  harmonics  generated  within  the  tube.  In  order  to  obtain  as  pure  a 
wave  form  as  possible  with  these  oscillators  they  are  operated  in  Class  A. 
Self-bias  by  means  of  a cathode  resistor  is  usually  employed.  The  loop 
gain  is  adjusted  to  be  only  5 or  10  per  cent  greater  than  unity  and  hence 
the  excursion  into  the  region  of  cutoff  or  of  positive  grid  voltages  is  small. 

The  output  of  an  oscillator  may  be  taken  from  either  the  plate  or  the 
grid.  At  which  point  is  the  purer  wave  form  obtained?  The  nth  har- 
monic voltage  at  the  grid  is  times  that  at  the  plate,  where  is  the 
feedback  fraction  for  the  nth  harmonic.  Similarly,  the  fundamental 
voltage  at  the  grid  is  times  that  at  the  plate.  Hence, 

5n/5i  is  a measure  of  the  ratio  of  the  percentage  distortion  at  the  grid  to 
that  at  the  plate  for  a given  circuit.  If  the  magnitude  of  this  fraction  is  less 
than  unity  the  purer  wave  form  is  at  the  grid. 

It  is  sometimes  desirable  to  compare  different  feedback  circuits  with 
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respect  to  their  effects  on  harmonics.  If  the  same  amplitude  output  is 
obtained  with  two  different  feedback  networks,  then  the  harmonics  gener- 
ated within  the  tube  are  the  same.  However,  since  feedback  is  employed, 
the  nth  harmonic  at  the  plate  is  cut  down  by  the  factor  1/(1  — A^n). 
Hence, 

H„  ^ 1/(1  - A^„)  is  a measure  of  the  nth  harmonic  at  the  plate  due  to 
different  types  of  feedback  circuits. 

As  an  extension  of  the  above  logic,  we  conclude  that 

K„  = (5"/5i)[l/(l  — A^n)]  is  a measure  of  the  nth  harmonic  at  the  grid 
due  to  different  types  of  feedback  circuits. 

In  the  case  of  bridge  oscillators  let  us  call  the  feedback  factor  of  the 
unbalanced  bridge  5 and  that  of  the  balanced  bridge  Then  from 
Eq.  (18-5) 


E*  _ 1 + 1 ^ + 1 

El  3 ^ A ^ A 


(18-25) 


At  the  null  frequency  = 0 but  at  any  other  frequency  it  is  not  zero. 
Thus  Ag„  = Agn'  + 1 and 


H 


n 


1 

1 A5„ 


(18-26) 


The  equation  shows  the  advantage  with  respect  to  purity  of  wave  form 
of  unbalancing  the  bridge  only  slightly  and  making  the  gain  correspond- 
ingly large.  We  thus  see  again  that  purity  of  wave  form  and  stability  of 
frequency  are  closely  allied. 

18-9.  Negative  Resistance  in  Oscillators.  Our  study  of  oscillators 
thus  far  has  been  based  upon  a steady-state  analysis,  the  Barkhausen 
criterion.  It  is  instructive  to  consider  an  alternative  but  usually  much 
more  complicated  approach  based  upon  a transient  analysis.  In  this 
method  the  oscillator  is  replaced  by  its  linear  equivalent  circuit  and  the 
differential  equations  are  written  for  the  resultant  network.  The  solu- 
tion for  the  output  voltage  (or  for  one  of  the  mesh  currents)  will  be  of  the 
form  sin  (coi  -\-  (p),  where  s = v ± /co  are  the  roots  of  the  character- 
istic equation  (s  is  also  the  complex  frequency  or  the  Laplace  transform 
variable) . The  symbols  K and  <p  are  constants  of  integration.  Since  the 
excitation  to  an  oscillator  is  zero,  then  in  order  for  an  output  to  build  up 
it  is  necessary  that  o-  be  a positive  number.  If  a were  negative,  any 
spurious  voltage  introduced  into  the  circuit  would  quickly  be  damped  out. 
If  <j  is  positive,  this  spurious  signal  will  cause  the  output  amplitude  to 
increase  exponentially  with  time  provided  that  the  system  remains  linear. 
However,  as  we  have  already  emphasized,  the  oscillator  must  enter  a 
nonlinear  region  as  its  amplitude  grows.  As  it  does  so,  <r  must  decrease, 
and  when  the  stable  amplitude  is  reached  o-  = 0 so  that  the  steady-state 
output  is  given  by  K sin  {ojt  -f-  (p). 
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Let  us  apply  the  above  method  of  analysis  to  the  resonant-circuit 
oscillator  of  Fig.  18-3.  Using  Norton’s  form  (Sec.  8-5)  the  equivalent 


Fig.  18-15.  The  linear  equivalent  circuit  of  the  resonant-circuit  oscillator  of  Fig.  18-3 


circuit  may  be  drawn  as  indicated  in  Fig.  18-15.  Kirchhoff’s  current  law 
yields 

gmCi  -b  Ir  -F  ic  + u = 0 (18-27) 

Since 


iR  = - ic=C^  (18-28) 

Tp  at 

and 

e.  = i ^ -t-  rii  ^ 

then  Eq.  (18-27)  reduces  to 

CL  + (-,.M  + I + Cr)  f + (l  + fj  i.  = 0 (18-30) 


This  is  a second-order  differential  equation  whose  roots  may  be  written 
in  the  form  a ± jU,  as  we  predicted.  The  expression  for  cr  is 


- L/vp  — Cr  _ {nM  - L){gm/ix)  - Cr 
2CL  2CL 


(18-31) 


According  to  the  theory  outlined  above,  in  order  for  the  oscillations  to 
get  started  a must  be  positive  or 

(18-32) 

As  the  amplitude  of  the  oscillations  grows  and  the  tube  enters  its  non- 
linear region,  then  g^  decreases  and  a is  reduced  to  zero.  The  steady- 
state  amplitude  is  obtained  when  the  average  value  of  gm  is  given  by 


_ Cru 
~ nM  -L 


(18-33) 


in  agreement  with  Eq.  (18-3).  With  this  value  of  cr  = 0 and  Eq. 
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(18-30)  reduces  to 

This  equation  represents  simple  harmonic  motion,  a single-frequency 
oscillation  whose  angular  value  is  given  by 


J_ 

LC 


(‘  + ri) 


(18-35) 


This  expression  agrees  with  Eq.  (18-2)  obtained  from  the  Barkhausen 
criterion. 

A transient  excited  in  a circuit  containing  resistance  must  die  down 
with  time  because  of  the  losses  in  the  resistor. 

Hence,  an  interesting  interpretation  of  the  fact 
that  the  amplitude  first  builds  up  in  an  oscil- 
lator is  that  during  this  process  the  circuit  exhib- 
its a negative  resistance.  In  order  to  carry  this 
concept  further,  consider  the  parallel  RLC  circuit 
of  Fig.  18-16  with  no  external  excitation.  The 
differential  equation  for  the  voltage  e across  this  combination  is 


Fig.  18-16. 
RLC  circuit. 


A parallel 


j.^d^e  Lde 


For  this  equation  we  find 


1 

2RC 


1 


1 

LC  4:R^C^ 


(18-36) 


(18-37) 


Hence,  in  order  for  a to  be  positive  (and  w to  be  real)  it  is  necessary  that 
R be  negative.  In  an  oscillator  circuit  R is  not  a constant,  but  as  the 
amplitude  builds  up  the  tube  enters  its  nonlinear  region  and  R ^ , 

cr  — > 0,  and  co^  1 /LC. 

On  the  basis  of  this  discussion,  we  can  conclude  that  all  oscillators 
might  be  called  “negative-resistance  oscillators.”  This  classification  is 
no  more  useful  than  it  is  to  designate  all  oscillators  as  “phase-shift  oscil- 
lators” because  the  Barkhausen  condition  requires  that  the  steady-state 
phase  shift  around  the  loop  be  zero.  Perhaps  the  term  “negative- 
resistance  oscillator”  should  be  reserved  for  use  in  connection  with  a 
two-terminal  device  which  because  of  its  internal  physics  exhibits  a 
negative  resistance.*^  One  such  device  is  the  tetrode  with  the  external 
terminals  considered  to  be  the  plate  and  cathode.  The  volt-ampere 
characteristic  is  given  in  Fig.  11-2.  We  see  that  over  a portion  of  the 
characteristic  the  current  decreases  as  the  voltage  increases  and  hence 
this  device  exhibits  negative  resistance  (because  of  secondary  electron 
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emission).  If  a circuit  consisting  of  a resistor  a capacitor  C,  and  an 
inductor  L in  parallel  is  connected  across  the  device  whose  negative 
resistance  has  a magnitude  the  circuit  of  Fig.  18-16  results,  where  R 
represents  Ri  and  R2  in  parallel  and  hence  is  given  by 

R = (18-38) 

If  R\  > Ri,  then  R is  negative  and  oscillations  can  build  up.  The  ampli- 
tude increases  until  the  nonlinear  portion  of  the  volt-ampere  character- 
istics is  reached.  The  steady-state  output  is  obtained  when  the  average 


Fig.  18-17.  Transistor  resonant-circuit  Fig.  18-18.  Transistor  Colpitts  oscillator, 
oscillator. 

value  of  iS2  has  increased  so  that  it  equals  R\.  Under  these  circumstances 
E = 00,  0-  = 0,  and  the  frequency  is  given  by  / = 1 / (27r  \/LC).  This 
device  is  called  a dynatron.  Such  oscillators  are  little  used  because  of  the 
unstable  nature  of  the  negative-resistance  characteristic. 

18-10.  Transistor  Oscillators.  The  general  theory  developed  for 
vacuum-tube  oscillators  is  equally  valid  for  transistor  sinusoidal  gener- 
ators. In  particular,  the  Barkhausen  criteria,  the  ideas  involved  in  the 
building  up  of  oscillations,  the  limiting  of  the  amplitude  due  to  non- 
linearities,  and  the  methods  of  improving  the  frequency  stability  dis- 
cussed earlier  in  this  chapter  may  be  applied  to  transistor  oscillators. 
Even  the  specific  circuit  arrangements  using  vacuum  tubes  have  their 
transistor  counterparts.  For  example,  the  transistor  resonant-circuit 
oscillator  of  Fig.  18-17  is  analogous  to  the  vacuum-tube  resonant-circuit 
oscillator  of  Fig.  18-3.  The  transistor  version  of  the  Colpitts  oscillator 
is  given  in  Fig.  18-18  and  the  phase-shift  oscillator  in  Fig.  18-19.  Simi- 
larly, transistor  analogs  of  the  bridge- type  oscillator,  the  Hartley  oscil- 
lator, crystal  oscillator,  etc.,  can  be  constructed.®  In  these  circuits  the 
d-c  operating  bias  is  established  by  the  resistors  R\,  Ri,  and  Rz  (Sec.  9-12). 

There  are  two  fundamental  properties  of  the  transistor  which  make  a 
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quantitative  study  of  this  device  in  an  oscillator  circuit  much  more  diffi- 
cult than  the  corresponding  vacuum-tube  analysis.  The  first  is  the 
internal  phase  shift  due  to  the  reactive  components  of  the  transistor 
parameters.  The  second  is  the  low  input  impedance  of  the  transistor 
which  will  cause  the  feedback  network  to  be  heavily  loaded  by  this  device. 


Fig.  18-19.  Transistor  phase-shift  oscillator. 


Let  US  now  apply  the  Barkhausen  conditions  to  the  phase-shift  oscil- 
lator of  Fig.  18-19.  The  resistor  Ri  = R — R^,  where  Ri  is  the  input 
impedance  at  the  base.  This  choice  makes  the  three  RC  sections  of  the 
phase-shifting  network  alike  and  simplifies  the  calculations.  We  shall 
assume  that  the  biasing  resistors  Ri,  R2,  and  R^  have  no  effect  on  the 
a-c  operation  and  shall  neglect  these  in  the  following  analysis.  We  wish 
to  evaluate  the  current  gain  around  the  loop.  Hence  we  shall  imagine 


• 



^F^ 

p 4-4  ( 

) 
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Fig.  18-20.  The  Norton’s  equivalent  circuit  for  the  transistor  phase-shift  oscillator. 


the  loop  broken  at  the  base  between  Bi  and  B2  but  in  order  not  to  change 
the  loading  on  the  feedback  network  we  place  Ri  from  Bi  to  ground.  If 
we  assume  a current  Ib  to  enter  the  base  at  B2  the  equivalent  circuit  is  as 
drawn  in  Fig.  18-20.  The  resistor  R'  represents  the  output  impedance 
Ro  in  parallel  with  Rl.  The  short-circuit  current  gain  is  Aj  = —tte  — 
— [a/(l  — a)].  The  loop  current  gain  equals  Is/Ift  and  is  found  by  writing 
Kirchhoff’s  voltage  equation  for  the  three  meshes.  The  Barkhausen  con- 
dition that  the  phase  of  la/Is  must  equal  zero  leads  to  the  following 
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expression  for  the  frequency  of  oscillation: 

/ = ^ —r  (18-39) 

2TtRG  Ve  + 4/e 

where  k = R' /R.  The  requirement  that  the  magnitude  of  Ig/Is  must 
exceed  unity  in  order  for  oscillations  to  start  leads  to  the  inequality 

29 

OLe  '!>  4A:  -j-  23  -t-  (18-40) 

The  value  of  k which  gives  the  minimum  turns  out  to  be  2.7,  and  for 
this  optimum  value  of  R' /R  we  find  ««  = 44.5  or  a = 0.978.  A transis- 
tor with  a common-base  short-circuit  gain  less  than  0.978  cannot  be  used 
in  a phase-shift  oscillator. 
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CHAPTER  19 


POWER  SUPPLIES 

A.  POWER  supply  must  provide  an  essentially  ripple-free  source  of  power 
from  an  a-c  line.  In  Chap.  14  it  is  demonstrated  that  the  output  of  a 
rectifier  contains  ripple  components  in  addition  to  a d-c  term.  Hence, 
it  is  necessary  to  include  a filter  between  the  rectifier  and  the  load  in 
order  to  attenuate  these  ripple  components.  In  this  chapter  we  shall 
make  a detailed  study  of  such  filters. 

Because  the  rectifier  is  a nonlinear  device,  no  simple  exact  method^  of 
solution  of  the  power-supply  problem  exists.  However,  for  each  type  of 
filter  used  a reasonable  linear  approximation  will  be  made  which  will 
allow  the  circuit  to  be  analyzed  by  the  usual  methods  of  a-c  circuit  theory. 
Hence,  the  results  to  be  obtained  are  not  exact  but  do  represent  good 
engineering  approximations. 

19-1.  The  Harmonic  Components  in  Rectifier  Circuits.  An  analytic 
representation  of  the  output  current  wave  of  the  single-phase  half-wave 
rectifier  is  obtained  by  means  of  a Fourier  series.  This  series  represen- 
tation has  the  form 

QO  00 

i — Bq  -\-  ^ Bk  cos  ka  ^ Ak  sin  ka  (19-1) 

k = l /k  = l 

wherea:  = a;fi  For  convenience,  the  subscript  is  dropped  from  4.  The 
coefficients  that  appear  in  the  series  are  given  by  the  following  integrals; 


_ 1 

rzv 

Bk 

/ i cos  ka  da 

’T  J 

'o 

_ 1 

rzTT 

Ak 

/ i sin  ka  da 

’T  J 

'o 

1 

r2Tr 

Bo 

1 i da 

27r 

Jo 

The  constant  term  Bo  in  the  Fourier  series  is  simply  the  average  or  d-c 
value  of  the  current. 

By  performing  the  indicated  integrations,  using  Eq.  (14-2)  for  the 
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explicit  expressions  for  the  current  over  the  two  specified  intervals,  there 
results 


% In 


1,1.  ^ 2 V cos  kcot 

^ 2 ®in  ~ r 2^  (k  + l)(fc  - 1) 

/fc  = 2,4,6,  ... 


(19-3) 


where 


Im  = 


En 


Vp  Rl 


is  the  peak  value  of  the  current  and  where  Em  is  the  maximum,  value  of 
the  transformer  voltage.  The  lowest  angular  frequency  that  is  present  in 
this  expression  is  that  of  the  primary  source  of  the  a-c  power.  Except 
for  this  single  term  of  angular  frequency  co,  all  other  terms  in  the  final 
expression  are  even  harmonics  of  the  power  frequency. 

The  corresponding  expression  for  the  output  of  the  full-wave  rectifier, 
which  is  illustrated  in  Fig.  14-6,  may  be  derived  from  Eq.  (19-3).  By 
recalling  that  the  full-wave  circuit  consists  essentially  of  two  half-wave 
circuits  which  are  so  arranged  that  one  circuit  conducts  during  one  half 
cycle  and  the  second  operates  during  the  second  half  cycle,  then  it  is  clear 
that  the  currents  are  functionally  related  by  the  expression  ii{a)  = 
U{a  tt).  The  total  load  current  i = ix  attains  the  form 


i Im 


2 

TT 


4 

TT 


i: 

k even 
ky^O 


COS  koot 

{k  + l){k  - 1) 


(19-4) 


where  Im  has  the  same  value  as  in  Eq.  (19-3)  and  where  Em  is  the  maxi- 
mujauvalue  of  the  transformer  voltage  to  center^tap.  For  convenience, 
Em  will  be  referred  to  simply  as  the  transformer  maximunTyoltage.’^ 

We  observe  that  the  fundamental  angular  frequency  w has  been  elimi- 
nated from  the  equation,  the  lowest  frequency  in  the  output  being  2co, 
a second-harmonic  term.  This  offers  a definite  advantage  in  the  effec- 
tiveness of  filtering  of  the  output.  A second  desirable  feature  of  the 
full-wave  circuit  is  the  fact  that  the  current  pulses  in  the  two  halves  of 
the  transformer  winding  are  in  such  directions  that  the  magnetic  cycle 
through  which  the  iron  of  the  core  is  taken  is  essentially  that  of  the 
alternating  current.  This  eliminates  any  d-c  saturation  of  the  trans- 
former core,  which  would  give  rise  to  additional  harmonics  in  the  output. 

The  Fourier  series  representation  of  the  half-wave  and  the  full-wave 
circuits  using  gas  diodes  can  be  obtained  as  above,  although  the  form  will 
be  more  complex.  This  greater  complexity  occurs  because  the  conduc- 
tion begins  at  some  small  angle  ai  and  ceases  at  the  angle  tt  — ai,  when 
it  is  assumed  that  the  breakdown  and  the  extinction  potentials  are  equal. 
But  since  the  angle  cti  is  usually  small  under  normal  operating  conditions. 
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we  will  assume  that  Eqs.  (19-3)  and  (19-4)  are  valid  for  circuits  with 
either  vacuum  or  gas  diodes. 


19-2.  Inductor  Filters.  The  operation  of  the  inductor  filter  depends  on 
property  of  an  inductor  to  oppose  any  change  of  cur- 
a result,  any  sudden ~ch^ges  that  might  occur  in  a circuit 
without  an  inductor  are  smoothed 


out  by  the  presence  of  an  inductor 
in  the  circuit. 

Suppose  that  an  inductor  or 
“choke”  filter  is  connected  in  series 
with  the  load  in  a single-phase 
half-wave  circuit,  as  illustrated  in  l^-l.  Half-wave  rectifier  with  choke 

Fig.  19-1.  For  simplicity  in  the 

analysis,  suppose  that  the  tube  and  choke  resistances  are  negligible. 
Then  the  controlling  differential  equation  for  the  current  in  the  circuit 
during  the  time  that  current  flows  is 


e — Em  sin  o^t  — L Riih  (19-5) 

An  exact  solution  of  this  differential  equation  may  be  effected  subject  to 
the  initial  condition  that  4 = 0 at  i = 0.  The  solution  is  valid  only  as 


Fig.  19-2.  The  effect  of  changing  the  inductance  on  the  wave  form  of  the  output 
current  in  a half-wave  rectifier  with  an  inductor  filter.  The  load  resistance  Rl  is 
assumed  constant. 


long  as  it  yields  a positive  value  of  current  since  the  diode  can  conduct 
only  in  one  direction.  The  time  at  which  the  current  falls  to  zorn  is  ofllloH 
the  “cutout  point.”  T'he  solution  is  given  in  Prob.  19-1,  and  the  results 
are  illustrated  graphically  in  Fig.  19-2  with  wL/Rl  as  a parameter.  The 
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effect  of  changing  the  inductance  on  the  wave  form  of  the  current  is 
clearly  seen.  The  simple  inductor  filter  is  seldom  used  with  a half-wave 
circuit. 

Suppose  that  a choke  input  filter  is  applied  to  the  output  of  a single- 
phase full-wave  rectifier.  The  circuit  is  given  in  Fig.  19-3.  The  wave 
forms  obtained  with  and  without  an  inductor  are  shown  in  Fig.  19-4. 


g £ 

l-i-vOOOOy — (AAA/V 

il  ^ 

U 


Fig.  19-3.  The  schematic  wiring  diagram 
of  a full-wave  choke-input-filtered  recti- 
fier. 


Fig.  19-4.  The  load  voltage  in  a single- 
phase full-wave  rectifier  circuit  with  a 
simple  inductor  filter.  The  load  voltage 
with  the  inductor  shorted  out  is  also 
shown. 


An  exact  solution  of  the  circuit  differential  equation  can  be  effected 
(Prob.  19-2).  However,  since  no  cutout  occurs  in  the  load  current,  it  is 
now  simpler  to  proceed  by  finding  an  approximate  solution.  The  results 
will  be  sufficiently  accurate  for  most  applications  and  will  be  in  a much 
more  useful  form  than  the  exact  solution. 

The  voltage  that  is  applied  to  the  circuit  comprising  the  load  resistor 
and  the  inductor  filter  is  that  given  in  Eq.  (19-4),  with  the  current 
replaced  by  the  voltage  (/m  is  replaced  by  Em)- 
The  amplitudes  of  the  a-c  terms  beyond  the  first 
are  small  compared  with  the  amplitude  of  the 
first  term  in  the  series.  Thus,  the  fourth-har- 
monic-frequency term  is  only  20  per  cent  of  the 
second-harmonic  term.  Further,  since  the  imped- 
ance of  the  inductor  increases  with  the  frequency, 
better  filtering  action  for  the  higher-harmonic 
terms  result^  It  is  therefore  expected  that  the 
wave  form  in  the  output  will  be  principally  of  second-harmonic  frequency, 
and  we  may  neglect  airharihonics  except  the  first  a-c  term.  That  is,  the 
equivalent  circuit  of  the  rectifier  under  these  circumstances  is  assumed  to 
be  that  illustrated  in  Fig.  19-5.  For  the  sake  of  simplicity  and  because 
they  introduce  little  error,  the  tube  drop  and  the  tube  resistance  will  be 
neglected  in  the  ripple  calculations  of  this  chapter.  In  addition,  the 
resistance  and  leakage  inductance  of  the  transformer  and  the  resistance 
of  the  inductor  will  likewise  be  neglected. 

We  note  that  only  linear  elements  exist  in  the  equivalent  circuit  and 


Fig.  19-5.  The  equiva- 
lent circuit  of  a full- 
wave  choke-input-fil- 
tered rectifier. 
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that  the  input  voltage  consists  of  a battery  in  series  with  an  a-c 

source  whose  emf  is  ( — 4/'y^/37r)  cos  2ajf.  The  load  current  will  then  be, 
in  accordance  with  elementary  circuit  theory, 


where 


COS  {2oit  — yp) 

ttRl  Stt  ■\/Rl‘^  + 4a;^L^ 


2coL 

tan  xp  = 


(19-6) 


(19-7) 


The  load  voltage  curve  in  Fig.  19-4  is  expressed  by  Eq.  (19-6)  (multiplied 
by  Rl). 

The  ripple  factor,  defined  in  Eq.  (14-19),  becomes 

4i?,„ 1 > 

_ Stt  \/2  VRl^  d-  4a;^L^  ^ 2^ 1 

^ ~ 2EJt,Rl  ~ 3 \/2  \/Rl^  + 4co2L2 

which  may  be  expressed  in  the  form 


3 V2  Vl  + 4:(a^LyRL^ 


This  expression  shows  that  filtering  improves  with  decreased  circuit  resist- 
ance ^,_jepiTespondiriglyj_vyith  increased  currents.  At  no  load,  Rl  = oo , 
whence  the  filtering  is  poorest,  and  r = 2/(3  v^)  = 0.47.  This  result 
that  applies  when  no  choke  is  included  in  the  circuit  should  be  compared 
with  Eq.  (14-26),  which  gives  0.482.  The  difference  arises  from  the 
higher-order  terms  in  the  Fourier  series  that  have  been  neglected  in  the 
present  calculation. 

If  the  ratio  4cc^L^/ Rl^  is  large  compared  with  unity,  then  the  ripple 
factor  reduces  to 


r /lu  i>ut:rz^ 


1 Rl 
3 \/2  o}E 


c (19-9) 


This  result  shows  that  at  any  load  the  ripple  varies  inversely  as  the 
magnitude  of  the  inductance.  Al^,  the  ripple  is  smaller  for  small  values 
of  Rl,  that  is,  for  high  currents. 

The  d-c  output  voltage  is  given  by 


Edc  — IdcRl 


2^ 

TT 


0.637F;„  = 0.90^, 


(19-10) 


where  E^„,^  is  the  transformer  secondary  voltage  measured  to  the  center 
tap.  Note  that  under  the  assumptions  made  in  the  analysis  the  output 
voltage  is  a constant,  independent  of  the  load;  i.e.,  perfect  regulation 
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exists.  Because  of  the  effect  of  the  choke  resistance,  the  resistance  of  the 
tube,  and  the  resistance  of  the  transformer  winding,  the  foregoing  repre- 
sents the  output  only  at  no  load.  The  output  voltage  will  decrease  as 

the  current  increases  in  accordance  with 


the  equation 


C 


Ede,  — 


2Er, 


IdrR  / (19-11) 


Fig.  19-6.  A single-phase  half- 
wave capacitor-filtered  rectifier. 


where  R is  the  total  resistance  in  the  cir- 
cuit, exclusive  of  the  load. 

T^apacitor 


19-'3.  Capacitor  Filters.^  Filtering  is 
frequently  effected  by  shunting  the  load 
with  a capacitor.  The  action  of  this  system  depends  upon  the  fact 
that  the  capacitor  stores  energy  during  the  conduction  period  and, 
delivers  this  energy  to  the  load  during  the  inverse,  or  nonconducting, 
period.  In  this  way,  the  time  during  which  the  current  passes  through 
tHelj^d  is  prolonged,  and  the  ripple  is  considerably  decreased. 

Consider  the  half-wave  capacitive  rectifier  of  Fig.  19-6.  Suppose  first 
that  the  load  resistor  Rl  = <x> . The  capacitor  will  charge  to  the  poten- 
tial Em,  the  transformer  maximum  value. 

Further,  the  capacitor  will  maintain  this 
potential,  for  no  path  exists  by  which 
this  charge  is  permitted  to  leak  off, 
since  the  tube  will  not  pass  a negative 
current.  The  tube  resistance  is  infinite 
in  the  inverse  direction,  and  no  charge 
can  flow  during  this  portion  of  the 
cycle.  Consequently,  the  filtering  ac- 
tion is  perfect,  and  the  capacitor  volt- 
age Cc  remains  constant  at  its  peak 
value,  as  is  seen  in  Fig.  19-7. 

The  voltage  across  the  capacitor  is, 
of  course,  the  same  as  the  voltage  Cl 

across  the  load  resistor,  since  the  two  elements  are  in  parallel 
tube  voltage  Cb  is  given  by 


Fig.  19-7.  Voltages  in'  a single-phase 
half-wave  capacitor-filtered  rectifier 
at  no  load.  The  output  voltage  Co 
is  a constant,  indicating  perfect 
filtering.  The  tube  voltage  eh  is 
negative  for  all  values  of  time,  and 
the  peak  inverse  voltage  is  2Em- 


The 


eb 


e — Cc 


(19-12) 


We  see  from  Fig.  19-7  that  the  tube  voltage  is  always  negative  and  that 
the  peak  inverse  vdliba^ is  twice  the  transformer  maximum.  Hence,  the 
presence  of  the  capacitor  causes  the  peak  inverse  voltage  to  increase  from 
a value  equal  to  the  transformer  maximum  when  ug  ca.pfl.pitrtr  filter  is 
used  to  a value  equal  to  twice  the  transformer  maximum  value  when  the 
filter  is  used.  ~ ~ 
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Suppose,  now,  that  the  load  resistor  Rl'is  finite.  Without  the  capaci- 
tor input  filter,  the  load  current  and  the  load  voltage  during  the  conduc- 
tion period  will  be  sinusoidal  functions  of  the  time.  The  inclusion  of  a 
capacitor  in  the  circuit  results  in  the  capacitor  charging  in  step  with  the 
applied  voltage.  Also,  the  capacitor  must  discharge  through  the  load 
resistor,  since  the  tube  will  prevent  a current  in  the  negative  direction. 
Clearly,  the  diode  acts  as  a switch  which  permits  charge  to  flow  into  the 
capacitor  when  the  transformer  voltage  exceeds  the  capacitor  voltage, 
and  then  acts  to  disconnect  the  power  source  when  the  transformer  volt- 
age falls  below  that  of  the  capacitor. 

The  analysis  will  now  proceed  in  two  steps.  First  the  conditions  dur- 
ing conduction  will  be  considered,  and  then  the  situation  when  the  tube  is 
nonconducting  will  be  investigated. 

Diode  Conducting.  If  the  tube  drop  is  neglected,  then  the  transformer 
voltage  is  impressed  directly  across  the  load.  Hence,  the  output  voltage 
is  Cl  = Em  sin  o^t.  The  question  immediately  arises:  Over  what  interval 
of  time  is  this  equation  applicable?  In  other  words,  over  what  portion 
of  each  cycle  does  the  diode  remain  conducting?  The  point  at  which  the 
diode  starts  to  conduct  is  called  the  ^^cutin  point,^’  and  that  at  which  it 
stops  conducting  is  called  the  ‘‘cutout  point.”  The  latter  will  first  be 
found  in  the  same  manner  as  that  indicated  for  obtaining  the  cutout  point 
for  a half-wave  inductor  filter.  The  expression  for  the  tube  current  is 
found,  and  the  instant  where  this  current  falls  to ^erq^ is  the  cutout  time. 

The  expression  for  the  tube  current  can  be  written  down  directTy. 
Since  the  transformer  voltage  is  sinusoidal  and  is  impressed  directly  across 
Rl  and  C in  parallel,  then  the  phasor  current  I;,  is  found  by  multiplying 
the  phasor  voltage  E by  the  complex  admittance  {1/Rl)  -f  jwC.  Hence 


E 


(19-13) 


Since  E has  a peak  value  Em,  then  the  instantaneous  current  is 
ib  = Em  + 'f') 

where 


= tan  ' o}CRl 


(19-14) 

(19-15) 


This  expression  shows  that  the  use  of  a large  capacitor  in  order  to 
improve  the  filtering  for  a given  load  Rt  is  fl.ccnmpRnipd  by  a.  high  peak 
tube  current  A.  The  tube  current  has  the  form  illustrated  in  Fig.  19-8. 
For  a specified  average  load  current,  the  tube  current  will  become  more 
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peaked,  and  the  conduction  period  will  decrease  as  the  capacitor  is  made 
larger. 

It  is  to  be  emphasized  that  the  use  of  a capacitor  filter  may  impose 
serious  duty  conditions  on  the  rectifying  diode,  since  the  average  current 
may  be  well  within  the  current  rating  of  the  tube,  and  yet  the  peak  cur- 
rent may  be  excessive.  If  a current  in  excess  of  the  temperature  satu- 
rated value  is  specified  by  Eq.  (19-14),  the  analysis  must  be  modified, 
as  this  saturation  value  imposes  a physical  limitation  on  the  output.  In 

this  case,  the  tube  current  pulse  will  flatten 
out,  and  the  time  duration  will  increase. 
The  analysis  to  follow  is  not  valid  under 
these  conditions.  In  the  case  of  gas  tubes, 
if  a current  higher  than  the  saturation  value 
is  required  by  the  circuit,  even  for  very  short 
intervals  of  time,  the  tube  drop  will  increase 
and  positive-ion  bombardment  of  the  cath- 
ode will  be  the  result.  If  the  tube  drop 
exceeds  the  disintegration  voltage  of  the 
cathode,  the  cathode  may  be  permanently 
injured.  It  is  for  this  reason  that  large 
capacitor  input  filters  should  not  be  used  with  rectifiers  that  employ  gas 
diodes,  without  a careful  check  of  the  peak  current  demands. 

The  cutout  time  h is  found  by  equating  the  tube  current  to  zero  at  this 
time.  Thus,  from  Eq.  (19-14), 


Theoretical 

Fig.  19-8.  Sketch  of  tube  cur- 
rent and  load  voltage  in  a 
single-phase  half-wave  capaci- 
tor-filtered rectifier. 


or 


0 = sin  {coti  -|-  \{/) 
wU  + ^ = nir 


where  n is  any  positive  or  negative  integer.  The  value  of  h indicated  in 
Fig.  19-8  in  the  first  half  cycle  corresponds  to  n = 1 or 

ioti  = X — = TT  — tan~^  uCRl  (19-16) 


Diode  Nonconducting.  In  the  interval  between  the  cutout  time  h and 
the  cutin  time  t<i,  the  diode  is  effectively  out  of  the  circuit  and  the  capaci- 
tor discharges  through  the  load  resistor  with  a time  constant  CRl-  Thus, 
the  capacitor  voltage  (equal  to  the  load  voltage)  is 

e,  = (19-17) 


To  determine  the  value  of  the  constant  A appearing  in  this  expression, 
it  is  noted  from  Fig.  19-8  that  at  the  time  t ^ ti,  the  cutout  time, 

Cc  = e = Em  sin  coh 

whence 

A = {Em  sin  . (19-18) 
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Equation  (19-17)  thus  attains  the  form 


e,  = {Era  sin  (19-19) 

Since  t\  is  known  from  Eq.  (19-16),  then  Cc  can  be  plotted  as  a function 
of  time.  This  exponential  curve  is  indicated  in  Fig.  19-8,  and  where  it 
intersects  the  sine  curve  Em  sin  oit  (in  the  following  cycle)  is  the  cutin 
point  ^2.  The  validity  of  this  statement  follows  from  the  fact  that  at  an 
instant  of  time  greater  than  t2,  the  transformer  voltage  e (the  sine  curve) 
is  greater  than  the  capacitor  voltage  Cc  (the  exponential  curve) . Since  the 
tube  voltage  is  ct  = e — Sc,  then  Cb  will  be  positive  beyond  t2  and  the  tube 
will  become  conducting.  Thus,  t2  is  the  cutin  point. 

The  output  voltage  consists  of  a section  of  the  input  sine  curve  followed 
by  an  exponential  section.  The  cutin  time  t2  cannot  be  given  by  an 
explicit  analytic  expression  but  must  be  found  graphically  by  the  method 
outlined  above. 

In  principle  at  least,  the  foregoing  results  permit  a complete  analysis  of 
the  capacitor  filter  to  be  effected.  For  given  values  of  cc,  Rl,  C,  and  Em 
the  tube  current  is  given  by  Eq.  (19-14).  If  a = cot,  ai  ^ cch,  and 
a2  = 40^2,  the  output  potential  is  given  by 


Be  = Em  sin  a 
and  by  Eq.  (19-19) 

Be  = {Em  sin 


for  a;2  < a < «i 


for  «!  < a < 2x  -f-  0:2  j 


(19-20) 


In  these  equations  ai  and  02  represent  the  cutout  and  cutin  angles  in  thB 
first  half  cyclB,  respectively.  The  cutout  angle  is  found  from  Eq.  (19-16), 

The  d-c  output  voltage,  the  ripple  factor,  the  peak  tube  current,  etc., 
may  then  be  calculated.  These  quantities  can  be  plotted  as  functions  of 
the  parameters  w,  Rl,  C,  and  Em-  Such  an  analysis  is  quite  involved,  but 
it  has  been  carried  out,^'  and  the  results  are  given  in  graphical  form. 

It  is  possible  to  make  several  reasonable  approximations  which  permit 
an  analytic  solution  to  the  problem.  This  approximate  solution  possesses 
the  advantage  that  it  clearly  indicates  the  dependence  of  the  d-c  out- 
put voltage  and  ripple  factor  upon  the  circuit  component  values.  This 
approximate  analysis  is  sufficiently  accurate  for  most  engineering  appli- 
cations and  is  carried  out  in  the  next  section. 

19-4.  Approximate  Analysis  of  Capacitor  Filters.  We  shall  assume 
that  the  output-voltage  wave  form  for  a full-wave  circuit  with  a capaci- 
tor filter  may  be  approximated  by  a broken  curve  which  is  made  up  of 
portions  of  straight  lines,  as  shown  in  Fig.  19-9.  The  peak  value  of  this 
wave  is  Em,  the  transformer  maximum  voltage.  If  the  total  capacitor 
discharge  voltage  is  denoted  by  Er,  then,  from  the  diagram,  the  average 
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value  of  the  voltage  is 

E*  = £»  - I-'  (19-21) 

The  instantaneous  ripple  voltage  is  obtained  by  subtracting  Edc  from 
the  instantaneous  load  voltage.  The  result  is  shown  in  Fig.  19-10.  The 


Fig.  19-9.  The  approximate  load-voltage  Fig.  19-10.  The  approximate  wave  form 
wave  form  in  a full-wave  capacitor-filtered  of  the  ripple  voltage  in  a full-wave 
rectifier.  capacitor-filtered  rectifier. 


rms  value  of  this  ‘Triangular  wave”  is  independent  of  the  slopes  or  lengths 
of  the  straight  lines  and  depends  only  upon  the  peak  value.  Calculation 
of  this  rms  ripple  voltage  yields 

E 

The. two  mosL  imr>orts,nt  characteristics  of  the  capacitor  filter  circuit, 
the  regulation  and  the  ripple,  are  contained  in  Eqs.  (19-21)  and  (19^^^, 
respective!^  It  is  necessary,  however,  to  express  Av  as  a function  of  the 
load  current  and  the  capacitance.  If  represents  the  total  noncon- 
ducting time,  then  the  capacitor,  when  discharging  at  the  constant  rate 
Idc,  will  lose  an  amount  of  charge  IdcT^-  Hence,  the  change  in  capacitor 
voltage  is  hcTi/C  or 

Er  = (19-23) 

The  value  of  7^2  is  found  from  Fig.  19-11.  This  is  the  same  diagram  as 
in  Fig.  19-9  except  that  the  time  origin  is  taken  at  the  peak  of  the  wave 
for  convenience.  It  is  also  assumed  that  the  rising  straight-line  section 
passes  through  the  zero  and  the  peak  values  of  the  sine  curve.  Although 
this  approximation  is  a crude  one,  it  leads  to  a simple  solution  which 
agrees  fairly  well  with  experimental  results.  From  the  geometry  of  Fig. 
19-11,  it  follows  that 


r 


Em  - E, 
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and 


M 4-  I!  = - Er  T 

V ^ J 4 4 Em  4 


Using  Eq.  (19-21),  this  reduces  to 


= (19-24) 


Hence,  from  Eq.  (19-23) 


Idc  Edc 


(19-25) 


where  / = 1/T  is  the  power  supply 
frequency. 

The  d-c  output  is  given  by  Eq. 
(19-21), 


Edc  — 


Idj^  Edc 


or 


Em 

1 + Idc/^fCE, 


-1 


(19-26) 


Fig.  19-11.  The  charging  of  the  output 
capacitor  is  assumed  to  take  place 
along  a straight  line  passing  through 
the  zero  and  the  peak  values  of  the 
input  sine  curve. 


Figure  19-12  gives  graphs  of  this  equation  for  / = 60  cps,  C = 4 ;uf,  and 
Em  = 300  \/2  and  also  Em  = 450  V^-  The  experimentally  measured 
values  for  the  5T4  and  the  5U4-G  tubes  are  taken  from  the  RCA  tube 
manual  and  are  also  indicated  on  the  same  graph.  The  maximum  devi- 
ation between  experiment  and  theory  is  less  than  10  per  cent.  This  is 
satisfactory  agreement,  particularly  in  view  of  the  simplifying  assump- 
tions made  in  the  derivation. 

From  the  graphs  of  Fig.  19-12  it  is  seen  that  the  regulation  of  a capaci- 
tor filter  is  poor.  The  larger  the  capacitance,  the  better  will  be  the 
regulation. 

The  ripple  factor  is  given  by 


K ' E h, 

^^rms  J-'r  ^ dc 

~ 2 \/^Edc  ~ 4 V^fCEm 


(19-27) 


where  use  has  been  made  of  Eqs.  (19-22)  and  (19-25).  The  ripple  is  seen 
to  vary  directly  with  the  load  current  and  inversely  with  the  capacitance. 

In  order  to  keep  the  ripple  low  and  to  ensure  good  regulation,  very  large 
capacitors  (of  the  order  of  tens  of  microfarads)  must  be  used.  The  most 
common  type  of  capacitor  for  this  rectifier  application  is  the  electrolytic 
capacitor.  These  capacitors  are  polarized,  and  care  must  be  taken  to 
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insert  them  into  the  circuit  with  the  terminal  marked  + to  the  positive 
side  of  the  output. 

If  a half-wave  circuit  is  used,  then  the  nonconduction  time  will  be  one- 

half  a cycle  longer,  or 
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(19-28) 


Using  this  expression,  the  ripple 
and  the  output  voltages  are  found 
to  be  given  by  the  equations 


r = 


and 


IS b 


4/C  Vs  \Em  E, 


J^dc 


_ Em  — Idc/^fC 
~ 1 -b  Ide/^fCEm 


(19-30) 


50 


100  150 

D-c  current,  ma 


200  250 


Fig.  19-12.  Load  voltage  vs.  load  current 
for  a capacitor  input  filter.  C = 4 fxf. 
The  crosses  and  circles  are  the  experi- 
mentally measured  points  for  a 5T4 
and  a 5U4-G,  respectively.  These  are 
taken  from  the  RCA  manual.  The 
curves  are  plotted  from  Eq.  (19-26). 


A careful  inspection  of  these 
equations  reveals  that  the  ripple 
of  the  half-wave  circuit  is  approxi- 
mately double  that  of  the  full- 


wave  circuit. 


voltage  from  no 
load~foT 


Also,  the 
load 


drop 


in 

to  a given 

urhali-wave  circuit  is  ap- 


proximately twice  thaT  for  a full- 
wave  circuit. 

The  desirable  features  of  rectifiers  employing  capacitor  input  filters  are 
the  small  ripple  and  the  high  voltage  at  light  load.  The  no-load  voltage 
is  equal,  theoretically,  to  the  maximum  transformer  voltage.  The  dis- 
advantages of  this  system  are  the  relatively  poor  regulation,  the  high 
ripple  at  large  loads,  and  the  peaked  currents  that  the  tubes  must  pass. 

We  see  from  Fig.  19-6  that,  for  a half-wave  circuit  the  voltage  across 
the  tube  on  the  inverse  cycle  is  approximately  twice  the  transformer  maxi- 
mum,  Injfche  full-wave  circuit  the  inverse  voltage  across  each~Tube~Ts 

also  twice  the,  maximum transformer  voltage  measured  froni~TEe~mid- 

point  to  either  end.  This  result  is  independent  of  the  form  of  tlVfilter 
used  and  is  a property  of  the  full-wave  circuit  itself,  and  not  of  the  filter 
system. 

19-5.  L-section  Filter.  The  two  types  of  filtering  action  considered 
above  may  be  combined  into  a single  L-section  filter.  This  filter  com- 
bines the  decreasing  ripple  with  increasing  load  of  the  series  inductor 
with  the  increasing  ripple  with  increasing  load  of  the  shunt  capacitor. 
Such  a filter  is  illustrated  in  Fig.  19-13.  The  inductor  offers  a.  high  spHps 
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impedance  to  the  harmonic  terms,  and  the  capacitor  offers  a low  shunt 
impedance  to  the^  The  resulting  current  through  the  load  is  smoothed 
out  much  more  effectively  than  with  either  L or  C alone  in  the  circuit. 

The  d-c  voltage  and  the  ripple  factor  are  readily  calculated  by  taking, 
for  the  voltage  impressed  at  the  terminals  AB  of  the  filter  of  Fig.  19-13, 
the  first  two  terms  in  the  Fourier  series  rep- 
resentation of  the  output  voltage  of  the  recti- 
fier 


VIZ., 


A° — 'TWtRT' — 

L 

2’^'^  C. 


2Er, 


4:E„. 

Stt 


COS  2o:t  (19-31) 


Rl 


Fig.  19-13. 
filter. 


An  L-section 


Thus,  the  two  tubes  are  replaced  by  a battery 

in  series  with  an  a-c  source  having  twice  the  power  line  frequency.  This 
is  the  same  equivalent  circuit  that  was  used  in  Sec.  19-2  for  a full- wave 
inductor  filter.  If  the  resistance  in  series  with  the  inductance  is  neglected, 
then  the  d-c  output  voltage  equals  the  d-c  input  voltage,  or 


Edi)  — 


2E„ 


Ifjbhe  sum  of  the  tube,  transformer,  and  choke  resistances  is  R,  then 

(19-32) 


rp  _ ^Em  J p 

22  dc  — ~ Jdo-n 

TT 


The  ripple  will  now  be  calculated.  Since  the  object  of  the  filter  is  to  ^ 

suppress  the  harmonic  components  in  the  system,  the  reactance  of  the  ,/  ^ I A 
choke  must  be  large  compared  with  the  combined  parallel  impedance  of 
capacitor  and  resistor.  The  latter  combination  is  kept  small  by  making  7 t /.  CA  ^ 
the  reactance  of  the  capacitor  much  smaller  than  the  resistance  of  the 
load.  Very  little  error  will  be  introduced,  therefore,  by  assuming  that  the  -y  . 

entire  alternating  current  passes  through  the  capacitor  and  none  through  j C 
the  resTsfdr.  tinder  these  conditions  the  net  impedance  across  AB  is 
approximately  Xl  = 2coL,  the  reactance  of  the  inductor  at  the  second- 
harmonic  frequency.  The  alternating  current  through  the  circuit  is 


LJ  = 


4:E„ 


1 


= Ed  — 

3 V2x  3 X, 


(19-33) 

where  the  resistance  R in  Eq.  (19-32)  has  been  neglected.  The  a-c  volt- 
age  across  the  load  (the  ripple  voltage)  is  the  voltage  across  the  capacitor. 
This  is 


Er 


T >Y  = F ^ 

rms  C 0 -^dc 


(19-34) 


where  Xr  = I/203C  is  the  reactance  of  the  capacitor  at  the  second-har-  y 


e 
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monic  frequency.  The  ripple  factor  is  then  given  by 


r = 


V2Xc 


Ei 


which  is,  at  60  cps, 


XtJ 


V2  (A 

OiC  / \2co 


3 \2o^C^ 


r = 


0.83 

LC 


(19-35) 


(19-36) 


with  C in  microfarads  and  L in  henrys. 

It  is  noticed  that  the  effect  of  combining  the  decreasing  ripple  arising 
with  a simple  inductor  filter  and  the  increasing  ripple  arising  with  a 
simple  capacitor  filter  for  increasing  loads  is  a constant  ripple  inde- 
pendent  of  load. 

The  foregoing  analysis  assumes  that  a current  flows  through  the  cir- 
cuit at  all  times.  If  any  cutout  points  of  the  type  discussed  in  the  previ- 
ous section  exist,  this  analysis  is  no  longer  valid.  Consider  the  conditions 
that  exist  when  no  inductor  is  used.  As  already  found,  current  will  flow 
in  the  tube  circuit  for  a small  portion  of  the  cycle  and 
the  capacitor  will  become  charged  to  the  peak  trans- 
former voltage  in  each  cycle.  Suppose  that  a small 
inductance  is  now  inserted  in  the  line.  Although  the 
time  over  which  tube  current  will  exist  will  be  some- 
what lengthened,  cutout  may  still  occur.  As  the  value 


Fig.  19-14.  The 
tube  current  in  a 
single-phase  full- 
wave  circuit  Avhen 
an  L-section  filter 
is  used. 


of  the  inductance  is  increased,  a value  will  be  reached 
for  which  the  tube  circuit  supplies  current  to  the  load 
continuously,  and  no  cutout  occurs.  This  value  of  in- 
ductance is  referred  to  as  the  critical  inductance  Ln. 
Under  these  circumstances,  each  tube  conducts  for 
one-half  of  the  cycle,  and  the  input  voltage  to  the  filter 
circuit  has  the  form  given  by  Eq.  (19-31).  It  is  only  under  these  circum- 
stances that  the  above-developed  L-section  filter  theory  is  applicable. 

Referring  to  Fig.  19-14,  we  see  that,  if  tjm_j;ectifier  Is  ^ 
throughout  the  entire  cycle,  the  peak  (\/2  UmsO  a-c  component 

of  the  current  must  noUexceed  the" direct  current,  Idc  = Edc/RL-  There- 
fore, for  the  tube  current  to  exist  during  the  entire  cycle,  itls  necessary 
that 


U'  > V2  = 

Kl 


2Edo  1 

3 Xl 


where  use  has  been  made  of  Eq.  (19-33).  Hence, 


(19-37) 
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and  the  value  for  the  critical  inductance  is  given  by 

Rl 
Sco 

For  a 60-cps  input  frequency,  this  becomes 

j _ 


(19-38a) 


(19-386) 


where  Rl  is  expressed  in  ohms  and  Lc  is  in  henrys. 

It  must  be  remembered  that  these  values  of  critical  inductance  have 
been  based  not  upon  the  true  input  voltage  but  rather  upon  an  approxi- 
mate voltage  that  is  made  up  of 
the  d-c  term  and  the  first  a-c  har- 
monic term  in  the  Fourier  series  of 
the  true  input  voltage.  It  was 
shown  in  Sec.  19-2  that  this  ap- 
proximation introduced  very  little 
error  in  the  calculation  of  the  ripple 
factor.  However,  the  neglect  of 
the  higher  harmonic  terms  intro- 
duces an  appreciable  error  in  the 
calculation  of  the  critical  induc- 
tance.* It  is  advisable  for  conservative  design  to  increase  the  values 
of  Lc  calculaited  from  Eq.  (19-38)  by  about  25  per  cent. 

The  effect  of  the  cutout  is  illustrated  in  Fig.  19-15,  which  shows  a 
regulation  curve  of  the  system  for  constant  L and  a varying  load  resistor. 
Clearly,  when  the  current  is  zero  {Rl  is  infinite)  the  filter  is  of  the  simple 
'*  capacitor  type,  and  the  output  voltage  is  Em-  With  increasing  load  cur- 
rent, the  voltage  falls,  until  at  I = E (the  current  at  which  L = Lc)  the 
output  potential  is  that  corresponding  to  the  simple  L filter  with  no  cut- 
out, or  O.QSQEm-  For  values  of  I greater  than  /«,  the  change  in  potential 
results  from  the  effects  of  the  resistances  of  the  various  elements  of  the 
circuit. 

It  is  not  possible  to  satisfy  the  conditions  of  Eq.  (19-37)  for  all  values 
of  load,  since  at  no  load  this  would  require  an  infinite  inductance.  If 
good  voltage  regulation  is  essential,  it  is  customary  to  use  a “bleeder” 

* If  ^ represents  the  amplitude  of  the  first  a-c  term  in  the  Fourier  series  of  a wave 
and  B = Q. I A represents  the  amplitude  of  the  second  term,  then  A B = 1.1^. 
A 10  per  cent  error  is  made  if  B is  neglected  in  calculating  the  sum.  It  is  this  gen- 
eral process  that  is  involved  in  the  calculation  of  Lc.  However,  the  calculation  of  the 
ripple  factor  requires  an  evaluation  of  an  expression  of  the  form  = 

y/ A^  -h  (O.lA)^  = 1.005A.  Hence,  if  B is  neglected,  this  results  in  an  error  of  only 
0.5  per  cent. 


Tube,  transformer, 
and  choke  resistances 
neglected'..^ 


X 


-Resistances  not 
neglected 


■-^dc 


Fia.  19-15.  The  regulation  curve  of  a 
rectifier  with  an  L-section  filter. 
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resistor  in  parallel  with  the  load  so  as  to  maintain  the  conditions  of  Eq. 
(19-37),  even  if  the  useful  current  is  small. 

A more  efficient  method  than  using  a small  bleeder  resistor,  with  its 
consequent  power  dissipation,  is  to  make  use  of  the  fact  that  the  induct- 
ance of  an  iron-core  reactor  depends,  among  other  things,  upon  the  magni- 
tude of  the  direct  current  in  the  winding.  Reactors  for  which  the  in- 
ductance is  high  at  low  values  of  direct  current  and  decreases  markedly 
with  increased  direct  currents  are  called  “swinging  chokes.”  Typically, 
such  a reactor  might  have  an  inductance  which  drops  from  30  henrys  at 
zero  current  to  4 henrys  at  100  ma.  A choke  whose  inductance  is  con- 
stant at  30  henrys  requires  much  more  iron  in  order  to  avoid  saturation 
and  hence  is  bulkier  and  more  expensive  than  the  swinging  choke. 

In  designing  an  L-section  filter,  an  inductor  must  be  chosen  so  as  to 
satisfy  Eq.  (19-38)  for  the  specified  bleeder  resistor.  Then  a capacitor  is 
chosen  at  least  as  large  as  that  determined  from  Eq.  (19-36)  for  the  speci- 
fied tolerable  ripple.  If  a swinging  choke  is  used,  the  minimum  value  of  its 
inductance  must  be  used  in  the  calculation  of  the  capacitor  value  needed. 

Example.  A single-phase  full-wave  rectifier  is  to  supply  100  ma  at  350  volts  with  a 
ripple  that  must  be  less  than  10  volts.  Specify  the  elements  of  a rectifier  using  a single 
L-section  filter  that  will  provide  the  desired  results. 

Solution.  The  effective  resistance  of  the  load  is 


Rl  = Q = 3,500  ohms 

The  ripple  factor  is 

^ = iwo  = 0.0286 

According  to  Eq.  (19-385),  the  critical  inductance  for  such  a filter  is 


j 3,500  , 

Lie  — j 130  — henrys 

According  to  Eq.  (19-36),  the  product  LC  must  be  at  least  as  large  as 


j ^ 0.830 

0.0286 


29 


These  calculations  specify  the  minimum  values  of  L and  LC  that  may  be  used  to 
accomplish  the  desired  filtering.  The  actual  values  that  will  be  used  are  determined 
by  the  commercially  available  inductors  and  capacitors.  The  desirability  of  using 
standard  commercial  merchandise  is  dictated  both  by  availability  and  by  economic 
considerations. 

Since  10-henry  chokes  having  the  desired  current  rating  are  readily  available,  such 
an  inductor  will  be  chosen.  The  capacitor  must  therefore  be  about  3 /if-  Since  a 
4-Mf  capacitor  is  readily  available  commercially,  it  will  be  chosen. 

A search  through  a tube  manual  reveals  several  rectifier  tubes  having  the  proper 
ratings.  One  such  tube  is  the  5Y3-GT  with  a maximum  d-c  output  current  rating  of 
125  ma,  a maximum  plate  voltage  per  plate  of  500  volts  rms,  and  a peak  inverse  volt- 
age of  1,400  volts.  The  plate  characteristic  of  this  tube  (Fig.  A9-5)  shows  that  the 
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tube  voltage  is  50  volts  at  100  ma,  corresponding  to  a resistance  of  approximately 
500  ohms. 

The  resistance  of  a 10-henry  choke  capable  of  carrying  100  ma  is  found  in  a manu- 
facturer’s catalogue.  A reasonable  value  is  200  ohms.  Similarly,  a reasonable  value 
for  the  transformer  resistance  is  200  ohms.  Hence  the  total  resistance  in  series  with 
the  inductor  is  = 500  -f  200  -|-  200  = 900  ohms.  From  Eq.  (19-32)  the  peak  trans- 
former voltage  is 


^ (Edc  + IdcR)  = I [350  + (0.1)(900)]  = 690  volts 


and 


Erms 


^ = 488  volts 

V2 


A stock  transformer  would  be  purchased  whose  current  rating  is  at  least  100  ma  and 
whose  voltage  to  center  tap  is  close  to  488  volts,  say  500  volts.  If  the  exact  value  of 
choke  and  transformer  resistances  were  known,  a more  accurate  calculation  of  the 
transformer  voltage  needed  could  be  made. 

The  peak  inverse  voltage  is  2Em  = (2)  (690)  = 1,380  volts.  Since  the  rated  peak 
inverse  voltage  of  the  5Y3-GT  tube  is  1,400  volts,  it  is  safe  to  use  this  tube  in  this 
application. 

If  the  load  should  be  removed  accidentally,  the  circuit  will  behave  as  if  it  has  a 
capacitor  input  filter  and  the  voltage  will  rise  to  the  peak  transformer  voltage  to  center 
tap  or  to  690  volts.  Hence  the  insulation  rating  of  the  filament  heating  transformer 
should  be  at  least  this  high. 

The  inequalities  used  in  the  derivation  of  the  expression  for  the  ripple  factor  will  now 
be  checked.  Rl  = 3,500;  Xl  = 47r/L  = 7,540;  and  Xc  = = 332  ohms. 

Hence  Xc  «.  Rl,  Xl^  Xc,  thus  verifying  the  inequalities  assumed. 


19-6.  Multiple  L-section  Filters.  The  filtering  may  be  made  much 
more  complete  through  the  use  of  two  L-section  filters  in  cascade,  as 
shown  in  Fig.  19-16.  An  approximate  ^ ^ 

solution  that  is  sufficiently  accurate  for 
practical  purposes  can  be  obtained  by  pro- 
ceeding according  to  the  development  in 
Sec.  19-5. 

It  is  assumed  that  the  reactances  of  all 


o — ^ t ° 


>-Rr 


Bi 

Fig.  19-16.  A multiple  (two-sec- 
tion) L-section  filter. 


the  chokes  are  much  larger  than  the  react- 
ances of  the  capacitors.  Also,  it  is  as- 
sumed that  the  reactance  of  the  last  capacitor  is  small  compared  with  the 
resi stamie~(TFTh'eToa.d . Under  these  circumstances,  the  impedance  between 
A3  and  53  is  effectively  Xc^.  The  impedance  between  A2  and  B2  is 
effectively  Xc„  and  the  impedance  between  Ai  and  Bi  is  effectively  X/,,. 
The  alternating  current  /i  is  approximately 


2- 


Ix  = 


V^Edo  1 


3 Xi, 
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The  a-c  voltage  across  Ci  is  approximately 


The  alternating  current  /2  is  approximately 


The  a-c  voltage  across  the  load  is  approximately 

T V _ j Xc^Xci  _ \/2  Edc  Xc,  Xci 

^ ^ V'  Q V"  V" 

^ Z-2  ^ ^ La  ^ Li 

The  ripple  factor  is  given  by  dividing  this  expression  by  Edc.  Hence 

r~  . AT  V V Secne/D 


\/2  Xc,  Xc 


1.  : 
J 


(_■  3 j 

A comparison  of  this  equation  with  Eq.  (19-35)  indicates  the  generali- 
zation which  should  be  made  in  order  to  obtain  an  expression  valid  for 
any  number  of  sections.  For  example,  a multiple  L filter  of  n similar 
sections  has  a ripple  factor  that  is  given  by 

~ ^ (^y  = ^ i 1 (19.40) 

I 3 VxJ  3 (16ir*fiC)“_J  uaw; 

For  a multiple  L filter  of  n similar  sections,  the  product  LC  for  a speci- 
fied ripple  factor  may  be  evaluated  from  Eq.  (19-40).  The  result  is,  at 
60  cps, 


(19-39) 


LC  = 1.76 


(0^)' 


(19-41) 


To  the  approximation  that  the  impedance  between  Ai  and  Bi  is  simply 
Xl„  the  critical  inductance  is  the  same  for  the  first  inductor ~dr a multi- 

section  filter  as^  for  a single-SfictioiLauiit. 
The  remaining  inductors  may  have  any 
values,  since  they  play  no  part  in  deter- 
mining the  cutout  condition. 

^ 19-7.  n -section  Filters.  A very  smooth 

Fm.  19-17.  n-,ecto  filter.  ““-y  obtained  by  using  a filter 

that  consists  of  two  capacitors  separated 
by  an  inductor,  as  shown  in  Fig.  19-17.  Such  filters  are  characterized 
by  highly  peaked  tube  currents  and  by  poor  regulation  as  for  the  simple 
capacitor  input  filter.  They  are  used  if,  for  a given  transformer,  higher 
voltage  than  can  be  obtained  from  an  L-section  filter  is  needed  and  if  lower 
ripple  than  can  be  obtained  from  a simple  capacitor  or  an  L-section  filter 
is  desired. 
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The  action  of  a Il-section  filter  can  best  be  understood  by  considering 
the  inductor  and  the  second  capacitor  as  an  L-section  filter  that  acts  upon 
the  triangular  output-voltage  wave  from  the  first  capacitor.  The  out- 
put potential  is  then  approximately  that  from  the  input  capacitor  lEq. 
(19-26)],  decreased  by  the  d-c  voltage  drop  in  the  inductor.  The  ripple 
contained  in  this  output  is  reduced  by  the  L-section  filter. 

The  ripple  voltage  c£in  be  calculated  by  analyzing  the  triangular  wave 
of  Fig.  19-10  into  a Fourier  series  and  then  multiplying  each  component 
by  XcJXl^  for  this  harmonic.  This  leads  to  rather  involved  expressions. 
x4.n  upper  limit  to  the  ripple  can,  however,  be  more  easily  obtained.  If 
it  is  assumed  that  cutout  takes  place  for  the  entire  half  cycle  (for  a full- 
wave  rectifier),  then  Fig.  19-10  becomes  a triangular  wave  with  vertical 
sides.  The  Fourier  analysis  of  this  wave  form  is  given  by 


- J,  r 


„ {E\  / . ^ , sin  4a)^  , sin  6a)^  \ 

e ^ Edc  - { -- ) (sin  ^ ^ 3 ‘ (19-42) 

From  Eq.  (19-23),  Er  = IdoT'i/C^  and  since  it  has  now  been  assumed  that 
Ti  = T /2,  this  reduces  to 

IP  ^ dc^  ^ dc 


The  rms  second  harmonic  voltage  is 


E/  = 


Er 


IT  V2  27r/C  ^/2 


= IdcXc 


(19-43) 


where  Xc  is  the  reactance  of  C at  the  second  harmonic  frequency. 

A second  method  of  obtaining  the  same  result,  due  to  Arguimbau,'*  is 
instructive.  If  the  instantaneous  current  to  the  filter  is  f,  then  the  rms 
second  harmonic  current  1 2 is  given  by  the  Fourier  component 

1 

^/2  I2  = - \ i cos  2a  da 
TT  Jo 


The  current  i is  in  the  form  of  pulses  near  the  peak  value  of  the  cosine 
curve,  and  hence  not  too  great  an  error  is  made  by  replacing  cos  2q;  by 
unity.  Since  the  maximum  value  of  the  cosine  is  unity,  this  will  give  the 
maximum  possible  value  of  IJ ■ Thus, 


1 

\/2  I2  ^ - / i da  — 21  dc 
TT  jo 


I dc  — 


1 r 

27r  jo 


i da 


because,  by  definition, 
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Hence,  the  upper  limit  of  the  rms  second  harmonic  voltage  is 

E2'  = 1 2X0  — "V^  IdcXc 


which  agrees  with  the  first  method  of  analysis  in  which  it  was  assumed 
that  the  cutout  took  place  over  the  complete  half  cycle.  If  this  were  true, 
then  the  charging  current  could  exist  only  for  an  infinitesimally  small  time 
near  the  peak  of  the  input  voltage  or  at  the  points  for  which  cos  2q;  = 1. 
This  shows  the  consistency  of  the  two  methods  of  attack. 

The  voltage  E2'  is  impressed  on  an  L section,  and  by  using  the  same 
logic  as  in  Sec.  19-5  the  output  ripple  is  E^XcjXLy  Hence,  the  ripple 
factor  is 


r-- 


r = 


E^ 


\/2  /, 


E, 


E. 


dcXc  Xci 


dc 


Ri 


Lx 


(19-44) 


where  all  reactances  are  calculated  at  the  second  harmonic  frequency. 
This  expression  gives  the  second  harmonic  ripple  but,  just  as  for  the 
simple  inductor  filter,  very  little  error  is  made  in  neglecting  the  higher 
harmonics,  and  we  may  consider  this  as  the  total  ripple. 

For  60  CPS  Eq.  (19-44)  reduces  to 

U;  0 • 

(19-45) 


3,300 


CCiLiRl 


where  the  capacitances  are  in  microfarads,  the  inductances  in  henrys,  and 
the  resistances  in  ohms. 


If  the  n section  is  followed  by  an  L section  whose  parameters  are  L2 

and  C2,  then  the  above  reasoning  leads  to  the  expression 
, — -q 


r 


r" 


Xc  Xc,  Xc, 


Rl  Xl 


Xj 


(19-46) 


\ 


This  analysis  can  be  extended  in  an  obvious  fashion  to  include  any  num- 
|:)er  of  sections. 

' Tf  a half-wave  circuit  is  used,  then  it  can  be  shown  that,  Egs.  119-441 
and  (19-46)  are  still  valid  provided  that  all  reactances  are  calculated  at 
the  fundamental  instead  of  the  second  harmonic  frequent  Thus,  for  a 
single  ll  section,  the  halt-wave  ripple  is  eight  times  that  for  a full- wave 
circuit.  The  d-c  output  voltage  is  that  corresponding  to  the  half-wave 
simple  capacitor  filter  [Eq.  (19-30)],  minus  the  d-c  voltage  drop  in  the 
inductor. 


Example.  Design  a power  supply  using  a Il-section  filter  to  give  d-c  output  of  250 
volts  at  50  ma  with  a ripple  factor  not  to  exceed  0.01  per  cent. 

Solution.  The  load  resistance  \s  Rl  = 250/(50  X 10“®)  = 5,000  ohms. 

From  Eq.  (19-45),  with  C = Ui,  r = 3,300/C®Li2i  or 


= 


3,300 

lO--^  X 5,000 


6,600 
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There  is  no  unique  way  of  solving  this  equation  for  C and  L.  A reasonable  commer- 
cially available  value  of  L will  be  chosen,  and  then  C will  be  calculated.  The  Thordar- 
son  choke  type  T20C53  has  an  inductance  of  20  henrys  at  50  ma.  Its  d-c  resistance  is 
375  ohms.  If  this  is  used,  then  the  corresponding  capacitors  required  have  values 


C = 


/6,600y 

\ 20  ; 


= 18.1  ixi 


Electrolytic  capacitors  are  available  in  this  range.  For  example,  the  Cornell- 
Dubilier  type  BR  2045  has  a rating  of  20  fxi  at  450  volts  d-c  and  would  be  suitable. 

The  d-c  voltage  drop  in  the  choke  is  (50  X 10“^)  (375)  = 19  volts.  Hence,  the  d-c 
voltage  across  the  first  capacitor  is  250  4-  19  = 269  volts.  The  peak  transformer 
voltage  to  center  tap  Em  is  given  by  Eq.  (19-26), 


or 


Edc  = 


Em 

1 -f-  I dc/4:fCEm 


269 


Em^  _ Em^ 

„ , 50  X 10-^  “ Em  + 10.4 

” 4 X 60  X 20  X 10-« 


Solving,  Em  = 278  and  E^^i  — Em/\/2  = 196.  Hence  a 200-0-200-volt  transformer 
would  be  used.  A suitable  tube  for  this  application  would  be  the  6X5-GT.  It  is  rated 
at  70  ma  maximum  output  current  and  a peak  inverse  voltage  of  1,250.  The  peak 
inverse  for  this  circuit  is  2Em  = 556,  which  is  well  within  the  tube  rating. 


19-8.  n -section  Filter  with  a Resistor  Replacing  the  Inductor.  This 
type  of  filter  is  analyzed  in  the  same  manner  as  above.  The  d-c  output  is 
the  value  given  in  Eq.  (19-26)  for  a simple  capacitor  filter  minus  the  hrR 
drbpj^the  resistoE  ihe  ripple  factor  is  given  by  Eq.  (19-44)  with  Xl 
replaced  by  R.  Thus,  for  a single  section 


= V2 


Rl  r 


(19-47) 


Hence,  if  the  resistor  R is  chosen  equal  to  the  reactance  of  the  choke  whioh 
it  replaces,  the  ripple  remains  unchanged.  Since  this  means  a saving  in 
the~expense,  weight,  and  space  ot  the  choke,  it  is  desirable  to  use  the 
resistor  wherever  possible.  Such  a replacement  of  a resistor  for  an  induc- 
tor is  often  practical  only  for  low-current  power  supplies.  Thus,  for 
example,  if  in  a full-wave  circuit  with  an  output  current  of  100  ma,  a 
20-henry  choke  is  to  be  replaced  by  a resistor  to  give  the  same  ripple, 
its  value  must  be  = Xz,  = 47r/L  = 15,000  ohms.  The  voltage  drop  in 
this  resistor  would  be  (15,000) (0.1)  = 1,500  volts!  The  d-c  power  dissi- 
pated would  be  Idc^R  = (0.1)^(15,000)  = 150  watts!  Hence  such  a 
substitution  would  not  be  a sensible  one.  However,  if  the  rectifier  is 
to  furnish  only  10  ma  (perhaps  for  a cathode-ray-tube  supply)  then  the 
drop  in  the  resistor  is  only  150  volts  and  the  power  loss  in  this  resistor  is 
1.5  watts.  The  resistor  rather  than  the  inductor  should  be  used  in  such 
an  application. 
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Since  very  large  capacitances  (100  lii  or  more)  are  now  available,  the 
n-section  filter  with  a resistor  replacing  the  inductor  is  becoming  quite 
popular  even  for  high  current  supplies.  Consider,  for  example,  a load 
current  of  100  ma  at  300  volts.  If  = 100  ohms,  the  drop  in  this  resis- 
tor is  10  volts  and  the  power  loss  is  1 watt,  which  are  reasonable  values. 
The  load  resistance  is  Rl  = 3,000  ohms.  If  two  lOO-juf  capacitors  are 
used,  then  we  calculate  from  Eq.  (19-47)  that  the  ripple  is  0.083  per  cent, 
which  may  be  satisfactory  for  some  purposes. 

19-9.  Summary  of  Filters.  Table  19-1  contains  a compilation  of  the 
more  important  information  relating  to  the  various  types  of  filters,  when 
used  with  single-phase  full-wave  circuits.  In  all  cases,  tube,  transformer, 
and  filter-element  resistances  are  considered  negligible,  and  a 60-cycle 
power  line  is  assumed.  C is  expressed  in  farads,  L in  henrys,  and  R in 
ohms. 


TABLE  19-1 

SUMMARY  OF  FILTER  INFORMATION 


Filter 

None 

L 

C 

L section 

n section 

Edc — no  load 

0.636E,„ 

0.636£?,„ 

Em 

Em 

Em 

Edo — load  Ido 

0.636F„, 

0 . 636Fto 

Em 

1 , Ido 

^ ‘mCEm 

0 . OSGE'm 

Em 

1 -F 

^ 2AQCEm 

Ripple  factor  r 

0.48 

Rl 

i dc 

0.83  X 10-6 

3,330  X 10-‘2 

1,600L 

^l&CEm 

LC 

CCiLiRl 

Peak  inverse 

2E„ 

2E„ 

2Em 

2Em 

2Em 

19-10.  Regulated  Power  Supplies.  An  unregulated  power  supply  con- 
sists of  a transformer,  a rectifier,  and  a filter.  There  are  two  reasons  why 
such  a simple  system  is  not  good  enough  for  some  applications.  The 
first  is  its  poor  regulation;  the  output  voltage  is  far  from  constant  as  the 
load  varies.  The  second  is  that  the  d-c  output  voltage  varies  directly 
with  the  a-c  input.  In  many  locations  the  line  voltage  (of  nominal  value 
115  volts)  may  vary  over  as  wide  a range  as  90  to  130  volts,  and  yet  it  is 
necessary  that  the  d-c  voltage  remain  essentially  constant.  An  electronic 
feedback  or  control  circuit  is  used  in  conjunction  with  an  unregulated 
power  supply  to  overcome  the  above  two  shortcomings.  Such  a system 
is  called  a regulated  power  supply. 

If  a power  supply  has  poor  regulation  it  possesses  a high  internal 
impedance.  This  difficulty  ihay  be  avoided  by  using  a cathode  follower 
to  convert  from  high  to  low  internal  impedance.  Refer  to  Fig.  19-18. 
If  the  internal  impedance  of  the  unregulated  supply  is  called  r,  then  the 
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output  impedance  Ro  after  the  cathode  follower  has  been  added  is,  from 
Fig.  17-66, 


Ro 


r -\-  Tp 
M + 1 


(19-48) 


A reasonable  value  of  r is  1,000  ohms  (100-volt  drop  for  each  100-ma 
change  in  load).  If  the  control  tube  is  a 6AS7  with  = 300  ohms  and 
ju  = 2,  then 


Ro  = 


1,000  + 300 
2 + 1 


= 430  ohms 


which  is  an  improvement  over  the  1,000-ohm  output  impedance  of  the 
unregulated  power  supply. 


Unregulated 
power  supply 


Regulator 


Rf. 


1 + 

\Load 


Fig.  19-18.  A cathode-follower  regulator 
for  a power  supply. 


Fig.  19-19.  Equivalent  circuit  of  Fig. 
19-18  for  calculating  the  effect  of  varia- 
tions in  a-c  input  voltage. 


Let  us  see  if  the  simple  cathode-follower  regulator  has  also  helped  to 
stabilize  the  d-c  output  voltage  against  a-c  input  changes.  If  the  change 
in  the  open-circuit  d-c  voltage  of  the  unregulated  supply  is  called  AEi  = 
then,  looking  back  into  this  supply,  the  equivalent  circuit  is  a generator 
Bi  in  series  with  a resistor  r.  Looking  into  the  plate  of  the  cathode 
follower,  the  equivalent  impedance  is  (see  Fig.  17-76)  Vp  + {p  \.)Rl 
because  is  the  cathode  resistor.  The  change  in  load  current  AIl  ^ ii 
due  to  Bi  is  found  from  the  equivalent  circuit  of  Fig.  19-19.  Thus 


Bi 

r + Tj,  + (p  -t-  1)Rl 


(19-49) 


The  voltagB  stabilization  ratio  S is  defined  as  the  ratio  of  the  volt- 
age change  e*  of  the  unregulated  power  supply  to  the  voltage  change 
AEo  = Bo  = IlRl  of  the  regulated  power  supply.  Thus 


(19-50) 


The  larger  the  numerical  value  of  S,  the  better  the  stability.  The  input 
voltage  change  may  be  due  to  a change  in  a-c  line  voltage  or  may  be 
ripple  due  to  inadequate  filtering. 

For  a simple  cathode-follower  regulator  it  follows  from  Eq.  (19-49)  that 


S = 


r 4-  rp  + (p  + l)i^z, 


= /X  4-  1 + 


r + Tp 

Rl 


(19-51) 


Rl 
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For  a 6AS7,  ju  = 2 and  = 300.  For  r = 1,000  and  Rl  = 3,000  ohms 
(300  volts  at  100  ma),  then  /S  = 2 + 1 + 1,300/3,000  = 3.3.  This 
means  that  a 1-volt  change  in  d-c  voltage  at  the  unregulated  side  becomes 
only  a ^-volt  change  at  the  regulated  output. 

The  physical  reason  for  the  improvement  noted  above  lies  in  the  fact 
that  a large  fraction  of  any  increase  in  input  voltage  appears  across  the 
control  tube  so  that  the  output  voltage  tries  to  remain  constant.  If  the 
input  increases,  the  output  must  also  increase  (but  to  a much  smaller 
extent),  because  it  is  this  increase  in  output  that  acts  to  bias  the  control 
tube  more  negatively.  This  additional  bias  causes  an  increase  in  plate- 

to-cathode  voltage  which  tends  to 
compensate  for  the  increased  input. 

From  the  above  explanation  it  fol- 
lows that  if  the  change  in  output 
were  amplified  before  being  applied 
to  the  control  tube  better  stabiliza- 
tion would  result.  The  improve- 
ment will  be  demonstrated  with 
reference  to  Fig.  19-20.  An  approx- 
imate expression  for  S (sufficiently 
accurate  for  most  applications)  is 
obtained  as  follows:  The  input  volt- 
age change  €{  is  very  much  larger 
than  the  output  change  Co.  If  Co  is  very  small,  then  the  change  in  cur- 
rent is  very  small.  Hence,  to  a first  approximation  we  can  neglect 
the  current  change,  and  the  a-c  voltage  across  r may  be  taken  as  zero. 
Furthermore,  from  the  definition  of  /x  it  follows  that  the  change  in  plate 
voltage  across  the  control  tube  is  m times  the  change  in  grid  voltage. 
If  jS  is  the  fraction  of  the  output  voltage  Co  fed  to  the  grid  of  the  amplifier 
Ti,  the  output  of  the  amplifier  is  A i/Sco,  where  A i is  the  magnitude  of  the 
amplification  of  T\.  Since  the  amplifier  output  is  approximately  the 
grid-to-cathode  voltage  of  T2,  then  the  plate-to-cathode  voltage  of  T-i  is 
UiAi^eo.  This  voltage  is  approximately  equal  to  e^.  Hence 


Unregul- 

ated 

power 

supply 


Regulator 


_ ^Contra! 
tube 


Load 


Fig.  19-20.  A regulated  power  supply 
obtained  by  adding  an  amplifier  to  the 
circuit  of  Fig.  19-18. 


S = ^ (19-52) 

For  a single-pentode  amplifier  an  amplification  of  150  is  reasonable.  If 
iS  ==  0.5  and  fj,2  = 2,  then  S = 150  so  that  any  input  voltage  change  is 
divided  by  150  before  it  appears  at  the  output.  This  value  represents  a 
very  considerable  improvement  over  that  obtained  with  the  simple  cath- 
ode follower. 

To  find  the  output  impedance  of  the  power  supply,  assume  a voltage  Co 
applied  to  the  output  (with  = 0)  and  find  the  current  io  drawn  from  Co. 


POWER  SUPPLIES 


523 


The  current  in  Rs  may  be  neglected  because  is  very  high  1 megohm) 
compared  with  the  output  impedance  (=  10  ohms) . From  the  equivalent 
circuit  of  Fig.  19-21  we  have 
— Co  + ^260*2  + 'io{f'p2  + r)  = 0 (19-53) 

Since 

60*2  = — di/Sco  (19-54) 

where  Ai  is  the  magnitude  of  the  ampli- 
fication of  T i,  then  Fig.  19-21.  Equivalent  circuit  for 

(1  + = i,{r„  + r)  (19-55) 

Because  M2-4i/3  = *S  I,  then  the  output  impedance  Ro  = CoAo is  given  by 

Ro  = (19-56) 


For  the  numerical  values  used  above,  Vp^  = 300  ohms,  r = 1,000  ohms, 
and  S = 150,  we  find  Ro  ~ 1,300/150  — 8.7  ohms,  which  should  be  com- 
pared with  the  value  of  430  ohms  for  the  cathode-follower  regulator. 

Sometimes  it  is  necessary  to  connect  Rs  to  the  input  (unregulated) 
side  of  the  power  supply  in  order  to  maintain  adequate  gain  of  Ti  as  the 
grid-to-cathode  voltage  of  T2  approaches  zero.  The  voltage  stabilization 
will  now  be  calculated  for  such  a connection.  The  plate  of  Ti  drops  an 
amount  ^AiBo  because  of  Co,  as  noted  above,  and  rises  an  amount  yCi, 
where  7 = r^i/ (fpi  A-  Rs)  because  of  c*.  Hence,  the  grid  of  T2  which  is 
tied  to  the  plate  of  Ti  drops  an  amount  ^AiBo  — yc,.  The  plate-to-cath- 
ode  voltage  of  T2  changes  times  as  much  (the  small  change  in  output 
voltage  at  the  cathode  of  T2  is  neglected).  Hence 


and 


Bi  = fX2{0AiBo  — jBi) 


(19-57) 


1128  A I 
1 + M2T 


(19-58) 


This  connection  gives  a smaller  stabilization  ratio  (perhaps  by  a factor 
of  2)  than  that  considered  above  with  Rs  connected  to  the  output  side 
[compare  with  Eq.  (19-52)].  The  gain  .Ai  is  somewhat  higher  when  Rs  is 
connected  to  the  input  side  because  of  the  higher  input  voltage  and 
correspondingly  higher  quiescent  current. 

The  output  impedance  with  Rs  connected  to  the  input  side  is  found 
to  be  given  approximately  by  Eq.  (19-56),  and  hence  if  S is  half  as  large 
with  Rs  on  the  input  side  then  Ro  is  now  twice  as  large. 

A practical  form  of  an  electronic  regulated  power  supply  is  indicated  in 
Fig.  19-22.  Specific  numerical  values  for  components  and  voltages  are 
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available  in  the  literature.®  The  important  components  in  the  circuit 
will  now  be  discussed. 

1.  The  reference  voltage,  which  in  the  preceding  diagrams  was  shown 
as  a battery,  is  usually  a VR  tube  (Sec.  13-12)  connected  to  the  regulated 
output  through  a dropping  resistor.  This  resistor  is  picked  so  that  the 
tube  current  is  in  the  normal-glow  region.  The  0.1-)uf  capacitor  across 
the  VR  tube  tends  to  prevent  high-frequency  oscillations.  The  most 
stable  reference  tube  available  is  the  5651. 

2.  The  amplifier  must  have  high  gain,  and  hence  a pentode  (6AK5, 
6SJ7,  6SH7)  is  used.  If  better  stabilization  is  desired,  a multistage 
direct-coupled  difference  amplifier  is  used. 


Control  tubes 
[6AS7) 


Fig.  19-22.  A complete  regulated  power  supply. 


3.  The  control  tube  must  pass  all  the  load  current.  If  the  rating  of  a 
single  tube  is  exceeded,  several  tubes  arq  connected  in  parallel.  Two  are 
indicated  in  Fig.  19-22.  The  small  resistors  in  series  with  the  cathodes 
of  the  control  tubes  tend  to  equalize  the  currents  drawn  by  these  tubes. 
The  small  resistors  in  series  with  the  grids  tend  to  suppress  parasitic  high- 
frequency  oscillations.  The  unregulated  voltage  must  exceed  the  regu- 
lated voltage  by  the  drop  in  the  control  tube.  Hence,  the  ideal  control 
tube  is  one  which  has  a high  perveance  so  that  it  can  supply  large  cur- 
rents at  low  voltages.  The  6AS7  has  been  designed  for  this  purpose. 
It  is  a double  triode,  each  section  of  which  is  rated  at  125  ma.  The  tube 
drop  is  less  than  40  volts  at  125  ma  and  zero  grid  voltage.  The  plate 
resistance  is  only  300  ohms.  Unfortunately  the  amplification  factor  is 
only  2,  and  a high-gain  amplifier  must  be  used  if  a large  voltage  stabili- 
zation is  to  be  obtained.  Other  tubes  suitable  for  control  tubes  are  the 
2A3,  6B4,  6L6,  6V6,  and  6Y6,  the  last  three  being  triode-connected. 

4.  The  8-/if  capacitor  across  the  output  lowers  the  a-c  output  imped- 
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ance.  It  also  prevents  the  circuit  from  oscillating  at  a high  frequency 
by  reducing  the  loop  gain  below  unity  at  that  frequency  for  which  the 
loop  phase  shift  is  zero. 

5.  The  potentiometer  controls  the  value  of  the  d-c  output  voltage  at 
some  definite  current,  say  100  ma.  Thus,  the  output  voltage  may  be  set 
at  some  specific  value,  say  300  volts.  The  limits  are  set  by  the  fact  that 
if  the  potentiometer  is  too  far  to  one  end  grid  current  will  be  drawn  and 
if  it  is  too  far  to  the  other  end  the  tube  may  be  cut  off. 

6.  The  0.1-juf  capacitor  from  the  output  terminal  to  the  center  of  the 
potentiometer  gives  improved  stabilization  for  fast  changes  in  input  volt- 
age or  lowered  output  impedance  for  fast  changes  in  load.  The  reason 


Fig.  19-23.  A semiconductor  regulated  power  supply. 


for  this  improvement  is  that  the  voltage  across  a capacitor  cannot  change 
instantaneously.  Hence,  for  a fast  change  in  output  voltage  this  voltage 
appears  instantaneously  from  the  grid  of  the  amplifier  to  ground.  In 
other  words,  /3  = 1 for  fast  changes.  On  the  other  hand,  if  the  potenti- 
ometer is  set  at  its  center  value,  /3  = 0.5  for  slow  changes.  As  a result, 
for  example,  the  120-cycle  ripple  from  the  power  supply  is  cut  in  half 
by  the  addition  of  the  0.1-^tf  capacitor. 

19-11.  Semiconductor  Regulated  Power  Supplies.®  The  vacuum-tube 
regulated  supplies  described  in  the  preceding  section  are  usually  used  in 
the  approximate  range  of  150  to  500  volts  and  50  to  200  ma.  A semi- 
conductor power  supply  takes  less  space;  is  lighter;  is  more  efficient;  is 
more  rugged;  and  has  a longer  life  than  its  vacuum-tube  counterpart, 
particularly  at  lower  voltages  and/or  higher  currents  than  those  specified 
above. 

In  its  basic  form  the  semiconductor  regulated  power  supply  is  very 
similar  to  the  vacuum-tube  circuit  of  Fig.  19-20.  The  control  device  and 
the  amplifier  are  each  replaced  by  a transistor,  and  the  reference  voltage 
is  now  obtained  from  a Zener  breakdown  diode.  A circuit  using  n-p-n 
transistors  is  indicated  in  Fig.  19-23.  The  circuit  may  also  be  designed 
with  p-n-p  transistors  provided  that  the  control  transistor  T2  is  placed  in 
series  with  the  negative  terminal  of  the  unregulated  power  supply.  It  is 
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also  possiblo  to  uso  complGnioiitary  transistors  to  pGrform  tho  control  and 
the  amplifying  functions.  For  example,  if  a series  p-n-p  transistor  is  used 
in  Fig.  19-23,  then  the  collector  and  emitter  of  the  control  transistor  T2 
must  be  interchanged. 
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PROBABLE  VALUES  OF  GENERAL 
PHYSICAL  CONSTANTS* 


Constant 

Symbol 

Value 

Electronic  charge 

1.602  X 10~i®  coulomb 

9.1085  X 10-31  kg 

1.759  X 10*^  coulombs /kg 

1.660  X 10-27  kg 

1.672  X 10-27  kg 

1,836.1 

6.625  X 10~3i  joule-sec 

1.380  X 10-23  joule/°K 

5.669  X 10-8watt/(m2)(°K0 
6.025  X 1023  molecules/mole 
8.317  joules/(deg)(mole) 
2.998  X 10®  m/sec 

96,520  coulombs 

2.2421  X 10-2  m3 

4.1855  joules /cal 

9.807  m/sec2 

Electronic  mass 

Ratio  of  charge  to  mass  of  an  electron 

e/tn 

Mass  of  atom  of  unit  atomic  weight  (hypo- 
thetical)   

Mass  of  proton 

Ml 

Ratio  of  proton  to  electron  mass 

Ml/m 

h 

Planck’s  constant 

Boltzmann  constant 

k 

Stefan-Boltzmann  constant 

Avogadro’s  number 

No 

Gas  constant 

R 

Velocity  of  light 

Faraday’s  constant 

Fo 

Volume  per  mole 

Mechanical  equivalent  of  heat 

Acceleration  of  gravity 

9 

* R.  T.  Birge,  “A  New  Table  of  Values  of  the  General  Physical  Constants,”  Eevs. 
Mod.  Phys.,  13,  233-239,  October,  1941. 

E.  R.  Cohen  and  J.  W.  M.  Du  Mond,  “Least-squares  Adjustment  of  the  Atomic 
Constants,  1952,”  Revs.  Mod.  Phys.,  26,  691-708,  July,  1953. 
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CONVERSION  FACTORS 


1 ampere 

= 3 X 10®  statamp 
= yV  abamp 

1 coulomb 

= 3 X 10®  statcoulombs 
= yV  abcoulomb 

1 volt 

= statvolt 

= 10®  ab volts 

1 electron  volt 

= 1.60  X 10^1®  joule 

1 weber 

= 10®  maxwells 

1 weber  per  square  meter 

= 10^  gauss 

1 tesla 

= 1 weber /m® 

1 milliweber  per  square  meter 

= 10  gauss 

1 picofarad 

= 1 JU/if 
= 10"^®  farad 

1 farad 

= 9 X 10“  statfarads 
= 10~®  abfarad 

1 angstrom  unit 

= 10“*  cm 

1 micron 

= 10-^  cm 

1 atmosphere  pressure 

= 76.0  cm  Hg 

1 inch 

= 2.64  cm 
= 10®  mils 

1 foot 

= 0.305  m 

1 gram  force 

= 980.6  dynes 

1 gram-calorie 

= 4.185  joules 

1 joule 

= 10^  ergs 
= 1 watt-sec 

1 kilogram 

= 10®  g 

= 2.205  lb 

1 liter 

= 10®  cm® 

1 lumen  per  square  foot 

= 1 ft-c 

1 meter 

= 100  cm 
= 39.37  in. 

1 mile 

= 5,280  ft 
= 1.609  km 

1 mile  per  hour 

= 0.447  m/sec 

1 pound 

= 453.6  g 

1 radian 

= 57.3° 
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♦The  number  to  the  right  of  the  symbol  for  the  element  gives  the  atomic  number. 
The  number  below  the  symbol  for  the  element  gives  the  atomic  weight. 

This  table  does  not  include  the  synthetically  produced  elements  above  92. 
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THE  MKS  SYSTEM 


Quantity 

Symbol 

Unit 

Displacement 

y,  2 

meters 

Mass 

m 

kilograms 

Time 

1 

seconds 

Force 

f 

newtons 

Velocity 

V 

meters/second 

Power 

P 

watts 

Energy 

W 

joules 

Electric  charge 

9 

coulombs 

Displacement  flux  density 

D 

coulombs/square  meter 

Potential 

V 

volts 

Current 

I 

amperes 

Electric-field  intensity 

e 

volts/meter 

Charge  density 

p 

coulombs/cubic  meter 

Current  densitj" 

j 

amperes /square  meter 

Magnetomotive  force 

amperes 

Magnetic-field  intensity 

H 

amperes/meter 

Magnetic  flux 

webers 

Magnetic-flux  density 

B 

webers/square  meter 

Resistance 

R 

ohms 

Capacitance 

C 

farads 

Inductance 

L 

henrys 

Permeability  of  free  space 

MO 

Air  X 10~^  henry /meter 

36.  X 

Permittivity  of  free  space 

to 
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POISSON’S  EQUATION 


The  ease  with  which  certain  problems  in  electrostatics  can  be  solved 
depends  upon  the  method  of  analysis.  For  example,  if  it  is  desired  to 
find  the  potential  at  any  point  in  space  resulting  from  a given  configu- 
ration of  discrete  point  charges,  we  would  use  Coulomb’s  law.  In  this 
case  the  electrostatic  potential  is  given  by 

Q 

47rer 

all  charges 

where  q is  the  magnitude  of  each  charge  (in  coulombs),  r is  the  correspond- 
ing distance  (in  meters)  from  the  charge  to  the  point  at  which  the  poten- 
tial is  desired,  and  e is  the  permittivity  of  the  medium  (in  farads  per 
meter).  If  the  number  of  charges  is  so  large  that  they  may  be  considered 
to  form  a practically  continuous  distribution  of  charge,  it  is  more  con- 
venient to  discuss  the  problem  in  terms  of  Gauss’s  law,  which  relates  the 
total  number  of  lines  of  electric  flux  emanating  from  a given  volume  of 
charge  with  the  total  charge  contained  within  the  volume.  It  is  assumed 
that  the  reader  is  familiar  with  this  law  from  elementary  electrostatic 
theory. 

In  some  cases  a slightly  different  mathematical  form  of  Gauss’s  law  is 
found  useful.  This  is  Poisson’s  equation,  which  is  not  so  well  known  as 
either  Coulomb’s  law  or  Gauss’s  law.  Actually,  however,  Poisson’s  equa- 
tion is  nothing  more  than  an  analytical  expression  relating  the  potential 
as  a function  of  the  distance  in  the  region  of  free  charges.  It  is,  in  fact, 
simply  Gauss’s  law  stated  in  differential  form,  as  will  be  evident  from  the 
following  derivation. 

Consider  the  region  between  infinite  plane-parallel  electrodes,  the 
coordinate  axes  being  chosen  as  illustrated  in  Fig.  A5-1.  The  X axis  is 
normal  to  the  plates.  Assume  that  a positive  space-charge  density  p exists 
in  the  region  between  the  plates.  Since  the  electrodes  are  assumed  to  be 
infinite  in  extent,  the  density  of  free  charge  in  the  region  between  the 
plates  will  vary  only  along  the  X direction.  The  number  of  lines  of  elec- 
tric displacement  flux  that  emanate  from  within  the  element  of  volume 
dx  dy  dz,  situated  at  the  point  P{x,  y,  z),  will  be  p dx  dy  dz  in  accordance 
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with  Gauss’s  law.  Further,  the  lines  of  electric  flux  must  be  parallel  to 
the  X axis,  for  the  electrodes  have  been  chosen  as  infinite  in  extent  in  the 
Y and  Z directions. 

The  electric-displacement  flux  density  D is  expressed  as  the  number  of 
lines  of  flux  per  square  meter.  Thus,  the  amount  of  flux  entering  the 


volume  element  through  the  left  face  is  D dy  dz.  Because  of  the  pres- 
ence of  charge  in  this  volume  element,  the  electric-field  intensity  at  the 
opposite  face  will  be  slightly  different  from  that  at  the  left  face.  By 
denoting  this  value  as  D -f  dD,  then  the  flux  leaving  the  parallelepiped  is 
{D  -f  dD)  dy  dz.  Owing  to  the  assumed  geometry  of  the  system,  the  flux 
through  the  other  pairs  of  bounding  faces  is  zero.  Hence,  the  net  number 
of  lines  of  force  arising  in  this  volume  is 

(D  4-  dD)  dy  dz  — D dy  dz  = dD  dy  dz 

Equating  this  expression  for  the  net  flux  that  arises  within  the  volume 
element  to  the  value  dictated  by  Gauss’s  law, 

dD  dy  dz  p dx  dy  dz 


which  leads  to  the  expression 


dD 

dx  ^ 


(A5-1) 


Since,  by  definition,  the  electric-field  intensity  8 is  the  negative  gradient 
of  the  potential  F,  and  since  D = e&,  then 


(A5-2) 


Then  Eq.  (A5-1)  may  be  expressed  in  the  form 

dW  _ p 
e 


This  expression  is  known  as  Poisson’s  equation. 

Of  course,  if  the  variation  of  potential  does  not  occur  in  a single  direc- 
tion only,  Eq.  (A5-2)  must  be  extended  in  order  to  take  due  account  of 
the  variations  in  both  the  Y and  the  Z directions.  The  general  form  of 
this  extended  expression,  in  practical  units,  can  be  shown,  by  a simple 
extension  of  the  foregoing  method  of  development,  to  be 


dW  dW  dW 
dx‘^ 


(A5-3) 


It  should  be  kept  strictly  in  mind  that  p,  the  volume  density  of  charge  at 
any  point  P{x,  y,  z),  may  be  either  positive  or  negative,  depending  upon 
whether  the  free  charge  density  arises  from  positive  ions  or  from  electrons. 
If  both  positive  ions  and  electrons  are  present,  then  p will  be  the  difference 
between  the  positive-ion  and  electron  densities. 

Inside  of  a vacuum  tube  e must  be  replaced  by  eo  [=  l/(367r  X 10'*) 
farad/m],  the  permittivity  of  a vacuum  in  mks  rationalized  units.  In  a 
medium  whose  dielectric  constant  (relative  to  a vacuum)  is  K,  then 

e = Keo  (A5-4) 

For  a system  possessing  cylindrical  symmetry,  in  which  the  potential  is 
a function  only  of  the  radial  distance  r outward  from  an  axis,  Poisson’s 
equation  attains  the  form 


APPENDIX  VI 


THE  CONTINUITY  EQUATION 


In  the  general  case,  the  hole  concentration  in  the  body  of  a semiconduc- 
tor is  a function  of  both  time  and  distance.  We  shall  now  derive  the 
differential  equation  which  governs  this  functional  relationship.  This 
equation  is  based  upon  the  fact  that  charge  can  be  neither  created  nor 
destroyed.  Consider  the  infinitesimal  element  of  volume  of  area  A and 
length  dx  (Fig.  A6-1)  within  which  the  average  hole  concentration  is  p. 


X x^dx 

Fig.  A6-1. 


If  Tp  is  the  mean  lifetime  of  the  holes,  then  p/xp  equals  the  holes  per 
second  lost  by  recombination  per  unit  volume.  If  e is  the  electronic 
charge,  then,  due  to  recombination, 

Loss  within  the  volume  = eA  dx  — coulombs/sec  (A6-1) 

Tp 

If  g is  the  thermal  rate  of  generation  of  hole-electron  pairs  per  unit  vol- 
ume, then 

Increase  within  the  volume  = eA  dx  g coulombs/ sec  (A6-2) 

In  general,  the  current  will  vary  with  distance  within  the  semiconductor. 
If,  as  indicated  in  Fig.  A6-1,  the  current  entering  the  volume  at  x is  7 and 
leaving  at  x dx  is  I A dl,  then 

Decrease  within  the  volume  = d7  coulombs/sec  (A6-3) 

Because  of  the  three  effects  enumerated  above,  the  hole  density  must 
change  with  time  and 

d/T) 

Increase  within  the  volume  = eA  dx  — coulombs/sec  (A6-4) 
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Since  charge  must  be  conserved,  then 

eA  dx  = —eAdx  — A-  eA  dx  g — dl  (A6-5) 

dt  Tp 

The  hole  current  is  the  sum  of  the  diffusion  current  (Eq.  3-38)  and  the 
drift  current  (Eq.  3-29),  or 

/ = -AeDp^  + ApcMpS  (A6-6) 


where  8 is  the  electric-field  intensity  within  the  volume.  If  the  semi- 
conductor is  in  thermal  equilibrium  with  its  surroundings  and  is  sub- 
jected to  no  applied  fields,  the  hole  density  will  attain  a constant  value  po- 
Under  these  conditions,  7 = 0 and  dp/dt  = 0 so  that  from  Eq.  (A6-5) 


(A6-7) 


This  equation  indicates  that  the  rate  at  which  holes  are  generated  ther- 
mally just  equals  the  rate  at  which  holes  are  lost  due  to  recombination 
under  equilibrium  conditions.  Combining  Eqs.  (A6-5),  (A6-6),  and 
(A6-7)  yields  the  equation  of  conservation  of  charge  or  the  continuity 


equation 

dp  P — Po  I n d{p&) 

dt  ~ Tp  ^ dx^  dx 


(A6-8) 


If  we  are  considering  holes  in  the  w-type  material,  then  the  subscript  n is 
added  to  p and  po-  Also,  since  p is  a function  of  both  t and  x,  partial 
derivatives  should  be  used.  Making  these  changes,  we  have  finally 


dpn  _ Pn  — Pno  , j.  d^Pn  _ d(pn8) 

~dt  ^ 7p  ^ ^ dx^  dx 


(A6-9) 


We  shall  now  consider  three  special  cases  of  the  continuity  equation. 
1.  Let  us  solve  the  ec[uation  of  continuity  subject  to  the  following  con- 
ditions: There  is  no  electric  field,  so  that  8 = 0,  and  a steady  state  has 
been  reached,  so  that  dpnfdt  = 0.  Then 

d^P«  _ Pn  ~ Pno  (A6-10) 

dx~  DpTp 


The  solution  of  this  equation  is 

Pn  - Pno  = "b  (A6-11) 

where  Ki  and  are  constants  of  integration  and 


Lp  pT  p 


(A6-12) 
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This  solution  may  be  verified  by  a direct  substitution  of  Eq.  (A6-11)  into 
Eq.  (A6-10).  Consider  a very  long  piece  of  semiconductor  extending  in 
the  positive  X direction  from  x = 0.  Since  the  concentration  cannot 
become  infinite  as  a:  oo , then  K2  must  be  zero.  The  quantity 

by  which  the  density  exceeds  the  thermal-equilibrium  value  is  called  the 
injected  concentration  Pn.  We  shall  assume  that  at  x = 0,  Pn  = Pn(0). 
In  order  to  satisfy  this  boundary  condition,  Ki  =-  P„(0).  Hence 

Pn{x)  = Pn  - Pno  = Pn{.0)e-^^^^  (A6-13) 

We  see  that  the  quantity  Lp  (called  the  diffusion  length  for  holes)  repre- 
sents the  distance  into  the  semiconductor  at  which  the  injected  concen- 
tration falls  to  1/e  of  its  value  at  x = 0. 


Pi(O) 


a;=0 


Pn 


\dPn\  holes 
recombine  in 
the  distance  dx 


M \<-dx 
I I 

X 


Fio.  A6-2. 


The  diffusion  length  L„  may  also  be  interpreted  as  the  average  distance 
which  an  injected  hole  travels  before  recombining  with  an  electron.  This 
statement  may  be  verified  as  follows:  From  Fig.  A6-2  and  Eq.  (A6-13), 

\dPn\  = fix  (A6-14) 

Ljp 

represents  the  number  of  injected  holes  which  recombine  in  the  distance 
between  x and  x -f-  dx.  These  holes  have  traveled  a combined  distance 

x|dP„|.  Hence,  the  total  distance  covered  by  all  the  holes  is  x|dP„|. 

The  average  distance  x equals  this  total  distance  divided  by  the  total 
number  P„(0)  of  injected  holes.  Hence 


~PA0) 


Lp 


xe  dx  = Lp 


(A6-15) 


thus  confirming  that  the  mean  distance  of  travel  of  a hole  before  recombi- 
nation is  Lp. 

2.  We  shall  now  make  a second  application  of  the  continuity  equation. 
Consider  a situation  in  which  8 = 0 and  the  concentration  is  independent 
of  X.  For  example,  assume  that  radiation  falls  uniformly  over  the  sur- 
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face  of  a semiconductor  and  raises  the  concentration  above  the  thermal- 
equilibrium  value.  At  ^ = 0 the  illumination  is  removed.  How  does  the 
concentration  vary  with  time?  The  answer  to  this  query  is  obtained 
from  Eq.  (A6-9),  which  now  reduces  to 

dpn  _ Pn  — Pno 
(it  Tp 

The  solution  of  this  equation  is 

Pn  — Pno  = 

where  S is  the  injected  concentration  due  to  the  external  source.  We 
now  see  that  the  mean  lifetime  of  the  holes  Tp  can  also  be  interpreted  as 
the  time  constant  with  which  the  concentration  returns  to  its  normal 
value.  In  other  words,  Tp  is  the  time  it  takes  the  injected  concentration 
to  fall  to  1/e  of  its  initial  value. 

3.  Let  us  retain  the  restriction  8 = 0 but  assume  that  the  injected 
concentration  varies  sinusoidally  with  an  angular  frequency  co.  Then, 
in  phasor  notation, 

Pn{x,  t)  = P„(a;)e»"‘  (A6-18) 


(A6-16) 

(A6-17) 


where  the  space  dependence  of  the  injected  concentration  is  given  by 
Pn{x).  If  Eq.  (A6-18)  is  substituted  into  the  continuity  equation  (A6-9), 


the  result  is 


jooPnix) 


Pn{x)  , d^Pnix) 
" ^ dx^ 


or 

(PPn  _ 1 + joOTp  p 
'dx‘^  Lp^  ” 


(A6-19) 


where  use  has  been  made  of  Eq.  (A6-12) . At  zero  frequency  the  equation 
of  continuity  is  given  by  Eq.  (A6-10),  which  may  be  written  in  the  form 


d^Pn  _ lA 

dx"^  Lp^ 

A comparison  of  this  equation  with  Eq.  (A6-19)  shows  that  the  a-c  solu- 
tion at  frequency  a;  0 can  be  obtained  from  the  d-c  solution  (w  = 0) 
by  replacing  Lp  by  Lp(l  + io}Tp)-K  This  result  is  used  in  Sec.  11-9. 
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TUBE  AND  SEMICONDUCTOR  GRAPHICAL 
SYMBOLS* 


Gas-tube  envelope  (dot  placed  where  convenient) 

Directly  heated  cathode  or  heater 

Cold  cathode 

Indirectly  heated  cathode 

Photoelectric  cathode 

Pool  cathode  with  immersion  ignitor 
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CIRCUIT  NOTATION  CONVENTIONS 


IVIany  voltage-notation  conventions  are  found  in  texts  on  a-c  circuit 
analysis.  The  one  recommended  by  Reed  and  Lewis*  is  adopted  in  this 
text.  This  system  of  notation  has  a twofold  purpose:  (1)  that  of  relating 
the  notation  on  a circuit  diagram  with  the  instantaneous  values  of  the 
potentials  and  currents  in  the  circuit  and  (2)  that  of  relating  the  sinus- 
oidal varying  quantities  with  the  equivalent  sinorf  representations  and 
sinor  diagrams.  The  essentials  of  the  system  are  listed  below. 

1.  Arrows  are  used  to  designate  the  reference  direction  of  current  on  a 
circuit  diagram.  Positive  instantaneous  numerical  value  of  a current 
indicates  that  the  current  is  in  the  reference  direction  at  this  instant. 

2.  If  a voltage  symbol  on  a network  diagram  has  no  letter  subscript, 
a reference  polarity  is  indicated  by  a plus  sign  near  the  positive  reference 
terminal,  independent  of  the  reference  current  direction.  Positive  instan- 
taneous numerical  value  of  a voltage  indicates  that  the  reference  and 
actual  polarities  are  the  same  at  this  instant. 

3.  If  a voltage  symbol  on  a network  diagram  has  a single  letter  sub- 
script, such  as  eg,  then  this  represents  the  voltage  of  the  point  g with 
respect  to  some  reference  point  which  has  previously  been  designated. 
A positive  instantaneous  numerical  value  of  this  voltage  indicates  that 
the  point  g is  positive  with  respect  to  the  reference  point  at  this  instant. 
For  example,  if  the  reference  point  is  the  cathode,  and  if  the  symbol  g 
denotes  the  grid,  then  eg  represents  the  voltage  of  the  grid  with  respect  to 
the  cathode.  This  also  means  that  the  symbol  Cg  denotes  the  voltage  drop 
from  the  grid  to  the  cathode. 

4.  If  a voltage  symbol  on  a network  diagram  has  double  subscripts, 
such  as  egk,  this  designates  the  reference  polarity  of  that  voltage  with  a 
plus  sign  at  the  first,  or  left-hand,  subscript,  regardless  of  whether  the 

* M.  B.  Reed  and  W.  A.  Lewis,  Elec.  Eng.,  67,  41,  1948. 

t A number  of  different  terms  have  been  used  to  describe  the  rotating  line  segment, 
the  projection  of  which  generates  a sinusoid.  One  will  find  in  the  literature,  in  addi- 
tion to  the  term  “vector,”  such  terms  as  “rotating  vector,”  “complex  vector,” 
“complexor,”  “phasor,”  and  “sinor.”  These  terms  all  serve  to  emphasize  the  fact 
that  the  line  segments  under  consideration  are  not  to  represent  vectors  in  the  normal 
space  of  ordinary  vector  analysis. 
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voltage  is  that  of  a generator  or  is  that  across  a passive  element.  Thus 
the  symbol  Cgk  designates  the  voltage  of  the  point  g with  respect  to  the 
point  k,  or  egu  is  the  voltage  drop  from  point  g to  point  k. 

5.  No  separate  symbol  is  introduced  for  a voltage  rise. 

6.  A current  or  voltage  which  varies  sinusoidally  with  time  is  repre- 
sented as  a directed  line  segment  which  rotates  counterclockwise  with  the 
angular  frequency  of  the  sinusoidally  varying  quantity.  The  letter  sym- 
bols for  these  phasors  or  sinors  are  indicated  in  boldface  type.  The 


projection  of  the  tip  of  the  sinor  on  a reference  axis  is  proportional  to 
the  instantaneous  magnitude  of  the  voltage.  As  drawn  in  Fig.  A8-la, 
the  sinor  represents  a positive  voltage  of  G with  respect  to  K.  The 
symbol  Eg*  has  the  same  meaning  as  Eg,  except  that  it  states  explicitly 
that  K is  the  reference  point.  Clearly,  if  a letter  is  used  at  each  end  of 
the  sinor,  then  the  tip,  or  head,  must  be  marked  G,  and  the  tail  must  be 
marked  K,  although  there  is  no  real  need  for  the  arrowhead  in  this  case. 
As  indicated  in  Fig.  A8-16,  Egfc  represents  the  drop  in  voltage  from  the 
letter  G at  the  head  of  the  arrow  to  the  letter  K at  the  tail  of  the  arrow. 

7.  The  following  are  the  consequence  of  elementary  a-c  circuit  theory : 
The  voltage  drop  in  the  direction  of  the  current  through  a resistor  is  in 
phase  with  the  current.  The  voltage  drop  in  the  direction  of  the  current 
through  an  inductor  leads  the  current  by  90  deg.  The  voltage  drop  in  the 
direction  of  the  current  through  a capacitor  lags  the  current  by  90  deg. 
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The  relationships  for  a simple  series  circuit  containing  resistance  R and 
inductance  L are  indicated  in  Fig.  A8-2.  The  voltage  E is  usually  taken 
along  the  horizontal  axis.  The  current  I must  lag  this  voltage  by  some 
angle  6,  since  the  circuit  is  inductive.  The  voltage  drop  from  C to  B 
leads  the  current  by  90  deg.  The  voltage  drop  from  B to  A is  in  phase 
with  the  current.  In  the  usual  notation  of  complex  algebra, 

Ec6  = and  = R\ 

where  j = \/—l  and  w is  the  angular  frequency.  Kirchhoff’ s voltage  law 
yields 

Eca  Efft  Eba 

E = jcoLl  + R1 
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TUBE  AND  TRANSISTOR  CHARACTERISTICS 


The  caption  for  each  characteristic  includes  the  designations  of  tubes 
which  are  electrically  identical.  Tubes  built  for  extreme  reliability  and 
uniformity — the  so-called  “special  red  tubes”  or  “five-star  tubes” — are 
designated  by  numbers  in  the  range  from  5,000  to  7,000. 

The  6SN7  parameters  as  a function  of  the  operating  point  are  given 
in  Fig.  7-8  on  page  165. 

Some  triode  parameters  at  the  recommended  operating  point  are 
given  in  Table  7-1  on  page  165. 

For  additional  characteristics,  see  Index  under  Characteristic  tube  curves. 


Fig.  A9-1.  2N35  n-p-n  transistor.  The  2N34  is  the  p-n-p  equivalent  of  the  2N35. 
{Courtesy  of  Sylvania  Electric  Products,  Inc.) 
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Collector  current  , mo 
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Fig.  A9-3.  2N156  power  transistor.  {Courtesy  of  CBS-Hytron,  Lowell,  Mass.) 
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Fig.  A9-6.  2A3  power  triode  (6B4-G).  {Courtesy  of  General  Electric  Company.) 
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100  200  300  400  ^0 

Plate  voltage,  volts 

Fig.  A9-7.  6F6  pentode.  {Courtesy  of  RCA  Manufacturing  Company.) 
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100  200  300  400 

Plote  voltage,  volts 

Fig.  A9-9.  6SN7  positive  grid  characteristics.  {Courtesy  of  General  Electric  Company.) 


Plate  current,  mo 


TUBE  AND  TRANSISTOR  CHARACTERISTICS  549 


Plate  voltage,  volts 

Fig.  A9-10.  6L6  triode  (screen  grid  connected  to  the  plate).  {Courtesy  of  General 
Electric  Company.) 
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. 6L6  beam  power  tul 
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Fig.  A9-12.  12AT7  double  triode,  each  section  (6201).  {Courtesy  of  General  Electric 
Company.) 
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) 100  200  300  400  500 

Plate  voltoge,  volts 

Fig.  A9-13.  12AU7  double  triode,  each  section  (5814A).  {Courtesy  of  General  Electric  Company.) 
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PROBLEMS 


Chapter  1 

1-1.  a.  An  electron  is  emitted  from  a thermionic  cathode  with  a negligible  initial 
velocity  and  is  accelerated  by  a potential  of  1,000  volts.  Calculate  the  final  velocity 
of  the  particle. 

b.  Repeat  the  foregoing  for  the  case  of  a deuterium  ion  (heav}"  hydrogen  ion — atomic 
weight  2.01)  that  has  been  introduced  into  the  electric  field  with  an  initial  velocity  of 
10®  m/sec. 

1-2.  An  electron  starts  at  rest  at  the  negative  plate  of  a plane-parallel  capacitor 
across  which  is  2,000  volts.  The  distance  between  the  plates  is  3 cm. 

a.  How  long  has  the  electron  been  traveling  when  it  acquires  a speed  of  10’'  m/sec? 

b.  How  far  has  the  electron  traveled  before  it  acquires  this  speed? 

c.  What  potential  has  the  electron  fallen  through  when  it  acquires  this  speed? 

1-3.  a.  The  distance  between  the  plates  of  a plane-parallel  capacitor  is  1cm.  An 

electron  starts  at  rest  at  the  negative  plate.  If  a direct  voltage  of  1,000  volts  is 
applied,  how  long  will  it  take  the  electron  to  reach  the  positive  plate? 

b.  If  a 60-cycle  sinusoidal  voltage  of  peak  value  1,000  volts  is  applied,  how  long  will 
the  time  of  transit  be?  Assume  that  the  electron  is  released  with  zero  velocity  at  the 
instant  of  time  when  the  applied  voltage  is  passing  through  zero.  (Hint:  Expand  the 

sine  function  into  a power  series.  Thus,  sin  + 

1-4.  An  electron  starts  at  rest  at  the  bottom  of  a plane-parallel  capacitor  whose 
plates  are  5 cm  apart.  The  applied  voltage  is  zero  at  the  instant  the  electron  is 
released,  and  it  increases  linearly  from  zero  to  10  volts  in  10"’^  sec. 

a.  If  the  upper  plate  is  positive,  what  speed  will  the  electron  attain  in  0.5  X 10~^ 
sec? 

b.  Where  will  it  be  at  the  end  of  this  time? 

c.  With  what  speed  will  the  electron  strike  the  positive  plate? 

1-6.  An  electron  having  an  initial  kinetic  energy  of  10“’®  joule  at  the  surface  of  one 
of  two  parallel-plane  electrodes  and  moving  normal  to  the  surface  is  slowed  down  by 
the  retarding  field  caused  by  a 400-volt  potential  applied  between  the  electrodes. 

a.  Will  the  electron  reach  the  second  electrode? 

b.  What  retarding  potential  would  be  required  for  the  electron  to  reach  the  second 
electrode  with  zero  velocity? 

1-6.  The  plates  of  a parallel-plate  capacitor  are  d meters  apart.  At  < = 0 an  elec- 
tron is  released  at  the  bottom  plate  with  a velocity  Vo  meters  per  second  normal  to  the 
plates.  The  potential  of  the  top  plate  with  respect  to  the  bottom  is  —Em  sin  ut. 

a.  Find  the  position  of  the  electron  at  any  time  t. 

b.  Find  the  value  of  the  electric-field  intensity  at  the  instant  when  the  velocity  of 
the  electron  is  zero. 

1-7.  A 1.0-ev  electron  leaves  the  negative  plate  of  a parallel-plate  capacitor  at 
( = 0.  The  voltage  between  the  plates  increases  linearly  from  zero  at  < = 0,  at  the 
rate  of  50  volts /msoc. 
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a.  If  the  distance  between  the  plates  is  2 cm,  what  is  the  time  of  flight  of  the 
electron? 

h.  What  is  the  velocity  of  impact  of  the  electron  on  the  positive  plate? 

1-8.  An  electron  is  released  with  zero  initial  velocity  from  the  lower  of  a pair  of  hori- 
zontal plates  which  are  3 cm  apart.  The  accelerating  potential  between  these  plates 
increases  from  zero  linearly  with  time  at  the  rate  of  10  volts/Msec.  When  the  electron 
is  2.8  cm  from  the  bottom  plate,  a reverse  voltage  of  50  volts  is  applied. 

a.  What  is  the  instantaneous  potential  between  the  plates  at  the  time  of  the  poten- 
tial reversal? 

b.  With  which  electrode  does  the  electron  collide? 

c.  What  is  the  time  of  flight? 

d.  What  is  the  impact  velocity  of  the  electron? 

1-9.  A 100-ev  hydrogen  ion  is  released  in  the  center  of  the  plates,  as  shown  in  the 
figure.  The  voltage  between  the  plates  varies  linearly 
^ from  0 to  50  volts  in  10“^  sec  and  then  drops  immedi- 
Vq — >■  2cm  ately  to  zero  and  remains  at  zero.  The  separation  be- 

^ tween  the  plates  is  2 cm.  If  the  ion  enters  the  region 

-<  5 cm  ► between  the  plates  at  time  t = 0,  how  far  will  it  be  dis- 

Prob.  1-9  placed  from  the  X axis  upon  emergence  from  between 

the  plates? 

1-10.  Consider  a plane-parallel  diode  across  which  there  is  an  impressed  voltage 
Ed  El  sin  cob  If  an  electron  leaves  the  cathode  with  a perpendicular  velocity  vq  at 
time  U,  derive  the  expression  for  the  position  of  the  electron  at  any  subsequent  time  t. 

1-11.  A plane  triode  consists  of  a cathode  and  an  anode  4 cm  apart  and  an  open  grid 
midway  between  them.  The  grid  is  maintained  at  a potential  of  5 volts  above  the 
cathode,  and  the  plate  is  at  20  volts  above  the  cathode.  How  long  will  it  take  an  elec- 
tron starting  at  rest  at  the  cathode  to  reach  the  anode?  Assume  that  the  potential 
varies  linearly  from  the  cathode  to  the  grid  and  also  linearly  from  the  grid  to  the  anode. 

1-12.  100-volt  electrons  are  introduced  at  A into  a uniform  electric  field  of  10^ 
volts/m.  The  electrons  are  to  emerge  at  the  point  B in  time  4.77  X 10“®  sec. 

o.  What  is  the  distance  AR? 

6.  What  angle  does  the  electron  gun  make  with  the  horizontal? 

j 3 cm 

^90- 


d 


Prob.  1-12  Prob.  1-13 


1-13.  Electrons  are  projected  into  the  region  of  constant  electric-field  intensity  of 
magnitude  5 X 10^  volts/m  that  exists  vertically.  The  electron  gun  makes  an  angle 
of  30  deg  with  the  horizontal.  It  ejects  the  electrons  with  an  energy  of  100  ev. 

a.  How  long  does  it  take  an  electron  leaving  the  gun  to  pass  through  a hole  H at  a, 
horizontal  distance  of  3 cm  from  the  position  of  the  gun?  Refer  to  the  figure.  Assume 
that  the  field  is  downward. 

b.  What  must  be  the  distance  d in  order  that  the  particles  emerge  through  the  hole? 

c.  Repeat  the  foregoing  for  the  case  where  the  field  is  upward. 

1-14.  In  a certain  plane-parallel  diode  the  potential  V is  given  as  a function  of  the 
distance  x between  electrodes  by  the  equation 
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where  kisa  constant.  Find  an  expression  for  the  time  that  it  will  take  an  electron  that 
leaves  the  cathode  with  zero  initial  velocity  to  reach  the  anode,  a distance  d away. 

1-16.  a.  Through  what  potential  must  an  electron  fall,  if  relativistic  corrections  are 
not  made,  in  order  that  it  acquire  a speed  equal  to  that  of  light? 

b.  What  speed  does  the  electron  actually  acquire  in  falling  through  this  potential? 

1-16.  Calculate  the  ratio  m/mo  for  2-Mev  electrons  and  also  for  2-Mev  deuterons 
(atomic  weight  2.01). 

1-17.  An  electron  starts  at  rest  in  a constant  electric  field.  Using  the  relativistic  ex- 
pression for  the  mass,  find  the  velocity  and  the  displacement  of  the  particle  at  any 
time  t. 

1-18.  What  voltage  is  required 

a.  To  accelerate  an  electron  from  an  initial  velocity  of  0 X 10®  m/sec  to  10®  m/sec 
in  the  same  direction? 

b.  To  accelerate  an  electron  from  zero  initial  velocity  to  1.8  X 10®  m/sec? 

1-19.  A current  of  30  amp  is  passing  through  a No.  8 (AWG)  copper  wire  (diameter 
128.5  mils).  If  there  are  5 X 10^®  free  electrons  per  cubic  meter  in  copper,  with  what 
average  drift  speed  does  an  electron  move  in  the  wire? 

1-20.  What  transverse  magnetic  field  acting  over  the  entire  length  of  a cathode-ray 
tube  must  be  applied  to  cause  a deflection  of  3 cm  on  a screen  that  is  15  cm  away  from 
the  anode,  if  the  accelerating  voltage  is  2,000  volts? 

1-21.  A 100-volt  electron  is  introduced  into  the  region  of  uniform  magnetic-field 
intensity  of  5 milliwebers/m^,  as  shown. 

a.  At  what  point  does  the  electron  strike  the  XZ  plane? 

b.  What  are  the  velocity  components  with  which  the  electron  strikes  the  XZ  plane? 
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1-22.  Two  50-ev  electrons  enter  a magnetic  field  of  2.0  milliwebers/m^  as  shown,  one 
at  10  deg,  the  other  at  20  deg.  How  far  apart  are  these  electrons  when  they  have 
traversed 

a.  One  revolution  of  their  helical  paths? 

b.  Two  revolutions  of  their  helical  paths? 

1-23.  An  electron  is  injected  into  a magnetic  field  with  a velocity  of  10^  m/sec  in  a 
direction  lying  in  the  plane  of  the  paper  and  making 
an  angle  of  30  deg  with  B,  as  shown  in  the  figure.  If 
the  length  L is  0.1  m,  what  must  be  the  value  of  B in 
order  that  the  electron  pass  through  the  point  Q? 

1-24.  An  electron  having  a speed  Vo  = 10^  m/sec  is 
injected  in  the  XY  plane  at  an  angle  of  30  deg  to  the 


Vo 


Prob.  1-23 


Prob.  1-24 
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X axis.  A uniform  magnetic  field  parallel  to  the  Y axis  and  with  flux  density  B =5.10 
milliwebers/m^  exists  in  the  region. 

Find  the  position  of  the  electron  in  space  at  < = 5 X 10~^  sec  after  entering  the 
magnetic  field. 

1-26.  Deuterons  (ionized  heavy  hydrogen  atoms — atomic  weight  2.01)  that  are  pro- 
duced in  an  arc  chamber  are  accelerated  by  falling  through  a potential  of  100  kv. 

a.  Through  what  angle  is  the  direction  of  the  beam  deflected  if  the  ions  pass  through 
a magnetic  field  of  800  gauss  that  is  confined  to  a region  7 cm  long? 

b.  If  the  particles  pass  between  a pair  of  plates  7 cm  long  and  2 cm  apart  between 
which  a potential  of  800  volts  is  maintained,  what  is  the  angle  of  deflection  of  the 
beam? 

1-26.  Electrons  emerge  from  a hole  in  an  anode  of  a cathode-ray  tube  in  a diverging 
cone  of  small  angle.  With  900  volts  between  the  cathode  and  the  anode,  the  minimum 
longitudinal  magnetic  field  that  is  required  to  cause  the  electron  beam  to  come  to  a 
focus  on  the  screen  is  2.5  milliwebers/m*.  If  the  anode  voltage  is  decreased  to  400 
volts,  what  minimum  magnetic  field  will  now  be  necessary  to  focus  the  beam?  What 
is  the  next  higher  value  of  magnetic  field  at  which  a focus  will  be  obtained? 

1-27.  Electrons  emerge  from  the  hole  in  the  anode  of  a cathode-ray  tube  in  all  direc- 
tions within  a cone  of  small  angle.  The  accelerating  voltage  is  300  volts.  The  dis- 
tance from  the  anode  to  the  screen  is  22.5  cm. 

The  tube  is  placed  in  a 40-cm-long  solenoid  having  a diameter  of  12  cm  and  wound 
with  24  turns  of  wire  per  inch.  The  tube  and  solenoid  axes  coincide.  The  maximum 
current  rating  of  the  solenoid  is  5 amp.  For  what  values  of  current  in  the  solenoid  will 
the  beam  of  electrons  come  to  a focus  as  a spot  on  the  screen? 

1-28.  Refer  to  Sec.  1-12  on  Magnetic  Focusing.  Show  that  the  coordinates  of  the 
electron  on  the  screen  are 


X — 


and 


z 


(1  — cos  a) 


where  a = eBL/mv^y  and  the  other  symbols  have  the  meanings  given  in  the  text. 

Let  x'  = {vv,iy/Lv(iY)x  and  z'  = (TrvovfLvox)z,  and  plot  z'  vs.  x'  for  intervals  of  a equal 
to  7r/4.  This  will  give  the  path  that  the  electrons  will  trace  out  on  the  screen  as  the 
magnetic-field  intensity  is  increased  from  zero.  Plot  enough  points  so  that  the  path 

corresponding  to  two  complete  spirals  will  be  obtained. 

1-29.  Lenard’s  apparatus  for  measuring  e/m  for 
photoelectrons  is  shown  in  the  sketch.  Electrons 
are  released  from  the  cathode  K under  the  influence 
of  the  incident  illumination.  The  electrons  are  accel- 
erated by  the  potential  Ea  volts  to  the  anode  A. 
They  pass  through  the  hole  in  the  anode  and  are 
deflected  by  a transverse  magnetic  field  so  that  they 
Magnetic  field,  B,  collected  at  C.  Show  that 
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where  R = (D*  -t-  L^)/2D  meters  is  the  radius  of  the  path. 

1-30.  Show  that  it  is  justifiable  to  neglect  the  earth’s  gravitational  field  in  con- 
sidering the  motion  of  an  ion  in  electric-  and  magnetic-field  configurations.  To  do  this, 
calculate  the  electric-field  intensity  that  will  exert  a force  on  a singly  ionized  molecule 
(say,  Hg)  equal  to  the  force  of  gravitation  on  this  ion.  Also,  calculate  the  maximum 
speed  with  which  this  ion  can  travel  perpendicular  to  the  earth’s  magnetic  field  (assume 
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a magnetic-flux  density  of  0.6  gauss)  if  the  gravitational  force  is  to  be  at  least  1 per 
cent  of  the  magnetic  force. 

1-31.  Given  a uniform  electric  fleld  of  5 X 10®  volts/m  parallel  to  and  in  the  same 
direction  as  a uniform  magnetic  field  of  1.2  milliwebers/m®.  300-ev  electrons  enter 
the  region  where  these  fields  exist,  at  an  angle  of  30  deg  with  the  direction  of  the  fields. 
A photographic  plate  is  placed  normal  to  the  direction  of  the  fields  at  a distance  of  1.6 
cm  from  the  electron  gun,  as  shown  in  the  figure. 

a.  At  what  point  do  the  electrons  strike  the  plate? 

b.  With  what  velocity  components  do  they  strike  the  plate? 

c.  Repeat  parts  a and  b for  the  case  where  the  direction  of  the  electric  field  is  reversed. 


r 


1-32.  Given  a uniform  electric  field  of  1.137  X 10®  volts/m  parallel  to  and  opposite 
in  direction  to  a magnetic  field  of  8.93  X 10~®  weber/m®.  An  electron  gun  in 
the  XY  plane  directed  at  an  angle  d = tan“i  f with  the  direction  of  the  electric  field 
introduces  electrons  into  the  region  of  the  fields  with  a velocity  vo  = 5 X 10®  m/sec. 
Find 

a.  The  time  for  the  electrons  to  reach  their  maximum  height  above  the  XY  plane. 

b.  The  position  of  the  electrons  at  this  time. 

c.  The  velocity  of  the  electrons  at  this  time. 

1-33.  An  electron  is  injected  with  an  initial  velocity  Vo*  = 4 X 10®  m/sec  halfway 
between  two  large  parallel  plates  which  are  0.5  cm  apart.  The  XZ  plane  is  parallel  to 
the  plates.  There  is  a voltage  of  200  volts  impressed  between  the  plates,  and  a mag- 
netic field  of  10  milliwebers/m®  perpendicular  to  the  plates. 

a.  Where  does  the  electron  strike  the  positive  plate? 

b.  With  what  velocity  components  does  the  electron  strike? 

1-34.  A positive  hydrogen  ion  enters  a region  containing  parallel  electric  and  mag- 
netic fields  in  a direction  perpendicular  to  the  lines  of  force.  The  electric-field  strength 
is  10®  volts/m,  and  the  magnetic-field  strength  is  0.1  weber/m®.  How  far  along  the 
direction  of  the  fields  will  the  ion  travel  during  the  second  revolution  of  its  helical  path  ? 

1-36.  Given  a uniform  electric  field  of  10®  volts/m  parallel  to  and  in  the  same  direc- 
tion as  a uniform  magnetic  field  of  B webers  per  square  meter.  300-volt  electrons 
enter  the  region  where  these  fields  exist  at  an  angle  of  60  deg  with  the  direction  of  the 
fields.  If  the  electron  reverses  its  direction  of  travel  along  the  lines  of  force  at  the  end 
of  the  first  revolution  of  its  helical  path,  what  must  be  the  strength  of  the  magnetic 
field? 

1-36.  In  Fig.  1-12  what  must  be  the  relationship  between  8,  B,  d,  Vo  if  the  electron  is 
to  return  to  the  origin?  The  30-deg  angle  in  the  figure  is  6. 

1-37.  Given  a uniform  electric  field  of  2 X 10®  volts/m  and  a unifojm  magnetic 
field  of  0.03  weber/m®  parallel  to  each  other  and  in  the  same  direction.  Into  this 
region  are  released  150-ev  hydrogen  ions  in  a direction  normal  to  the  fields.  A photo- 
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graphic  plate  is  placed  normal  to  the  initial  direction  of  the  ions  at  a distance  of  5.0  cm 
from  the  gun,  as  shown  in  the  figure. 

a.  How  long  after  leaving  the  gun  will  the  ions  hit  the 
plate? 

h.  What  are  the  coordinates  of  the  point  at  which  the 
photographic  plate  is  exposed? 

c.  Repeat  for  the  case  where  the  photographic  plate  is 
perpendicular  to  the  F axis  and  5.0  cm  from  the  origin 
(instead  of  perpendicular  to  the  X axis). 

d.  Repeat  for  the  case  where  the  photographic  plate  is 
perpendicular  to  the  Z axis  and  5.0  cm  from  the  origin. 

1-38.  An  electron  starts  from  rest  at  the  center  of  the  negative  plate  of  a parallel- 
plate  capacitor  across  which  is  a voltage  of  100  volts.  Parallel  to  the  plates  is  a con- 
stant magnetic  field  of  1.68  milliwebers/m*. 

a.  If  the  distance  between  the  plates  is  1 cm,  how  far  from  the 
center  does  the  electron  strike  the  positive  plate? 

h.  How  long  will  it  take  the  electron  to  reach  the  positive  plate? 

1-39.  An  electron  is  released  at  the  point  O with  a velocity  vo  par- 
allel to  the  plates  of  a parallel-plate  capacitor.  The  distance  between 
the  plates  is  1 cm,  and  the  applied  potential  is  100  volts. 

a.  What  magnitude  and  direction  of  magnetic  field  will  cause  the 
electron  to  move  in  the  cycloidal  path  indicated?  Note  that  0 is  mid- 
way between  the  plates  and  that  the  cusps  are  on  the  negative  plate. 

h.  What  must  be  the  value  of  Vo  in  order  that  this  path  be  followed? 

1-40.  Consider  the  configuration  of  perpendicular  electric  and  mag- 
netic fields  shown  in  the  figure.  An  ion  gun  fires  100-ev  hydrogen  ions  along  the  Y 
axis  as  shown.  B = 0.05  weber/m^,  and  8 = 5 X 10®  volts/m. 

a.  What  are  the  coordinates  of  the  point  at  which  the  photographic  plate  is  exposed? 

b.  Repeat  for  the  case  where  the  photographic  plate  is  perpendicular  to  the  X axis 
(and  at  a distance  of  14  cm  from  the  origin)  instead  of  perpendicular  to  the  Y axis. 

c.  Repeat  for  the  case  where  the  photographic  plate  is  perpendicular  to  the  negative 
Z axis  and  at  a distance  of  14  cm  from  the  origin. 
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1-41.  An  apparatus  for  verifying  the  relativistic  variation  of  mass  with  velocity 
[Eq.  (1-23)]  is  shown  in  the  sketch.  The  electronic  source  8 of  high-velocity  electrons 
is  situated  between  the  two  very  closely  spaced  capacitor  plates  CC . The  entire 
apparatus  (the  source,  the  capacitor  plates,  and  the  photographic  plate  PP')  is  sub- 
jected to  a transverse  magnetic  field  of  intensity  B webers  per  square  meter.  Show 
that  if  the  electric-field  intensity  between  the  plates  is  8 volts  per  meter  only  those 
electrons  having  a speed  v = Z/B  meters  per  second  will  leave  the  region  between  the 
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plates.  Show  that  for  the  electrons  with  this  particular  speed  the  ratio  of  charge  to 
mass  is 

m ""  WH  coulombs/kg 

where  the  radius  of  the  circular  path  R is  given  by  72  = (L^  + D^) /2D  meters. 

By  changing  either  7?  or  S a new  value  of  v and  the  corresponding  value  of  e/m  is 
obtained,  etc. 

1-42.  An  electron  starts  at  rest  in  perpendicular  electric  and  magnetic  fields.  Show 
that  the  speed  at  any  instant  is  given  by 

o • ® 

V = 2u  sm  2 

and  that  the  distance  d traveled  along  the  cycloidal  -path  is 

d = 4Q  ^ 1 — cos  ^ 

The  symbols  have  the  meaning  given  in  Sec.  1-14. 

1-43.  In  Sec.  1-14  the  equations  of  motion  in  perpendicular  electric  and  magnetic 
fields  are  considered,  the  initial  velocities  Vox  and  voz  being  taken  as  zero.  Show,  by 
direct  integration  of  Eqs.  (1-45),  that  if  arbitrary  initial  velocities  are  assumed  the  posi- 
tion of  the  electron  at  any  time  t is  given  by  the  equations 

Vox  . . , /u  i’oA 

X = — sin  wf-hl 1(1—  cos  wt) 

03  \03  03  / 

y = 

z = — (1  — cos  03t)  — I J sm  03t  -f  ut 

CO  \C0  CO  / 

Show  that  these  equations  represent  a trochoidal  path. 

1-44.  A uniform  magnetic  field  B exists  parallel  to  the  Y axis.  A uniform  electric 
field  exists  parallel  to  the  XY  plane  and  has  com- 
ponents &x  and  &y.  An  electron  is  injected  parallel  to 
the  Z axis  with  an  initial  speed  VQ^. 

a.  What  must  be  the  value  of  voz  in  order  that  the 
electron  remain  forever  in  the  YZ  plane? 

b.  What  are  the  Y and  Z coordinates  of  the  elec- 
tron at  any  time  t if  Vo^  is  chosen  as  in  part  a? 

c.  What  is  the  resultant  path? 

1-46.  An  electron  starts  at  rest  at  the  origin  of  the 

field  configuration  shown.  The  plane  determined  by 
B and  € is  chosen  as  the  XY  plane.  Describe  the 
motion  of  the  particle. 

1-46.  The  fields  in  Prob.  1-45  have  the  following  values: 

S = 5 kv/m  77  = 1 milliweber/m^  = 20  deg 

If  an  electron  is  released  with  zero  velocity  at  the  origin,  where  will  it  expose  a photo- 
graphic plate  which  is  perpendicular  to  the  Z axis  at  a distance  of  8.00  cm  from  the 
origin? 

1-47.  A uniform  magnetic  field  of  B webers  per  square  meter  exists  in  the  Y direc- 
tion, and  a uniform  electric  field  of  10^  volts/m  makes  an  angle  of  60  deg  with  B and 
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lies  in  the  XY  plane  as  indicated.  A 400-ev  electron  starts  at  the  origin,  moving  up 
to  the  Y axis. 

a.  Describe  clearly  the  exact  motion  of  the  electron,  including  a sketch  of  the  path. 

b.  Calculate  the  value  (or  values)  of  B which  will  cause  the  electron  to  return  to  the 
XZ  plane  at  some  point  along  the  Z axis. 


Prob.  1-47  Prob.  1-48 

1-48.  An  electron  which  was  at  rest  at  the  origin  at  time  t = 0 strikes  the  photo- 
graphic plate  at  time  t = 0.5  X 10“*  sec.  Find  the  x,  y,  and  z coordinates  of  the  point 
where  it  hits  the  plate.  (In  the  figure  S is  parallel  to  the  YZ  plane,  B is  parallel  to  the 
negative  Y axis,  and  the  plate  is  perpendicular  to  the  X axis.) 

1-49.  Uniform  electric  and  magnetic  fields  of  10®  volts/m  and  10  milliwebers/m^ 
respectively,  are  inclined  at  an  angle  of  30  deg  with  respect  to  each  other.  If  an  elec- 
tron is  released  with  zero  initial  velocity,  how  far  from  its  initial  position  will  it  be  at 
the  end  of  10“®  sec? 

1- 60.  a.  If  the  potential  at  any  point  in  space  is  V {x,  y,  z),  write  down  the  differential 
equations  of  motion  of  an  electron  in  this  field. 

h.  If  the  magnetic-field  components  Bx{x,  y,  z),  By(x,  y,  z),  and  B*(x,  y,  z)  are  added 
to  the  electric  field  in  part  a,  write  down  the  modified  equations. 

Chapter  2 

2- 1.  The  electrons  that  are  emitted  from  the  thermionic  cathode  of  a cathode-ray- 
tube  gun  are  accelerated  by  a potential  of  400  volts.  The  essential  dimensions  of  the 
tube  are 

L = 19.4  cm  I = 1.27  cm  d = 0.475  cm 

a.  Compare  the  electrostatic  sensitivity  of  this  tube  obtained  from  the  theoretical 
expression  with  the  experimental  value  of  0.89  mm/volt. 

h.  What  must  be  the  magnitude  of  a transverse  magnetic  field  acting  over  the  whole 
length  of  the  tube  in  order  to  produce  the  same  deflection  as  that  produced  by  a deflect- 
ing potential  of  30  volts?  The  distance  from  the  anode  to  the  screen  is  23.9  cm. 

c.  Repeat  part  h for  the  case  where  the  transverse  magnetic  field  exists  only  in  the 
region  between  the  deflecting  plates  instead  of  over  the  entire  length  of  the  tube. 

2-2.  The  cathode-ray  tube  of  the  previous  problem  has  a transverse  magnetic  field  of 
1 milliweber/m^  acting  in  the  region  between  the  plates  and  into  the  plane  of  the  paper. 

o.  If  there  is  no  electrostatic  field  acting,  what  will  be  the  deflection  on  the  screen 
caused  by  the  magnetic  field? 

h.  Describe  the  motion  and  draw  a sketch  of  the  path  of  an  electron  from  filament  to 
screen,  assuming  that  the  electron  leaves  the  filament  with  zero  initial  velocity. 

c.  What  is  the  change  in  energy  of  the  electrons  caused  by  the  magnetic  field? 
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d.  A voltage  of  what  magnitude  and  sign  must  be  applied  to  the  plates  in  order  that 
the  electrons  shall  move  down  the  tube  undeflected? 

2-3.  A cathode-ray  tube  has  the  following  dimensions: 

Length  of  plates,  2.0  cm. 

Separation  of  plates,  1.0  cm. 

Distance  from  electron  gun  to  center  of  plates,  5.0  cm. 

Distance  from  center  of  plates  to  the  screen,  20.0  cm. 

Assume  that  there  is  only  one  set  of  plates  in  the  tube.  The  accelerating  voltage  is 

1.000  volts,  and  the  beam,  leaving  the  gun,  is  well  focused.  An  a-c  voltage  applied 
to  the  plates  produces  a straight  line  4.0  cm  in  length  on  the  screen,  if  no  magnetic  field 
is  present. 

A uniform  axial  magnetic  field  is  now  applied  over  the  entire  length  of  the  cathode- 
ray  tube. 

a.  Assuming  that  a virtual  cathode  exists  at  the  center  of  the  plates  (Sec.  2-1), 
calculate  the  minimum  magnetic  field  that  will  reduce  the  line  to  a point  on  the  screen. 

h.  If  the  magnetic  field  is  reduced  to  half  the  value  found  in  part  a,  a line  is  observed 
on  the  screen.  Why?  Calculate  the  length  of  this  line  and  the  angle  that  this  line 
makes  with  the  direction  of  the  4.0-cm  line  that  was  observed  for  zero  magnetic  field. 

2-4.  Consider  the  cathode-ray  tube  shown.  A d-c  potential  is  applied  to  the  plates 
of  this  cathode-ray  tube.  In  addition,  a solenoid 
is  placed  over  the  tube  giving  a uniform  magnetic 
field  parallel  to  the  axis  of  the  tube.  Describe  in 
words  the  exact  motion  of  an  electron  starting  at 
rest  at  the  cathode  K in  the  following  sections  of 
the  tube: 

o.  Between  cathode  K and  anode  A.  Assume 
that  the  field  is  uniform  in  this  region. 

h.  Between  anode  A and  the  edge  of  the  plates  0. 

c.  In  the  region  between  the  plates. 

d.  In  the  region  beyond  the  plates. 

2-6.  In  Prob.  2-4  the  separation  of  the  plates  is  0.5  cm,  the  length  of  the  plates  is 

2.0  cm,  and  the  distance  from  the  center  of  the  plates  to  the  screen  is  15  cm.  Ea  = 
400  volts,  Ed  = 100  volts,  and  B = 10  milliwebers/m^.  The  electron  leaves  the 
cathode  with  zero  initial  velocity. 

a.  Find  the  coordinates  of  the  electron  just  as  it  emerges  from  the  plates. 

b.  Find  the  coordinates  of  the  electron  when  it  strikes  the  screen. 

2-6.  The  accelerating  voltage  of  a cathode-ray  tube  is  1,000  volts.  A sinusoidal 
voltage  is  applied  to  a set  of  deflecting  plates.  The  axial  length  of  the  plates  is  2 cm. 

o.  What  is  the  maximum  frequency  of  this  voltage  if  the  electrons  are  not  to  remain 
in  the  region  between  the  plates  for  more  than  one-half  cycle? 

b.  For  what  fraction  of  a cycle  does  the  electron  remain  in  the  region  between  the 
plates  if  the  frequency  is  60  cycles? 

2-7.  The  electric  field  in  the  region  between  the  plates  of  a cathode-ray  tube  is  pro- 
duced by  the  application  of  a deflecting  potential  given  by 

Ed  = 60  sin  {2ir  X 10*0  volts 
The  important  tube  dimensions  are 

L = 19.4  cm  I = 1.27  cm  d = 0.475  cm 


Pkob.  2-4 


The  accelerating  voltage  is  200  volts.  Where  will  an  electron  strike  the  screen  if  it 
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enters  the  region  between  the  plates  at  an  instant  when  the  phase  of  the  deflecting 
voltage  is  zero? 

2-8.  Solve  Prob.  2-7  if  the  applied  deflecting  potential  is  given  by 
Ed  = 4:  X Iflioi  volts 


2-9.  a.  A sinusoidal  voltage  of  frequency  w is  applied  to  the  deflecting  plates  of  a 
cathode-ray  tube.  The  transit  time  between  the  plates  is  t.  The  length  of  the  line  on 
the  screen  is  A.  If  A o is  the  line  length  when  the  transit  time  is  negligible  compared 
with  the  period  of  the  applied  voltage,  show  that 


A 


— Aq 


sin  (o>t/2) 
car  12 


h.  If  Ea  = 1,000  volts  and  I = 1 cm,  at  what  frequency  will  A/Ao  = 0.9? 

2-10.  Consider  in  detail  the  movement  of  an  electron  through  a cathode-ray  tube 
when  electric  fields  are  applied  to  both  pairs  of  deflecting  plates.  Show  that  the  vector 
displacement  on  the  screen  is  approximately  proportional  to  the  vector  sum  of  the 
electric-field  intensities. 

2-11.  Prove  that,  if  the  accelerating  voltage  Ea  is  high  enough  so  that  relativistic 
corrections  must  be  made,  the  deflection  of  an  electron  in  a cathode-ray  tube  will  be 


D = Do 


1 -|-  'I' 


where  Do  is  the  nonrelativistic  deflection,  and 


eEg  ^ 
nioc^  2c* 


where  the  symbols  have  the  meanings  given  in  the  text.  Show  that,  if  ^ <3C  1,  then 
D reduces  to 


D = Do(l  + 


How  much  error  is  made  if  the  nonrelativistic  instead  of  the  correct  formula  is  used 
for  an  80, 000- volt  cathode-ray  tube? 

2-12.  A cathode-ray  tube  is  equipped  with  a pair  of  plates  that  are  inclined  at  an 
angle  2/3  with  each  other,  as  shown  in  the  diagram.  An  electron  is  accelerated  by  the 
anode  voltage  Eg  so  that  it  enters  the  region  between  the  plates  with  a velocity  Vox- 
Neglect  the  effects  of  fringing,  and  assume  that  the  lines  of  flux  are  vertical, 
a.  Prove  that  the  vertical  component  of  velocity  is  given  by 


eEd 


2mvox  tan  jS 


In  1 + 


2x  tan  0^ 
d . 


where  Ed  is  the  deflecting  voltage. 
Hint;  Make  use  of  the  relationship 


dvy  _ dvy  dx 
dt  dx  dt 


dVy 

dx 
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b.  What  is  the  slope  (tan  9)  of  the  path  at  the  point  where  the  electron  leaves  the 
region  of  the  plates? 

c.  The  distance  from  the  center  of  the  plates  to  the  screen  is  L.  If  L » I,  then  little 
error  will  be  made  in  assuming  that  the  deflection  on  the  screen  is  D = L tan  0.  Under 
these  conditions  show  that 


D = 


EdL  . , 2Z, 

In  (^1  tan 


-^1 


d 2d 


T 

2d 

± 


Pros.  2-12 


Prob.  2-13 


2-13.  Consider  two  cathode-ray  tubes,  one  containing  parallel  deflecting  plates  and 
the  other  inclined  plates  as  shown  in  the  diagram.  If  the  tubes  are  identical  in  all 
other  respects  prove  that 

a.  The  maximum  possible  deflection  on  the  screen  is  the  same  for  both  tubes. 

h.  The  sensitivity  of  the  tube  with  the  inclined  plates  is  38  per  cent  greater  than 
that  of  the  tube  with  the  parallel  plates. 

Note:  Use  the  result  of  the  previous  problem. 

2-14.  A cathode-ray  tube  that  is  provided  with  a postaccelerating  anode  has  the 
following  dimensions: 

( = 1.6  cm  L = 18.2  cm  d = 0.50  cm 

The  distance  from  the  center  of  the  plates  to  the  ring  R (Fig.  2-3)  is  4.0  cm.  The 
intensifier  is  1.6  cm  from  the  screen. 

a.  When  used  as  an  ordinary  cathode-ray  tube,  the  postaccelerating  anode  is  con- 
nected to  the  accelerating  anode.  Calculate  the  deflection  on  the  screen  under  these 
circumstances  if  Ed  = 50  volts  and  Ea.  = 1,200  volts. 

h.  If  one-half  the  accelerating  voltage  is  applied  after  deflection  between  the  anode 
and  the  intensifier  electrode,  what  is  the  new  deflection?  See  Fig.  2-3,  where  Ea\  = 
Ea2  = 600  volts.  Assume  that  the  intensifier  field  is  axial  and  exists  only  in  the  region 
between  R and  1. 

c.  If  Eai  = Ea2  = 1,200  volts,  what  is  the  new  deflection?  Compare  with  part 
b and  discuss. 

2-16.  The  following  experiment  is  performed  on  a cathode-ray  tube  that  has  all  its 
plates  brought  out  separately:  An  alternating  voltage  is  applied  to  the  (Y)  plates 
nearest  the  gun.  The  other  two  (X)  plates  are  tied  together.  Describe  what  happens 
to  the  vertical  line  as  the  potential  between  the  X set  of  plates  and  the  anode  is  varied 
positively  and  negatively. 

2-16.  Linear  sweep  circuits  are  applied  simultaneously  to  the  horizontal  and  vertical 
plates  of  a cathode-ray  tube.  One  plate  of  each  set  is  tied  to  the  second  anode.  What 
pattern  will  appear  on  the  screen  if 

a.  The  frequency  applied  to  the  vertical  plates  is  five  times  the  frequency  applied  to 
the  horizontal  plates? 

b.  The  frequency  applied  to  the  horizontal  plates  is  five  times  the  frequency  applied 
to  the  vertical  plates? 
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2-17.  A mixture  of  Li®  and  Li^  singly  ionized  atoms  are  produced  in  an  ion  source. 
These  ions  are  accelerated  by  a potential  difference  of  1,000  volts  between  the  source 
and  an  exit  probe.  The  ions  pass  through  a hole  in  the  probe  into  a uniform  transverse 
magnetic  field  of  1,000  gauss.  A photographic  plate  is  placed  normal  to  the  direction 
of  the  ions  at  the  point  where  they  enter  the  region  of  the  magnetic  field  (see  Fig.  2-13). 
What  is  the  separation  of  the  two  lines  on  the  photographic  plate? 

Note:  The  superscripts  give  the  atomic  weights  of  the  isotopes. 

2-18.  A mixture  of  K®®,  K^®,  and  singly  ionized  atoms  are  produced  in  an  ion 
source.  These  ions  are  accelerated  by  a potential  difference  of  1,500  volts  between 
the  source  and  an  exit  probe.  The  ions  pass  through  a hole  in  the  probe  into  a uniform 
transverse  magnetic  field.  If  the  K®*  line  formed  on  a photographic  plate  that  is 
oriented  perpendicular  to  the  original  direction  of  the  ions  is  38.20  cm  from  the  source, 
calculate  the  separation  of  the  three  lines  on  the  photographic  plate  (see  Fig.  2-13). 

Note:  The  superscripts  give  the  atomic  weights  of  the  isotopes. 

2-19.  A helium  leak-detector  mass  spectrometer  accelerates  the  ions  through  500 
volts  and  then  bends  them  in  a circle  of  radius  4.0  cm.  What  is  the  value  of  the  mag- 
netic field  used  in  the  instrument? 

2-20.  The  position  of  a certain  strong  /3  line  of  a sample  of  radium  B which  is  placed 
at  the  origin  of  a magnetic  spectrograph  corresponds  to  a radius  of  curvature  of  16.0  cm 
when  the  magnetic-field  intensity  is  120.5  gauss. 

a.  What  would  the  speed  be  if  the  mass  of  the  electrons  did  not  change  with  velocity  ? 

b.  What  is  the  true  speed  of  the  particles? 

c.  What  is  the  ratio  in(mo? 

(See  M.  M.  Rogers,  A.  W.  McReynolds,  and  F.  T.  Rogers,  Jr.,  Phys.  Rev.,  67,  379, 


1940.) 

2-21.  Given  uniform  electric  and  magnetic  fields  parallel  to  one  another.  Ions  enter 
the  region  where  these  fields  exist  with  velocities  at  right  angles  to  the  fields.  For 
small  values  of  magnetic  field,  prove  that  a photographic  plate  placed  normal  to  the 
initial  direction  of  the  ions  will,  on  development,  show  a series  of  parabolas,  each 
parabola  indicating  a different  value  of  the  ratio  e/m  of  the  ion.  Show  that  each  point 
on  a given  parabola  corresponds  to  a different  value  of  initial  velocity.  This  is  the 
principle  of  the  positive-ray  spectrograph. 

2-22.  Electrons  having  an  initial  velocity  Vo  along  the  X axis  enter  a uniform  mag- 
netic field  B (into  the  paper)  at  P.  The  magnetic  field  is  sharply  terminated  outside 

the  region  MN.  A plate  with  a hole  H is  placed 
in  the  XZ  plane  as  shown. 

It  is  required  that  only  those  electrons  having 
an  initial  speed  Vox  = y should  enter  vertically 
through  the  hole  H and  expose  the  photographic 
plate  at  the  point  Q,  vertically  below  H.  As- 
W suming  that  y,  p,  and  D are  known  and  are  not 

zero,  find 

a.  The  strength  of  the  magnetic  field  required. 

b.  The  distance  1. 

c.  The  time  required  for  the  electrons  to  reach 
H from  the  instant  of  arrival  at  P. 


X j9  X 


M_ 

x~^ 

I 


Q 

Pros.  2-22 


-Plate 


-Film 


d.  The  velocity  of  the  electrons  at  H. 

2-23.  The  magnetic-field  strength  is  0.9  weber/m^  in  a certain  cyclotron.  Light 
hydrogen  ions  (protons)  are  used. 

o.  What  must  be  the  frequency  of  the  oscillator  supplying  the  power  to  the  dees? 
h.  If  each  passage  of  the  ions  across  the  accelerating  gap  increases  the  energy  of  the 
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ion  by  60,000  volts,  how  long  does  it  take  for  the  ion  introduced  at  the  center  of  the 
spiral  to  emerge  at  the  rim  of  the  dee  with  an  energy  of  6 Mev? 

c.  Calculate  the  radius  of  the  last  semicircle  before  emergence. 

2-24.  Protons  are  accelerated  in  the  MIT  cyclotron.  The  magnetic-field  strength  is 
1.3  webers/m2,  and  the  radius  of  the  last  semicircle  is  0.5  m. 

a.  What  must  be  the  frequency  of  the  oscillator  supplying  the  power  to  the  dees? 

b.  What  is  the  final  energy  acquired  by  the  proton? 

c.  If  the  total  transit  time  of  the  proton  is  3.3  nsec,  how  much  energy  is  imparted  to 
the  particle  in  each  passage  from  one  dee  to  the  other? 

2-26.  Explain  what  would  happen  if  protons  were  used  instead  of  electrons  in  the 
General  Electric  Co.  100-Mev  betatron.  In  particular,  calculate 

a.  The  maximum  energy  that  the  proton  would  acquire. 

b.  The  average  energy  acquired  per  trip  around  the  doughnut. 

c.  The  number  of  revolutions  that  the  proton  would  make. 

2-26.  Prove  that  the  1 : 2 stability  condition  for  the  betatron  is  satisfied  at  any  radius 
if  the  magnetic-field  intensity  decreases  as  1/r  from  the  origin. 

2-27.  A betatron  at  the  University  of  Illinois  operates  with  a peak  magnetic-field 
strength  of  0.12  weber/m^  at  the  orbit  and  accelerates  electrons  to  a final  energy  of 
2.2  Mev.  The  average  energy  acquired  per  revolution  is  10  ev. 

a.  What  is  the  ratio  m/mo? 

b.  What  is  the  orbital  radius? 

c.  At  what  rate  does  the  magnetic  field  vary? 

d.  What  is  the  average  transit  time? 

e.  What  is  the  total  path  length? 

2-28.  A cylindrical  diode  consists  of  a long,  straight  filament  of  radius  r*  and  a con- 
centric anode  of  radius  Va  between  which  is  applied  a potential  Eb.  Owing  to  the  fila- 
ment current  I,  a magnetic  field  surrounds  the  cathode,  the  lines  of  flux  being  circular 
and  concentric  with  the  filament. 

If  the  electron  starts  from  rest  at  the  filament,  describe  its  motion  qualitatively. 
Show  that  there  is  a critical  cutoff  filament  current  above  which  no  plate  current  exists, 
for  a given  plate  voltage. 

2-29.  Sinusoidal  voltages  of  the  same  amplitude  and  frequency  are  applied  to  both 
the  horizontal  and  the  vertical  deflecting  plates  of  a cathode-ray  tube.  If  the  phase 
angle  between  these  two  voltages  is  0,  plot  the  pattern  that  will  appear  on  the  screen,  if 

a.  e = 0. 

b.  6 = 7r/4. 

c.  0 — ir/'2. 

d.  6 — IT. 


This  problem  illustrates  the  use  of  the  cathode-ray  tube  as  a phase-measuring  device. 
2-30.  A voltage  = A sin  cod  is  applied  to  the  horizontal  plates,  and  a voltage 
Ey  = A sm  (c02^  + 0)  is  applied  to  the  vertical  plates  of  a cathode-ray  tube.  Plot  the 
pattern  that  will  be  observed  on  the  screen,  if 

fl.  C02/C01  —2,  6 = 0, 


b. 

W2/W1  = 2, 

6 = 7r/2. 

c. 

= 3, 

6 = 0. 

d. 

CO2/C01  = 3, 

6 = 7r/2. 

e. 

C02/C01  = 

6=0. 

/. 

C02/C01  = 

6 = -w/2. 

These  patterns  are  called  Lissajous  figures.  This  problem  illustrates  the  use  of  the 
cathode-ray  tube  as  an  instrument  for  comparing  an  unknown  frequency  with  a given 
standard.  (See  RCA  Pamphlet  TS-2,  “Cathode-ray  Tubes  and  Allied  Types,”  1935.) 
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Chapter  3 

3-1.  Prove  that  the  concentration  n of  free  electrons  in  a metal  is  given  by 


dv  Aodi>  X 10® 
^ ""  AM  ~ A 


electrons/m® 


where  d = density,  kg/m® 

V = valence,  free  electrons  per  atom 
A = atomic  weight 

M = weight  of  atom  of  unit  atomic  weight,  kg  (see  Appendix  I) 

Ad  = Avogadro’s  number,  molecules/mole 

3-2.  Compute  the  conductivity  of  copper  for  which  m = 34.8  cm®/volt-sec  and 
d = 8.9  g/cm^.  Use  the  result  of  Prob.  3-1. 

3-3.  Compute  the  mobility  of  the  free  electrons  in  aluminum  for  which  the  density 
is  2.70  g/cm®  and  the  resistivity  is  3.44  X 10"®  ohm-cm.  Assume  that  aluminum  has 
three  valence  electrons  per  atom.  Use  the  result  of  Prob.  3-1. 

3-4.  The  resistance  of  No.  18  copper  wire  (diameter  = 1.03  mm)  is  6.51  ohms  per 
1,000  ft.  The  concentration  of  free  electrons  in  copper  is  8.4  X 10®®  electrons  per 
cubic  meter.  If  the  current  is  2 amp,  find  the 

a.  Drift  velocity. 

b.  Mobility. 

c.  Conductivity. 

3-6.  A diode  consists  of  a plane  emitter  and  a plane-parallel  anode  separated  by  a 
distance  of  0.5  cm.  The  anode  is  maintained  at  a potential  of  10  volts  negative  with 
respect  to  the  cathode. 

o.  If  an  electron  leaves  the  emitter  with  a speed  of  10®  m/sec  and  is  directed  toward 
the  anode,  at  what  distance  from  the  cathode  will  it  intersect  the  potential-energy 
barrier? 

b.  With  what  speed  must  the  electron  leave  the  emitter  in  order  to  be  able  to  reach 
the  anode? 

3-6.  A particle  when  displaced  from  its  equilibrium  position  is  subject  to  a linear 
restoring  force  / = —kx,  where  x is  the  displacement  measured  from  the  equilibrium 
position.  Show,  by  the  energy  method,  that  the  particle  will  execute  periodic  vibra- 
tions with  a maximum  displacement  which  is  proportional  to  the  square  root  of  the 
total  energy  of  the  particle. 

3-7.  A particle  of  mass  ni  kilograms  is  projected  vertically  upward  in  the  earth’s 
gravitational  field  with  a speed  Vo  meters  per  second. 

a.  Show  by  the  energy  method  that  this  particle  will  reverse  its  direction  at  the 
height  of  /'o® /2g  meters,  where  g is  the  acceleration  of  gravity  in  meters  per  second  per 
second. 

b.  Show  that  the  point  of  reversal  corresponds  to  a “collision”  with  the  potential- 
energy  barrier. 

3-8.  A triode  consists  of  plane-parallel  elements.  The  grid  is  located  0.2  cm,  and  the 
anode  is  1.0  cm  from  the  cathode.  The  grid  is  maintained  at  a potential  of  —1.0  volt 
and  the  plate  at  a potential  of  100  volts  with  respect  to  the  cathode.  Assume  that  the 
potential  varies  linearly  from  the  cathode  to  the  grid  and  also  linearly  from  the  grid 
to  the  plate.  Assume  that  the  grid  offers  no  mechanical  hindrance  to  the  flow  of  elec- 
trons. 

a.  If  the  electron  leaving  the  cathode  surface  in  the  perpendicular  direction  collides 
with  the  potential-energy  barrier  after  it  has  traveled  a distance  of  0.05  cm,  with  what 
energy  was  it  emitted? 
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b.  With  what  energy  must  it  leave  the  emitter  in  order  to  be  able  to  reach  the  anode? 

The  foregoing  assumptions  are  not  strictly  valid  in  a practical  triode. 

3-9.  a.  If  the  cathode  and  plate  of  the  previous  problem  are  maintained  at  zero 
potential  and  if  the  potential  of  the  grid  is  4 volts  (positive),  will  the  electron  collide 
with  a potential-energy  barrier  at  any  point  of  its  path,  if  its  initial  velocity  is  zero? 

b.  How  long  will  it  take  the  particle  to  reach  the  anode? 

c.  With  what  velocity  will  the  electron  strike  the  plate? 

3-10.  Consider  the  following  model  of  an  atom;  The  nucleus  consists  of  a positive 
point  charge  Ze,  where  Z is  the  atomic  number  and  e is  the  numerical  value  of  the 
charge  of  the  electron.  This  is  surrounded  by  Z electrons  of  which  Z — 1 may  be 
considered  to  be  located  on  the  surface  of  an  imaginary  sphere  of  radius  ro. 

a.  If  the  potential  at  infinity  is  taken  as  zero,  show  that  the  potential-energy  func- 
tion of  the  remaining  (valence)  electron  is  given  by 

£>2 

AweoU  = - - 
r 

•Vpl  pi 

47r6oC/  = - — -h  (Z  - 1)  - 

r ro 


if  r > ro 
if  r < ro 


In  the  equations  above  r is  expressed  in  meters,  e in  coulombs,  U in  joules,  and  eo  is  the 
permittivity  of  free  space  in  the  mks  rationalized  system. 

b.  Consider  three  such  atoms  in  a row.  The  first  is  separated  from  the  second  by 
a distance  of  4ro,  and  the  second  is  separated  from  the  third  by  the  same  amount. 
Assuming  that  sodium  atoms  {Z  = 11)  are  under  consideration,  plot  to  scale  the  po- 
tential energy  of  the  valence  electron.  Make  the  transformations 

47r€of-^ro  , T 

y - and  x = ~ 

and  plot  y vs.  x instead  of  U vs.  r. 

3-11.  How  many  electrons  per  cubic  meter  in  metallic  tungsten  have  energies  be- 
tween 8.5  and  8.0  ev 

a.  At  0°K? 

b.  At  2500°K? 

3-12.  a.  Calculate  the  maximum  energy  of  the  free  electrons  in  metallic  aluminum 
at  absolute  zero.  Assume  that  there  are  three  free  electrons  per  atom.  The  specific 
gravity  of  aluminum  is  2.7. 

b.  Repeat  part  a for  the  electrons  in  metallic  silver.  The  specific  gravity  of  silver 
is  10.5.  Assume  that  there  is  one  free  electron  per  atom. 

3-13.  a.  Show  that  the  average  energy  of  the  electrons  in  a metal  is  given  by 


^ JA  dNE 
f dN  E 


b.  Prove  that  the  average  energy  at  absolute  zero  is  3Em/5- 

3-14.  If  the  emission  from  a certain  cathode  is  10,000  times  as  great  at  2000°  as  at 
1500°K,  what  is  the  work  function  of  this  surface? 

3-16.  a.  If  the  temperature  of  a tungsten  filament  is  raised  from  2300°  to  2320°K,  by 
what  percentage  will  the  emission  change? 

b.  To  what  temperature  must  the  filament  be  raised  in  order  to  double  its  emission 
at  2300°K? 

3-16.  By  what  percentage  will  the  emission  from  a tungsten  filament  that  is  main- 
tained at  2500°K  change  when  the  power  input  to  the  filament  is  changed  by  5 per 
cent? 
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Hint:  Use  differentials  to  obtain  fractional  changes  in  current  from  the  Dushman 
equation  and  fractional  changes  in  power  from  the  Stefan-Boltzmann  equation. 

3-17.  If  10  per  cent  of  the  thermionic-emission  current  is  collected  (under  space- 
charge-free  conditions),  what  must  be  the  retarding  voltage  at  the  surface  of  the  metal? 
The  filament  temperature  is  2000°K. 

3-18.  What  fraction  of  the  thermionic  current  will  be  obtained  with  zero  applied 
voltage  between  the  cathode  and  anode  of  a diode?  The  work  function  of  the  cathode 
is  4.50  volts,  and  the  work  function  of  the  anode  is  4.75  volts.  The  cathode  tempera- 
ture is  2000°K. 

3-19.  A plane  cathode  having  a work  function  of  3.00  volts  is  connected  directly  to 
a parallel-plane  anode  whose  work  function  is  5.00  volts.  The  distance  between  anode 
and  cathode  is  2.00  cm.  If  an  electron  leaves  the  cathode  with  a normal-to-the-surface 
velocity  of  5.93  X 10®  m/sec,  how  close  to  the  anode  will  it  come? 

3-20.  A diode  has  an  oxide-coated  cathode  operating  at  a temperature  of  1000°K 
With  zero  plate  voltage  the  anode  current  is  essentially  zero,  indicating  that  the  con- 
tact potential  is  high  enough  to  keep  most  of  the  electrons  from  reaching  the  plate. 
The  applied  voltage  is  increased  so  that  a small  current  is  drawn.  Show  that  there 
is  a tenfold  increase  in  current  for  every  0.2-volt  increase  in  voltage. 

3-21.  A diode,  with  plane-parallel  electrodes,  is  operated  at  a temperature  of  1500°K. 
The  filament  is  made  of  tungsten,  the  area  being  such  that  a saturation  current  of  10 
/ia  is  obtained.  The  contact  difference  of  potential  between  cathode  and  anode  is  0.5 
volt  with  the  cathode  at  the  higher  potential. 

a.  What  current  is  obtained  with  zero  applied  voltage? 

b.  What  applied  voltage  will  yield  a current  of  1 

c.  What  fraction  of  the  electrons  emitted  from  this  filament  can  move  against  an 
applied  retarding  field  of  1 volt? 

3-22,  What  accelerating  field  must  be  applied  to  the  surface  of  a tungsten  emitter 
operating  at  2500°K  in  order  to  increase  the  zero-field  thermionic  emission  by  1 per  cent  ? 

3-23.  Calculate  the  electron-emission  current  density  from  the  surface  of  a cold 
tungsten  metal  if  the  electric-field  intensity  is 

a.  10®  volts/m, 

h.  10®  volts /m. 

c.  3 X 10®  volts/m. 

d.  10^®  volts /m. 

This  problem  illustrates  how  large  an  electric  field  is  needed  to  obtain  appreciable 
cold-cathode  emission. 

3-24.  Indicate  by  letter  which  of  the  following  statements  are  true: 

a.  The  work  function  of  a metal  is  always  less  than  the  potential  barrier  at  the  sur- 
face of  a metal. 

h.  The  potential  barrier  at  the  surface  of  a metal  is  a solid  hill  made  up  of  the  ma- 
terial of  the  metal. 

c.  The  ionic  structure  of  a metal  shows  that  the  inside  of  the  metal  is  not  an  equi- 
potential  volume. 

d.  At  absolute  zero  the  electrons  in  a metal  all  have  zero  energy. 

e.  The  energy  method  of  analyzing  the  motion  of  a particle  can  be  applied  to  un- 
charged as  well  as  to  charged  particles. 

/.  The  ionic  structure  of  a metal  shows  that  the  surface  of  a metal  is  not  a specific 
quantity. 

g.  For  an  electron  to  escape  from  a metal,  the  potential  barrier  at  the  surface  of  the 
metal  must  first  be  broken  down. 

h.  The  FDS  distribution  function  for  the  electrons  in  a metal  shows  how  many 
electrons  are  close  to  a nucleus  and  how  many  are  far  away. 
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i.  The  number  of  secondary  electrons  which  leave  a metal  is  always  greater  than  the 
number  of  primary  electrons  striking  the  metal  surface. 

3-26.  Indicate  by  letter  which  of  the  following  statements  are  true: 

a.  The  potential  energy  as  a function  of  distance  along  a row  of  ions  inside  a metal 
varies  very  rapidly  in  the  immediate  neighborhood  of  an  ion  but  is  almost  constant 
everywhere  else  inside  the  metal. 

h.  The  potential-energy  barrier  at  the  surface  of  a metal  cannot  be  explained  on  the 
basis  of  the  modern  crystal-structure  picture  of  a metal,  but  it  can  be  explained  on  the 
basis  of  classical  electrostatics  (image  forces). 

c.  In  order  to  remove  any  one  of  the  free  electrons  from  a metal,  it  is  necessary  only 
to  give  this  electron  an  amount  of  energy  equal  to  the  work  function  of  the  metal. 

d.  The  symbol  Em  used  in  the  energy  distribution  function  represents  the  maximum 
number  of  free  electrons  per  cubic  meter  of  metal  at  absolute  zero. 

e.  The  area  under  the  energy  distribution  curve  represents  the  total  number  of  free 
electrons  per  cubic  meter  of  metal  at  any  temperature. 

/.  The  Dushman  equation  of  thermionic  emission  gives  the  current  that  is  obtained 
from  a heated  cathode  as  a function  of  applied  plate  voltage. 

3-26.  Consider  intrinsic  germanium  at  room  temperature  (300°K).  By  what  per 
cent  does  the  conductivity  increase  per  degree  rise  in  temperature? 

3-27.  Repeat  Prob.  3-26  for  intrinsic  silicon. 

3-28.  a.  Prove  that  the  resistivity  of  intrinsic  germanium  at  300°K  is  45  ohm-cm. 

b.  If  a donor-type  impurity  is  added  to  the  extent  of  one  atom  per  10*  germanium 
atoms,  prove  that  the  resistivity  drops  to  3.7  ohm-cm. 

3-29.  a.  Find  the  resistivity  of  intrinsic  silicon  at  300°K. 

b.  If  a donor-type  impurity  is  added  to  the  extent  of  one  atom  per  10*  silicon  atoms, 
find  the  resistivity. 

3-30.  a.  Determine  the  concentration  of  free  electrons  and  holes  in  a sample  of 
germanium  at  300°K  which  has  a concentration  of  donor  atoms  equal  to  2 X 10^^ 
atoms  per  cubic  centimeter  and  a concentration  of  acceptor  atoms  equal  to  3 X 10“ 
atoms  per  cubic  centimeter.  Is  this  p-  or  n-type  germanium?  In  other  words,  is  the 
conductivity  due  primarily  to  holes  or  to  electrons? 

b.  Repeat  part  a for  equal  donor  and  acceptor  concentrations  of  10“  atoms  per 
cubic  centimeter.  Is  this  p-  or  n-type  germanium? 

c.  Repeat  part  a for  a temperature  of  400°K,  and  show  that  the  sample  is  essentially 
intrinsic. 

3-31.  Find  the  concentration  of  holes  and  of  electrons  in  p-type  germanium  at 
300°K  if  the  conductivity  is  100  (ohm-cm)^!. 

3-32.  Repeat  Prob.  3-31  for  n-type  germanium  if  the  conductivity  is  0.1  (ohm-cm)“h 

3- 33.  A sample  of  germanium  is  doped  to  the  extent  of  10“  donor  atoms  per  cubic 
centimeter  and  7 X 10“  acceptor  atoms  per  cubic  centimeter.  At  the  temperature 
of  the  sample  the  resistivity  of  pure  (intrinsic)  germanium  is  GO  ohm-cm.  If  the 
applied  electric  field  is  2 volts/cm,  find  the  total  conduction  current  density. 

Chapter  4 

4- 1.  At  what  temperature  will  a thoriated-tungsten  filament  give  5,000  times  as 
much  emission  as  a pure  tungsten  filament  at  the  same  temperature?  The  filament 
dimensions  of  the  two  emitters  are  the  same. 

4-2.  The  saturation  current  from  a certain  tungsen  filament  operated  at  1840°K 
is  143  What  would  be  the  emission  from  a thoriated-tungsten  filament  of  the  same 
area  operating  at  the  same  temperature? 

4-3.  How  much  power  must  be  supplied  to  an  oxide-coated  filament  1.8  cm^  in  area 
in  order  to  maintain  it  at  1100°K?  Assume  that  the  heat  loss  due  to  conduction  is 
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10  per  cent  of  the  radiation  loss.  Calculate  the  total  emission  current  and  the  cathode 
efficiency  of  the  cathode.  Takecr  = 0.1', Ew  = 1.0ev;andAo  = 100  amp/(m2)(°K2). 

4-4.  The  type  45  triode  is  provided  with  a ribbon  filament  of  the  W type;  this  fila- 
ment is  0.014  by  0.004  in.,  and  it  is  4.5  in.  long.  Calculate  the  filament  temperature 
and  the  total  cathode  emission  expected  from  this  oxide-coated  cathode  when  operated 
under  normal  filament  power  (1.5  amp  at  2.5  volts).  Take  the  emissivity  to  be  0.3, 
and  assume  the  following  values  for  the  thermionic-emission  constants:  Ew  = 1.0  ev 
and  Ao  = 100  amp/(m2)(°K2). 

4-6.  A tungsten  cathode  is  heated  to  a temperature  of  2300°K.  What  must  the 
retarding  voltage  be  in  order  to  limit  the  current  density  to  10“^  amp/m^?  Neglect 
contact  potential. 

4-6.  Given  a diode  with  zero  voltage  applied  between  cathode  and  anode.  The  work 
function  of  the  anode  is  4.75  volts.  The  cathode  temperature  is  2000°K.  The  plate 
current  flowing  is  23.5  per  cent  of  the  thermionic  current.  Presuming  that  space- 
charge  effects  can  be  neglected,  what  is  the  work  function  of  the  cathode? 

4-7.  Prove  that  the  following  relationships  are  valid  for  a plane-parallel  diode  oper- 
ating under  space-charge-limited  conditions: 

V 

V 

and 

P 

where  Vb  = {2eEb/m)h  is  the  speed  with  which  the  electrons  strike  the  plate  and  ph  = 
.Efc/Sl-Trd^lO®  is  the  charge  density  at  the  plate.  The  other  symbols  have  the  meanings 
assigned  in  the  text. 

4-8.  Show  that  the  transit  time  of  an  electron  from  the  cathode  to  the  anode  of  a 
plane-parallel  space-charge-limited  diode  is  T = Zd/Vb,  where  d is  the  cathode-anode 
spacing  and  W(,  = (2e£Ji,/TO)Hs  the  speed  with  which  the  electron  strikes  the  plate.  The 
electron  is  assumed  to  leave  the  cathode  with  zero  initial  velocity. 

Show  that,  if  the  space  charge  is  negligibly  small,  the  transit  time  isT  = 2d/vb.  This 
is  only  two-thirds  of  the  time  taken  under  space-charge  conditions. 

4-9.  Show  that  the  tangent  to  the  potential  distribution  curve  at  the  anode  of  a 
plane-parallel  space-charge-limited  diode  passes  through  the  zero  of  potential  at  one- 
fourth  the  cathode-plate  distance. 

4-10.  A diode  having  plane-parallel  electrodes  is  operating  under  space-charge  con- 
ditions. The  plate  current  is  10  ma  at  100  volts  plate  voltage. 

a.  What  must  be  the  plate  voltage  in  order  that  the  plate  current  be  doubled? 

h.  What  current  will  be  obtained  if  the  voltage  is  doubled  {Eb  = 200  volts)  ? 

c.  If  another  diode  is  constructed  having  half  the  cathode-anode  spacing  and  twice 
the  electrode  area,  what  current  will  be  obtained  if  a potential  of  100  volts  is  applied? 

4-11.  A plane-parallel  diode  having  a 2-cm  spacing  is  operated  under  space-charge 
conditions.  The  plate  voltage  is  100  volts.  What  is  the  space-charge  density  at  a 
point  halfway  between  the  cathode  and  anode? 

4-12.  In  a plane-parallel  vacuum  diode  the  applied  voltage  is  50  volts.  Under  the 
assumption  of  zero  emission  velocity  the  minimum  cathode  temperature  for  which  the 
field  at  the  cathode  is  zero  is  1000°K.  If  the  cathode  is  heated  to  1200°K,  what  is  the 
maximum  value  of  the  plate  voltage  for  which  the  field  at  the  cathode  is  zero?  Assume 
that  the  value  of  5o  corresponding  to  the  work  function  of  the  cathode  is  5o  = 12,000°K. 
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4-13.  The  space-charge-limited  current  of  a certain  plane-parallel-type  vacuum 
diode  is  20  ma  at  a plate  voltage  of  100  volts.  The  temperature-limited  current  of  the 
same  type  is  20  ma  at  a filament  temperature  of  2300°K. 

■Two  identical  diodes  of  this  type  are  connected  in  series  across  a d-c  supply  with 
the  |)toper  poldritj"  for  both  tubes,  to  conduct.  Find  the  plate  current  through  the 
tubes  and  the  voltage  across  each  tufee  if  the  supply  Voltage  is 

a.  50  volts  and  if  both  tubes  are  operated  at  the  same  filament  temperature  of  2300°K. 

b.  300  volts  and  if  both  tubes  are  operated  at  the  same  filament  temperature  of 
2300°K. 

c.  300  volts  and  if  one  tube  is  operated  at  a filament  temperature  of  2300°K  while 
the  other  is  operated  at  a filament  temperature  of  3000°K. 

4-14.  For  a space-charge-limited  diode  the  functional  relationship  between  pla,te 
current  and  plate  voltage  is  given  by  Eq.  (4-14) . Determine  whether  or  not  the  diodes 
whose  volt-ampere  characteristics  are  plotted  in  Appendix  IX  satisfy  this  formula. 
Determine  the  exponent  of  Eb  for  each  diode. 

4-16.  a.  A plane-parallel  diode  with  a cathode-anode  spacing  of  1 cm  operates  under 
space-charge-limited  conditions  at  a plate  voltage  of  100  volts.  How  much  power  per 
square  meter  must  the  plate  dissipate? 

b.  If  the  voltage  is  increased  to  400  volts^  by.  what  factor  is  the  dissipation  multiplied? 

c.  If  the  emissivity  of  the  anode  material  is  0.5,  find  the  anode  temperature  in  each 
case.  Assume  an  ambient  temperature  of  20°C. 

4-16.  In  a certain  space-charge-limited  diode  a current  of  5 ma  results  from  the 
application  of  100  volts.  What  is  the  maximum  plate  voltage  that  can  be  applied 
before  the  plate  dissipation  exceeds  16  watts? 

4-17.  The  anode  of  a space-charge-limited  diode  is  made  of  material  whose  emissivity 
is  0.7.  When  the  plate  voltage  is  200  volts,  the  temperature  of  the  anode  is  50°C. 
The  ambient  temperature  is  20°C.  What  is  the  plate  current  density ? 

4-18.  Given  a tungsten  cathode  and  a cylindrical  coaxial  anode  having  the  following 
dimensions : 

Lighted  length  ==1.0  in. 

Cathode  diameter  = 0.005  in. 

Anode  diameter  = 0.5  in. 

The  filament  voltage  is  2.5  volts.  The  filament  current  is  1 .0  amp.  The  plate  voltage 
is  200  volts.  Take  er  = 0.26. 

a.  Calculate  the  space -charge-limited  current. 

b.  Calculate  the  temperature-limited  current. 

c.  Calculate  the  plate  current. 

4-19.  Given  a cylindrical  tungsten  filament  whose  lighted  length  is  1 in.  and  whose 
diameter  is  4 mils.  Coaxial  with  this  emitter  is  a cylindrical  plate  whose  diameter  is 
0.4  in.  Take  er  = 0.26. 

a.  What  must  be  the  power  input  to  the  filament  if  it  is  to  operate  at  2000°K? 

b.  What  is  the  saturation  current  obtainable  from  this  tube? 

c.  What  plate  current  is  obtained  at  a plate  voltage  of  100  volts? 

4-20.  Calculate  the  maximum  current  from  a straight  tungsten  wire  1 mm  in 
diameter  and  3 cm  long  to  a cylindrical  anode  4 cm  in  diameter  when  the  potential 
difference  between  cathode  and  anode  is  120  volts. 

4-21.  The  tungsten  filament  of  a high-vacuum  rectifying  diode  has  a diameter  of 
0.0085  in.  and  a lighted  length  of  1.00  in.  The  plate  diameter  is  0.75  in.  Take  er  = 

0.26.  . . 

a.  If  the  filament  input  is  5.0  amp  at  2.0  volts,  what  is  the  saturation  current . 

b.  At  what  potential  will  the  current  become  temperature-limited? 
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4-22.  Prove  that  the  current  density  at  the  plate  of  a cylindrical  diode  is  the  same 
as  that  in  a plane  diode  if  the  cathode-anode  spacing  is  the  same  in  both  tubes  and  if 
the  anode  radius  is  very  much  greater  than  the  cathode  radius. 

4-23.  Prove  that  the  space-charge  density  p varies  with  distance  r according  to  the 
factor  r~^  where  is  defined  in  Sec.  4-5. 

4-24.  In  either  a plane  or  a cylindrical  diode  all  the  dimensions  are  enlarged  by  the 
same  factor.  If  the  voltage  remains  constant,  show  that  the  space-charge  current  is 
unchanged. 

4-26.  a.  Evaluate  the  forward  resistance  E/  and  the  plate  resistance  of  the 
5U4-GB  diode  at  a plate  voltage  of  50  volts. 

b.  Repeat  for  the  5Y3-GT  tube. 

4-26.  a.  A 5U4-GB  tube  in  series  with  a 250-ohm  load  is  excited  from  a 60-volt  d-c 
source.  What  is  the  tube  current?  What  is  the  tube  voltage?  Repeat  if  the  load  is 

b.  50  ohms. 

c.  Zero. 

d.  Infinity. 

4-27.  The  120-volt  d-c  mains  are  impressed  across  a 5Y3-GT  diode  in  series  with  a 
resistor  R.  Find  the  tube  current  and  voltage  if  R equals 

a.  500  ohms. 

b.  200  ohms. 

c.  Zero. 

d.  Infinity. 

4-28.  Plot  (from  zero  to  120  volts  input)  the  dynamic  characteristic  of  the  5U4-GB 
diode  for  a 250-ohm  load. 

4-29.  A plane-parallel  diode,  operating  under  space-charge-limited  conditions, 
delivers  a plate  current  of  100  ma  at  a plate  voltage  of  100  volts. 

a.  What  are  R/  and  Vp  at  Eh  — 100  volts? 

b.  What  are  Rf  and  Vp  at  50  volts? 


Chapter  6 

6-1.  a.  For  what  voltage  will  the  reverse  current  in  a p-n  junction  diode  reach  90 
per  cent  of  its  saturation  value  at  room  temperature? 

b.  What  is  the  ratio  of  the  current  for  a forward  bias  of  0.05  volt  to  the  current  for 
the  same-magnitude  reverse  bias? 

c.  If  the  reverse  saturation  current  is  10  pa,  calculate  the  forward  currents  for 
voltages  of  0.1,  0.2,  and  0.3  volt,  respectively. 

6-2.  a.  Calculate  and  plot  the  volt-ampere  characteristic  of  an  ideal  p-n  junction 
diode  at  room  temperature.  The  reverse  saturation  current  is  10  pa.  Assume  input 
voltages  in  the  range  from  —0.2  to  4-0.2  volt. 

b.  The  diode  has  an  ohmic  resistance  of  25  ohms.  Plot  the  new  volt-ampere  diode 
characteristic,  taking  the  ohmic  drop  into  account.  Use  the 
same  graph  sheet  and  the  same  current  range  as  in  part  a. 

6-3.  a.  Two  p-n  junction  diodes  are  connected  in  series 
opposing  as  indicated.  A 5-volt  battery  is  impressed  upon 
this  series  arrangement.  Find  the  voltage  across  each  junc- 
tion at  room  temperature.  Assume  that  the  magnitude  of 
the  Zener  voltage  is  greater  than  5 volts. 

Note  that  the  result  is  independent  of  the  reverse  satxiration  current.  Is  it  also 
independent  of  temperature? 

Hint:  Assume  that  reverse  saturation  current  flows  in  the  circuit  and  then  justify 
this  assumption. 


Prob.  5-3 
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b.  If  the  magnitude  of  the  Zener  voltage  is  4.9  volts,  what  will  be  the  current  in 
the  circuit?  The  reverse  saturation  current  is  5 /la. 

6-4.  a.  In  the  circuit  of  Prob.  5-3  the  Zener  breakdown  voltage  is  2.0  volts.  The 
reverse  saturation  current  is  5 fia.  If  the  diode  resistance  could  be  neglected,  what 
would  be  the  current? 

b.  If  the  ohmic  resistance  is  100  ohms,  what  is  the  current? 

6-6.  A p-n  junction  diode  at  room  temperature  has  a reverse  saturation  current  of 
10  jua,  an  ohmic  resistance  of  100  ohms,  and  a Zener  breakdown  voltage  of  100  volts. 
A 1-K  resistor  is  in  series  with  this  diode,  and  a 30-volt  battery  is  impressed 
across  this  combination.  Find  the  current 

a.  If  the  diode  is  forward-biased. 

b.  If  the  battery  is  inserted  into  the  circuit  with  the  reverse  polarity. 

c.  Repeat  parts  a and  b if  the  Zener  breakdown  voltage  is  10  volts. 

6-6.  An  ideal  silicon  p-n  junction  diode  has  a reverse  saturation  current  of  30  na. 
At  a temperature  of  125°C  find  the  dynamic  resistance  for  a 0.2-volt  bias  in 

a.  The  forward  direction. 

b.  The  reverse  direction. 

6-7.  Calculate  the  barrier  capacitance  of  a germanium  p-n  junction  whose  area  is 
1 mm  by  1 mm  and  whose  space-charge  thickness  is  2 X 10~^  cm.  The  dielectric 
constant  of  germanium  (relative  to  free  space)  is  16. 

6-8.  For  an  alloy  junction  for  which  Na  is  not  negligible  compared  with  Nd,  verify 
that  Eq.  (5-12)  remains  valid  provided  that  W is  interpreted  as  the  total  space-charge 
width  and  that  1/iVo  is  replaced  by  1/Na  + l/Nd. 

6-9.  The  zero-voltage  barrier  height  at  an  alloy  germanium  p-n  junction  is  0.2  volt. 
The  concentration  Na  of  acceptor  atoms  in  the  p side  is  much  smaller  than  the  con- 
centration of  donor  atoms  in  the  n material,  and  Na  = S X 10^“  atoms  per  cubic  meter. 
Calculate  the  width  of  the  depletion  layer  for  an  applied  reverse  voltage  of 

a.  10  volts. 

b.  0.1  volt. 

c.  For  a forward  bias  of  0.1  volt. 

d.  If  the  cross-sectional  area  of  the  diode  is  1 mm*  evaluate  the  space-charge  capaci- 
tance corresponding  to  the  above  values  of  applied  voltage. 

6-10.  a.  Consider  a grown  junction  for  which  the  uncovered  charge  density  p varies 
linearly  as  indicated  in  Fig.  5-7.  If  p = ax,  prove  that  the  barrier  voltage  Eb  is  given 
by 


b.  Verify  that  the  barrier  capacitance  Ct  is  given  by  Eq.  (5-14). 

6-11.  a.  Prove  that  the  maximum  electric  field  Zm  at  an  alloy  junction  is  given  by 


b.  It  is  found  that  Zener  breakdown  occurs  when  8™  = 2 X 10’  volts/m  s Sz. 
Prove  that  Zener  voltage  Fz  is  given  by 


Vz  = 


2eNa 


Note  that  the  Zener  breakdown  voltage  can  be  controlled  by  controlling  the  con' 
centration  of  acceptor  ions. 
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6-12.  a.  Starting  with  Eq.  (5-26),  verify  that  the  open-circuit  barrier  height  Fo  is 
given  by 


Vo  = 


Fr  In 


NaNd 

lli^ 


b.  Verify  that  this  result  can  be  put  in  the  convenient  form 


Fo  = 


Frln 


(r,i<Tp(b  4-1)^ 

Oi% 


where  (<rp)  = conductivity  of  n (p)  side 

(Ti  = conductivity  of  an  intrinsic  sample 

b = fXn/tlp 

6-13.  a.  Using  the  result  of  Prob.  5-12,  evaluate  Fo  for  germanium  at  room  tem- 
perature. Assume  that  both  the  n and  p sides  are  doped  to  the  extent  of  one  atom  per 
10*  germanium  atoms.  The  physical  constants  of  germanium  and  silicon  are  given  in 
Table  3-1. 

b.  Repeat  part  a for  silicon. 

6-14.  Starting  with  Eqs.  (5-22)  and  (5-23),  prove  that  the  ratio  of  hole  to  electron 
current  crossing  a junction  is  given  by 

7pn(0)  pTjn 

^ nLp 

where  a-p  (<Tn)  = conductivity  of  p (n)  side.  Note  that  this  ratio  depends  upon  the 
ratio  of  the  conductivities.  For  example,  if  the  p side  is  much  more  heavily  doped 
than  the  n side,  then  the  hole  current  will  be  much  larger  than  the  electron  current 
crossing  the  junction. 

6-16.  Starting  with  Eq.  (5-36),  verify  that  the  reverse  saturation  current  is  given  by 

where  <r„  (o-p)  = conductivity  of  n (p)  side 

<Ti  = conductivity  of  intrinsic  material 

b = Hn/tlp 

6-16.  Using  the  result  of  Prob.  5-15,  find  the  reverse  saturation  current  for  a 
germanium  p-w  junction  diode  at  room  temperature,  300°K.  The  cross-sectional  area 
is  4.0  mm^,  and 

a-p  = 1.0  (ohm-cm)“i  o-„  = 0.1  (ohm-cm)"^  Ln  = Lp  = 0.15  cm 

Other  physical  constants  are  given  in  Table  3-1. 

6-17.  Find  the  ratio  of  the  reverse  saturation  current  in  germanium  to  that  in 
silicon,  using  the  result  of  Prob.  5-15.  Assume  that  L„  = Lp  = 0.1  cm  and  (r„  = 
<Tp  = 1.0  (ohm-cm)“i  for  germanium,  whereas  the  corresponding  values  are  0.01  cm 
and  0.01  (ohm-cm)~*  for  silicon.  See  also  Table  3-1. 

6-18.  a.  Find  the  per  cent  increase  in  the  reverse  saturation  current  per  degree  rise 
in  temperature  at  room  temperature  for  germanium.  Hint:  Take  the  logarithm  of 
Eq.  (5-37)  and  then  differentiate. 

6.  Repeat  part  a for  silicon. 

6-19.  o.  Prove  that  the  reverse  saturation  current  in  germanium  is  multiplied  by 
2.80  for  every  10°C  rise  in  temperature  near  room  temperature  (300°K). 

b.  Prove  that  the  reverse  saturation  current  in  silicon  is  multiplied  by  4.45  for  every 
10°C  rise  in  temperature  near  room  temperature  (300°K). 
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6-20.  a.  The  voltage  impressed  on  a junction  diode  is  F = F:  -f-  F^e^"*.  This 
expression  represents  a d-c  voltage  Fi  and  a sinusoidal  voltage  of  peak  value  Vm. 
Assume  that  Vm  « Fi.  The  current  may  be  expected  to  consist  of  a d-c  term  plus  an 
a-c  term.  Hence,  assume  that  the  concentration  is  given  by  an  expression  of  the  form 

Vn  — Pno  = Pno{e^^''^T  — F {x)V 

Show  that  this  form  satisfies  the  equation  of  continuity  [Eq.  (A6-9)]  and  that  F{x)  is 
given  by 

F{x)  = 

h.  At  X = 0,  pn  — Pno  = Pno  f oxp y 1 V Show  that  if  Fm/Fr  <<C  1 

Pn  - Pno  = - 1)  + Pno  ^ e^l/VTei‘^t 

Comparing  this  expression  with  that  given  in  part  a,  evaluate  K. 

c.  Prove  that  the  diffusion  current  at  x = 0 is 

/pn(0)  = h -\-  eDpA  + jWp)5Fme^“* 

y T^P 

where  Ii  is  the  direct  current  corresponding  to  Fi. 

d.  If  uTp  <V.  1,  prove  that 

7pn(0)  ==  7i  + g'pFm*^"*  DpV 

where  gp  is  the  zero-frequency  conductance  and  Cop  = {Tp/2)gp  is  the  diffusion 
capacitance  for  holes. 

e.  If  wTp  >?>  1,  prove  that 

lpn{0)  = h+gp  +jo,CDpVmei‘^^ 


where  Cop  = (Tp/2o})igp. 

Note  that  the  conductance  as  well  as  the  capacitance  varies  with  frequency. 

Chapter  6 

6-1.  Find  the  maximum  speed  with  which  the  photoelectrons  will  be  emitted  (if  at 
all)  when  radiation  of  wave  length  5,893  A falls  upon 

a.  A cesium  surface,  for  which  the  work  function  is  1.8  volts. 

b.  A platinum  surface,  for  which  the  work  function  is  6.0  volts. 

c.  Repeat  parts  a and  b if  the  surfaces  are  illuminated  with  neon  resonance  radiation 
(743  A)  instead  of  the  yellow  sodium  line. 

6-2.  What  is  the  minimum  energy,  expressed  in  joules  and  in  electron  volts,  required 
to  remove  an  electron  from  the  surface  of  metallic  potassium,  the  photoelectric 
threshold  wave  length  of  which  is  5,500  A? 

6-3.  A cesium  surface,  for  which  the  work  function  is  1.8  volts,  is  illuminated  with 
argon  resonance  radiation  (1,065  A).  What  retarding  potential  must  be  applied  in 
order  that  the  plate  current  in  this  photocell  drop  to  zero?  Assume  that  the  contact 
potential  is  0.50  volt,  with  the  plate  negative  with  respect  to  the  cathode. 

6-4.  When  a certain  surface  is  irradiated  by  the  2,537-A  mercury  line,  it  is  found 
that  no  current  flows  until  at  least  0.54  volt  accelerating  potential  is  applied.  Assume 
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that  the  contact  potential  is  1.00  volt,  the  cathode  being  positive  with  respect  to  the  ^ 
anode. 

a.  What  is  the  work  function  of  the  surface? 

h.  What  is  the  threshold  wave  length  of  the  surface? 

6-6.  A certain  photosurface  has  a spectral  sensitivity  of  6 ma/watt  of  incident 
radiation  of  wave  length  2,537  A.  How  many  electrons  will  be  emitted  photo- 
electrically  by  a pulse  of  radiation  consisting  of  10,000  photons  of  this  wave  length? 

6-6.  The  photoelectric  sensitivity  of  a PJ-22  photocell  is  14  ^a/lumen,  when  the 
anode  potential  is  90  volts.  The  window  area  of  the  photocell  is  0.9  in.^  A 100-watt 
electric-light  bulb  has  a mean  horizontal  candle  power  of  120  cp.  What  will  be  the 
photocurrent  if  the  cell  is  placed  3 ft  from  the  lamp?  Note;  1 cp  corresponds  to  a 
total  light  flux  of  4^  lumens. 

6-7.  The  energy  distribution  curve  of  a light  source  is  known.  The  spectral  sensi- 
tivity curves  of  several  of  the  commercially  available  photosurfaces  are  supplied  by  the 
tube  manufacturer  and  are  shown  in  Fig.  6-11.  Explain  exactly  how  to  determine  which 
tube  should  be  used  with  this  particular  light  source  in  order  to  obtain  the  maximum 
photocurrent. 

6-8.  Devise  a circuit  for  determining  automatically  the  correct  exposure  time  in 
the  photographic  printing  process.  Use  a photocell,  a relay,  and  any  other  auxiliary 
apparatus  needed.  The  blackening  of  a photographic  emulsion  is  determined  by  the 
product  of  the  luminous  intensity  falling  on  the  plate  and  the  time  of  exposure.  The 
instrument  must  trip  the  relay  at  the  same  value  of  this  product  regardless  of  what 
light  source  is  used. 

6-9.  Plot  curves  of  photocurrent  vs.  light  intensity  for  a PJ-23  for  load  resistances 
of  1 and  10  megohms,  respectively.  The  supply  voltage  is  held  constant  at  80  volts. 

6-10.  a.  The  intensity  of  illumination  on  a 929  phototube  is  constant  at  0.1  lumen. 
An  adjustable  voltage  supply  in  series  with  a 25-megohm  resistance  is  applied  to  the 
tube.  Plot  a curve  of  anode  current  vs.  supply  voltage.  From  this  curve,  determine 
the  wave  shape  of  the  photocurrent  if  the  impressed  voltage  is  sinusoidal  and  has  a 
peak  value  of  250  volts. 

h.  Repeat  part  a if  the  load  resistance  is  50  megohms  instead  of  25  megohms. 

c.  Repeat  part  a if  the  impressed  voltage  consists  of  a 125-volt  battery  in  series 
with  an  alternating  voltage  whose  peak  value  is  125  volts. 

6-11.  In  Fig.  6-13  the  tube  is  a PJ-22,  Eu,  = 80  volts,  and  an  electronic  switch  is 
placed  across  Rl-  The  switch  closes  at  20  volts  or  above  and  has  an  infinite  input 
impedance. 

a.  What  minimum  light  intensity  is  required  to  close  the  switch,  if  7? I,  = 2 megohms? 

h.  If  the  maximum  voltage  across  the  switch  may  not  exceed  50  volts  and  if  the 
maximum  intensity  of  light  is  208  ft-c,  what  is  the  maximum  allowable  value  of  i?L? 

6-12.  Calculate  the  number  of  stages  required  in  a secondary-emission  multiplier  to 
give  an  amplification  of  10®  if  the  secondary-emission  ratio  is  3.5. 

6-13.  In  a nine-stage  secondary-emission  phototube  multiplier,  the  incident  photo- 
current is  10"®  amp  and  the  output  current  from  the  multiplier  is  0.1  amp.  What  is 
the  secondary-emission  ratio  of  the  target  material? 

6-14.  In  the  secondary-emission  multiplier  of  Fig.  6-18,  the  distance  between  a tar- 
get and  its  plate  is  1.0  cm.  The  potential  between  these  two  elements  is  100  volts. 
Assume  that  there  is  no  field  between  targets  and  that  the  electrons  leave  each  target 
with  zero  velocity  so  that  the  resultant  motion  is  truly  cycloidal. 

a.  Find  the  minimum  magnetic  field  required  in  order  that  this  tube  operate 
properly. 

h.  If  the  tube  were  designed  to  operate  with  a field  of  5 milliwebers/m^,  what  would 
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be  the  distance  between  centers  of  adjacent  targets?  Assume  that  the  path  remains 
cycloidal. 

6- 16.  The  photocurrent  / in  a p-n  junction  photodiode  as  a function  of  the  distance 
X of  the  light  spot  from  the  junction  is  given  in  Fig.  6-23.  Prove  that  if  log  I is  plotted 
vs.  X then  a linear  relationship  is  obtained  on  either  side  of  the  junction.  Prove  that 
the  slopes  of  the  lines  are  — l/Lp  and  — 1/L„,  respectively,  on  the  n and  p sides.  Note 
that  Lp  represents  the  diffusion  length  for  holes  in  the  n material. 

Chapter  7 

7- 1.  a.  From  the  plate  characteristics  of  the  6SN7  triode  (Appendix  IX),  obtain 
the  transfer  or  mutual  characteristics  for  Eh  = 100,  200,  and  300  volts. 

h.  Obtain  the  constant-current  characteristics  of  the  6SN7.  Plot  eh  vs.  for 
lb  = 6,  12,  and  18  ma. 

7-2.  a.  From  the  plate  characteristics  of  the  12AX7  triode  (Appendix  IX),  obtain 
the  mutual  or  transfer  characteristics  for  Eh  = 100,  200,  and  300  volts. 

b.  Obtain  the  constant-current  characteristics  for  the  12AX7.  Plot  eh  vs.  for 
Ib  = 0.7,  1.4,  and  2.1  ma. 

7-3.  If  the  plate  current  in  a triode  can  be  represented  by  Eq.  (7-1),  show  that 
is  proportional  to  4"’"  and  that  Qm  is  proportional  to  4”*,  where  m = (n  — l)/n.  Note 
that  if  the  three-halves-power  law  is  valid,  then  m = \. 

7-4.  The  plate  resistance  of  a 6J5  triode  or  one  unit  of  a 6SN7  is  7.7  K,  and  the 
transconductance  is  2.6  millimhos. 

a.  If  the  plate  voltage  is  increased  by  50  volts,  what  is  the  increase  in  plate  current? 
The  grid  voltage  is  maintained  constant. 

h.  What  change  in  grid  voltage  will  bring  the  plate  current  back  to  its  former  value? 
The  plate  voltage  is  maintained  at  the  value  to  which  it  was  raised  in  part  a. 

7-6.  The  plate  resistance  of  a triode  is  10  K,  and  the  amplification  factor  is  20.  The 
tube  is  operated  at  the  quiescent  point  Eh  = 250  volts,  Ec  = -8  volts,  and  h = S ma. 

a.  To  what  value  must  the  grid  voltage  be  changed  if  the  plate  current  is  to  change 
to  12  ma?  The  plate  voltage  is  maintained  at  250  volts. 

b.  To  what  value  must  the  plate  voltage  be  changed  if  the  plate  current  is  to  be 
brought  back  to  its  previous  value?  The  grid  voltage  is  maintained  constant  at  the 
value  found  in  part  a. 

7-6.  The  plate  current  of  a 6F6  tube  connected  as  a triode  can  be  expressed  approxi- 
mately by  the  equation  4 = 41  (cs  + 7e,)i  X 10“«  amp.  The  tube  is  operated  with 
a grid  bias  of  —20  volts,  and  the  plate  voltage  is  250  volts.  Calculate  the  following: 

a.  The  tube  current. 

b.  The  plate  resistance. 

c.  The  transconductance. 

7-7.  a.  Show  that  the  volt-ampere  curve  for  Ec  = —8  volts  of  a type  6SN7  triode 
(Appendix  IX)  can  be  expressed  by  an  equation  of  the  form 

4 = k{eb  -(-  20ec)” 

Determine  k and  n from  a logarithmic  plot. 

Plot  the  curve  expressed  by  this  equation  and  the  experimental  curve  on  the  same 
sheet  of  paper,  and  compare. 

b.  Calculate  the  values  of  and  gm  from  this  equation  at  the  conditions  Ec  = —8 
volts  and  Eh  = 250  volts,  and  compare  with  the  values  given  in  Fig.  7-8. 

7-8.  a.  Calculate  n,  Vp,  and  gm  from  the  plate  characteristics  of  the  6SN7  tube 
(Appendix  IX)  at  the  quiescent  point  Eh  = 250  volts,  Ec  = —8  volts. 
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b.  Plot  ix,  Vp,  and  gm  for  a 6SN7  as  a function  of  Ib,  with  Eb  = 250  volts. 

c.  Plot  M,  and  Qm  for  a 6SN7  as  a function  of  Ec,  with  Eb  = 250  volts. 

7-9.  Given  the  transfer  characteristics  of  a triode.  Explain  clearly  how  to  deter- 
mine rp,  fjL,  and  gm  at  a specified  quiescent  point. 

7-10.  Show  that  if  the  triode  plate  characteristic  can  be  approximated  by  straight 
lines  the  equation  of  these  lines  is 

ib  = — (tiSc  + Cb  — e) 

Tp 

where  e is  the  voltage  intercept  at  zero  current  of  the  = 0 curve. 

7-11.  a.  Starting  with  the  definitions  of  g-m  and  rp,  show  that  if  two  identical  tubes 
are  connected  in  parallel  gm  is  doubled  and  Vp  is  halved.  Since  ju  = Vpgm,,  then  ix 
remains  unchanged. 

h.  If  the  two  tubes  are  not  identical  show  that 


gm  = gml  + gmi 

Tp  Tp\  Tp2 

_ Ml^p2  ~b  M2^pl 

^ Tpl  Vpi 

is  used  to  measure  grid  current.  Prove  that  the  grid 
current  h with  the  switch  S open  is  given  by 

j ^ Mb 

QmRg 

where  Mb  is  the  change  in  plate  current  as  the  switch 
is  closed  and  gm  is  the  transconductance  of  the  tube. 

h.  The  foregoing  method  depends  upon  a knowl- 
edge of  gm.  This  limitation  is  removed  as  follows: 
The  plate  current  Ib  is  noted  with  S open.  The  switch  is  then  closed,  and  the  bias  is 
adjusted  until  the  plate  current  is  its  previous  value.  Explain  how  this  procedure 
allows  the  determination  of  E. 

7-13.  When  the  grid  is  insulated  from  the  cathode  and  the  plate  of  a vacuum  triode, 
it  is  said  to  be  “floating.”  Describe  an  experimental  method  of  determining  this 
floating  potential. 

7-14.  An  adjustable  resistor  Rl  is  connected  in  series  with  the  plate  of  a 6SN7  triode 
and  a plate  supply  of  250  volts.  The  grid  is  maintained  at  —4  volts  with  respect  to 
the  cathode.  Determine  by  graphical  methods,  using  the  plate  characteristics  in 
Appendix  IX, 

a.  The  plate  current,  when  Rl  has  the  following  values:  0,  10,  and  50  K. 

h.  The  plate  voltage  corresponding  to  the  resistances  in  part  a. 

c.  The  load  resistance  that  will  give  a plate  current  of  10  ma. 

d.  The  voltage  drop  across  Rl  if  the  bias  is  changed  to  —8  volts  and  if  the  load 
resistance  is  10  K. 

7-16.  A 12AX7  triode  is  operated  at  the  quiescent  point  Eb  = 250  volts,  Ec  = 
— 2 volts.  The  plate  characteristics  of  this  tube  are  given  in  Appendix  IX. 

a.  Calculate  the  plate  supply  voltage  that  must  be  used  for  the  following  values  of 
load  resistance:  50,  100,  and  200  K. 


that 


and  that 


7-12.  a.  The  circuit  shown 


Ecc  E bb 

Pros.  7-12 
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b.  If  the  grid  excitation  is  sinusoidal  with  a peak  value  of  2 volts,  find  the  maximum 
and  minimum  currents  obtainable  with  each  of  the  load  resistances  of  part  a. 

c.  Plot  the  dynamic  transfer  characteristic  for  Rl  = 100  K. 

7-16.  For  a 6SN7  tube  (Appendix  IX)  evaluate  as  a function  of  Ec  with  Eh  as 
a parameter.  Choose  values  of  Eb  of  250,  150,  and  50  volts. 

7-17.  a.  If  e = 0,  find  e^. 

h.  lie  = 100,  find  e„. 

c.  If  the  grid-to-cathode  voltage  is  zero,  find  Co. 

d.  If  Co  = 0,  find  e. 

7-18.  Given  a cathode  follower  with  Ebb  = 250  volts, 

Ecc  = 0,  and  Rk  = 100  K,  the  tube  is  one  section  of  a 12AX7. 

Find  the  input  voltage  e and  the  output  voltage  e„  for 

a.  Cutoff. 

h.  Zero  grid-to-cathode  voltage. 

c.  Calculate  and  plot  Co  vs.  e for  values  between  the  extremes 
in  parts  a and  h.  Observe  how  linear  this  curve  is. 

d.  Calculate  the  amplification. 

7-19.  a.  The  supply  Ecc  is  adjusted  from  zero  to  150  volts  in  50-volt  steps.  Calcu- 
late the  output  voltage  Eo  for  each  value  of  Ecc- 

b.  Repeat  part  a if  the  grid-to-ground  voltage  is  50  volts  instead  of  zero. 


200!/ 


Pros.  7-17 


150v 


+300  V 


Prob.  7-20 


+200v 


+300!/ 


7-20.  What  is 

a.  e when  the  output  is  zero? 

b.  Co  a e = —100  volts? 

c.  The  grid-to-cathode  voltage  when  €„  = -|-50  volts? 

7-21.  Design  an  a-c  cathode  follower  using  a 12AX7  tube  and  a 300-volt  supply 
using  self-bias.  The  circuit  must  operate  quite  linearly 
over  an  input  voltage  range  of  ±75  volts. 

7-22.  The  reactance  of  C and  the  impedance  of  the  gen- 
erator are  both  negligible.  4-  i?2  = 10  K.  The  input 
signal  e is  symmetrical  with  respect  to  ground.  Find  Ri 
and  Ri  if  the  tube  is  to  handle,  without  distortion  and  with- 
out drawing  grid  current,  the  largest  possible  amplitude  of 
signal.  What  is  the  maximum  signal  the  tube  will  handle 
in  this  case? 

7-23.  a.  Find  the  quiescent  plate  current. 

Hint:  Apply  Thevenin’s  theorem  between  the  plate  and 
Prob.  7-23  ground  to  the  elements  external  to  the  tube. 

b.  Find  the  quiescent  output  voltage  £?«  with  respect  to  ground. 
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Chapter  8 

8-1.  Figure  8-5,  which  shows  the  magnitude  of  the  amplification  A of  an  amplifier 
as  a function  of  load  resistance  El,  is  based  upon  the  assumption  that  ju  and  Vp  remain 
constant  as  El  is  varied.  Suppose  that  instead  of  operating  the  tube  at  a fixed  Q 
point  the  plate  and  grid  supply  voltages  are  maintained  constant  as  El  is  varied. 
The  operating  point  and  hence  and  Vp  will  now  be  functions  of  El. 

Plot  A vs.  El  for  a 6SN7  tube  operating  under  the  conditions  Ebb  = 400  volts  and 
Ecc  = —8  volts.  Choose  values  of  load  resistance  that  correspond  to  quiescent  cur- 
rents of  from  1 to  16  ma.  Plot  Fig.  8-5  on  the  same  graph  sheet,  and  compare  the  two 
curves.  The  variations  of  jj.  and  Vp  as  a function  of  load  current  are  given  in  Fig.  7-8 
for  a 6SN7.  The  plate  characteristics  are  given  in  Appendix  IX. 

8-2.  The  plate  current  of  a certain  triode  can  be  represented  by  the  equation 

ib  = 0.002(ec  O.les)®  amp 

a.  Find  the  plate  resistance  when  the  plate  voltage  is  200  volts  and  the  grid  bias  is 

— 15  volts. 

h.  The  plate  load  consists  of  a series  circuit  made  up  of  a resistance  of  10  K 
and  an  inductance  of  2.0  henrys  (of  negligible  resistance).  What  must  be  the  value 
of  the  plate  supply  voltage  in  order  that  the  tube  operate  under  the  conditions  of 
part  a? 

c.  If  a 1-volt  maximum  1,000-cps  signal  is  impressed  on  the  amplifier,  calculate  the 
output  voltage  across  the  inductor. 

d.  Calculate  the  phase  angle  between  input  and  output  voltages.  Draw  a sinor 
diagram. 

8-3.  The  plate  current  of  a certain  triode  can  be  represented  by  the  equation 
4 = 4 X 10~^(cc  -H  O.lcft)'-®  amp 

o.  Find  the  plate  resistance  and  the  amplification  factor  when  the  plate  voltage  is 
450  volts  and  the  grid  bias  is  —20  volts. 

h.  The  plate  load  consists  of  a resistor  of  10  K and  a 0.016-^1  capacitor  in  parallel. 
What  must  be  the  value  of  the  plate  supply  voltage  in  order  that  the  tube  operate 
under  the  conditions  of  part  a? 

c.  If  a 2-volt  rms  1,000-cps  signal  is  impressed  on  the  amplifier,  draw  the  equivalent 
circuit  and  calculate  the  output  voltage  across  the  load. 

8-4.  a.  If  e is  a small  a-c  input  signal,  derive  an  expression  for  the  a-c  output 
voltage  e„. 

h.  Show  that  the  Thevenin’s  equivalent  circuit  looking  into  the  plate  is  a generator 

— fie  in  series  with  an  output  impedance  Eo  = Vp  + {fi  + l)Ek. 


Pros.  8-4  Prob.  8-5 
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8-6.  a.  If  e is  a small  a-c  input  signal,  derive  an  expression  for  the  a-c  output 
voltage  Bo  in  the  circuit  shown. 

b.  Show  that  the  Thevenin’s  equivalent  circuit  looking  into  the  cathode  is  a gen- 
erator ne/iij,  + 1)  in  series  with  an  output  impedance  Ro  = 
iXp  + -h  !)• 

8-6.  If  an  a-c  input  signal  Eg  is  impressed  between  the  grid 
and  ground,  find  the  amplification  A = E„/Es.  The  tube 
parameters  are  = 30  and  rj,  = 5 K. 

8-7.  If  in  Prob.  8-6  the  signal  is  impressed  in  series  with  the 
40-K  resistor  (instead  of  from  grid  to  ground),  find  A. 

8-8.  Find  the  voltage  amplification  d.  = EofEg.  The  signal 
Eg  is  a 1,000-cps  sinusoid  of  small  amplitude.  The  triode 
parameters  are  p = 100  and  Vp  = 50  K.  Pros.  8-6 

8-9.  The  circuit  shown  can  be  used  to  measure  the  trans- 
conductance of  a triode.  Prove  that,  when  a balance  is  obtained,  gm  — l/R  (see 
Ref.  2 of  Chap.  8). 


Prob.  8-8  Prob.  8-9 


8-10.  A triode  is  operated  as  shown.  Calculate  the  voltage  gain  at  1,000  cps. 
Draw  a sinor  diagram,  y.  = 20,  and  Vp  = 10  K. 


Prob.  8-10  Prob.  8-11 


8-11.  A triode  is  used  in  the  circuit  shown.  The  circuit  parameters  have  the  follow- 
ing values:  L = 10  henrys,  C\  =0.10  ^f.  Ck  = 10  yl,  Rl  = 10  K,  E^b  = 300  volts, 
y = 50,  Tp  = 50  K.  It  is  desired  to  have  a direct  current  of  1.0  ma  in  the  plate  circuit 
and  a grid  voltage  of  —3  volts  when  the  applied  signal  is  zero.  Determine  the 
following : 

a.  Self-bias  resistor  Rk. 

b.  Voltage  gain  of  the  amplifier. 

c.  Phase  shift  between  input  and  output  voltage.  Draw  a sinor  diagram. 

Note  that  no  grid  battery  is  used  in  this  circuit  but  that  the  voltage  drop  hRk  acts 
as  the  grid  bias. 

8-12.  The  triode  shown  has  a plate  resistance  of  2.5  K and  an  amplification  factor 
of  5.  If  the  rms-reading  voltmeter  V has  a resistance  of  10  K and  negligible  reactance. 
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what  will  it  read?  The  input  signal  E is  12  volts  rms  at  a frequency  of  1,000  cps.  The 
reactance  of  the  capacitor  C may  be  neglected  in  comparison  with  the  voltmeter 
resistance. 


8-13.  Draw  the  equivalent  circuit  and  find  the  a-c  plate  current  in  the  tube  shown. 
The  tube  constants  are  m = 10  and  rp  = 5 K.  The  1,000-cycle  oscillator  E has  an 
rms  output  of  0.2  volt. 

8-14.  Analyze  the  circuit  shown,  which  is  known  as  a bootstrap  circuit.  This 
provides  the  same  gain  but  without  the  180-deg  phase  reversal  of  a conventional  ampli- 
fier. It  has  the  disadvantage  of  requiring  isolation  of  the  input-signal  source  from 
ground. 


8-16.  Find  an  expression  for  the  a-c  voltage  across  Rl-  The  two  tubes  are  identical 
and  h^ve  parameters  p,  Vp,  and  Qm- 

Each  tube  has  a plate  resistance  rp  = 10  K and  an  amplification  factor 
p — 20.  Find  the  gain 

а.  Co/ei,  if  62  = 0. 

б.  60/62,  if  61  = 0. 
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8-17.  a.  Prove  that  the  magnitude  of  the  signal  current  is  the  same  in  both  tubes 
provided  that 


M 


Neglect  the  reactance  of  the  capacitors. 

h.  If  r is  chosen  as  in  part  a,  prove  that  the  voltage  gain  is  given  by 


A = 


— 

At  + 1 Rl  + /■p/2 


8-18.  Calculate  the  signal  current  I in  terms  of  the  signal  voltage  E\  and  E^. 
The  parameters  of  each  tube  are  At  = 70  and  = 44  K. 


8-19.  a.  If  At  = 19  and  rp  = 10  K for  each  tube,  find  the  voltage  gain  A = eo/e 

h.  Find  the  output  impedance. 

8-20.  Derive  the  current-source  equivalent  circuit  from  the  Taylor’s  series  ex- 
pansion, Eq.  (8-19). 

Analyze  the  Miller  bridge  circuit  of  Fig.  8-19  using  the  current-source  equiv- 
alem'circuit. 

8-22.  Verify  the  expression  (8-23)  for  the  gain  of  the  grounded-grid  amplifier,  tak- 
ing source  impedance  into  account. 

8-23.  Prove  that  the  input  impedance  for  the  grounded-grid  amplifier  is  (rp  4-  Rl)/ 
(a*  + !)• 

8-24.  a.  Given  a cathode  follower  with  the  grid  resistor  Rg  connected  from  grid  to 
cathode.  Prove  that  the  input  impedance  Z,  is  greater  than  Rg  and  is  given  by 


Zi  = 


Rg 


\ - A 

where  A is  the  voltage  gain. 

h.  For  a 12AU7  with  72*  = 20  K and  72^  = 1 megohm,  find  the  value  of  Zi. 

8-26.  Calculate  the  input  impedance  (the  impedance  seen  by  E/)  for  the  circuit  of 
Prob.  8-8. 

8-26.  Solve  Prob.  8-15  by  replacing  T2  by  its  Thevenin’s  equivalent  looking  into 
its  cathode  (Prob.  8-56). 

8-27.  Solve  Prob.  8-16  by  replacing  Ti  by  its  Thevenin’s  equivalent  looking  into 
its  plate  (Prob.  8-46)  and  by  replacing  T2  by  its  Thevenin’s  equivalent  looking  into  its 
cathode  (Prob.  8-56). 

8-28.  Solve  Prob.  8-18  by  the  method  suggested  in  Prob.  8-27. 
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8-29.  Solve  Prob.  8-19  by  using  the  Thevenin’s  equivalent  circuit  looking  into  each 
cathode  (Prob.  8-56). 

8-30.  a.  A 6SF5  triode  works  into  a 100-kilohm  resistive  load.  Calculate  the  com- 
plex voltage  gain  and  the  input  admittance  of  the  system  for  frequencies  of  100  and 
100,000  cps.  Take  the  interelectrode  capacitances  into  consideration.  The  tube 
parameters  are  n = 100,  rp  = 66  K,  gm  = L5  millimhos,  Cgk  = 4.0  tinf,  Cpk  = 3.6 
and  Cgp  = 2.4  jupf- 

Compare  these  results  with  those  which  are  obtained  when  the  interelectrode 
capacitances  are  neglected. 

h.  Calculate  the  input  resistance  and  capacitance. 

8-31.  Calculate  the  input  admittance  of  a 6C5  triode  at  10^  and  10®  cps  when  the 
total  plate-circuit  impedance  is 

a.  A resistance  of  50  K. 

h.  An  inductive  reactance  of  50  K at  each  frequency. 

Take  the  interelectrode  capacitances  into  consideration.  The  tube  parameters 
are  m = 20,  Vp  = 10  K,  Qm  = 2.0  millimhos,  Cgk  = 3.0  nyl,  Cpk  = 11.0  and 
Cgp  = 2.0  M/^f-  Express  the  results  in  terms  of  the  input  resistance  and  capacitance. 

8-32.  A 6J5  (6SN7)  is  incorporated  in  a simple  grounded-cathode  amplifier  circuit. 
It  is  to  be  operated  at  the  recommended  point.  Starting  with  a zero  load,  how  much 
resistance  must  be  introduced  as  load  in  order  to  multiply  the  input  capacitance  by  a 
factor  of  6?  Cpk  = 0.7,  Cgk  = 2.4,  Cgp  = 3.9MMf,  M = 20,  Vp  = 7.7K. 

8-33.  In  the  circuit  shown  the  triode  is  used  as  an  adjustable  impedance  element, 
by  varying  the  d-c  bias  and  thereby  the  Qm  of  the  triode. 

a.  Assume  that  there  is  a generator  E between  the  termi- 
nals A and  B.  Draw  the  equivalent  circuit.  Neglect  inter- 
electrode capacitances. 

b.  Show  that  the  input  admittance  between  A and  B is 

Prob.  8-33  Ti  = Tp  + (1  + gmR)Y cr 

where  Yp  is  the  admittance  corresponding  to  rp  and  Ycr  is  the  admittance  correspond- 
ing to  R and  C in  series. 

c.  If  gmR  li  show  that  the  effective  input  capacitance  is 

^ 

* co(l  T a^) 

and  the  effective  input  resistance  is 

(1  + a^)rp 

1 -b  a^l  + m) 

where  a = aCR. 

d.  At  a given  frequency  show  that  the  maximum  value  of  Ci  (as  either  C or  R is 
varied)  is  obtained  when  a = 1 and 


//-I  \ yrn 

Also  show  that  the  value  of  Ri  corresponding  to  this  Ci  is 

2r„ 


(7^1 ) max  (■ 


2 + M 


which,  for  m ^ 2,  reduces  to  (72t)max  = 2/gfm. 
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e.  The  tube  is  a 6SN7  (see  Fig.  7-8)  operated  at  5,000  cps.  If  the  bias  is  adjusted 
so  that  the  tube  current  can  be  varied  over  the  range  from  2 to  20  ma,  over  what  range 
do  (Cijmax  and  vary? 

8-34.  Solve  for  the  analogous  quantities  to  those  asked  for  in  Prob.  8-33,  if  the 
capacitor  C is  replaced  by  an  inductor  L. 

8-35.  Verify  Eq.  (8-49)  for  the  gain  of  a cathode  follower. 

8-36.  Verify  Eq.  (8-55)  for  the  output  impedance  of  a cathode  follower. 

8-37.  A PJ-22  phototube  and  a 6SN7  amplifier  are 
used  in  the  circuit  shown  for  counting  certain  ob- 
jects. When  no  object  is  in  the  path  of  the  incident 
beam,  the  intensity  on  the  cell  is  100  ft-c.  Under 
this  condition,  it  is  desired  that  there  be  no  current 
in  the  relay.  When  an  object  interrupts  the  light 
beam,  the  light  intensity  on  the  cell  is  5 ft-c  and  it  is 
desired  that  the  relay  should  close.  If  the  relay 
closes  at  20  ma,  for  what  range  of  values  of  R will 
the  circuit  operate  properly?  The  relay  resistance  is  1 kilohm. 

8-38.  In  the  circuit  shown  the  illumination  on  the  phototube  is  50  ft-c.  Calculate 
the  current  in  each  resistor. 


f5K 


80^ 


Pros.  8-38 


8-39.  In  the  figure  shown  the  phototube  controls  the  load  current  of  the  triode.  As 
used  in  this  circuit,  the  phototube  current  h as  a function  of  the  intensity  j (in  foot- 
candles)  is  given  by  the  equation 


where  h is  in  microamperes. 

a.  Find  the  minimum  illumination  that  will  send  current  through  the  15-K  load. 

h.  If  the  illumination  is  fixed  at  150  ft-c,  what  is  the  peak  instantaneous  load 
current  ? 

c.  Make  a rough  plot  of  the  a-c  input  voltage  as  a function  of  time,  and  (using  the 
same  abscissa)  make  a rough  plot  of  the  instantaneous  load  voltage  for  the  fixed  illumi- 
nation of  150  ft-c.  In  particular,  indicate  where  the  output  voltage  drops  to  zero. 

8-40.  Design  a photocell  circuit  that  will  close  a relay  if  the  illumination  exceeds 
0.1  lumen  and  will  open  the  relay  if  the  illumination  falls  below  0.02  lumen.  A type 
929  photocell,  a type  12AT7  amplifier,  and  a 1-K  relay  that  closes  at  10  ma  and  opens 
at  2 ma  are  to  be  used.  The  voltage  source  for  each  tube  is  the  120-volt  d-c  house 
supply. 

a.  Sketch  the  circuit. 

h.  Calculate  the  resistance  needed  to  couple  the  phototube  to  the  amplifier. 

c.  Calculate  the  grid  bias  that  must  be  used. 
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Chapter  9 

9-1.  Verify  Eqs.  (9-16)  starting  with  Eqs.  (9-12)  and  (9-15). 

9-2.  a.  A transistor  is  operating  in  the  cutoff  region  with  both  the  emitter  and 
collector  junctions  reverse-biased  by  at  least  a few  tenths  of  a volt.  Prove  that  the 
currents  are  given  by 

_ Ibo(1  — (xf) 

1 — OLFOiR 

j /co(l  — cxr) 
ic  = — j 

1 — OLFOtR 

b.  Prove  that  the  emitter-junction  voltage  required  just  to  produce  cutoff  (If  = 0 
and  the  collector  back-biased)  is 


Ve  — T2'ln(l  — uf) 


c.  Evaluate  Ic,  Ie,  and  /b  in  part  a and  Fb  in  part  h for  an  n-p-n  2N35  transistor 
for  which  (at  room  temperature)  ap  — 0.98,  Ico  = 2 ^la,  and  Ieo  = 1.6  na. 

9-3.  a.  Given  an  n-p-n  2N35  transistor  for  which  (at  room  temperature)  = 0.98, 
Ico  — 2 /xa,  and  Ieo  = 1.6  /xa.  A common-emitter  connection  is  used,  and  Fee  = 
12  volts  and  Rl  = 4.0  K.  What  is  the  minimum  base  current  required  in  order  that 
the  transistor  enter  its  saturation  region? 

b.  Under  the  conditions  in  part  a find  the  voltages  across  each  junction  and  between 
each  pair  of  terminals,  if  the  base  spreading  resistance  tr  is  neglected. 

c.  Repeat  part  b if  the  base  current  is  200  pa. 

d.  How  are  the  above  results  modified  if  tr  = 250  ohms? 

9-4.  Plot  emitter  current  vs.  emitter-to-base  voltage  for  a 2N35  transistor  if 

a,  Fc  = 0. 

b.  Fc  is  back-biased  by  more  than  a few  tenths  of  a volt.  Neglect  the  base  spread- 
ing resistance. 

9-6.  Plot  carefully  to  scale  the  common-emitter  characteristic  Ic/Ib  vs.  Vce  for 
a transistor  with  ap  = 0.90  = olr. 

9-6.  Derive  the  expression  (9-32)  for  the  parameters  azi  and  <122  in  terms  of  the 
physical  constants  of  the  transistor. 

9-7.  a.  If  it  is  not  assumed  that  W ILr  <jC  1,  prove  that  Eqs.  (9-29)  and  (9-31) 
remain  valid  provided  that 


an 

U12 

022 


Ae  ^Dp  ^ coth  ^ -b 

Vno 

021  = — AeDp^csch 

LtR 


DnnEo\ 

Le  j 
w 

Lb 


* Vno 

Dp  4—  coth  J h 

y B B 


Dnnco\ 

Lc  ) 


b.  Show  that,  if  W /Lr  <K  1,  these  expressions  reduce  to  those  given  by  Eqs.  (9-30) 
and  (9-32). 

9-8.  Show  that  Eq.  (9-34)  follows  from  Eq.  (9-33). 

9-9.  Using  the  results  of  Prob.  9-7,  verify  Eqs.  (9-35)  to  (9-40). 

9-10.  Obtain  the  exact  expression  (9-36)  for  the  transport  factor  by  carrying 
out  the  partial  derivative  in  the  definition  of  p in  Eq.  (9-43). 

9-11.  Obtain  the  exact  expression  (9-37)  for  the  cathode  efficiency  7 by  carrying 
out  the  partial  derivative  in  the  definition  7 in  Eq.  (9-42). 
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9-12.  a.  A 2N104  transistor  (Appendix  IX)  is  used  in  a common-emitter  circuit 
with  Fee  = 4 volts  and  Rl  = 2 K.  If  bias  is  obtained  by  connecting  a 100-K  resistor 
from  collector  to  base,  find  the  quiescent  point. 

h.  Find  the  stability  factor  *S  if  = 44. 

9-13.  a.  In  order  to  see  how  much  less  variable  the  circuit  of  Fig.  9-16  is  than  that  of 
Fig.  9-15  to  a change  of  transistor,  consider  that  two  2N35  transistors  are  available,  one 
with  the  characteristics  in  Fig.  A9-1  and  the  second  with  the  same  shape  but  with 
I B replaced  by  7b/2.  (F or  example,  the  curve  marked  Ib  = 40  /xa  for  the  first  transistor 
is  marked  20  /xa  for  the  second  transistor.)  Take  Vec  = 22.5  volts,  Rl  = 5.6  K, 
Rb  = 250  K for  Fig.  9-16  and  Rb  = 560  K for  Fig.  9-15  so  that  with  transistor  1 both 
circuits  are  operating  at  Ib  — 40  /xa  and  Ic  = 2.2  ma.  Find  Ic  for  each  circuit  for 
transistor  2. 

h.  Repeat  part  a for  transistor  3,  whose  characteristics  are  obtained  from  transistor  1 
by  changing  Ib  to  21  b.  In  other  words,  the  curve  marked  40  /xa  is  now  called  80  /xa. 

9-14.  For  the  two-battery  transistor  circuit  shown  prove  that  the  stabilization  factor 
S is  given  by 


1 - c + aRi/(Ri  -f  R2) 

9-16.  a.  Verify  Eq.  (9-56). 

b.  Show  that  S may  be  put  in  the  form 

q _ 6^1  -f-  G2  + Gj 

(1  — a)Gi  G2  Gz 


where  the  G’s  are  the  conductances  corresponding  to  the  R’s. 

9-16.  Determine  the  quiescent  currents  and  the  collector-to-emitter  voltage  for  a 
2N35  transistor  in  the  self-biasing  arrangement  of  Fig.  9-18.  The  circuit-component 
values  are  Vec  = 20  volts,  Rl  = 2 K,  Ri  = 0.1  K,  E2  = 5 K,  and  Rz  = 100  K. 

9-17.  A p-n~p  2N104  transistor  is  used  in  the  self-biasing  arrangement  of  Fig.  9-18. 
The  circuit-component  values  are  Vec  — 4.5  volts,  Rl  = 1.5  K,  Ri  = 0.27  K,  R2  = 
2.7  K,  and  Rz  = 27  K. 

a.  If  = 44,  find  the  stabilization  factor  S. 

b.  Find  the  quiescent  point. 

c.  Recalculate  the  above  values  if  the  base  spreading  resistance  of  690  ohms  is 
taken  into  account. 

9-18.  a.  A 2N35  transistor  is  used  in  the  self-biasing  arrangement  of  Fig.  9-18 
with  Vec  — 16  volts  and  Rl  = 15  K.  The  quiescent  point  is  chosen  to  be  V ce  = 
8 volts  and  /c  = 4 ma.  A stabilization  factor  <S  = 12  is  desired.  If  ag  = 0.98,  find 
Rl,  R2,  and  Rz. 

b.  Repeat  part  a for  >S  = 3. 

c.  What  is  the  “price”  paid  for  the  improved  stability  in  part  5? 

9- 19.  a.  A p-n-p  2N104  transistor  is  used  in  a common-collector  circuit  (Fig.  9-18 
with  Rl  = 0).  The  circuit-component  values  are  Vec  = 3.0  volts,  i2i  = 1 K,  722  = 
Es  = 5 K.  If  a = 0.978,  find  S. 

b.  Find  the  quiescent  point. 

c.  Recalculate  the  above  values,  taking  the  base  spreading  resistance  of  690  ohms 
into  account. 

Chapter  10 

10- 1.  Verify  the  transformation  equations  in  Table  10-1. 

10-2.  Verify  the  expression  in  Table  10-2  for  At  for  a grounded-base  amplifier 

a.  By  direct  evaluation  of  the  short-circuit  current  divided  by  Ig  = Vg/Rg. 

b.  By  substituting  A®  and  Ro  in  Eq.  (10-17). 
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10-3.  Verify  the  expression  in  Table  10-2  for  Ro  for  a grounded-base  amplifier  by 
evaluating  the  current  la  drawn  from  an  auxiliary  voltage  Va  impressed  across  the 
output  terminals  (with  zero  input  voltage  and  Rl  = ■»).  Then  R„  — Valla- 

10-4.  Verify  the  expressions  in  Table  10-2  for  and  Ro  for  a grounded-emitter 
configuration. 

10-6.  Repeat  Prob.  10-2  for  the  common-emitter  configuration. 

10-6.  Repeat  Prob.  10-3  for  the  common-emitter  configuration. 

10-7.  In  Fig.  10-4b  replace  r-mle  by  —rmih  + h)  and  convert  the  term  containing 
h into  a current  generator.  Show  that  this  procedure  results  in  the  common-emitter 
T equivalent  circuit  of  Fig.  10-9.  Note:  In  Fig.  10-46  replace  i by  I. 

10-8.  Repeat  Prob.  10-2  for  the  common-collector  configuration. 

10-9.  Repeat  Prob.  10-3  for  the  common-collector  configuration. 

10-10.  Repeat  Prob.  10-4  for  the  common-collector  configuration. 

10-11.  Verify  the  expression  in  Table  10-2  for  Ri  for  the  common-collector  con- 
figuration. 

10-12.^Draw  a linear  equivalent  circuit  for  the  common-collector  configuration 
using  a current  generator  proportional  to 

а.  The  input  current. 

б.  The  output  current. 

c.  Is  there  an  advantage  in  using  one  or  the  other  of  these  circuits? 

10-13.  From  the  equivalent  T circuit  write  down  the  common-emitter  short-circuit 
cfirrent  gain  Au  as  the  ratio  of  two  currents,  subject  to  the  restriction  that  Rg  5S>  Ri. 
Do  the  same  for  the  common-collector  current  gain  Aic.  Show  that  + Aic  — 1. 
Check  this  relationship  in  Table  10-3. 

10-14.  Draw  the  equivalent  circuits  for  the  common-emitter  and  common-collector 
configurations  subject  to  the  restriction  that  = 0.  Show  that  the  input  impedances 
of  the  two  circuits  are  identical.  Verify  this  relationship  in  Table  10-2. 

10-16.  For  a common-base  amplifier  with  Rg  = 0 prove  that  the  voltage  gain  A is 
given  approximately  by  Eq.  (9-1),  namely,  A = aRhlrJ . Make  the  assumptions  that 
the  base  spreading  resistance  is  zero  and  that  the  load  resistance  is  small  enough  so  that 
nRhlTc  Te.  Make  use  of  the  relationships  in  Tables  10-3  and  10-1. 

10-16.  Given  a grounded-emitter  amplifier  with  the  following  parameters:  n — 
750  ohms,  Ve  = 13  ohms,  = 20  K,  a«  = 50,  Rg  = W.,  and  Rl  = 2 K.  Draw  the 
equivalent  circuit  and  calculate  the  voltage  gain.  Check  your  result  by  using  the 
solution  given  in  Table  10-2. 

10-17.  a.  Evaluate  Ri  for  the  three  configurations  for  Rl  = 10  K.  Use  the  tran- 
sistor parameter  values  given  in  Table  10-3. 

6.  Evaluate  Ro  for  the  three  configurations  for  Rg  = 50  K. 

10-18.  For  the  common-base  configuration  what  is  the  maximum  value  of  for 
which  Ri  does  not  exceed  50  ohms?  Use  the  transistor  parameter  values  given  in 
Table  10-3. 

10-19.  a.  For  a common-emitter  configuration  what  is  the  maximum  value  of  Al 
for  which  Ri  differs  by  no  more  than  10  per  cent  of  its  value  for  Rl  = 0?  Use  the 
transistor  values  given  in  Table  10-3. 

6.  What  is  the  maximum  value  of  Rg  for  which  Ro  differs  by  no  more  than  10  per 
cent  of  its  value  for  Rg  = 0? 

10-20.  Repeat  Prob.  10-19  for  the  common-collector  configuration. 

10-21.  For  a common-emitter  configuration  what  parameter  can  be  obtained 

а.  From  the  vertical  spacing  of  the  collector  characteristics? 

б.  From  the  slope  of  these  characteristics? 

c.  Evaluate  these  parameters  for  the  2N35  at  the  quiescent  point  Ic  = 1 ma  and 
VcE  = 4 volts. 
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10-22.  Consider  n identical  common-emitter  stages  in  cascade.  If  n is  greater 
than  unity,  prove  that  the  input  impedance  is  given  approximately  by 

Ri  = n 

1 — a 

10-23.  In  the  illustrative  problem  in  Sec.  10-5  replace  each  stage  by  its  equivalent  T 
circuit.  Solve  the  resultant  four-mesh  network  for  the  output  current  in  terms  of  the 
input  voltage  and  then  calculate  the  over-all  voltage  gain. 

10-24.  In  the  illustrative  problem  in  Sec.  10-5  find  the  output  impedance  of  the 
two  stages  in  cascade  under  the  assumption  that  the  input  is  an  ideal 

a.  Current  source. 

6.  Voltage  source. 

10-26.  a.  In  the  circuit  shown,  the  output  terminals  are  collector  and  ground 
Prove  that  the  relationships  given  in  Table  10-2  for  the  com- 
mon-emitter configuration  remain  valid  provided  that  is  1 

replaced  by  Vg  -f-  J?i.  r- — hT  ^ 

b.  Now  take  the  output  terminals  between  emitter  and  | 

ground.  Prove  that  the  expressions  given  in  Table  10-2  for  -r 

the  common-collector  configuration  remain  valid  provided  ||  t I 

that  Rl  is  replaced  by  Ri,  that  Vg  is  replaced  by  -j-  Rl,  ^ 

but  that  Tm  ( = arc)  is  not  altered.  Pros.  10-25 

c.  Show  that  Ri  is  the  same  for  parts  a and  b. 

10-26.  a.  The  circuit  of  Prob.  10-25  has  the  following  parameters;  Rl  = 2 K, 
Rl  = 40  ohms,  Rg  = 0,  = 10  ohms,  rj  = 1 K,  rc  = 1 megohm,  and  a = 0.90.  With- 

out using  the  results  of  Prob.  10-25,  evaluate  the  voltage  gain  if  the  output  is  taken 
across  Ri. 

b.  Check  your  answer  by  using  the  results  of  Prob.  10-256. 

10-27.  In  the  illustrative  problem  in  Sec.  10-5  calculate  the  voltage  gain  of  each 
stage  by  multiplying  the  short-circuit  current  gain  by  the  effective  load  resistance  R 
and  dividing  by  the  input  resistance.  The  resistance  R is  the  parallel  combination  of 
the  actual  load  Rl,  the  output  impedance  Ro,  and  (except  for  the  last  stage)  the 
input  impedance  Ri  of  the  following  stage. 

10-28.  Verify  Eqs.  (10-41)  for  the  relationships  between  the  H and  the  T parame- 
ters in  the  common-base  configuration. 

10-29.  Verify  Eqs.  (10-45)  for  the  relationships  between  the  H and  T parameters 
in  the  common-emitter  configuration. 

10-30.  The  HA7501  p-n-p  silicon  fused-junction  transistor  has  the  following  com- 
mon-base hybrid  parameters: 

hi  = 45  ohms  hf  = —0.88 

/ir  = 4 X 10~^  ho  = 1.0  Minho 

Find  the  parameters  of  the  common-base  and  also  of  the  common-emitter  T-equiva- 
lent  circuit. 

10-31.  The  silicon  transistor  ST12  has  the  following  hybrid  parameters: 

h/e  =60  hib  = 60  ohms 

hob  = 0.4  /imho  Ars  = 5 X 10“^ 

Find  the  parameters  in  the  common-base  and  common-emitter  T-equivalent  circuits. 

10-32.  Given  the  following  common-emitter  hybrid  parameters,  find  the  common- 
base  hybrid  parameters: 

hie  = 2K  hre  = QX  lO^* 

hfe  = 50  h„e  = 25  /tmhos 
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10-33.  Prove  that  the  relationships  between  the  common-base  resistance  parame- 
ters and  the  common-base  equivalent-T  parameters  are 

^11  = Te  + n ri2  = ' ' 

J"2i  = r6  -h  arc  ,,  r2^  -^  rc  -|-  rj 

10- 34.  Find  the  relationships  betweefl  admittance  parameters  yn,  yi2,  yu,  and  yn 
and  the  equivalent- T parameters  for  a common-emitter  configuration. 

Chapter  11 

11- 1.  Draw  the  equivalent  circuit  of  a pentode  including  all  interelectrode  capaci- 
tances. Show  that  to  a very  good  approximation  the  input  capacitance  is  equal  to 
Cgk  and  Cga  in  parallel  and  that  the  output  capacitance  is  equal  to  Cpk,  Cp,,  and  Cps 
in  parallel.  The  symbols  are  defined  in  Sec.  11-5. 

11-2.  From  the  plate  characteristics  of  a 6F6  power  pentode  (see  Appendix  IX), 
draw  the  transfer  characteristics  for  a screen  voltage  of  250  volts  and  the  following 
values  of  plate  voltage:  Eh  = 80,  160,  240,  and  320  volts. 

11-3.  A 6F6  pentode  (see  Appendix  IX)  is  operated  at  the  quiescent  point  Ec  = 
— 15  volts.  Eh  = 200  volts.  Draw  the  dynamic  curves  for  the  following  values  of 
load  resistance:  1,  5.5,  and  10  kilohms. 

11-4.  A 6AU6  pentode  (Fig.  11-7)  is  operated  at  the  quiescent  point  Ed  = —2.0 
volts,  Ec2  = 150  volts,  and  Eh  = 200  volts. 

a.  Plot  the  transfer  characteristic. 

h.  Plot  the  dynamic  characteristic  for  a load  resistance  of  20  K. 

11-6.  A 6AU6  pentode  (Fig.  11-7)  is  operated  at  the  quiescent  point  Ed  = —2.5 
volts,  Ec2  = 150  volts,  and  Eh  = 200  volts. 

a.  What  is  the  plate  resistance  rp? 

b.  What  is  the  transconductance  Qm  for  an  increase  in  plate  current? 

c.  Repeat  part  h for  a decrease  in  plate  current. 

d.  Find  the  average  value  of  gm. 

e.  Find  m using  the  results  of  parts  a and  d.  Why  can  m not  be  found  directly  from 
the  plate  characteristics? 

11-6.  A 6AU6  amplifier  (Fig.  11-7)  used  in  the  circuit  shown  has  a voltage  gain  of 
15.  It  is  desired  that  the  quiescent  point  be  Ed  = —1.0  volt  and  Ec2  = 150  volts. 

The  capacitors  may  be  considered  to  be  arbitrarily  large. 
The  screen  current  is  0.4  of  the  plate  current.  Evaluate 

b.  Rjj. 

c.  Rk. 

d.  R,. 

11-7.  a.  Given  a pentode  amplifier  with  an  unby- 
passed cathode  resistor  Rk.  (In  the  figure  of  Prob. 
11-6,  Ck  = 0.)  Prove  that  the  amplification  A is  ap- 
proximately given  by 

^ ^ gmRh 
1 "t~  gmRk 

then  A “^Rh/Rk  independent  of  gm-  What  is  the  signifi- 
cance of  this  result? 

11-8.  a.  The  circuit  shown  can  be  used  as  a d-c  voltmeter  with  a very  high  input 
impedance.  The  two  tubes  are  identical  pentodes  although  shown  as  triodes  for  con- 
venience. The  indicating  instrument  has  a resistance  Rm-  Draw  the  equivalent 


+2501/ 


b.  Note  that  if  gmRk  ^ 1 
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circuit,  and  show  that  the  meter  current  will  be 

fiRE 

(Rk  +nRk  + R + rp)i2R  + Rrr.)  - 2R^ 

where  E is  the  d-c  voltage  to  be  measured. 

b.  The  meter  is  a 1-ma  milliammeter  whose  re- 
sistance is  100  ohms.  R — 10  kilohms.  The  tubes 
are  6SJ7’s  for  which  gm  = 1.65  millimhos  and 
Vp  = 1.0  megohm,  approximately.  If  Rkl^Tp/n  = 

1/gm,  show  that  Im  = E/2Rk  approximately.  For 
example,  if  Rk  = 50  kilohms,  full-scale  reading  will 
correspond  to  100  volts.  Note  that  the  meter  read- 
ing depends  only  upon  Rk  and  hence  the  calibration 
will  be  stable,  i.e.,  independent  of  the  aging  or  the 
replacement  of  the  tubes  or  voltage  supply.  Show 
that,  in  general,  Im  = Ej2Rk  provided  that  the  following  inequalities  are  true: 

Tp  » R » Rm,  M » 1,  and  Rk  » ^ 

11-9.  a.  Prove  that  the  short-circuit  common-emitter  current  gain  is 

A — gZe  — Ze 

(1  — ex)Zc  + Ze 

where  Zc  is  the  parallel  impedance  of  Tc'  and  Ce,  and  Ze  is  the  parallel  impedance  of 
Ve  and  Ce. 

b.  Since  Ze  <K  Zc,  show  that  A,-  = V-v 

1 — a(wj 

11-10.  Prove  that  the  product  of  the  zero-frequency  current  gain  and  the  alpha  cut- 
off frequency  is  the  same  for  the  common-emitter  as  for  the  common-base  configuration. 

11-11.  a.  Evaluate  «(wa)  from  Eq.  (11-23)  with  ao  = 1.  Verify  that  its  magnitude 
is  0.775  and  its  phase  angle  is  50  deg. 

b.  If  o)a  is  given  by  Eq.  (11-24),  verify  that  the  magnitude  of  a(wa)  is  0.707  and  its 
phase  is  58  deg. 

11-12.  For  an  n-p-n  germanium  transistor  W = 1 mil  and  t„  = 4 /xsec.  Find 

fab. 

b.  fae. 

11-13.  A silicon  p-n-p  transistor  has  an  alpha  cutoff  frequency  of  100  kc.  What  is 
the  base  thickness? 

11- 14.  a.  If  7 = 1 and  if  W^/Lb^  <3C  1,  prove  that  the  common-emitter  cutoff  fre- 
quency is  given  by  wa«  = IAb. 

b.  If  W^ILb^  is  small  but  not  negligible  compared  with  unity,  prove  that 

_ 1 1 

UaeTB  1 12  Ls* 

Chapter  12 

12- 1.  Calculate  the  concentration  of  gas  molecules  in  a “vacuum”  tube  at  10“®  mm 
Hg  pressure  and  room  temperature, 

a.  If  the  gas  is  nitrogen. 

b.  If  the  gas  is  neon. 
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12-2.  If  1.0  g of  argon  gas  is  confined  in  a volume  of  1 liter  at  40°C,  what  is  the 
pressure  of  the  gas? 

12-3.  Obtain  Eq.  (12-2)  directly  from  Eq.  (12-1)  without  the  use  of  Loschmidt’s 
number.  Convert  the  pressure  from  newtons  per  square  meter  to  millimeters  of  Hg. 

12-4.  A gas  tube  contains  argon  at  a pressure  of  15  mm  Hg  and  25°C.  How  many 
molecules  per  cubic  meter  have  energies  within  the  range  of  0.100  to  0.101  ev? 

12-6.  a.  Prove  that  the  average  energy  £Jav  of  gas  molecules  is  given  by 

Epri  dr] 
p,  dr] 


b.  Verify  that  = ^Et. 

12-6.  a.  Calculate  the  mean  free  path  of  a mercury  molecule  in  a rectifier  operating 
at  a mercury  condensation  temperature  of  40°C.  The  pressure  is  0.006  mm  Hg. 
The  radius  of  a mercury  molecule  is  1.82  A. 

b.  Calculate  the  number  of  collisions  per  second. 

c.  Calculate  the  random  current  density.  Assume  that  yip  of  1 per  cent  of  the 
molecules  are  ionized. 

12-7.  Calculate  the  number  of  collisions  per  second  made  by  a neon  molecule,  if 
the  pressure  is  1 mm  Hg  and  the  temperature  is  100°C.  The  radius  of  a neon  molecule 
is  1.17  A. 

12-8.  A gas  photocell  contains  ionized  argon  (atomic  radius  = 1.43  X 10”  ’®  m)  at 
a pressure  of  0.3  mm  Hg  and  room  temperature  of  20°C.  On  an  average,  how  many 
collisions  are  made  by  an  ion  in  traveling  a distance  of  2 cm? 

12-9.  Show  that  the  time  for  one  revolution  of  the  electron  in  the  hydrogen  atom  in 
a circular  path  about  the  nucleus  is 

mie^ 

1 — ;= sec 

4 \/2  €«(-IT)3 

where  the  symbols  are  as  defined  in  Sec.  12-3. 

12-10.  Bohr  postulated  that  the  stationary  states  are  determined  by  the  condition 
that  the  angular  momentum  must  be  an  integral  multiple  of  h/2rr,  where  h is  Planck’s 
constant.  For  the  hydrogen  atom  show  that  (in  mks  units) 

a.  The  possible  radii  are  given  by 

h^eon^  . 

r = meters 

rrme^ 


where  n is  any  integer  but  not  zero.  For  the  ground  state  (a  = 1)  show  that  the 
radius  is  0.53  A. 

b.  The  energy  levels  are  given  by 


Wn  = 


me*  1 
n^ 


joules 


c.  The  reciprocal  of  the  wave  length  (called  the  wave  number)  of  the  spectral  lines 
is  given  by 


waves /m 
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where  ni  and  n2  are  integers  with  ni  greater  than  and  R = me^/?,eo'^hH  = 1.10  X 
10^/to  is  called  the  Rydberg  constant. 

If  W2  = 1,  this  formula  gives  a series  of  lines  in  the  ultraviolet  called  the  Lyman 
series.  If  ri.2  = 2,  the  formula  gives  a series  of  lines  in  the  visible,  called  the  Balmer 
series.  Similarly  the  series  for  n2  = 3 is  called  the  Paschen  series.  These  predicted 
lines  are  observed  in  the  hydrogen  spectrum. 

12-11.  Show  that  Eq.  (12-15)  follows  from  Eq.  (12-14). 

12-12.  A photon  of  wave  length  1,400  A is  absorbed  by  cold  mercury  vapor,  and 
two  other  photons  are  emitted.  If  one  of  these  is  the  1,850-A  line,  what  is  the  wave 
length  of  the  second  photon? 

12-13.  Cold  mercury  vapor  is  bombarded  with  radiation,  and  as  a result  the 
fluorescent  lines  2,537  A and  4,078  A appear.  What  wave  length  must  have  been 
present  in  the  bombarding  radiation? 

12-14.  The  six  lowest  energy  levels  of  hydrogen  are  0,  10.19,  12.07,  12.73,  13.04,  and 
13.20  ev.  If  cold  hydrogen  vapor  absorbs  the  ultraviolet  972-A  line,  what  possible 
fluorescent  lines  may  appear? 

12-15.  The  seven  lowest  energy  levels  of  sodium  vapor  are  0,  2.10,  3.19,  3.60,  3.75, 
4.10,  and  4.26  ev.  A photon  of  wave  length  3,300  A is  absorbed  by  an  atom  of  the 
vapor,  and  three  other  photons  are  emitted. 

a.  If  one  of  these  is  the  11,380-A  line,  what  are  the  wave  lengths  of  the  other  two 
photons? 

h.  Between  what  energy  states  do  the  transitions  take  place  in  order  to  produce 
these  lines? 

12-16.  What  might  happen  if  cold  mercury  vapor  is  bombarded  with 

a.  One  5.00-ev  photon? 

b.  One  5.00-ev  electron? 

c.  One  5.46-ev  photon? 

12-17.  a.  With  what  speed  must  an  electron  be  traveling  in  a sodium-vapor  lamp  in 
order  to  excite  the  yellow  line  whose  wave  length  is  5,893  A? 

b.  Could  electrons  with  this  speed  excite  the  2,537-A  line  of  Hg? 

12-18.  a.  What  is  the  minimum  speed  with  which  an  electron  must  be  traveling  in 
order  that  a collision  between  it  and  an  unexcited  neon  atom  may  result  in  ionization 
of  this  atom? 

b.  What  is  the  minimum  frequency  that  a photon  can  have  and  still  be  able  to  cause 
photoionization  of  a neon  atom? 

12-19.  An  X-ray  tube  is  essentially  a high-voltage  diode.  The  electrons  from  the 
hot  filament  are  accelerated  by  the  plate  supply  voltage  so  that  they  fall  upon  the 
anode  with  considerable  energy.  They  are  thus  able  to  effect  transitions  among  the 
tightly  bound  electrons  of  the  atoms  in  the  solid  of  which  the  target  (the  anode)  is 
constructed. 

a.  What  is  the  minimum  voltage  that  must  be  applied  across  the  tube  in  order  to 
produce  X rays  having  a wave  length  of  0.5  A? 

b.  What  is  the  minimum  wave  length  in  the  spectrum  of  an  X-ray  tube  across  which 
is  maintained  60  kv? 

12-20.  An  electron,  after  falling  through  a potential  of  10  volts,  collides  with  a mer- 
cury atom  that  is  in  its  lowest  metastable  state.  As  a result  of  the  impact  the  atom 
is  elevated  to  its  7.73-volt  level.  What  is  the  energy  in  joules  of  the  impinging  elec- 
tron after  the  collision?  Assume  that  the  kinetic  energy  of  the  atom  is  unaffected 
by  the  collision. 

12-21.  Argon  resonance  radiation  falls  upon  sodium  vapor.  If  a photon  ionizes  an 
unexcited  sodium  atom,  with  what  speed  is  the  electron  ejected? 
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12-22.  A metastable  neon  atom  possessing  16.6  volts  energy  “collides”  with  an 
unexcited  argon  atom  and  ionizes  this  atom.  If  the  atoms  are  at  rest  before  and  after 
the  impact,  calculate  the  energy  with  which  the  electron  is  emitted. 

12-23.  Consider  a Townsend  discharge  in  which  there  is  zero  concentration  of  elec- 
trons at  the  cathode  (no  photocurrent,  and  the  7 emission  is  negligible).  There  is  a 
constant  volume  ionization  due  to  an  external  source  of  q ions  per  cubic  meter  per 
second.  Show  that  the  current  density  at  any  distance  x is  given  by 

J = ^ - 1) 

cx. 

where  e is  the  electronic  charge  and  « is  the  first  Townsend  coefficient. 

12-24.  In  a gas  photocell  there  is  a pressure  for  which  the  current  is  a maximum  at 
a given  field  intensity  (or  since  the  spacing  is  fixed,  at  a given  voltage).  Show  that 
this  is  the  pressure  at  which  a line  through  the  origin  is 
tangent  to  the  a/p  curve. 

12-26.  Prove  that  an  electron  released  at  the  cathode  of  a 
^ocd  gas  diode  with  plane-parallel  electrodes  will  yield  «"''/(!  — y) 
electrons  at  the  anode.  This  is  essentially  Eq.  (12-20). 
The  symbols  have  the  meanings  used  in  Sec.  (12-14)  with 
the  added  abbreviation  y = 7(6“'^  — 1). 

Proceed  by  considering  the  sequence  of  events  indicated  in 
the  sketch.  One  electron  released  at  the  cathode  multiplies 
to  electrons  at  the  anode.  Owing  to  this  ionization,  there 
are  liberated  — 1 positive  ions  which  travel  to  the  cathode 
and  there  release  7(e“'^  — 1)  = y secondary  electrons.  These 
I y electrons  multiply  by  ionization  to  at  the  anode. 

Ail  I -d  Hence  ye"**  — y positive  ions  travel  to  the  cathode  and  lib- 

Prob.  12-25  erate  7(2/6“'*  — y)  — secondary  electrons,  etc.  The  total 

number  of  electrons  at  the  anode  is  obtained  by  adding  the 
number  that  reach  the  anode  owing  to  each  of  the  individual  events,  as  outlined 
above.  The  result  is  a geometric  series  with  an  infinite  number  of  terms. 

12-26.  Using  plane-parallel  electrodes  in  air  at  1 mm  Hg  pressure  and  a constant 
electric-field  intensity  of  160  volts/cm,  the  following  data  were  taken; 


d,  cm 

0.5 

1.0 

1.5 

2.0 

2.5 

3.0 

3.5 

h 

h 

2.42 

5.87 

14.4 

35.1 

88.2 

250 

915 

a.  Verify  the  theory  of  Sec.  12-14  by  finding  the  value  of  a and  7. 

b.  What  are  the  breakdown  separation  and  the  breakdown  voltage? 

Note;  These  data  are  based  upon  the  results  of  F.  H.  Sanders,  Phys.  Rev.,  44,  1020 
1933. 

12-27.  Given  two  cold-cathode  tubes  as  shown,  containing 
the  same  gas  at  the  same  pressure.  The  cathode  of  tube  2 
has  a much  larger  surface  than  that  in  tube  1.  Sketch  the 
volt-ampere  characteristic  of  each  tube.  Give  the  reasons  for 
your  expected  curves. 

12-28.  The  sparking-potential  curves  of  a gas  as  a function 
of  pressure  for  two  different  separations,  di  and  ^2,  of  the  plane-parallel  electrodes  are 
illustrated.  Which  is  the  greater  distance,  and  why? 


/ ^ 

Pros.  12-27 
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Pros.  12-28 


12-29.  It  is  found  that  as  the  voltage  is  increased  from  zero,  a discharge  takes  place 
between  the  cathode  and  anode  through  the  long  path  1 instead  of  the  short  path  2 
of  the  tube  sketched.  Explain. 

12-30.  Using  the  tube  of  Prob.  12-29  at  a constant  voltage  between  if  and  A,  the 
pressure  is  gradually  decreased.  Explain  why  the  discharge  will  first  take  the  shorter 
path  and  then  the  longer  path. 

12-31.  It  is  often  said  that  a field  of  3 X 10®  volts/m  is  required  for  sparking  in  air 
at  atmospheric  pressure.  Show  that  this  is  true  only  for  a spacing  of  1 cm.  In  par- 
ticular, what  is  the  breakdown  field  strength  for  0.25  cm  separation? 

12-32.  Given  a gas  at  a constant  pressure  between  plane-parallel  electrodes.  The 
breakdown  curve  as  a function  of  separation  of  electrodes  shows  a minimum.  Explain 
why  this  is  to  be  expected  physically. 

12-33.  Given  a thermionic  plane  cathode  and  a plane-parallel  collector  a distance 
d apart  in  an  envelope  containing  a gas  at  a high  pressure.  The  mean  free  path  is  so 
small  that  each  electron  makes  many  collisions  with  the  gas  molecules  and  hence  may 
be  considered  to  be  traveling  with  a steady  drift  velocity  proportional  to  the  electric- 
field  intensity.  (In  a vacuum  where  there  is  no  mechanical  hindrance  due  to  collisions 
with  molecules  the  electron  would  move  with  constant  acceleration  and  not  constant 
velocity.)  Assume  that  the  energy  per  mean  free  path  is  less  than  the  ionization 
potential  so  that  the  tube  is  operating  under  space-charge  conditions.  If  the  mobility 
is  then  the  drift  speed  v is  given  by 


V — 


9 


Show  that  the  maximum  current  at  a plate  potential  Eh  is  given  by 

j _ StxEh^ 

''  32,r  X IQsd* 

where  S is  the  cathode  area. 

Hint:  Proceed  as  in  Sec.  (4-4). 

12-34.  a.  Consider  a tube  with  plane-parallel  electrodes  between  which  there  is  a 
constant  charge  density  p.  Show  that  the  potential  at  any  point  is  given  by  the 
formula 

where  d is  the  cathode-anode  separation,  Eh  is  the  anode  potential,  and  eo  is  the  permit- 
tivity of  free  space  in  mks  units. 

h.  Show  that  if  p is  positive  there  exists  a potential  maximum  greater  than  the  anode 
voltage.  This  corresponds  to  the  electron  trap  of  Fig.  12-11. 
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12-36.  Show  that  the  electric-field  intensity  at  the  cathode  end  of  the  cathode-fall 
region  is  equal  to  4:Eic/Zdk,  where  Ek  and  dk  represent  the  cathode-fall  potential  and 
distance,  respectively. 

12-36.  The  cathode  fall  of  potential  for  brass  plane-parallel  electrodes  in  air  is  350 
volts.  Calculate  the  normal  current  density  if  the  pressure  is  1 mm  Hg.  Use  an 
average  molecular  weight  for  air. 

12-37.  Plane-parallel  barium-coated  electrodes  are  sealed  in  a tube  containing 

argon  gas  and  connected  as  indicated  in 
Fig.  12-6.  The  gas  pressure  inside  the 
tube  is  0.15  mm  Hg.  The  distance  be- 
tween the  electrodes  is  10  cm.  The 
sparking-potential  curve  for  this  tube  is 
indicated.  The  supply  voltage  Ebb  is  in- 
creased until  the  tube  conducts.  The 
load  is  a 10-megohm  resistor. 

a.  At  what  minimum  value  of  Ebb  will 
the  tube  conduct? 

b.  If  the  voltage  is  held  at  this  mini- 
mum value,  what  will  be  the  tube  cur- 
rent? Assume  that  the  maintaining  tube  drop  is  equal  to  the  Paschen’s  minimum. 

c.  Calculate  the  cathode  area  which  is  covered  with  glow  for  the  current  in  part  b. 

12-38.  In  a certain  mercury  discharge  the  random  ion  current  density  is  6.0  amp/m^. 
A probe  is  maintained  10.0  volts  negative  with  respect  to  the  plasma.  Calculate  the 
thickness  of  the  positive-ion  sheath. 


mm  of  Hg  x cm 
Prob.  12-37 
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13-1.  An  884  argon-filled  triode  is  to  be  used  as  a sweep-circuit  relaxation  oscillator 
in  the  circuit  of  Fig.  13-9.  If  Ecc  — 25  volts.  Ebb  = 400  volts,  C = 0.0025  ni,  R = 
1.0  megohm,  and  the  extinction  voltage  is  16  volts, 

a.  Calculate  the  frequency  of  oscillation. 

b.  Calculate  the  peak  amplitude  of  the  generated  oscillations. 

c.  If  the  peak  current  rating  of  the  tube  is  0.5  amp,  what  is  a suitable  value  for  R'? 

d.  Plot  the  wave  shape  of  the  sweep  voltage,  assuming  that  the  capacitor  discharges 
through  the  tube  in  zero  time. 

Assume  that  Fig.  13-7  represents  the  critical  grid  characteristic  of  the  tube. 

13-2.  An  885  thyratron  is  used  as  a relaxation  oscillator  in  the  circuit  of  Fig.  13-9. 
The  critical  grid  curve  for  the  tube  is  that  given  in  Fig.  13-7.  The  extinction  voltage 
is  15  volts.  If  the  sweep-speed  error  is  not  to  exceed  5 per  cent,  design  a 6C)-cycle 
sweep  whose  amplitude  is  25  volts.  Specify  reasonable  values  of  Ebb,  Ecc,  R,  and  C, 
and  give  reasons  for  your  choice. 

13-3.  The  884  thyratron  is  to  operate  as  a saw-tooth 
oscillator  with  an  amplitude  of  100  volts  at  a frequency 
of  1,000  cps. 

If  the  maintaining  voltage  is  15  volts  find 

a.  Ecc* 

b.  C. 


c.  If  the  peak  current  rating  of  the  tube  is  0.5  amp,  Prob.  13-3 

what  is  a suitable  value  for  R? 

13-4.  A saw-tooth  oscillator  uses  an  884  thyratron.  A 450-volt  power  supply  is 
available.  A 500-cps  saw-tooth  wave  is  desired  with  a peak-to-peak  amplitude  of 
45  volts.  Assume  that  the  maintaining  voltage  is  15  volts. 
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a.  Draw  and  design  a circuit  using  nominal  components. 

b.  What  is  the  slope  error? 

13-6.  In  the  circuit  of  Fig.  13-9  a 929  phototube  (Fig.  6-14)  is  used  in  place  of  the 
resistor  R.  Explain  clearly  why  this  circuit  will  now  give  a linear  sweep  output. 

Design  a 1,000-cycle  50-volt  sweep.  The  intensity  of  the  illumination  on  the  photo- 
cell is  0. 1 lumen.  Specify  Ebb,  Ecc,  and  C.  Assume  that  an  885  thyratron  is  used  for 
which  the  maintaining  voltage  is  15  volts  and  the  critical  grid  starting  characteristic 
is  that  given  in  Fig.  13-7. 

13-6.  In  the  circuit  sketched  the  929  phototube  controls  the  current  in  the  884 
thyratron.  For  what  range  of  values  of  light  flux  will  the  thyratron  be  nonconducting? 
Explain  your  analysis  clearly. 


929 

Phototube 


115v  rms 


lOOv 


Prob.  13-6 


13-7.  The  circuit  of  Fig.  13-9  is  modified  by  replacing  the  resistor  by  a 6AU6 
pentode  (Fig.  11-7). 

a.  Explain  clearly  why  this  will  result  in  an  approximately  linear  sweep.  How  can 
the  amplitude  of  the  sweep  be  controlled?  How  can  the  frequency  be  adjusted  with- 
out changing  the  amplitude? 

h.  The  screen  voltage  on  the  6AU6  is  150  volts.  The  plate  supply  voltage  is  300 
volts.  The  capacitor  is  0.1  mL  A 300-cycle  150-volt  linear  sweep  is  desired.  Specify 
the  grid  voltages  of  the  6AU6  and  the  884  tubes.  Assume  that  the  critical  grid 
characteristic  of  the  884  is  given  in  Fig.  13-7  and  that  Em  — 15  volts. 

c.  The  screen  voltage  on  the  6AU6  is  150  volts.  The  plate  supply  voltage  is  300 
volts.  A 200-volt  5,000-cycle  sweep  is  desired.  Specify  the  grid  voltages  of  the 
6AU6  and  the  884  tubes  and  also  the  value  of  the  capacitance  C. 

13-8.  a.  Why  would  it  be  impossible  to  design  an  80-volt  100-cycle  linear  sweep 
using  a d-c  power  supply  voltage  of  250  volts,  a 0.05-^!  capacitor,  an  884  thyratron 
(Fig.  13-7),  and  a 929  phototube  (Fig.  6-14)? 

h.  Replace  the  phototube  with  a 6AU6  pentode  (Fig.  11-7),  and  complete  the 
design.  Sketch  the  complete  circuit,  and  give  all  battery  voltages. 

c.  If  the  peak  current  rating  of  the  884  is  0.5  amp,  what  is  a suitable  value  for  the 
plate-current  limiting  resistance? 

13-9.  Design  a 150-volt  10,000-cycle  linear  sweep  using  a d-c  power  supply  voltage 
of  250  volts.  Sketch  the  circuit  and  specify  all  tubes,  all  tube  voltages,  all  resistors, 
capacitors,  etc.  Explain  your  analysis,  and  state  clearly  any  assumptions  you  may 
make. 

13-10.  a.  In  Fig.  13-9  Ebb  = 250  volts,  Ecc  = 75,  = 1 megohm,  and  C — 0.01  juf. 

The  maintaining  voltage  is  15  volts.  A single  narrow  pulse  is  applied  across  Rg. 
What  is  the  minimum  pulse  amplitude  which  will  fire  the  tube? 

b.  Sketch  the  wave  form  across  C. 

c.  A train  of  narrow  pulses  of  large  amplitude  whose  repetition  frequency  is  / is 
applied  across  Rg.  What  is  the  slope  error  if  / = 10  kc? 

d.  For  what  value  of  / will  the  sweep  amplitude  be  50  volts? 
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13-11.  Given  two  cylindrical  glow-discharge  tubes  having  cathode  dimensions  as 
shown.  Both  tubes  have  the  same  cathode  material.  The  current  range  of  Ti  is  5 

to  50  ma. 

a.  If  the  tubes  are  filled  with  the  same  gas  at 
the  same  pressure,  what  is  the  maximum  current 
rating  of  T'2? 

b.  Suppose  that  the  pressure  in  T2  is  twice 
that  in  Ti,  what  is  the  corresponding  maximum 
current  rating  of  T'2? 

13-12.  a.  An  OD3/150  and  an  OA.3/75  tube 
J are  to  be  used  in  series  to  give  a constant  output 

Pros  13-11  voltage  of  225  volts.  The  supply  voltage  is  300 

volts.  What  is  the  value  of  the  current-limiting 
resistor  that  must  be  used  if  the  nominal  load  current  is  25  ma  and  the  nominal  tube 
current  is  15  ma? 

b.  If  the  load  suddenly  decreases  by  5 ma,  what  will  be  the  tube  current? 

c.  The  load  is  as  in  part  a.  If  the  supply  voltage  suddenly  changes  to  310  volts, 
what  will  be  the  tube  current? 

13-13.  a.  An  OC3/105  voltage-regulator  tube  is  used  in  the  circuit  of  Fig.  13-17. 
The  load  fluctuates  between  40  and  60  ma.  If  the  supply  voltage  remains  constant 
at  245  volts,  find  the  value  of  R so  that  the  load  voltage  is  maintained  fixed  at  105 
volts.  Assume  that  the  normal  operating  range  of  the  tube  is  5 to  40  ma. 

b.  With  R set  as  in  part  a and  with  the  load  fixed  at  50  ma,  find  the  range  over  which 
the  supply  voltage  may  vary  without  affecting  the 
output  voltage.  /? 

13-14.  An  OC3/105  is  used  in  the  circuit  shown 
as  a simple  relaxation  oscillator.  R and  C are  to  be 
chosen  to  yield  a recurrence  frequency  of  1,000  cps. 

a.  Calculate  and  plot  the  wave  shape  of  the  out- 
put, when  Ebb  — 125  volts.  (Choose  the  starting  S 

voltage  as  115  volts,  extinction  voltage  at  103  volts.)  Prob.  13-14 

b.  Repeat  when  Ebb  = 400  volts. 

c.  Discuss  the  matter  of  linearity  on  the  basis  of  these  results.  In  particular, 
determine  the  voltage  excursion  over  which  the  slope  error  is  within  5 per  cent  in 
each  case. 

13-16.  Show  that  the  period  of  oscillation  of  a relaxation  oscillator  of  the  type 
illustrated  in  Fig.  13-9  and  Prob.  13-14  is 

T = RC\n 

is  66  — 

where  Ed  is  the  voltage  at  which  the  tube  starts  to  conduct  and  Ee  is  the  extinction 
voltage. 

13-16.  The  tube  used  in  the  sweep  circuit  of  Prob.  13-14  has  a breakdown  voltage 
of  160  volts,  an  extinction  voltage  of  140  volts.  Ebb  = 300  volts,  and  RC  = 0.02  sec. 

a.  Find  the  sweep  amplitude. 

b.  Find  the  sweep  frequency. 

c.  Find  the  slope  error. 

d.  If  the  sweep  frequency  and  sweep  amplitude  are  to  remain  constant,  how  can  the 
deviation  from  linearity  be  reduced? 

13-17.  a.  An  OA4-G  tube  is  used  in  the  circuit  of  Fig.  13-19  with  Ebb2  = 100  volts 
and  Ebbi  = 80  volts.  What  is  the  largest  value  of  grid-limiting  resistor  for  which  the 
current  will  transfer  to  the  main  anode?  Assume  that  there  is  no  input  pulse. 
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b.  What  is  the  value  of  the  load  resistance  needed  to  obtain  full  rated  load  current 
of  25  ma? 

13-18.  An  OA4-G  tube  is  to  be  used  in  the  circuit  of  Fig.  13-19.  The  resistor  in  the 
control  anode  circuit  is  2 megohms,  and  the  load  consists  of  a 1,500-ohm  relay. 
Assume  that  there  is  no  input  pulse. 

a.  What  is  the  maximum  value  of  Ebb2  for  which  the  load  current  will  not  exceed  the 
rated  value  of  25  ma? 

b.  What  is  the  minimum  value  of  Ebbi  in  order  that  the  tube  operate  properly? 

13-19.  The  circuit  shown  is  a photocell-operated  warning  circuit. 

a.  What  is  the  minimum  photocell  current  which 
will  operate  the  buzzer? 

b.  What  is  the  maximum  voltage  across  the 
photocell? 

c.  What  is  the  maximum  voltage  across  the 
buzzer  coil? 

d.  During  what  fraction  of  a cycle  does  current  flow 
through  the  buzzer  if  the  photocell  current  is  50  jtta? 

13-20.  a.  In  the  neon  spectrum,  there  are  a number  of  levels  grouped  between  16.6 
and  16.8  volts  and  another  group  between  18.3  and  18.9  volts.  In  what  part  of  the 
spectrum  are  the  lines  emitted  by  transitions  between  these  two  groups  of  levels? 

b.  Other  prominent  lines  in  the  spectrum  originate  on  the  20.7-volt  level  and  end  on 
levels  in  the  18.3-  to  18.9-volt  group.  To  what  spectral  region  do  the  emitted  photons 
belong? 

It  is  these  transitions  which  are  responsible  for  the  characteristic  color  of  a neon  sign. 

Explain  why  cold  neon  vapor  is  transparent  to  the  red  lines  which  give  a neon  sign 
its  brilliance. 


the 

Photocell^^^^^ 

g Buzzer 

flOv  a-c 

the 

\ 

-^^0A4-6 

Pros.  13-19 


Chapter  14 

14-1.  A vacuum  diode  whose  internal  resistance  is  200  ohms  is  to  supply  power  to  a 
1 ,000-ohm  load  from  a 300-volt  (rms)  source  of  supply.  Calculate 
o.  The  peak  load  current. 

b.  The  d-c  load  current. 

c.  The  a-c  load  current. 

d.  The  d-c  tube  voltage. 

e.  The  total  input  power  to  the  plate  circuit. 

/.  The  efficiency  of  rectification. 

g.  The  percentage  regulation  from  no  load  to  the  given  load. 

14-2.  Show  that  the  maximum  d-c  output  power  in  a half-wave  single-phase  circuit 
occurs  when  the  plate  resistance  equals  the  load  resistance. 

14-3.  Prove  that  the  regulation  of  both  the  half-wave  and  the  full-wave  rectifier 
is  given  by 


% regulation 


ry 

Rl 


X 100% 


14-4.  A full  -wave  single-phase  rectifier  consists  of  a double-diode  tube  the  internal 
resistance  of  each  element  of  which  may  be  considered  to  be  constant  and  equal  to 
500  ohms.  These  feed  into  a pure  resistance  load  of  2,000  ohms.  The  secondary 
transformer  voltage  to  center  tap  is  280  volts  rms.  Calculate 

a.  The  d-c  load  current. 

b.  The  direct  current  in  each  tube. 

c.  The  a-c  voltage  across  each  diode. 

d.  The  d-c  output  power. 
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e.  The  efficiency  of  rectification. 

/.  The  percentage  regulation  from  po  load  to  the  given  load. 

14-6.  Verify  Eq.  (14-33),  which  gives  the  ripple  factor  in  a half-wave  gas-tube 
circuit. 

14-6.  Show  that  the  input  power  to  the  plate  circuit  of  any  rectifier  circuit  using  gas 
diodes  may  be  expressed  in  the  form 

Pi  = Itius^Rl  + Eolde 

where  the  symbols  have  the  meanings  used  in  the  text. 

14-7.  Gas  diodes  are  used  in  a full-wave  circuit. 

a.  Show  that  the  direct  current  is 

- s!  ['O'*  “‘“(i “■] 

where  sin  ai  = EojEm  and  it  is  assumed  that  the  maintaining  and  extinction  voltages 
equal  Eo. 

b.  Show  that  the  efficiency  of  rectification  is 


(i  ~ sin  aij 


— ai  — Sin  ai  COS  ai 


X 100% 


14-8.  A gas  diode  is  used  in  a half-wave  circuit  to  supply  a 500-ohm  resistor  from  the 
220-volt  a-c  mains.  The  breakdown  and  maintaining  voltages  are  constant  at  10 
volts.  Calculate  the  readings  of  the  following  instruments: 
a.  A d-c  ammeter  in  series  with  the  load. 
h.  An  a-c  ammeter  in  series  with  the  load. 

c.  A d-c  voltmeter  placed  across  the  tube. 

d.  An  a-c  voltmeter  placed  across  the  tube. 

e.  A wattmeter  whose  current  coil  is  in  series  with  the  load  and  whose  voltage  coil 
is  across  the  input. 

/.  The  efficiency  of  rectification. 

14-9.  A mercury-vapor  diode  is  used  in  a half-wave  circuit  to  supply  power  to  a 
15-ohm  resistor  from  a 12-volt  rms  source  of  voltage.  Assume  that  the  breakdown 
and  maintaining  voltages  of  the  tube  are  constant  at  12  volts.  Calculate 
a.  The  peak  load  current. 

h.  The  phase  angles  in  each  cycle  at  which  conduction  starts  and  stops. 

c.  The  d-c  load  current. 

d.  The  a-c  load  current. 

e.  The  d-c  load  power. 

/.  The  efficiency  of  rectification. 

14-10.  A high-pressure  gaseous  rectifier  is  used  to  charge  a 6-volt  battery  at  a 
6-amp  charging  rate.  The  tube  drop  is  constant  at  10  volts.  The  filament  input  is 
18  amp  at  2.2  volts.  If  the  120-volt  a-c  mains  are  applied  directly,  calculate 
a.  The  value  of  the  series  resistor  needed. 
h.  The  over-all  efficiency. 

If  the  120- volt  d-c  lines  are  used  instead  of  the  a-c  lines,  calculate  the  quantities  called 
for  in  parts  a and  b. 

Assume  that  the  battery  resistance  is  constant  at  0.05  ohm  and  that  the  battery 
voltage  is  constant  at  6 volts  throughout  the  charging  process. 
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14-11,  In  the  full-wave  single-phase  bridge,  can  the  transformer  and  the  load  be 
interchanged?  Explain  carefully. 

14-12.  A 1-ma  d-c  meter  whose  resistance  is  10  ohms  is  calibrated  to  read  rms  volts 
when  used  in  a bridge  circuit  using  copper  oxide  elements.  The  effective  resistance 
of  each  element  may  be  considered  to  be  zero  in  the  forward  direction  and  infinite  in 
the  inverse  direction.  The  sinusoidal  input  voltage  is  applied  in  series  with  a 5-K 
resistor.  What  is  the  full-scale  reading  of  this  meter? 

14-13.  Find  the  minimum  insulation  voltage  required  of  each  of  the  filament  trans- 
formers in  the  voltage  doubling  circuit  of  Fig.  14-11  if 

a.  The  positive  side  of  the  output  is  grounded. 

b.  The  negative  is  grounded. 

The  peak  alternating  voltage  is  Em- 

14-14.  The  circuit  shown  is  a half-wave  voltage 
doubler.  Analyze  the  operation  of  this  circuit. 

Calculate 

a.  The  maximum  possible  voltage  across  each 
capacitor. 

b.  The  peak  inverse  voltage  of  each  tube. 

c.  The  cathode-to-ground  insulation  stress. 

Compare  this  circuit  with  the  bridge  voltage  doubler  of  Fig.  14-11.  In  this  circuit  the 
output  voltage  is  negative  with  respect  to  ground.  Show  that  if  the  connections  to 
the  cathode  and  anode  of  each  tube  are  interchanged,  the  output  voltage  will  be  posi- 
tive with  respect  to  ground. 

14-16.  The  circuit  of  the  preceding  problem  can  be  extended  from  a doubler  to  a 
quadrupler  by  adding  two  tubes  and  two  capacitors  as  shown,  (a)  and  (o)  are  alterna- 
tive ways  of  drawing  the  same  circuit. 

a.  Analyze  the  operation  of  this  circuit. 

b.  Answer  the  same  questions  as  those  asked  in  Prob.  14-14. 

c.  Generalize  the  circuit  of  this  and  the  preceding  problem  so  as  to  obtain  n-fold 
multiplication  when  n is  any  even  number.  In  particular,  sketch  the  circuit  for  six- 
fold multiplication. 

d.  Show  that  n-fold  multiplication,  with  n odd,  can  also  be  obtained  provided  that 
the  output  is  properly  chosen. 


14-16.  By  connecting  two  half-wave  doublers  of  the  type  illustrated  in  Prob.  14-14 
to  the  same  input,  show  that  it  is  possible  to  obtain  a full-wave  quadrupler.  Explain 
the  operation  of  this  circuit. 
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14-17.  Explain,  with  the  aid  of  a circuit  diagram,  exactly  what  happens  in  a full- 
wave  single-phase  circuit  employing  two  single-anode  tank  rectifiers  when  an  arc-back 
occurs. 

14-18.  A controlled  rectifier  is  adjusted  so  as  to  fire  at  an  angle  <p  in  each  cycle.  The 
peak  of  the  applied  alternating  voltage  is  Em,  and  the  load  resistor  is  Rl-  Derive  ex- 
pressions for 

a.  The  rms  tube  current. 

h.  The  rms  voltage  drop  across  the  tube. 

c.  The  total  output  power. 

Assume  that  the  tube  drop  is  negligible  in  comparison  with  Em- 

14-19.  The  arc  drop  in  a certain  thyratron  is  10  volts.  The  tube  is  operated  from  a 
440-volt  rms  sinusoidal  source.  The  load  is  a resistance  of  100  ohms.  Calculate  the 
average  value  of  the  plate  current 

a.  When  the  grid  and  plate  voltages  are  in  phase. 
h.  When  the  grid  voltage  lags  the  plate  voltage  by  30  deg. 
c.  When  the  grid  voltage  leads  the  plate  voltage  by  30  deg. 

Assume  that  the  critical  grid  voltage  is  zero  for  all  values  of  plate  voltage. 

14-20.  The  thyratron  circuit  of  Fig.  14-20  is  used  to  regulate  the  average  current 
in  a 250-ohm  plate  load  resistor  of  an  FG-27A  tube.  The  voltage  Eab  = 220  volts 
rms  at  60  cps,  Zi  is  a 1,000-ohm  resistor,  and  Zi  is  a variable  inductor  whose  resistance 
may  be  neglected. 

a.  If  the  inductance  is  set  at  2.65  henrys,  draw  a sinor  diagram  showing  the  grid  and 
the  plate  voltages  (before  conduction  starts  in  each  cycle).  Sketch  these  voltages 
approximately  to  scale  as  a function  of  a = cot.  Determine  the  angle  at  which  the  tube 
will  fire. 

b.  What  is  the  magnitude  of  the  d-c  plate  current  that  will  be  obtained  with  the 
conditions  adjusted  as  in  part  a? 

c.  As  the  inductance  is  varied,  what  are  the  maximum  and  minimum  values  of 
direct  current  that  can  be  obtained? 

d.  If  the  resistance  R of  the  inductor  is  not  negligible,  discuss  the  modifications 
that  must  be  made  in  the  solution  of  this  problem.  In  particular,  redraw  the  sinor 
diagram,  taking  R into  account. 

e.  If  Zi  is  a variable  capacitor  and  Z2  is  a 1,000-ohm  resistor,  repeat  parts  a,  b,  and  c. 
For  part  a the  capacitance  is  adjusted  to  1.53  ^f- 

14-21.  Control  of  a thyratron  is  to  be  obtained  with  a fixed  l-^f  capacitor  and  a 
variable  resistor  R.  The  tube  drop  is  15  volts. 

a.  Draw  a sinor  diagram  and  determine  whether  Zi  or  Z 2 is  to  be  R. 

b.  H R — 0,  what  is  the  value  of  the  direct  current  through  the  500-ohm  load? 

c.  If  R is  adjusted  so  that  the  grid  voltage  lags  the  plate  voltage  by  90  deg,  what 
will  an  a-c  voltmeter  across  the  tube  read? 


200i^ 


14-22.  In  the  thyratron  circuit  shown  the  transformer  primary  and  secondary  wind- 
ings are  so  arranged  that  continuous  phase-shift  control  is  obtained  as  R is  varied. 
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a.  Draw  a sinor  diagram  showing  the  grid  and  plate  voltages  (before  conduction 
starts  in  each  cycle). 

b.  What  is  the  plate  current  if  R is  extremely  large? 

c.  What  is  the  plate  current  if  R is  very  small? 

d.  What  is  the  plate  current  if  jK  = Wi? 

The  transformer  reactances  may  be  considered  to  be  infinite. 

14-23.  In  the  phase-shift-controlled  thyratron  circuit  shown  the  reactance  of  the 
inductor  is  twice  the  reactance  of  the  capacitor.  The  resistance  of  the  choke  coil  may 
be  neglected.  The  phase  is  varied  by  varying  the  resistance  R. 

a.  Draw  the  sinor  circle  diagram  showing  the  phase  angle  6 between  the  grid  and 
plate  voltage  (before  conduction  starts  in  each  cycle). 

b.  Prove  that  tan  (6/2)  = X/R  and  that  the  magnitude  of  the  grid  voltage  equals 
the  magnitude  of  the  plate  voltage. 

c.  Between  what  limits  can  the  d-c  load  current  be  varied?  To  what  values  of  R 
do  these  limits  correspond? 
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14-24.  It  is  desired  to  control  the  current  in  the  100-ohm  resistor  in  the  plate  circuit 
of  the  thyratron  shown  by  means  of  the  phase-shift  method. 

a.  If  a fixed  0.5-;uf  capacitor  and  an  adjustable  resistor  R are  available,  which  must 
be  Z\  and  which  must  be  Z2?  Show  by  a sinor  diagram  the  reason  for  your  choice. 

b.  What  value  of  R will  cause  the  largest  d-c  plate  current?  Calculate  the  value 
of  this  current. 

c.  What  is  the  minimum  value  of  the  controlled  direct  current? 

d.  What  must  the  value  of  R be  in  order  that  70  per  cent  of  the  maximum  possible 
current  pass  through  the  load? 

e.  Repeat  parts  a,  b,  c,  and  d if  a 10-henry  inductor  (of  negligible  resistance)  is  avail- 
able instead  of  the  O.fi-^f  capacitor. 

14-26.  a.  In  the  thyratron  circuit  shown,  a fixed  inductor  of  4 henrys  and  a variable 
resistor  are  used.  With  the  aid  of  a sinor  diagram,  decide  whether  Zior  must  be  the 
resistor  in  order  to  have  control  as  R is  varied. 

b.  What  is  the  maximum  reading  of  a d-c  ammeter  in  series  with  the  load,  and  for 
what  value  of  R is  this  obtained? 

c.  The  resistor  is  set  at  1,000  ohms.  Calculate  the  reading  of  an  a-c  voltmeter 
across  the  tube. 


14-26.  An  OA4-G  cold-cathode  triode  is  used  to  control  the  current  in  a 5-K  resistor. 
Use  the  transfer  characteristics  and  maintaining  voltages  of  Fig.  13-18. 
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a.  The  d-c  control  anode  voltage  E is  highly  positive  and  is  slowly  reduced  toward 
zero.  At  what  value  of  E does  the  current  in  the  5-K  resistor  just  drop  to  zero? 

h.  If  E is  just  slightly  larger  than  the  value  found  in  part  a,  sketch  the  wave  shape 
of  the  plate  current. 

c.  Calculate  the  reading  of  a d-c  ammeter  in  the  plate  circuit  if  E is  set  as  in  part  6. 

14-27.  An  FG-27A  thyratron  is  operated  at  a mercury  condensation  temperature 
of  35°.  The  plate  supply  voltage  is  440  volts  rms.  The  load  is  a 100-ohm  resistor. 
Calculate  the  d-c  plate  current  under  the  following  conditions : 

a.  The  grid  bias  is  —5  volts. 

b.  An  a-c  voltage  whose  rms  value  is  5 volts  is  used  instead  of  a battery  in  the  grid 
circuit.  Assume  that  the  grid  lags  the  plate  voltage  by  90  deg. 

c.  The  grid  circuit  is  excited  by  the  d-c  and  a-c  voltages  of  parts  a and  b in  series. 

14-28.  In  Fig.  14-28,  C is  replaced  by  a 1,000-ohm  resistor,  and  R is  replaced  by  a 

1.53-henry  inductor.  The  power  line  is  115  volts  rms  at  60  cps.  The  load  is  a 250- 
ohm  resistor.  Assume  that  the  critical  grid  curve  of  the  thyratron  coincides  with  the 
zero  voltage  axis  and  that  the  tube  drop  is  zero. 

a.  If  Ec  = 0,  find  the  angle  between  the  grid  and  plate  voltages  before  breakdown  by  , 
means  of  a sinor  diagram. 

b.  If  Ec  = 67  volts  (with  the  grid  negative  with  respect  to  the  cathode),  draw  a 
diagram  of  the  instantaneous  grid  and  plate  voltages  as  a function  of  time  before  break- 
down. 

c.  Under  the  conditions  of  part  b,  find  the  d-c  plate  current. 

14-29.  In  Fig.  14-28  it  is  desired  that  the  direct  current  through  the  load  be  varied 
from  maximum  current  to  2 amp  by  means  of  the  d-c  bias.  The  magnitude  of  the 
reactance  Xc  is  twice  the  resistance  R.  The  power  line  is  240  volts  at  60  cps,  and  the 
load  resistor  is  25  ohms. 

a.  What  direct  current  is  obtained  when  the  d-c  bias  Ec  is  zero? 

b.  What  is  the  maximum  direct  current,  and  at  what  bias  is  it  obtained? 

c.  What  bias  must  be  supplied  to  reduce  the  direct  current  to  2 amp? 

14-30.  A thyratron  is  controlled  by  the  bias  phase  method.  The  plate  supply  is 
400  volts  rms,  the  load  resistance  is  1,000  ohms,  and  the  a-c  grid  supply,  which  lags  the 
plate  supply  by  30  deg,  is  100  volts  rms.  Plot  roughly  to  scale  the  d-c  load  current  as 
a function  of  the  d-c  bias  from  —200  to  -|-200  volts.  In  particular,  calculate 

a.  The  maximum  current  and  the  d-c  bias  at  which  it  is  obtained. 

b.  The  current  at  zero  d-c  bias. 

c.  The  bias  at  which  the  current  will  drop  to  zero. 

14-31.  Bias  phase  control  is  employed  in  a thyratron  circuit.  The  critical  grid 
starting  characteristic  of  the  tube  may  be  assumed  to  coincide  with  the  zero  voltage 
axis.  Sketch  roughly  to  scale  the  ratio  Idc/I'  as  a function  of  the  ratio  of  the  d-c  bias 
Ec  to  the  peak  a-c  grid  voltage  Egm  for  the  following  conditions: 

a.  The  grid  voltage  lags  the  plate  voltage  by  90  deg. 

b.  The  grid  voltage  leads  the  plate  voltage  by  90  deg. 

c.  The  grid  voltage  lags  the  plate  voltage  by  150  deg. 

d.  The  grid  voltage  leads  the  plate  voltage  by  150  deg. 

e.  For  case  a prove  that  the  result  is  a straight  line,  as  shown  in  Fig.  14-31. 

14-32.  An  FG-33  positive-grid  thyratron  is  operated  at  an  ambient  temperature  of 

35°.  The  plate  excitation  is  a sinusoidal  voltage  whose  peak  value  is  400  volts.  The 
load  is  a 100-ohm  resistor.  An  a-c  grid  voltage  of  adjustable  maximum  value  A'„mis 
applied  in  phase  with  the  plate  voltage.  Plot  a curve  showing  the  relationship  be- 
tween the  average  plate  current  Idc  and  E„m- 

14-33.  The  peak  sinusoidal  voltage  applied  to  the  plate  of  an  FG-27A  thyratron. 
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operating  at  36°  ambient  temperature,  is  400  volts.  The  load  is  a 100-ohm  resistor. 
The  a-c  grid  voltage  lags  the  plate  voltage  by  a fixed  angle  of  150  deg.  The  peak  grid 
voltage  Egm  is  adjustable.  Plot  the  curve  showing  the  relationship  between  the 
average  plate  current  Idc  and  Egm- 

14-34.  What  fraction  of  the  maximum  plate  current  is  obtained  in  the  thyratron 
circuit  shown  when  the  grid  is  connected  to  points  A,  B,  and  C,  respectively?  Draw 
diagrams  of  instantaneous  plate  and  grid  voltages  in  each  case. 


14-36.  a.  Draw  a sinor  diagram  for  the  circuit  shown  and  state  whether  or  not  the 
grid  circuit  has  control  over  the  plate  current,  with  the  connection  shown.  If  not, 
redraw  the  circuit  correctly  for  control. 

b.  Find  the  d-c  plate  current  when  the  grid  bias  voltage  Ece  is  60  volts. 

c.  Find  the  maximum  and  minimum  d-c  plate  current  and  the  corresponding  battery 
bias  voltages. 

d.  Make  a list  of  any  assumptions  made  in  your  calculations  in  parts  b and  c. 
14-36.  In  the  circuit  shown  the  illumination  on  the  phototube  controls  the  direct 

current  in  the  FG-27A  thyratron  load  Rl-  Find  the  direct  current  in  Rl  when  the 
illumination  is  100  ft-c. 


PJ22 

Phototube 


14-37.  Two  FG-27A  tubes  operate  at  a temperature  of  50°C  in  a full-wave  con- 
trolled rectifier  circuit. 

a.  If  the  firing  angle  is  >p  deg  behind  the  anode  voltage,  sketch  curves  showing  the 
current  wave  shape  in  the  load. 

b.  Derive  expressions  for  the  following: 

1.  Direct  current  in  load. 

2.  Alternating  current  in  load. 

3.  Efficiency  of  rectification. 

14-38.  FG-27A  thyratrons  are  employed  in  the  full-wave  controlled  rectifier  illus- 
trated. The  tubes  operate  at  50°C. 

a.  The  lines  a and  b of  the  control  circuit  are  to  be  connected  to  the  power  lines  1 
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and  2.  Show  by  a voltage  diagram  which  lines  are  connected  together  for  conduction 
to  occur  for  less  than  a half  cycle  per  tube. 

b.  Calculate  the  direct  current  in  the  load. 

c.  Calculate  the  total  a-c  power  to  the  plate  circuit. 


14-39.  Two  thyratrons  are  operated  in  the  full-wave  circuit  shown.  Assume  that 
the  critical  grid  characteristic  coincides  with  the  zero-voltage  axis.  Neglect  the  tube 
drop.  The  load  resistance  i&  Rl  = 200  ohms. 

a.  By  means  of  a phasor  diagram,  decide  how  to  interconnect  the  points  Pi,  P2,  P3, 
and  Pi  for  bias  phase  control. 

b.  Find  the  d-c  load  current  if  the  bias  voltage  Ecc  is  50  volts. 


14-40.  The  grid  and  plate  circuits  of  a thyratron  are  excited  by  115-volt  sinusoidal 
voltages.  Sketch  the  wave  shape  of  the  output  current  if  the  ratio  of  the  frequency 
of  the  plate  voltage  to  the  frequency  of  the  grid  voltage  is 

a.  2. 

b.  i. 

c.  3. 

d. 

14-41.  Design  a circuit  using  thyratrons  so  that  the  plate  current  will  have  the 
“chopped”  sinusoidal  wave  shape  shown.  Such  a wave 
shape  is  employed  as  the  “heat”  control  of  electric  resist- 
ance welding,  although  welders  require  ignitrons  in  order  to 
meet  the  current  requirements. 

14-42.  An  ignitron  is  used  in  the  circuit  of  Fig.  14-33. 
The  peak  plate  voltage  is  500  volts,  and  the  load  is  a 3-ohm 
resistor.  Assume  that  conduction  begins  when  the  ignitor 
current  exceeds  10  amp  and  that  the  ignitor  rod  acts  as  an  ohmic  resistance  whose 
magnitude  is  7 ohms.  Calculate 

a.  The  peak  power  taken  by  the  rod. 

b.  The  average  power  taken  by  the  rod. 

c.  The  d-c  power  supplied  to  the  load. 

d.  The  ratio  of  (6)  to  (c). 
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Neglect  the  tube  drop  of  the  diode  in  series  with  the  ignitor  rod.  Neglect  the  ignitron 
tube  drop.  The  frequency  is  60  cps. 

14-43.  Sketch  a single-phase  full-wave  rectifier  circuit  using  ignitrons  and  any  other 
auxiliary  apparatus  needed. 

14-44.  An  ignitron  is  used  as  a half-wave  rectifier.  The  ignitor  is  adjusted  so  that 
conduction  commences  90  deg  after  the  start  of  each  cycle  of  applied  voltage.  The 
tube  drop  during  conduction  equals  20  volts.  The  applied  voltage  is  300  volts  rms, 
and  the  load  is  a 50-ohm  resistor.  Calculate 

a.  The  d-c  load  current. 

b.  The  power  taken  by  the  tube. 

c.  The  total  power  delivered  to  the  plate  circuit. 

d.  The  rms  load  current. 

e.  The  total  power  taken  by  the  load  resistor.  Obtain  the  solution  to  part  e from 
that  in  part  d,  and  check  this  against  the  result  obtained  by  subtracting  the  solution 
to  part  b from  that  to  part  c. 

14r46.  An  ignitron  is  used  in  a half-wave  circuit  to  supply  power  to  a 15-ohm  resistor 
from  a 320-volt  rms  source  of  supply.  Breakdown  occurs  when  the  potential  across 
the  tube  in  the  conduction  direction  is  225  volts.  When  the  tube  conducts,  the  po- 
tential drop  across  it  is  15  volts.  Calculate 

a.  The  reading  of  an  a-c  ammeter  in  series  with  the  load. 

b.  The  reading  of  a d-c  ammeter  in  series  with  the  load. 

c.  The  reading  of  an  a-c  voltmeter  across  the  tube. 

d.  The  reading  of  a d-c  voltmeter  across  the  tube. 

e.  The  reading  of  an  a-c  voltmeter  across  the  load. 

/.  The  reading  of  a d-c  voltmeter  across  the  load. 

g.  The  power  dissipated  in  the  tube. 

h.  The  d-c  load  power. 

i.  The  average  power  supplied  by  the  source. 

j.  The  efficiency  of  rectification. 

14-46.  Two  ignitrons  are  operated  in  the  inverse-parallel  connection  shown.  The 
firing  angle  is  set  at  30  deg.  Assume  ideal  transformers  and  a resistive  load. 

Draw  diagrams  showing  the  following  wave  shapes  in  the  circuit. 

a.  Voltage  across  ignitron. 

b.  Voltage  across  welding  transformer. 


Welding 

transformer 


610  VACUUM-TUBE  AND  SEMICONDUCTOR  ELECTRONICS 


14-47.  a.  In  the  circuit  sketched,  neither  tube  is  conducting.  A positive  pulse  is 
applied  to  the  grid  of  tube  1 and  fires  it.  Then  a positive  pulse  is  applied  to  the  grid  of 
tube  2.  This  extinguishes  tube  1 and  fires  tube  2.  Explain  why. 

If,  now,  another  positive  pulse  is  applied  to  tube  1,  what  will  happen? 

What  is  the  limitation  on  the  rapidity  with  which  two  succeeding  pulses  may  be 
applied  so  as  to  cause  the  current  to  shift  from  one  tube  to  the  next? 

h.  The  points  1 and  2 are  connected  together  so  that  a positive  pulse  is  applied 
simultaneously  to  the  grids  of  both  tubes.  Explain 
clearly  what  will  happen  as  successive  pulses  are 
applied  to  the  grids. 

Note:  It  must  be  remembered  that  the  critical 


A-c 

output 


grid  starting  characteristics  vary  slightly  from  tube 
to  tube. 


Control 

frequency 


Pros.  14-48 


14-48.  Consider  the  separately  excited  parallel  inverter  circuit  sketched.  Derive  an 
expression  for  the  potential  across  the  capacitor  C,  which  is  also  the  output  potential, 
if  a perfect  output  transformer  is  assumed.  If  the  time  constant  of  the  circuit  is  small 
compared  with  the  time  for  one-half  cycle,  show  that  the  voltage  across  C is  a square 
wave  whose  amplitude  is  equal  to  the  d-c  input  voltage  minus  the  tube  drop  and  whose 
frequency  equals  the  control  frequency. 

14-49.  A single-phase  full-wave  rectifier  is  set  to  operate  with  a 30-deg  delay  angle. 
The  load  consists  of  a resistor  in  series  with  an  inductor,  the  inductance  of  which  is  so 
large  that  the  load  current  may  be  considered  to  be  constant.  The  secondary  trans- 
former voltage  to  center  tap  is  230  volts  rms.  The  tube  drop  during  conduction  is 
constant  and  is  equal  to  20  volts. 

a.  Sketch  the  voltage  of  each  plate  and  also  of  the  cathodes  (with  respect  to  the 
transformer-secondary  center  tap)  as  a function  of  time. 

b.  Sketch — directly  below  the  curves  of  part  a — the  anode  voltage  of  each  tube  as  a 
function  of  time. 

c.  Calculate  the  anode  voltage  of  one  of  the  tubes  at  the  instant  before  it  fires. 

d.  Calculate  the  output  voltage  across  the  resistor. 

e.  Sketch — directly  below  the  curves  of  part  b — the  voltage  across  the  choke  as  a 
function  of  time. 

/.  Repeat  parts  a,  b,  c,  and  d under  the  condition  that  the  load  is  a pure  resistance. 

14-50.  By  error,  balanced  three-phase  voltages  are  applied  to  the  terminals  A,  K, 
and  B of  Fig.  14-20.  If  Zi  = R and  Z2  = coL,  draw  sinor  diagrams  to  determine 
whether  or  not  it  is  still  possible  to  obtain  control.  (There  are  two  such  diagrams 
possible,  depending  upon  the  phase  sequence  of  the  applied  voltages.) 

14-51.  a.  Prove  that  the  d-c  voltage  in  a three-phase  half-wave  rectifier  is  3a/3 
Emf2Tr,  where  Em  is  the  peak  value  of  the  transformer  secondary  voltage  per  leg. 

b.  Prove  that  the  ripple  factor  is  0.182. 
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14-52.  Show  that  the  transformer  currents  in  the  three-phase  bridge  circuit  of 
Fig.  14-39  are  as  depicted  in  Fig.  14-40. 

14-53.  Find  the  voltage  Cc  across  the  commutating  inductor  of  Fig.  14-41  graphically 
from  the  wave  forms  of  Fig.  14-42.  Show  that  the  result  is  approximately  a triangular 
wave  form  whose  fundamental  frequency  is  three  times  the  input  frequency. 

14-54.  Verify  all  the  items  in  one  of  the  columns  of  Table  14-1.  (The  column  is  to 
be  designated  by  the  instructor.) 

14-55.  If  there  is  a large  enough  inductance  in  series  with  the  load  so  that  the  load 
current  may  be  considered  to  be  constant,  show  that  the  efficiency  of  rectification  is 
given  by  Edc/{Ede  + Eq)  for  those  polyphase  circuits  in  which  a single  tube  conducts 
at  a time. 


Chapter  15 

15-1.  a.  To  show  the  effect  of  phase  shift  on  the  image  seen  on  a cathode-ray  screen, 
consider  the  following : The  sinusoidal  voltages  applied  to  both  sets  of  plates  should  be 
equal  in  phase  and  magnitude  so  that  the  maximum  displacement  in  either  direction 
on  the  screen  is  2 in.  Because  of  frequency  distortion  in  the  horizontal  amplifier  the 
phase  of  the  horizontal  voltage  is  shifted  5 deg,  but  the  magnitude  is  changed  in- 
appreciably. Plot  to  scale  the  image  that  actually  appears  on  the  screen  and  compare 
with  the  image  that  would  be  seen  if  there  were  no  phase  shift. 

b.  If  the  phase  shift  in  both  amplifiers  were  the  same,  what  would  be  seen  on  the 
cathode-ray  screen? 

It  is  desired  that  the  voltage  gain  of  an  ^C-coupled  amplifier  at  60  cycles 
sh(5uta  not  decrease  by  more  than  10  per  cent  from  its  mid-band  value.  Show  that 
the  coupling  capacitance  must  be  at  least  equal  to  0.0055//?/  nf  if  R/  is  expressed  in 
megflhms. 

An  /?C-coupled  amplifier  stage  uses  a 12AX7  tube  (Table  7-1)  with  Rl  = 
= 1 megohm,  Cc  = 0.02  juf,  and  C,  = 50  /xjuf-  Evaluate 


c.  The  mid-band  voltage  gain  in  volts  and  in  decibels. 
d^^-Tlje  phase  shift  at  20  cps. 

The  phase  shift  at  200  kc. 

/ \ 15-4.  .i^n  /?C-coupled  amplifier  stage  uses  a 6SL7  tube  with  n = 70,  = 44  K, 

K,  and  Rg  = 1 megohm.  Assume  a total  shunting  capacitance  of  100  fi/if. 

Find 

a.  The  mid-band  amplification  in  volts  and  in  decibels. 

b.  f2- 

c.  Cc  if  /i  = 50  cps. 

15-5.  The  band  width  of  an  amplifier  extends  from  20  cps  to  20  kc.  Find  the  fre- 
quency range  over  which  the  voltage  gain  is  down  less  than  1 db  from  its  mid-band 
value. 

15-6.  Prove  that  over  the  range  of  frequencies  from  lO/i  to  O.I/2  the  voltage  ampli- 

Einmis  constant  to  within  0.5  per  cent  and  the  phase  shift  to  within  +0.1  rad. 

1-7.  Three  cascaded  stages  have  an  over-all  upper  3-db  frequency  of  20  kc  and  a 
r~3=db  frequency  of  20  cps.  What  are  /i  and  /2  of  each  stage? 

15-8.  Two  stages  of  an  /?C-coupled  amplifier  consist  of  a double  triode  12AT7 
(Table  7-1)  with  Rl  = 10  K,  Rg  = 0.5  megohm,  and  Cs  = 50 
a.  What  must  be  the  value  of  Cc  in  order  that  the  frequency  characteristic  of  each 
stage  be  flat  within  1 db  down  to  10  cps? 

b.  Repeat  part  a if  the  over-all  gain  of  both  stages  is  to  be  down  1 db  at  10  cps. 
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c.  At  what  high  frequency  is  the  over-all  gain  down  1 db? 

d.  What  is  the  over-all  mid-band  voltage  gain? 

16-9.  A three-stage  iJC-coupled  amplifier  uses  6SN7  tubes  (Table  7-1)  with  Rl  = 
10  K,  Rg  =0.1  megohm,  Cc  = 0.005  (if,  and  Cs  = 60  n/j-i  for  each  stage.  Evaluate 

a.  The  over-all  mid-band  voltage  gain  in  volts  and  in  decibels. 

b.  /i. 

c.  The  over-all  lower  3-db  frequency. 

d.  fi. 

The  over-all  upper  3-db  frequency. 

/is-lO.j  Given  two  i^C-coupled  stages  connected  as  in  Fig.  15-1  and  using  a 12AU7 
dottWe  triode  tube.  The  circuit  parameters  are  Rhh  = 300  volts,  Rcc  = —5  volts, 
the  quiescent  current  = 10  ma,  gm  — 2.2  millimhos,  Vp  = 7.7  K,  Ag  = 1 megohm, 
Cc  = O.oi^f,  Cpg  = 1.5/iAtf,  CgA  = 1.6MMf,  Cp*  = 0.5  Mpf,  and  shunt  wiring  capacitance 
per  stage  = 20  nfiS.  The  output  is  taken  at  E^.  Find 

a.  The  load  resistance. 

b.  The  mid-band  gain  of  each  stage  and  the  over-all  gain. 

c.  The  input  capacitance. 

d.  /i. 

e.  /2  for  each  stage.  Why  do  the  two  stages  have  different  values  of  fz  whereas 
fi  is  the  same  for  both  stages? 

/.  How  are  the  above  results  modified  if  the  output  is  observed  on  an  oscilloscope 
wjlose  input  impedance  is  a 1-megohm  resistance  in  parallel  with  a 20-/if  capacitance? 

I 16-ll)  An  i2C-coupled  amplifier  uses  a 6AK5  pentode  stage  {gm  = 5.1  millimhos 
aWur-t-  Ci  = 6.8  M)uf)-  The  stray  wiring  capacitance  from  the  signal  lead  to  ground 
in  each  stage  is  10  nnf.  U Rg  = 1 megohm,  Cc  = 0.01  ixi,  and  a voltage  gain  of  15  per 
stage  is  desired,  calculate 

a.  Rl. 

b.  fu 

c.  fi- 

If  6SN7  (Table  7-1)  triode  tubes  are  used  instead  of  the  pentodes,  repeat  parts  a,  b, 
and  c.  Assume  Cgp  = 3.9  Cgk  = 2.4  fxtxi,  and  Cpk  = 0.7  fifii. 

16-12.  Justify  Eq.  (15-23)  for  the  over-all  voltage  gain  of  cascaded  transistor 
amplifier  stages. 

f 16-13^  A two-stage  grounded-base  transistor  amplifier  is  fed  from  an  ideal  current 
soilrcer^  The  load  impedance  for  each  stage  is  10  K.  The  transistor  parameters  are 
a = 0.99,  n = 1.5  K,  Tc  = 1 megohm,  and  Ve  = 25  ohms. 

a.  Calculate  the  input  impedance  of  each  stage. 

b.  Draw  the  Norton’s  equivalent  circuit  for  each  stage. 

c.  Calculate  the  voltage  gain  of  each  stage. 

d.  Calculate  the  over-all  voltage  gain. 

16-14.  In  the  two-stage  transistor  amplifier  of  Fig.  15-7  the  circuit  values  are 
Rl  =SK,  Cc  = 10  /if,  Rb  = 50  K,  and  Rg  = The  transistor  parameters  are 
a = 0.95,  Te  = 10  ohms,  Tc  = 1 megohm,  r5  = 1 K,  and  /«  = 200  kc.  Evaluate  /i 
and  fi. 

16-16.  For  the  circuit  of  Prob.  15-14  find  in  the  mid-band  region 

a.  The  current  gain  of  each  stage. 

b.  The  voltage  gain  of  each  stage. 

c.  The  over-all  voltage  gain. 

16-16.  Prove  that  the  low-frequency  voltage  gain  of  a transistor  amplifier  relative 
to  the  mid-band  voltage  gain  is  given  by  the  same  formula  as  for  the  current  gain 
ratio,  namely,  Eq.  (15-27). 
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16-17.  a.  Consider  an  amplifier  with  a cathode  resistor used  for  self-bias.  If  this 

resistor  is  bypassed  with  a capacitor  Ck,  prove  that  the  low-frequency  amplification  Ai 
relative  to  the  mid-band  amplification  Ao  is 

Ai  _ 1 + j(jiRkCk 
Ao  B juRkCk 

where  R = 1 + (m  + l)Rk/{rp  + Rl). 

b.  Prove  that  the  lower  3-db  frequency  is  /i  = - 2f2wRkCk.  What  is  the 

physical  meaning  of  the  condition  B < \/2? 

16-18.  Self-bias  is  used  with  an  amplifier.  The  tube  is  a 6SN7  with  Rl  = 15  K 
and  Ebb  = 300  volts. 

a.  If  the  quiescent  voltage  is  to  be  — 8 volts,  what  must  be  the  value  of  the  cathode 
resistance 

b.  What  is  the  amplification  with  and  also  without  Rk  bypassed? 

c.  What  Ck  is  required  if  the  lower  3-db  point  is  to  be  20  cps?  Hint:  Use  the 
result  of  Prob.  15-17. 

16-19.  In  Fig.  15-11  the  pentode  is  a 6AU6  operating  at  the  quiescent  point  Eb  = 
150  volts,  Eel  — —1.5  volts,  Ec2  = 150  volts,  Ed  — 0.  The  screen  current  is  0.4  of 
the  plate  current.  If  Ebb  = 350  volts,  find 

a.  Rl- 

b.  Rd. 

c.  Rk. 

16-20.  Design  a two-stage  i?C-coupled  amplifier  using  a 6SN7  double  triode  to 
meet  the  following  specifications:  Ebb  = 300  volts  and  no  other  d-c  voltage  sources 
are  available;  the  load  on  the  second  stage  is  50  K in  parallel  with  100  mxi-,  the  voltage 
amplification  is  to  be  at  least  100  at  1 kc  and  not  less  than  70.7  at  20  cps  and  100  kc; 
the  output  voltage  is  to  be  about  50  volts  rms  with  as  little  distortion  as  possible. 

Specify  all  resistance  and  capacitance  values.  Assume  Cgp  = 3.9  nni,  Cgk  = 2.4 /ipf, 
Cpk  = 0.7  nfd,  and  a stray  wiring  capacitance  of  10  mmI- 

Chapter  16 

16-1.  Verify  that  the  output  power  for  the  series-fed  amplifier  of  Fig.  16-1  is  a 
maximum  for  Rl  = Tp,  Also  show  that  the  power  is  at  least  88  per  cent  of  its  maxi- 
mum value  for  O.fir^  < Rl  < 2rp. 

16-2.  a.  Nonlinear  distortion  results  in  the  generation  of  frequencies  in  the  output 
that  are  not  present  in  the  input.  If  the  dynamic  curve  can  be  represented  by  Eq. 
(16-7)  and  if  the  input  signal  is  given  by 

€g  = El  cos  o)ii  -f-  £?2  cos  U2t 

show  that  the  output  will  contain  a d-c  term  and  sinusoidal  terms  of  (angular)  fre- 
quency Wl,  W2,  2wi,  2w2,  wi  -j-  C02,  and  Wl  — C02. 

b.  Generalize  the  results  of  part  a by  showing  that  if  the  dynamic  curve  must  be 
represented  by  higher-order  terms  in  eg  the  output  will  contain  intermodulation  fre- 
quencies which  are  given  by  the  sum  and  difference  of  integral  multiples  of  wi  and  W2, 
for  example,  2wi  + 2w2,  2c<}i  + W2,  3wi  + 032,  etc. 

16-3.  A type  6L6  tube  is  operated  as  a triode  with  a load  resistance  of  2.0  kilohms 
and  a plate  supply  of  300  volts.  The  grid  bias  Is  — 15  volts,  and  the  peak  grid  signal  is 
15  volts. 

a.  What  is  the  fundamental  current  output? 

b.  What  is  the  percentage  second  harmonic  distortion? 
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c.  What  is  the  direct  current? 

Use  the  plate  characteristics  in  Appendix  IX. 

16-4.  A 6SN7  (Table  7-1  and  Fig.  A9-8)  is  to  be  operated  from  a R-supply  voltage 
of  240  volts.  A voltage  gain  of  approximately  10  is  desired.  The  peak-to-peak 
2,000-cycle  sinusoidal  input  voltage  is  12  volts.  If  the  grid  is  never  to  swing  positively, 
specify 

a.  The  load  resistance. 

b.  The  bias  voltage. 

c.  The  quiescent  current. 

d.  The  per  cent  second  harmonic  distortion. 

e.  The  fundamental  voltage  and  power  gains. 

16-6.  A type  6B4-G  triode  supplies  power  to  a 4-K  load  from  a 300-volt  source 
of  power.  The  bias  voltage  is  set  at  -40  volts,  and  a 40-volt-peak  sinusoidal  signal  is 
applied.  Using  the  plate  characteristics  in  Fig.  A9-6,  plot 

a.  One  cycle  of  the  output  plate  current  as  a function  of  the  time  for  the  sinusoidal 
input  grid  signal. 

b.  On  the  same  curve  sheet,  plot  the  calculated  output  curve  on  the  assumption  that 
the  output  will  consist  of  the  fundamental  and  a second  harmonic  distortion  com- 
ponent. The  magnitude  of  the  fundamental  and  second-harmonic  terms  must  be 
found  first. 

16-6.  A 6B4-G  triode  (Fig.  A9-6;  m = 4.2,  Vp  = 800  ohms)  is  operated  as  a simple 
power  amplifier  with  a load  resistance  of  800  ohms.  The  grid  bias  is  —45  volts. 

a.  If  the  quiescent  current  is  to  be  60  ma,  what  must  be  the  plate  supply  voltage? 

b.  If  a 1,000-cycle  signal  whose  peak  value  is  4.0  volts  is  applied  to  the  grid,  what 
will  be  the  peak  value  of  the  output  voltage? 

c.  If  a 1,000-cycle  signal  whose  pe^k  value  is  40.0  volts  is  applied  to  the  grid,  what 
will  be  the  peak  value  of  the  1,000-cycle  output  voltage? 

d.  Under  the  conditions  of  part  c,  what  will  be  the  peak  value  of  the  2,000-cycle 
component  of  the  output  voltage? 

e.  Under  the  conditions  of  part  c,  what  will  be  the  d-c  component  of  the  plate 
current? 

16-7.  A triode  supplies  0.85  watt  to  a 4-K  load.  The  zero-signal  d-c  plate  current 
is  31  ma,  and  the  d-c  plate  current  with  signal  is  34  ma.  Determine  the  per  cent 
second  harmonic  distortion. 

16-8.  The  grid  excitation  of  an  amplifier  is  Cg  = \/2  Eg  sin  ut.  Prove  that  the 
output  current  can  be  represented  by  a Fourier  series  which  contains  only  odd  sine 
components  and  even  cosine  components. 

16-9.  Supply  the  missing  steps  in  the  derivation  of  Eq.  (16-19). 

16-10.  Obtain  a seven-point  schedule  by  the  Espley  method.  Determine  Bo,  Bi, 
B2,  Bs,  Bi,  Bs,  and  Bo  in  terms  of  /max,  /|,  h,  h,  I-i,  I-h  and  /min- 

16-11.  Obtain  a five-point  schedule  for  determining  Bq,  Bi,  B2,  Bz,  and  Bi  in  terms 

of  /max,  /o.707,  /ft,  /-0.707,  and  /min- 

16-12.  A power  triode  feeds  a load  resistance  Rl  through  an  ideal  transformer  of 
turns  ratio  n.  Show  that  the  voltage  gain  is 

^ nub 

^ + 5 

where  b = Rh/rp,  n is  the  amplification  factor,  and  Vp  is  the  plate  resistance  of  the  tube. 

Show  that  for  a fixed  value  of  b and  fi  the  maximum  gain  is  n^/2  and  is  obtained 
when  the  turns  ratio  is  adjusted  to  equal  bK 
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Show  that  under  these  conditions  the  load  resistance  reflected  into  the  primary 
equals  the  plate  resistance. 

16-13.  A 2A3  operates  under  the  conditions  Ec  = —45  volts,  Ebb  = 400  volts,  and 
Rl  = 2 K.  a 45-volt  peak  sinusoidal  signal  is  applied  to  the  grid. 

a.  Calculate  the  power  output,  the  power  dissipated  in  the  tube,  and  the  plate- 
circuit  efficiency. 

h.  If  an  ideal  shunt-feed  system  is  used  instead  of  the  series-feed  system,  calculate 
the  value  of  Ebb  in  order  that  the  tube  operate  at  the  same  quiescent  point  as  in  part  a. 

c.  Determine  the  power  output,  the  power  dissipated  in  the  tube,  and  the  plate- 
circuit  efficiency  for  the  shunt-feed  system. 

16-14.  Calculate  the  output  power,  the  plate-circuit  efficiency,  and  the  percentage 
second  harmonic  distortion  of  a 6L6  connected  as  a triode  when  supplying  power  to  an 
effective  4,000-ohm  load  from  a 300-volt  supply,  with  Ec  = —22.5  volts,  if 

a.  The  load  is  series-fed. 

h.  The  load  is  transformer-coupled  to  the  tube. 

A 22.5-volt  peak  sinusoidal  signal  is  impressed  on  the  grid  of  the  tube. 

16-15.  Draw  three  triode  plate  characteristics  to  correspond  to  the  grid  voltages 
Ec  -b  Egm,  Ec,  and  Ec  — Egm-  Draw  the  load  line  through  the  point  4 = 0,  = Ebb, 

and  the  Q point  Cc  = Ec,  h = h,  and  ei  = Eb.  This  corresponds  to  a series-fed 
resistance  load. 

a.  Assuming  that  the  input  signal  is  zero,  indicate  on  the  ib-eb  plane  the  areas  that 
represent  the  total  input  power  to  the  plate  circuit,  the  plate  dissipation,  and  the 
power  loss  in  the  load  resistance. 

b.  Repeat  part  a if  the  input  signal  is  sinusoidal  with  a peak  value  equal  to  Egm. 
Also,  indicate  the  area  that  represents  the  output  power. 

c.  The  ratio  of  what  two  areas  gives  the  plate-circuit  efficiency? 

d.  Repeat  parts  a,  b,  and  c for  a shunt-fed  load.  Assume  that  the  static  resistance 
is  small  but  not  zero. 

16-16.  Verify  the  equations  in  Sec.  16-5  for  the  frequency  response  of  an  output 
transformer. 

16-17.  Verify  Eqs.  (16-37). 

16-18.  Prove  that  for  a series-fed  load  the  plate-circuit  efficiency  is  given  by 


25 


Vp 


1 -f  rp/Rh 


% 


16-19.  A 6L6  power  triode  operates  at  Eb  = 250  volts.  The  maximum  allowable 
plate  dissipation  is  10  watts.  Draw  curves  of  power  output  and  second  harmonic 
dktaclion  ys.  Rl  for  the  following  values  oi  Rl-  3,  4,  5,  6,  and  7 K. 

\16-2^  A 2A3  triode  is  to  be  used  in  a transformer-coupled  Class  Ai  power  ampli- 
fier to  supply  an  audio-frequency  signal  to  a load  having  a resistance  of  50  ohms.  A 
plate  supply  voltage  of  250  volts  is  available,  and  the  signal  input  voltage  to  the  grid 
is  sinusoidal  with  an  rms  value  of  1.0  volt.  The  plate  dissipation  (for  zero  signal 
voltage)  is  15.0  watts. 

a.  What  output-transformer  turns  ratio  will  give  maximum  power  output  (assuming 
an  ideal  transformer)? 

b.  What  is  the  a-c  power  output? 

c.  What  is  the  plate-circuit  efficiency? 

d.  Repeat  parts  a,  b,  and  c if  the  magnitude  of  the  grid  signal  is  not  restricted  to 
1.0  volt  but  rather  any  required  voltage  is  available.  The  distortion  is  not  to  exceed 
5 per  cent.  (Figure  16-10  will  be  helpful.) 


616  VACUUM-TUBE  AND  SEMICONDUCTOR  ELECTRONICS 


16-21.  A 6B4-G  power  triode  is  used  with  an  output  transformer.  The  plate  supply 
voltage  is  250  volts.  Assume  that  any  required  grid  swing  is  available.  The  dis- 
tortion is  not  to  exceed  5 per  cent.  Under  this  condition  (case  2 in  Sec.  16-6)  the 
maximum  power  is  obtained  if  Rl  = 2rp  (=  1.6  K).  Find 

a.  The  maximum  power  output. 

h.  The  quiescent  current. 

c.  The  no-signal  plate  dissipation. 

d.  The  maximum  plate  dissipation  specified  by  the  manufacturer  is  15  watts.  This 
value  is  used  in  Fig.  16-10  to  determine  the  quiescent  point.  Discuss  your  results  as 
compared  with  those  indicated  in  Fig.  16-10. 

(l6-^  a.  A 6F6  pentode  (Appendix  IX)  is  operated  at  the  quiescent  point  Ec  = 
— 15  volts,  Eb  = 200  volts.  Draw  the  dynamic  curves  for  the  following  values  of  load 
resistance:  1,  5.5,  and  10  kilohms. 

h.  The  grid  signal  voltage  is  sinusoidal  with  a peak  value  of  15  volts.  Plot  the  out- 
put current  as  a function  of  time  for  each  of  the  load  resistances  in  part  a. 

c.  Calculate  the  second,  third,  and  fourth  harmonic  distortion  for  the  1-  and  the 
10-K  loads. 

16-23.  Calculate  the  distortion  components  in  the  output  of  a 6F6  tube  connected 
as  a pentode  that  supplies  power  to  an  effective  2-K  load  resistor.  The  screen  is 
maintained  at  250  volts,  the  grid  bias  is  —20  volts,  and  the  plate  voltage  at  the 
quiescent  point  is  300  volts.  The  grid  signal  is  sinusoidal  and  has  a peak  value  of 
20  volts. 

16-24.  a.  A 6F6  pentode  is  operated  with  a screen  voltage  of  250  volts  and  a grid 
bias  of  —15  volts.  The  grid  signal  is  sinusoidal  and  has  a peak  value  of  15  volts. 
Calculate  and  plot  as  a function  of  the  quiescent-plate  voltage  Eb  the  load  resistance 
that  must  be  used  to  give  zero  second  harmonic  distortion. 

b.  Calculate  and  plot  as  a function  of  Eb  the  third  harmonic  distortion  for  the  con- 
ditions in  part  a. 

16-26.  Verify  the  data  plotted  in  Fig.  16-13  for  Rl  = 1 K and  for  Rl  = 4:  K. 

16-26.  A 6L6  is  operated  at  the  quiescent  point  Ed  = — 14,  Eb  = 250,  and  Ecz  = 
250.  The  peak  grid  swing  is  14  volts.  Use  Fig.  A9-11. 

o.  What  must  the  load  resistance  be  in  order  to  eliminate  second  harmonic  dis- 
tortion? 

b.  For  a load  resistance  of  2.5  kilohms,  calculate  the  per  cent  third  harmonic  dis- 
tortion. 

16-27.  A 6L6  operates  at  the  quiescent  point  Ed  — *—15  volts,  Eb  = 200  volts, 
Ec2  = 250  volts.  The  grid  signal  is  sinusoidal  with  a peak  value  of  15  volts.  The 
load  is  shunt-fed. 

a.  Calculate  the  effective  load  resistance  for  which  there  will  be  zero  second  harmonic 
distortion. 

With  the  load  as  determined  in  part  a,  calculate 

b.  The  output  power. 

c.  The  power  dissipated  in  the  plate. 

d.  The  plate-circuit  efficiency. 

16-28.  A 6F6  operates  as  a pentode  from  a 250- volt  screen  supply,  a 300- volt  plate 
supply,  and  a 20-volt  grid  supply.  An  ideal  output  transformer  having  a turns  ratio 
of  25:1  feeds  a 4-ohm  load.  Calculate 

a.  The  direct  current  if  the  input  signal  is  zero. 

b.  The  direct  current  if  the  input  signal  is  sinusoidal  having  a peak  value  of  20  volts. 

c.  The  percentage  second  and  third  harmonic  distortion. 

d.  The  fundamental  power  output. 

e.  The  total  power  output. 
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16-29.  Repeat  Prob.  16-28  if  the  load  has  a value  of  12  ohms  instead  of  4 ohms. 

16-30.  A voltage  triode  (one  section  of  a 6SN7)  with  a 7.7-K  load  is  J?C'-coupled  to 
a 6B4-G  power  triode  which  feeds  a 25-ohm  load  through  an  ideal  transformer  having 
a 10:1  turns  ratio.  The  grid  input  resistance  of  each  stage  is  0.5  megohm.  The 
quiescent  operating  point  of  the  6SN7  is  Ef,  = 250  volts,  Ec  = —S  volts  and  of  the 
6B4-G  is  Eb  = 250  volts,  Ec  = —43.5.  The  input  signal  voltage  is  3 volts  rms.  The 
cathode  bypass  capacitors  may  be  assumed  arbitrarily  large. 

a.  Draw  the  schematic  wiring  diagram. 

b.  Indicate  the  magnitudes  of  the  self-biasing  resistors  and  of  the  R-supply  voltage 
for  each  tube. 

c.  Calculate  the  input  voltage  to  the  second  stage. 

d.  Calculate  the  power  delivered  to  the  load. 

e.  Calculate  the  decibel  gain  (voltage  and  power)  of  each  stage  and  of  the  entire 
system. 

16-31.  Design  an  audio  amplifier  capable  of  delivering  at  least  3 watts  of  undis- 
torted power  output  to  a 4-ohm  load  resistor.  The  largest  input  signal  has  an  rms 
value  of  0.3  volt  and  is  capable  of  delivering  very  little  power.  Draw  the  schematic 
wiring  diagram,  using  a 2A3  in  the  output  stage.  Indicate  the  values  of  all  the  circuit 
elemfijit^such  as  resistors,  capacitors,  and  power  supplies. 

^^6-3^In  a push-pull  system  the  input  to  tube  1 is  e^i  = Egm  cos  o>t  and  the  input 
totub^  is  eg2  = —Egm  cos  cot.  The  plate  current  in  each  tube  may  be  expressed  in 
terms  of  the  grid  excitation  voltage  by  a series  of  the  form 

ib  — h + ci2eg^  -f- 

With  the  aid  of  this  series,  show  that  the  output  current  contains  only  odd  cosine 
terms. 

Show  that  the  plate  supply  current  contains  only  even  harmonics,  in  addition  to  a 
d-c  term. 

16-33.  Prove,  without  recourse  to  a Fourier  series,  that  mirror  symmetry  [Eq. 
(16-44)]  exists  in  a push-pull  amplifier.  Start  with  i = k(ibi  — ib2)  and  make  use  of 
EmJI6-41). 

(16-^  Two  6L6  triodes  are  operated  in  push-pull  Class  A from  a 250-volt  source  of 
potential.  The  bias  voltage  is  —22.5  volts. 

a.  Construct  the  composite  static  characteristics. 

b.  Plot  the  composite  dynamic  characteristic  corresponding  to  a plate-to-plate  load 
of  10  kilohms.  On  the  same  graph  sheet,  plot  the  dynamic  characteristics  of  each  tube. 

If  the  peak  a-c  signal  is  45  volts  grid  to  grid,  calculate 

c.  The  power  output. 

d.  The  third  harmonic  distortion. 

e.  The  d-c  supply  current. 

/.  The  plate-circuit  efficiency. 

16-36.  Repeat  the  calculations  of  the  preceding  problem  if  the  tubes  are  operated 
in  Class  ABi.  The  bias  is  adjusted  to  —30  volts,  and  the  peak  a-c  signal  is  60  volts 
grid  to  grid.  The  R-supply  voltage  is  maintained  at  250  volts. 

16-36.  Two  2A3  triodes  are  operated  in  push-pull  Class  A from  a 250-volt  supply. 
The  grid  bias  is  -40  volts,  and  the  peak  a-c  signal  is  80  volts  grid  to  grid.  The  plate- 
to-plate  resistance  is  adjustable  in  4-K  steps  from  2 to  14  K.  Calculate  and  plot,  as 
a function  of  resistance, 

a.  The  power  output. 

b.  The  third  harmonic  current. 

c.  The  d-c  supply  current. 

d.  The  plate-circuit  efficiency. 
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16-37.  Two  6F6  pentodes  are  operated  in  push-pull  Class  A from  a 300-volt  source 
of  potential.  The  screen  voltage  is  250  volts.  The  bias  voltage  is  — 15  volts. 

a.  Construct  the  composite  static  characteristics. 

h.  Plot  the  composite  dynamic  characteristic  corresponding  to  a plate-to-plate 
load  of  20,000  ohms.  On  the  same  graph  sheet,  plot  the  dynamic  characteristic  of 
each  tube. 

If  the  peak  a-c  grid-to-grid  signal  is  30  volts,  calculate 

c.  The  power  output. 

d.  The  third  harmonic  distortion. 

e.  The  d-c  supply  current. 

/.  The  plate-circuit  efficiency. 

16-38.  A pair  of  6F6  pentodes  are  operated  in  push-pull  Class  ABi  to  supply  power 
to  a pure  resistor  load  of  6 ohms  from  a 300-volt  power  supply.  The  grid  bias  is 
fixed  at  —20  volts.  The  screen  voltage  is  maintained  at  250  volts.  A 20-volt  peak 
signal  is  applied  to  each  tube. 

a.  Calculate  the  turns  ratio  of  the  output  transformer  if  this  power  is  to  be  a maxi- 
mum. 

b.  Calculate  the  percentage  distortion  under  these  conditions. 

Cj_Calculate  the  direct  current  from  the  plate  supply. 

Q.6-3^  A pair  of  6L6  beam  tubes  are  operated  in  Class  AB2  from  a 400-volt  supply. 
Tlmscreen  voltage  is  maintained  at  250  volts.  The  grid  bias  is  —25  volts.  The  peak 
grid-to-grid  a-c  signal  is  80  volts.  The  plate-to-plate  resistance  is  4 K.  Calculate 

a.  The  power  output. 

h.  The  third  harmonic  current. 


c.  The  d-c  supply  current. 

d.  The  plate-circuit  efficiency. 

16-40.  Given  a push-pull  transformer  with  a primary  that  is  not  divided  at  the 
exact  center  as  shown  (Vi  9^  N\).  Explain  exactly  how  such  a circuit  could  be 

p analyzed.  In  particular,  take  Nx  = 2Nx',  and  carry  through 

the  analysis  for  a particular  tube. 

16-41.  Show  that  for  an  ideal  push-pull  Class  B amplifier 
■Vg  the  plate-circuit  efficiency  and  the  power  output  are  given 

by  the  expressions  in  Eqs.  (16-68). 

_Q  16-42.  Given  an  ideal  Class  B amplifier  whose  character- 

Prob.  16-40  istics  are  given  in  Fig.  16-30.  The  B-supply  voltage  Ex,  and 

the  effective  load  resistance  R are  fixed  as  the  grid  signal 
is  varied.  Show  that  the  plate  dissipation  Pp  increases  from  zero  for  no  output 
{Im  = 0),  passes  through  a maximum  at  Im  = 2Eb/-rrR,  and  then  decreases.  Plot  a 
curve  showing  the  variation  of  Pp  vs.  !„■ 

If  the  grid  is  not  driven  positive,  show  that  Pp  does  not  pass  through  a maximum  as 
indicated  above  unless  R > 2rp/(x  — 2). 

16-43.  A single  tube  is  operating  as  an  ideal  Class  B amplifier  into  a 1,000-ohm 
load.  A d-c  meter  in  the  plate  circuit  reads  10  ma.  How  much  a-c  power  is  the  tube 
delivering? 

16-44.  A 2N 156  p-n-p  power  transistor  (Fig.  A9-3)  in  a common-emitter  transformer- 
coupled  configuration  feeds  an  effective  load  of  30  ohms.  The  quiescent  point  is 
Ib  = — 8 ma,  Vce  = — 10  volts.  The  peak-to-peak  input  signal  current  is  16  ma.  Find 

a.  The  distortion  components. 

b.  The  output  power. 

c.  The  collector-circuit  efficiency. 

16-46.  The  shape  of  the  collector  characteristic  of  a transistor  resembles  somewhat 
those  of  the  plate  characteristics  of  a pentode.  Explain  carefully  why  it  is  not  possible 
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to  eliminate  second  harmonic  distortion  in  a transistor,  whereas  it  is  possible  to  do  so 
with  a pentode,  by  the  proper  choice  of  a load  resistance. 

16-46.  A 2N156  p-n-p  power  transistor  is  used  in  the  circuit  of  Fig.  16-32  at  the 
quiescent  point  Zb  = — 8 ma,  Vce  = -10  volts.  Calculate  and  plot  the  power  out- 
put and  the  second,  third,  and  fourth  harmonic  distortions  for  load  resistances  of  10, 
30^^,911x1  50  ohms. 

(16-4^  A 2N156  power  transistor  is  used  in  the  Class  B push-pull  circuit  of  Fig 
Im^?;  If  Vcc  = — 15  volts  and  the  effective  load  resistance  is  30  ohms,  calculate 

a.  The  power  output. 

b.  The  collector-circuit  efficiency. 

c.  The  third  harmonic  distortion. 

16-48.  Sketch  the  circuit  of  a push-pull  Class  B transistor  amplifier  in  the  common- 
collector  configuration 

a.  With  an  output  transformer. 

h.  Without  an  output  transformer. 

16- 49.  Discuss  the  push-pull  complementary  circuit  of  Fig.  16-36.  In  particular, 
show  that  no  even  harmonics  are  present. 

Chapter  17 

17- 1.  Given  a single-stage  EC-coupled  uncompensated  amplifier  with  a mid-band 
gain  of  1,000  (real  and  negative).  It  is  made  into  a feedback  amplifier  with  /3  = 
(real  and  positive). 

a.  As  the  frequency  is  varied,  to  what  value  does  the  gain  of  the  amplifier  without 
feedback  fall  before  the  gain  of  the  amplifier  with  feedback  falls  3 db? 

h.  What  is  the  ratio  of  the  half-power  frequencies  with  feedback  to  those  without 
feedback? 

c.  If  /i  = 20  cps  and  /a  = 50,000  cps  for  the  amplifier  without  feedback,  what  are 
the  corresponding  values  after  feedback  has  been  added? 

17-2.  An  amplifier  without  feedback  gives  an  output  of  36  volts  with  7 per  cent 
second  harmonic  distortion  when  the  input  is  0.028  volt. 

a.  If  1.2  per  cent  of  the  output  is  fed  back  into  the  input  in  a degenerative  circuit, 
what  is  the  output  voltage? 

b.  For  an  output  ot  36  volts  with  1 per  cent  second  harmonic  distortion,  what  is 
the  input  voltage? 

17-3.  Assume  that  the  parameters  of  the  circuit  are  r,,  = 10  K,  Ej,  = 1 megohm, 
= 40  ohms,  Rl  = 50  K,  and  m = 60.  Neglect  the  reactances  of  all  capacitors. 
Find  the  gain  and  output  impedance  of  the  circuit  at  the  terminals 

a.  AN. 

b.  BN. 


>Rg 

Pros.  17-3  Prob.  17-4 
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17-4.  El  and  E2  are  sinor  input  voltages.  Draw  the  equivalent  circuit  from  which 
to  calculate  the  signal  current  I for  the  circuit  shown. 

17-6.  A feedback  amplifier  has  two  sets  of  input  terminals.  The  external  signal  is 
applied  to  input  1,  and  the  gain  for  this  signal  is  Ai.  The  feedback  signal  is  applied  to 
input  2,  and  the  gain  for  this  signal  is  A2. 
a.  Show  that  for  voltage  feedback 


A/ 


Ax 

1 - ?A2 


h.  Show  that  for  current  feedback 


A/  = Ai  and 


Z/  = Z„  + (1  - A2)Z, 


17-6.  a.  If  the  positive  supply  voltage  changes  by  ^Ehb  = how  much  does  the 
plate-to-ground  voltage  change? 

6.  How  much  does  the  cathode  voltage  change,  under  the  conditions  in  part  a? 

c.  Repeat  parts  a and  h if  Ehb  is  constant  but  Ecc  changes  by  A.Ecc  = Ck. 

d.  If  Rl  = 0 so  that  the  circuit  is  a cathode  follower,  show  that,  if  (m  -|-  l)Rk  ^ Vp, 

Tp!  Rk 


the  cathode  voltage  changes  by 
cance  of  these  results? 


M + 1 


or  ek 


M + 1 


What  is  the  physical  signifi- 


~Ecc 

Prob.  17-6 


-300\/ 
Prob.  17-7 


17-7.  Each  triode  section  is  operated  at  a quiescent  grid-to-cathode  voltage  of  —2 
volts  and  a quiescent  plate-to-cathode  voltage  of  250  volts.  Find  the  value  of 

a.  The  resistance  R. 

h.  The  grid-to-ground  voltage  of  each  section. 

c.  The  effective  cathode  impedance  Rki  of  Ti. 

d.  If  T-t  were  replaced  by  a resistor  of  value  Rk\  (found 
in  part  c),  calculate  the  negative  supply  voltage  required 
to  maintain  the  same  quiescent  current  as  above. 

17-8.  Each  tube  shown  has  a plate  resistance  rj,  = 10  K 
and  an  amplification  factor  fx  = 20.  Find  the  gain 

а,  Co/ci  if  C2  = 0. 

б.  e„/ei  if  ci  = 0. 

17-9.  Prove  that  the  Thevenin’s  equivalent  circuit 
between  plate  and  ground  of  Fig.  17-8a  is  as  depicted  in 
Fig.  17-86. 

17-10.  Prove  that  the  Thevenin’s  equivalent  circuit  between  cathode  and  ground 
of  Fig.  17-8a  is  as  depicted  in  Fig.  17-8c. 
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17-11,  If  Ri  — R2  — R and  if  the  two  tubes  have  identical  parameters,  verify  that 
the  voltage  amplification  e„/es  = —At/2  and  that  the  output  impedance  is  ^[vp  + 

(ai  + f)R]- 

17-12.  In  the  circuit  of  Prob.  17-11  the  triodes  are  the  two  sections  of  a 12AX7 
with  rp  = 62  K and  fi  = 100.  If  e,  = 5 volts,  Ri  = 2 K,  and  S2  = 1 K,  find  the 
output  voltage  Co  and  the  output  impedance. 

17-13.  The  triodes  are  the  two  sections  of  a 5965  with  a*  = 47  and  rp  = 7.2  K.  If 
the  plate  supply  ripple  voltage  is  Co  = 1 mv,  what  is  the  ripple  voltage  at  the  plate 
of  Ta? 


Prob.  17-11 


17-14.  a.  The  circuit  shown  is  that  of  a d-c  vacuum-tube  voltmeter.  The  d-c 
meter  M measures  the  input  voltage  E.  The  resistance  r is  used  to  adjust  the  range 
of  the  instrument.  Compute  the  value  of  r such  that  a 200-Ata  meter  will  read  full 
scale  when  the  input  voltage  is  10  volts.  The  triodes  are  the  two  sections  of  a 6SN7 
for  which  ai  = 20  and  rp  — 7.7  K.  First  obtain  an  approximate  solution  by  assuming 
that  each  triode  is  an  ideal  cathode  follower.  Then  use  the  exact  equivalent  circuit 
looking  into  each  cathode  to  obtain  a more  accurate  value  for  r. 

h.  Consider  that,  because  of  aging,  the  gm  has  increased  by  10  per  cent,  the  Vp  has 
decreased  by  10  per  cent,  and  fx  has  remained  constant.  Compute  the  correction  (in 
per  cent)  which  must  be  applied  to  the  instrument  readings.  Hint:  Since  the  correc- 
tion is  small,  use  the  binomial  expansion  and  neglect  higher-order  terms. 

17-16.  Given  a cathode  follower  with  a cathode  resistor  of  25  K using  a 6SN7. 
The  input  voltage  swings  over  such  a large  range  that  the  plate  resistance  varies 
between  24  and  8 K.  Assume  that  n is  constant  over  this  range.  Prove  that  the 
gain  remains  constant  to  within  about  3 per  cent. 

17-16.  In  a cathode  follower  consider  the  cathode  resistor  Rk  as  part  of  the  ampli- 
fier and  not  as  the  external  load.  Evaluate  A,  jS,  and  then  Af  from  Eq.  (17-2). 

17-17.  In  the  cathode-coupled  phase-inverter  circuit  of  Fig.  17-11  solve  for  the 
current  by  drawing  the  equivalent  circuit  looking  into  the  cathode  of  Ti.  Then 
replace  T2  by  the  Thevenin’s  equivalent  looking  into  its  plate.  The  cathode  resistor 
Rk  may  be  taken  arbitrarily  large. 

17-18.  In  the  circuit  of  Fig.  17-11,  Rl  = rp  = 10  K,  12*  = 1 K,  and  At  = 19-  If  the 
output  is  taken  from  the  plate  of  T2,  find 

a.  The  voltage  gain. 

b.  The  output  impedance. 

17-19.  a.  Prove  that  in  the  phase-inverter  circuit  of  Fig.  17-11  the  signal  current  ii 
is  always  larger  than  12  in  magnitude. 
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h.  Prove  that,  if  ii  is  to  exceed  12  by  less  than  10  per  cent, 

+ Rl 


Rk  >10 


M + 1 


17-20.  a.  In  the  phase-inverter  circuit  of  Fig.  17-11  show  that  the  voltage  across 
Rk  is 

1 lie  1 ^ ^ 

2 /X  -h  1 1 -f-  {vp  -p  Ri,)/2(fi  + l)Rk  2 

b.  Assume  that  the  amplification  factors  of  the  two  sections  are  identical  and  con- 
stant but  that  the  plate  resistances  and  rp2  are  functions  of  plate  current.  Show 
that  the  single-ended  gain  at  the  plate  of  Ti,  assuming  that  Rk  is  large  compared  with 
{Rhi  + rp2)/{n  + 1),  is 

^ ^ fj^Rhi 

Rli  + ^pi  -p  rp2  -p  Rl2 

Explain  why  this  circuit  tends  to  keep  amplitude  distortion  low. 

17-21.  a.  A signal  voltage  Ca  is  applied  in  series  with  the  plate  of  T\.  Assuming 
that  Rk  is  very  large,  prove  that  the  output  voltage  Co  is  given  by 

_ RhSa 

“ 2{Rl  + Tp) 

b.  Prove  that  the  output  impedance  Zo  at  the 
plate  of  3%  is  given  by 

_ Rl{Rl  + 2rp) 

^ 2{Rl+  rp) 

17-22.  For  the  difference  amplifier,  verify 

а.  Eq.  (17-23). 

б.  Eq.  (17-24). 

17-23.  For  the  cascode  amplifier,  verify 

а.  Eq.  (17-27). 

б.  Eq.  (17-28). 

c.  Eq.  (17-29). 

^'^“24.  In  the  cascode  circuit  of  Fig.  17-14  the  triodes  are  the  two  sections  of  a 
12AT7,  32  = 10  K,  £■'  = 125  volts,  Ehb  = 250  volts,  and  Ecc  = 2 volts.  Find  the 
quiescent  current  and  the  voltage  at  K2. 

17-26.  In  the  cascode  circuit  of  Fig.  17-14  the  tube  is  a 6SN7,  72  = 10  K,  £?'  = 200 
volts,  Eib  = 320  volts,  and  Ecc  = 8 volts.  Find  the  quiescent  current  and  the 
voltage  at  Pi. 

17-26.  a.  Find  the  minimum  value  of  Pw  so  that  the  top  tube  does  not  draw  grid 
current. 

b.  Plot  ih  vs.  Ebb  from  this  minimum  value  of  Ebb  to  Ebb  = 500  volts  and  show  that 
this  volt-ampere  characteristic  resembles  that  of  a pentode. 


Pros.  17-21 


+300y 
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17-27.  a.  Find  the  quiescent  current  in  the  circuit  shown. 

h.  Find  the  effective  impedance  seen  between  terminals  A and  N. 

c.  Between  B and  N. 

17-28.  Prove  that  the  polar  plot  of  the  loop  gain  of  an  f2(7-coupled  amplifier  is  a 
circle  in  the  complex  plane  located  as  in  Fig.  17-16. 

17-29.  a.  The  possibility  of  oscillation  is  to  be  avoided  in  the  three-stage  RC-cou- 
pled  amplifier  of  Prob.  17-3.  Prove  that  the  mid-band  loop  gain  must  be  kept 
below  8. 

b.  What  is  the  maximum  possible  value  of  Ri  if  all  other  component  values  are  as 
specified  in  Prob.  17-3? 

17-30.  Derive  the  exact  formula  (17-33)  for  the  voltage  gain  of  an  operational 
amplifier  from  the  equivalent  circuit  of  Fig.  17-19. 

17-31.  Design  an  operational  amplifier  whose  output  (for  a sinusoidal  signal)  is  equal 
in  magnitude  to  its  input  and  leads  the  input  by  45  deg. 

17-32.  Consider  a single-stage  operational  amplifier  with  a gain  of  100.  li  Z = R 
and  Z'  = —jXc  with  R = Xc,  calculate  the  gain  as  a complex  number. 

17-33.  Given  an  operational  amplifier  consisting  of  R and  L in  series  for  Z and  C 
for  Z'.  If  the  input  is  a constant  E,  find  the  output  So  as  a function  of  time.  Assume 
an  infinite  open-loop  gain. 

17-34.  For  the  circuit  shown,  prove  that  the 
output  voltage  is  given  by 

d^e 


_,.=|.  + (fl,C  + A)|  + Lc: 


17-36.  Given  an  operational  amplifier  with 
Z consisting  of  a resistor  R in  parallel  with  a 

capacitor  C and  Z'  consisting  of  a resistor  R'.  The  input  is  a sweep  voltage  e = at. 
Prove  that  the  output  is  a sweep  voltage  that  starts  with  an  initial  step.  Thus, 
show  that 

e,,  = -aR'C  -oc^t 


Assume  an  infinite  open-loop  gain. 

17-36.  Sketch  an  operational  amplifier  circuit  having  an  input  e and  an  output 
which  is  approximately  — 5e  — ‘ide/dt. 

17-37.  a.  The  input  to  the  operational  integrator  of  Fig.  17-22  is  a step  voltage  of 
magnitude  E.  Prove  that  the  output  is 

= AE[l  - 

b.  Compare  this  result  with  that  obtained  if  the  step  voltage  is  impressed  upon  a 
simple  RC  integrating  network  (without  the  use  of  an  amplifier).  Show  that  for  large 
values  of  RC  both  solutions  represent  a voltage  which  varies  approximately  linearly 
with  time.  Verify  that  if  A » 1 the  .slope  of  the  ramp  output  is  approximately  the 
same  for  both  circuits.  Also  prove  that  the  deviation  from  linearity  for  the  amplifier 
circuit  is  1/(1  — A)  times  that  of  the  simple  RC  circuit. 

17-38.  a.  The  input  to  an  operational  differentiator  whose  open-loop  gain  A is 
finite  is  a ramp  voltage  e = at.  Show  that  the  output  is 

e„  = aRC[l  - 

1 — J\. 


b.  Compare  this  result  with  that  obtained  if  the  same  input  is  impressed  upon  a 
simple  RC  differentiating  network  (without  the  use  of  an  amplifier).  Show  that 
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approximately  the  same  final  constant  output  RC  de/dt  is  obtained.  Also  show  that 
the  operational-amplifier  output  reaches  this  correct  value  of  the  differentiated  input 
much  more  quickly  than  does  the  simple  RC  circuit. 

17-39.  Given  an  operational  amplifier  with  Z consisting  of  R in  series  with  C and  Z’ 
consisting  of  R'  in  parallel  with  C'.  The  input  is  a step  voltage  of  magnitude  E. 

a.  Show  by  qualitative  argument  that  the  output  voltage  must  start  at  zero,  reach 
a maximum,  and  then  again  fall  to  zero. 

b.  Show  that  if  R'C  ^ RC  the  output  is  given  by 


Co 


R'CE 

R'C'  - RC 


17-40.  Sketch  in  block-diagram  form  a computer  using  operational  amplifiers  to 
solve  the  differential  equation 


de 

dt 


0.5e  +0.1  sin  coi  = 0 


An  oscillator  is  available  which  will  provide  a signal  1 sin  ut.  Use  only  resistors  and 
capacitors. 

17-41.  Set  up  a computer  in  block-diagram  form  to  solve  Eq.  (17-41)  by  starting 
with  the  assumption  that  de/dt  is  available  as  a voltage  between  two  terminals. 

17-42.  Set  up  a computer  in  block-diagram  form  to  solve  Eq.  (17-41)  by  starting 
with  the  assumption  that  e is  available  as  a voltage  between  two  terminals. 

17-43.  An  operational  amplifier  has  a base  amplifier  whose  unloaded  open-loop 
gain  and  impedance  are  A«  and  Z„,  respectively.  These  are  the  values  of  gain  and 
output  impedance  with  the  impedance  Z'  omitted.  Assume  zero  input  admittance. 

a.  Draw  the  equivalent  circuit  of  the  operational  amplifier.  Include  an  external 
impedance  Zx,  across  the  output  terminals. 

b.  Find  the  expression  for  the  ratio  Eo/Ej  which  gives  the  gain  without  feedback 
but  with  the  amplifier  loaded  with  Z'. 

c.  From  part  b deduce  that  the  open-loop  loaded  gain  A and  output  impedance  Zo 
(with  the  base  amplifier  loaded  by  Z')  are  given  by 


Hint:  Write 


A 


Z'  + Z„/A. 
Zu  + Z' 


and 


Zo 


Z„Z' 
Z„  + Z' 


E„  AZx 

E.-  Zx  + Z„ 


d.  Find  the  expression  for  E0/E3  which  gives  the  gain  with  feedback.  Write 

Eq  _ A/Zx 
Eg  Zx  + Zf 

and  prove  that  A/  is  given  by  Eq.  (17-33)  and  that  the  output  impedance  with  feed- 
back Z/  is  given  by 

Z - Zo  ^ Zo 

^ 1 - AZ/(Z  + Z')  1 - A3 


Chapter  18 

18-1.  Verify  Eq.  (18-1)  for  the  feedback  factor  of  the  phase-shift  network  of  Fig. 
18-2,  assuming  that  this  network  does  not  load  the  amplifier.  Prove  that  the  phase 
shift  is  180  deg  for  = Q and  that  at  this  frequency  /3  = gV- 
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18-2.  a.  For  the  network  of  Prob.  18-1  show  that  the  input  impedance  is  given  by 

1 — 5a*  — j(6a  — a*) 


2i  = R 


3 — a*  — j4o 


h.  Show  that  the  input  impedance  at  the  frequency  of  the  oscillator,  a = s/q,  is 
(0.83  - j2.70)R. 

Note  that  if  the  frequency  is  varied  by  varying  C the  input  impedance  remains 
constant.  However,  if  the  frequency  is  varied  by  varying  R,  the  impedance  is  varied 
in  proportion  to  R. 

18-3.  Design  a phase-shift  oscillator  to  operate  at  a frequency  of  5 kc.  Use  one  of 
the  triodes  in  Table  7-1.  The  phase-shift  network  is  not  to  load  down  the  amplifier. 

a.  Which  tubes  in  Table  7-1  can  not  be  used? 

b.  Find  the  minimum  value  oi  Rl  for  which  the  circuit  will  oscillate. 

c.  Find  the  product  RC. 

d.  Choose  a reasonable  value  for  R and  find  C. 

18-4.  a.  A two-stage  oscillator  uses  the  phase-shifting  network  shown.  Prove  that 


^ 3 + j(oiRC  - 1/oiRC) 

b.  Show  that  the  frequency  of  oscillation  is  / = ll2irRC  and  that  the  gain  must 
exceed  3. 


R 


T 

— wwv 

1 

t 

CP 

- Rl  Eo 

-i— 

T I - 

+^^_^VWV-- 
i,  C: 

i 


Pros.  18-4 


Pros.  18-5 


18-5.  a.  Find  the  feedback  factor  for  the  network  shown. 

b.  Sketch  the  circuit  of  a phase-shift  oscillator  using  this  feedback  network. 

c.  Find  the  expression  for  the  frequency  of  oscillation,  assuming  that  the  network 
does  not  load  down  the  amplifier. 

d.  Find  the  minimum  gain  required  for  oscillation. 

18-6.  Consider  the  two-section  RC  feedback  network  shown.  Find  the  transfer 
function  g and  verify  that  it  is  not  possible  to  obtain  180-deg  phase  shift  with  a finite 
attenuation. 


Pros.  18-6  Pros.  18-7 


18-7.  For  the  feedback  network  shown  find 

a.  The  transfer  function. 

b.  The  input  impedance. 

c.  If  this  network  is  used  in  a phase  shift,  find  the  frequency  of  oscillation  and  the 
minimum  amplifier  voltage  gain.  Assume  that  the  network  does  not  load  down  the 
amplifier. 
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18-8.  Take  into  account  the  loading  of  the  RC  network  in  the  phase-shift  oscillator 
of  Fig.  18-2.  If  Ro  is  the  output  impedance  of  the  amplifier  (assume  that  Ck  is  arbi- 
trarily large),  prove  that  the  frequency  of  oscillation  / and  the  minimum  gain  A are 
given  by 

/ = — ^ ^ 

27rRC  v'6  + AiRJR) 

A-  29  + 23|  + 4(§y 

18-9.  Apply  the  Barkhausen  criterion  to  the  tuned-plate  oscillator  and  verify  Eqs. 
(18-2)  and  (18-3). 

18-10.  Show  that  the  circuit  of  Prob.  18-4  is  equivalent  to  a completely  unbalanced 
Wien  bridge,  i.e.,  one  for  which  R^  = 0. 

18-11.  Exercise  your  ingenuity  to  see  in  how  many  different  ways  you  can  introduce 
an  external  signal  in  the  circuit  of  Fig.  18-5  considered  to  be  adjusted  to  operate  as  a 
frequency  selective  amplifier.  Discuss  the  relative  merits  of  each  possibility. 

18-12.  Consider  the  Wien-bridge  oscillator  of  Fig.  18-5.  Explain  in  a general  way 
how  it  comes  about  that  the  total  phase  shift  around  the  circuit  and  hence  the  fre- 
quency of  oscillation  depend  on  the  following: 

a.  The  plate  resistance. 

h.  The  coupling  capacitance. 

c.  The  grid  leak  resistance. 

d.  The  cathode  resistance. 

e.  The  load  resistance. 

/.  The  supply  voltage. 

g.  The  filament  heater  voltage. 

h.  The  stray  capacitance  across  the  outputs  of  the  tubes. 

18-13.  In  the  bridge  circuit  of  Fig.  18-5  add  an  inductor  in  series  with  R and  C 
between  points  G and  P.  Also,  replace  the  parallel  combination  of  R and  C by  a 
resistor  Rz.  Find  the  frequency  of  oscillation  and  the  minimum  gain  of  the  amplifier  if 

a.  Ri  is  infinite. 

b.  Ri  is  finite.  , 

18-14.  a.  At  what  frequency  will  the  circuit  shown  oscillate,  if  at  all? 

b.  Find  the  minimum  value  of  R needed  to  sustain  oscillations.  The  tube  is  a 
6SL7  with  = 70  and  Vp  = 44. 

Hint:  Assume  a voltage  E from  grid  Gi  of  Ti  to  ground  but  with  the  point  G'  not 
connected  to  the  grid  Gi.  Calculate  the  loop  gain  from  the  equivalent  circuit  obtained 
by  looking  into  each  cathode. 


Pros.  18-14 


Pros.  18-15 
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18-16.  In  the  cathode-coupled  oscillator  circuit  shown  Z represents  a parallel  RLC 
combination.  Assume  that  Rg,  and  Cc  are  arbitrarily  large. 

a.  At  what  frequency  will  the  circuit  oscillate,  if  at  all? 

b.  Prove  that  the  minimum  value  of  R needed  to  sustain  oscillations  is  2rp/ (ju  — 1) 
^ 2/gm. 

Hint  : Assume  a voltage  E from  the  grid  G2  of  Ti  to  ground  but  with  the  point  G'  not 
connected  to  the  grid  G2.  Calculate  the  loop  gain  from  the  equivalent  circuit  obtained 
by  looking  into  each  cathode. 

18-16.  In  the  circuit  of  Prob.  18-15  the  impedance  Z consists  of  an  inductor  L in 
parallel  with  a capacitance  C.  The  series  resistance  of  the  inductor  is  r.  Prove  that 
the  frequency  of  oscillation  is  given  by 


and  the  minimum  transconductance  is  given  by 

2nrC 


18-17.  Verify  Eq.  (18-6)  by  the  two  methods  outlined  in  the  text. 

18-18.  a.  Consider  the  Colpitts  oscillator,  taking  into  account  the  resistance  r in 
series  with  the  inductor  L.  Prove  that  the  frequency  of  oscillation  is  given  by 


lLc,  ^C2V 


6.  If  r/vp  « 1,  prove  that  the  minimum  transconductance  is  given  by 

ruCiiCi  C2) 

“ L(mC2  - C.) 

18-19.  Sketch  the  circuit  of  a tuned-plate  tuned-grid  oscillator  using  shunt  feed. 

18-20.  a.  Consider  the  Hartley  oscillator  of  Fig.  18-8  with  the  addition  of  a cathode 
resistor  Rk.  If  the  resistances  of  the  inductors  are  ri  and  r2,  respectively,  find  the 
frequency  of  oscillation. 

h.  Find  the  value  of  Rk  for  which  the  loop  gain  will  just  equal  unity. 

18-21.  The  Hartley  oscillator  of  Fig.  18-8  is  modified  by  placing  C3  across  L2  and  by 
allowing  a mutual  inductance  M between  L,  and  L2.  Find  the  frequency  of  oscillation . 

18-22.  a.  Verify  Eq.  (18-12)  for  the  reactance  of  a crystal. 

b.  Prove  that  the  ratio  of  the  parallel-  to  series-resonant  frequencies  is  given  approx- 
imately by  1 -f-  \ C IC . 

c.  If  C = 0.04  niA  and  C = 2.0  nixl,  by  what  per  cent  is  the  parallel-  greater  than 
the  series-resonant  frequency? 

18-23.  A crystal  has  the  following  parameters:  L = 0.33  henry,  C = 0.065  mmI, 
C = 1.0  nfii,  and  R = 5.5  K. 

a.  Find  the  series-resonant  frequency. 

b.  By  what  per  cent  does  the  parallel-resonant  frequency  exceed  the  series-resonant 
frequency? 

c.  Find  the  Q of  the  crystal. 

18-24.  Verify  Eq.  (18-22)  for  the  transfer  function  of  the  balanced  Wien  bridge. 

18-26.  Verify  Eq.  (18-24)  for  the  frequency  stability  of  a Wien-bridge  oscillator. 

18-26.  For  the  phase-shifting  network  of  Prob.  18-4  prove  that 


dd' 


2 
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18-27.  Find  the  ratio  of  the  per  cent  second  harmonic  distortion  at  the  grid  to  that 
at  the  plate  of  the  phase-shift  oscillator  of  Fig.  18-2. 

18-28.  If  an  oscillator  uses  the  feedback  network  of  Prob.  18-4,  is  the  wave  form 
purer  at  the  grid  or  at  the  plate? 

18-29.  Evaluate  \H2\  for  the  Wien  bridge,  with  A = 50,  for  the  network  of  Prob. 
18-4  and  for  the  phase-shift  oscillator  of  Fig.  18-2.  Which  type  of  oscillator  has  the 
least  second  harmonic  distortion  at  the  plate? 

18-30.  Which  has  less  second  harmonic  distortion  at  the  grid,  the  phase-shift  oscil- 
lator of  Fig.  18-2  or  the  Wien-bridge  oscillator  with  A = 20? 

18-31.  Verify  Eqs.  (18-39)  and  (18-40)  for  the  transistor  phase-shift  oscillator. 

18-32.  Verify  that  the  transistor  phase-shift  circuit  of  Fig.  18-19  will  not  oscillate 
if  a is  less  than  0.978. 


Chapter  19 

19-1.  a.  Prove  that  the  general  solution  of  the  differential  equation  in  Eq.  (19-5)  is 


ib 


VRl^  + 


[sin  (ui  — 4')  -f-  e i^Lt/L  gjjj 


where  tan  'P  = wL/Rj,. 

h.  The  angle  of  cutout  is  that  angle  at  which  the  current  becomes  zero.  Show 
that  at  cutout 

sin  — 4')  -[-  sin  = 0 


Plot  a semilog  curve  of  vs.  coL/Rl,  with  uL/Rl  in  the  range  from  0.1  to  1,000. 

c.  Verify  the  curves  of  Fig.  19-2.  In  particular,  check  the  value  for  uL/Rt  = 5. 

19-2.  A single-phase  full-wave  rectifier  uses  gas  diodes.  The  tube  drop  and  internal 
resistance  of  the  tubes  may  be  neglected.  Assume  an  ideal  transformer. 

a.  Prove  that  one  tube  conducts  for  one  half  cycle  and  that  the  other  tube  conducts 
for  the  remaining  half  cycle  of  the  input  line  voltage,  if  the  load  consists  of  a resistor 
R in  series  with  an  inductor  L. 

b.  Find  the  analytic  expression  for  the  load  current  in  the  interval 

0 < a = 27r/i  < TT 

Hint:  Set  up  the  differential  equation  for  the  load  current  i in  this  interval.  The 
solution  of  this  equation  will  consist  of  a steady-state  a-c  term  added  to  a “transient” 
term.  Evaluate  the  arbitrary  constant  in  the  “transient”  term  by  noting  that  the 
current  repeats  itself  at  intervals  of  ir  in  a,  so  that  f(0)  = f(7r). 

c.  Evaluate  the  direct  current  Ida  by  averaging  the  instantaneous  current. 

d.  Evaluate  the  first  term  in  the  Fourier  series  for  the  current,  and  compare  with 
Eq.  (19-6). 

Compare  this  method  of  attack  with  that  used  in  Sec.  19-2. 

19-3.  Prove  that  the  rms  value  of  the  triangular  voltage  depicted  in  Fig.  19-10  is 
giyeiiTjy  Eq.  (19-22). 

j 19-4.^  single-phase  full-wave  rectifier  uses  an  83  gas  tube.  The  transformer  volt- 
agd=rs-35()  volts  rms  to  center  tap.  The  load  consists  of  a 4-juf  capacitor  in  parallel  with 
a 2,500-ohm  resistor.  The  tube  drop  and  the  transformer  resistance  and  leakage 
reactance  may  be  neglected. 

а.  Calculate  the  cutout  angle. 

б.  Plot  to  scale  the  output  voltage  and  the  tube  current  (see  Fig.  19-8).  Deter- 
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mine  the  cutin  point  graphically  from  this  plot,  and  find  the  peak  tube  current  corre- 
sponding to  this  point. 

c.  Repeat  parts  a and  b,  using  a 16-  instead  of  a 4-juf  capacitor. 

19-6.  a.  Show  that  Eq.  (19-26)  reduces  to 


provided  that 


Edc  = E, 


I dc 


J dc 

AjCEm 


« 1 


h.  Show  that  this  result  is  obtained  if  it  is  assumed  that  the  capacitor  discharges  for 
the  complete  half  cycle  T/2. 

19-6.  The  circuit  of  Fig.  19-13  can  be  analyzed  by  the  methods  of  elementary  a-c 
theory  without  making  the  approximations  used  in  Sec.  19-5.  Assuming  that  the 
input  voltage  to  the  filter  is  given  by  Eq.  (19-31),  prove  that  the  ripple  factor  is 


V2/3 


Ujjdei^hat  condition  does  this  reduce  to  the  simpler  equation  (19-35)? 
r 19-7. )By  error  the  capacitor  of  an  L-section  filter  is  connected  to  the  input  side  of 
lbh£i»3uctor.  Examine  this  filter  analytically,  and  derive  an  expression  for 
a.  The  regulation  of  the  system. 
h.  The  ripple  factor. 

Compare  these  results  with  those  in  Sec.  19-5. 

19-8.  The  output  of  a full-wave  rectifier  is  fed  from  a 400-0-400-volt  transformer. 
The  load  current  is  0.1  amp.  Two  4-Aif  capacitors  are  available.  The  tube  drop  of 
each  gas  tube  is  15  volts.  The  circuit  resistance  exclusive  of  the  load  is  500  ohms. 

a.  Calculate  the  value  of  inductance  for  a two-stage  L-section  filter.  The  induct- 
ances are  to  be  equal.  The  ripple  factor  is  to  be  0.0001. 
h.'-G^lculate  the  d-c  output  voltage. 

/ 19-9.y  Given  two  equal  capacitors  C and  two  equal  inductors  L.  Under  what  cir- 
miHftsthi^nces  will  it  be  better  to  use  a double  L-section  filter  than  to  use  a single  section 
wit^thednductors  in  series  and  the  capacitors  in  parallel? 

19-10./ An  L-section  filter  is  used  in  the  output  of  a full-wave  rectifier  that  is  fed 
fr(^ar575-0-375-volt  transformer.  The  load  current  is  0.2  amp.  Two  4-;Lif  capacitors 
and  two  20-henry  chokes  are  available.  The  drop  in  the  gas  rectifier  tubes  is  15  volts. 

а.  Calculate  the  120-cycle  ripple  voltage,  if  a single-section  filter  is  used,  with  the 
two  chokes  in  series  and  the  two  capacitors  in  parallel. 

б.  Repeat  part  a for  a two-section  filter. 

c.  Calculate  the  240-cycle  ripple  voltage  if  a single-section  filter  is  used. 

19-11.  Design  a power  supply  for  a load  varying  from  zero  to  150  ma  at  a full-load 
output  voltage  of  approximately  250  volts.  Good  regulation  is  desired.  The  ripple 
voltage  is  not  to  exceed  0.1  volt. 

Specify  the  type  of  circuit,  the  type  of  filter,  and  the  type  of  tube.  Give  nominal 
ratings  of  all  the  circuit  elements  used. 

Assume 

a.  Vacuum-tube  rectifiers  have  a plate  resistance  of  350  ohms. 
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h.  Gas-tube  rectifiers  have  a tube  drop  of  10  volts. 

c.  Power  transformers  are  rated  in  steps  of  50  volts  {i.e.,  you  can  buy  a transformer 
whose  total  secondary  voltage  output  is  50  volts,  or  100  volts,  or  150  volts,  etc.,  rms). 

d.  The  transformer  secondary  resistance  totals  200  ohms. 

e.  Chokes  are  rated  in  steps  of  5 henrys. 

/.  Each  choke  resistance  is  200  ohms. 

g.  Capacitors  are  rated  in  4-/xf  steps. 

19-12.  Design  a power  supply  for  a load  that  varies  between  the  limits  of  20  and  100 
ma  at  a nominal  voltage  of  300  volts.  The  ripple  factor  is  not  to  exceed  0.1  per  cent, 
and  good  regulation  is  desired.  Specify  the  type  of  circuit,  the  type  of  tube,  and  the 
type  of  filter  to  use.  Give  nominal  ratings  of  all  the  circuit  elements  used.  Make  the 
same  assumptions  as  in  Prob.  19-11. 

19-13.  Given  a full-wave  rectifier  circuit,  a 375-0-375  volt  transformer,  Rl  = 2,000 
ohms,  gas  diodes  with  a 20-volt  drop,  two  20-henry  chokes,  and  two  16-/xf  capacitors. 
The  transformer  resistance  to  center  tap  and  each  choke  resistance  is  200  ohms. 
Calculate  the  approximate  output  voltage  and  ripple  factor  under  the  following  filter 
arrangements : 

a.  The  two  chokes  are  connected  in  series  with  the  load. 

h.  The  two  capacitors  are  connected  in  parallel  across  the  load. 

c.  A single-section  L filter,  consisting  of  the  two  inductors  in  series  and  the  two 
capacitors  in  parallel. 

d.  A two-section  L filter. 

e.  A n-section  filter,  using  both  inductors. 

19-14.  Derive  an  expression  for  the  ripple  in  a Il-section  filter  when  used  with  a 
half-wave  rectifier,  subject  to  the  same  approximations  as  those  in  Sec.  19-7  for  the 
full-wave  case. 

19-15.  A full-wave  single-phase  rectifier  employs  a n-section  filter  consisting  of  two 
4-juf  capacitors  and  a 20-henry  choke.  The  transformer  voltage  to  center  tap  is  300 
volts  rms.  The  load  current  is  50  ma.  Calculate  the  d-c  output  voltage  and  the 
ripple  voltage.  The  resistance  of  the  choke  is  200  ohms. 

' 19-16.  'I'he  voltage  at  the  input  capacitor  of  a H-section  filter  is  given  to  a close 
approxiina\.ion  by  e{t)  = 525  — 40  sin  754i.  The  output  capacitor  of  the  filter  is 
lOTifi  If  the  filter  d-c  output  voltage  is  500  volts  for  a 100-ma  load  withf^a  ripple 
factor  of  0.001,  determine  the  inductance  and  d-c  resistance  of  the  filter  choke. 

19-17.  Given  a full-wave  rectifier  using  ideal  elements  {i.e.,  no  resistance  or  leakage 
reactance  in  the  transformer,  no  tube  drop,  and  no  resistance  in  the  chokes).  The 
voltage  on  each  side  of  the  center  tap  of  the  transformer  is  300  volts  rms. 

Answer  the  questions  below  for  each  of  the  following  types  of  filter : 

1.  No  filter. 

2.  A 10-juf  capacitor  filter. 

3.  A 20-henry  inductor  filter. 

4.  An  L-section  filter  consisting  of  a 10-/if  capacitor  and  a 20-henry  choke. 

a.  What  is  the  no-load  d-c  voltage?  (List  your  answers  as  al,  a2,  a3,  and  a4.) 

b.  What  is  the  d-c  voltage  at  100  ma? 

c.  Does  the  ripple  increase,  decrease,  or  stay  constant  with  increasing  load  current? 

d.  What  is  the  peak  inverse  voltage  across  each  tube? 

19-18.  A single  center-tapped  transformer  (350-0-350  volts)  is  to  supply  power  at 
two  different  voltages  for  certain  service.  The  negative  is  to  be  grounded  on  each  sys- 
tem. The  low  voltage  is  full  wave  and  is  filtered  with  a two-section  L filter.  The 
high  voltage  is  half  wave  and  has  a capacitor  input  filter.  Show  the  schematic  dia- 
gram for  such  a system.  What  is  the  nominal  output  voltage  of  each  unit? 
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19-19.  What  voltages  are  available  from  the  rectifier  circuit  shown?  A 425-0-425- 
volt  transformer  is  used.  Label  the  polarities  of  the  output  voltages. 


Pros.  19-19 


19-20,  The  circuit  shown  is  to  be  used  to  supply  power  for  an  amplifier  and  also  for 
the  accelerating  voltage  of  an  associated  cathode-ray  tube.  What  output  voltages  are 
obtained  if  a 350-0-350-volt  center-tapped  transformer  is  used?  (Hint:  See  Prob. 
14-15.) 

19-21.  The  circuit  shown  operates  from  a 300-0-300-volt  transformer. 

a.  What  are  the  magnitude  and  polarity  of  the 
d-c  voltage  at  A ? at  R ? under  no  load  ? 

b.  What  is  the  peak  inverse  on  each  tube?  , 

c.  If  the  load  current  at  A is  100  ma,  what  is 

the  voltage  at  A ? ‘ 

d.  If  the  load  current  at  B is  20  ma,  what  is  the 
voltage  at  R? 

19-22.  Prove  that  if  no  approximations  are 
made  in  the’  derivation  for  the  stabilization  factor 
S in  Eq.  (19-52)  the  exact  value  of  S is  given  by 


S = 


r -h  r-p2 
Rl 


+ 1 + M2  + HiAifi 


19-23.  In  the  regulated  power  supply  of  Fig.  19-20  the  resistor  Rz  is  connected  to 
the  input  side  of  the  series  tube.  Prove  that  the  output  impedance  is  given  approxi- 
mately by  Eq.  (19-56)  with  S defined  by  Eq.  (19-58). 

19-24.  Given  a regulated  power  supply  with  the  following  specifications: 

Unregulated  input  voltage  = 450  volts. 

Regulated  output  voltage  = 255  volts. 

Load  current  is  200  ma. 

Control  tubes:  three  6B4-G’s  (Fig.  A9-6)  in  parallel. 

Reference  voltage:  OC3/105. 

Amplifier:  a 6AU6  (Fig.  11-7)  with  the  screen  connected  directly  to  the  regulated 
output.  The  plate  load  resistor  is  100  K and  is  connected  to  the  unregulated  side. 

a.  Sketch  the  complete  circuit  and  indicate  reasonable  values  for  all  resistors  and 
capacitors. 

h.  Calculate  the  plate  voltage  of  the  6AU6  with  respect  to  ground. 

c.  Calculate  the  grid  voltage  of  the  6AU6  with  respect  to  ground. 

d.  Calculate  the  voltage  stabilization  S. 

19-26.  In  Fig.  19-23,  R2  = 2Ri,  and  the  breakdown  diode  voltage  is  10  volts. 
What  is  the  approximate  value  of  the  regulated  output  voltage? 
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19-26.  Sketch  the  circuit  of  a regulated  semiconductor  power  supply  whose  output 
is  positive  with  respect  to  ground,  using 

a.  p-n-p  transistors. 

b.  Complementary  transistors. 

19-27.  Sketch  the  circuit  of  a regulated  semiconductor  power  supply  whose  output 
is  negative  with  respect  to  ground,  using 

a.  p-n-p  transistors. 

b.  n-p-n  transistors. 

c.  Complementary  transistors. 
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^-supply  voltage,  391 
Abnormal  glow  discharge,  301-303 
Absorption  spectrum,  292 
Acceptor  impurities,  87,  114 
Activation,  93-95 
Age  distribution,  68 
Alloy-j unction  diode,  120 
Alloy-j  unction  transistor,  211 
Alpha,  common-base,  211,  219,  226,  238, 
260 

common-emitter,  217 
cutoff  frequency,  277 
forward,  219,  226,  238,  260 
frequency  dependence,  278 
inverted,  220 

normal,  219,  226,  238,  260 
reverse,  220 

Amplification,  gas,  141,  292-296 
voltage,  185,  200,  205 
Amplification  factor,  definition,  164 
measurement,  197 
numerical  values,  165 
pentode,  272 
tetrode,  267 
triode,  164,  165 

Amplifier,  amplitude  response,  381-387 
band  width,  384 
cascading,  379,  386 

cathode-follower  (see  Cathode  follower) 
classification  (A,  AB,  B,  C),  376 
common-cathode  (see  Grounded- 
cathode  amplifier) 
common-grid,  192-196 
common-plate  (see  Cathode  follower) 
corner  frequency,  383,  384 
difference,  457 
distortion  in  (see  Distortion) 
feedback  (see  Feedback  amplifier) 
graphical  analysis,  169-172,  174-177 
grounded-cathode  (see  Grounded- 
cathode  amplifier) 
grounded-grid,  192-196 
grounded-plate  (see  Cathode  follower) 


Amplifier,  half-power  frequency,  383,  386 
high-frequency  region,  382,  385 
hum,  395 

low-frequency  region,  383,  385,  389 
lower  3-dbv  frequency,  384,  386 
mid-band  region,  381,  384,  389 
multistage,  379 
noise,  396 

operational  (see  Operational  amplifier) 
oscillations,  394 
phase  response,  381-387 
power  (see  Power  amplifiers) 
push-pull  (see  Push-pull  amplifier) 
/2C-coupled,  380-394 
response,  381-387 
transformer-coupled,  387,  391 
transistor  (see  Transistor  amplifier) 
upper  3-dbv  frequency,  383,  386 
voltage  sources,  391-394 
Amplitude  distortion,  377,  402-408,  417, 
446 

Analog  computation,  470 
Angstrom  unit,  528 
Aquadag,  39 

Arc  back  in  rectifiers,  324 
Arcs,  303-305 
cathode-fall,  304 
classes  of,  304 

comparison  of,  with  glow,  305 
high-pressure,  313 
mercury  (see  Mercury-arc  rectifier) 
plasma  (see  Plasma) 
potential  distribution  in,  305 
volt-ampere  characteristic,  304 
Argon,  in  diodes,  311,  328 
in  phototubes,  140 
in  thyratrons,  316 

Atom,  Bohr-Rutherford  model,  286-289 
energy-level  diagram,  288 
excitation  potentials,  289,  291 
ionization  potentials,  289,  291 
nucleus,  286 
radius,  286 
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Atomic  number,  529 
Atomic  weight,  529 
Autoelectronic  effect,  78 
Avalanche  breakdown,  118,  228,  297 
Avogadro’s  number,  71,  283,  527 

B-supply  voltage,  391 
Backfire,  324 

Band  structure  of  solids,  87 
Barkhausen  criterion,  474 
Barrier,  capacitance,  120 

potential,  63,  66,  98,  104,  114,  305 
Barrier-layer  rectification,  132 
Base  resistance,  220,  240 
Base  width,  209,  279 
Beam-power  tube,  273,  416 
Bell  Solar  Battery,  154 
Betatron,  48-52 
Bias,  cathode-follower,  178 
collector-to-base,  232 
emitter,  234 
fixed-current,  231,  391 
screen,  392 
self-,  234,  392 

Bias  control  of  thyratrons,  361 
Bias  curve,  176,  235 

Bias  phase  control  of  thyratrons,  361-364 
Bleeder  resistance,  513 
Blocking  in  oscillator,  319 
Blocking-layer  rectifier,  132 
Bohr  atom  model,  286-289 
Boltzmann  constant,  527 
Boltzmann  relationship,  127 
Bond,  covalent,  80 
electron-pair,  80 
Bottoming,  147,  214 
Breakdown,  in  gas  tubes,  297-301 
in  semiconductor,  118,  228 
Bunching,  electron,  53-57 

C-supply  voltage,  391 
Capacitance,  barrier,  120 
diffusion,  122,  130,  280 
input,  amplifier,  201,  206 
cathode-follower,  206 
interelectrode,  pentode,  272 
tetrode,  262,  268 
triode,  198-207 
space-charge,  119 
storage,  122 
transition,  120 


Capacitor,  electrolytic,  509 
Capacitor  input  filter,  504-510,  516-520 
Carbon  arc,  304 

Carbonization  of  thoriated  cathodes,  94 
Carriers  in  semiconductors,  84 
Cascaded  amplifiers,  379,  386 
Cascode  amplifier,  461 
Cathode,  directly  heated,  96 
heat-shielded,  313 
indirectly  heated,  96 
inward-radiating,  313 
mercury,  321 

oxide-coated,  disintegration,  313 
emission,  93,  95 
work  function,  93 
photoelectric,  139 
sputtering,  313 
thoriated-tungsten,  93 
tungsten,  92 
Cathode  fall,  302,  304 
Cathode  follower,  192-196,  204-207,  452- 
455 

applications,  207 
characteristics,  207,  454 
circuits,  177 

at  high  frequencies,  204-207 
Cathode  glow,  301-303 
Cathode-ray  tube,  29-44 
astigmatism,  43 
circuit,  42 
construction,  37,  38 
deflecting  plates,  29,  32,  36,  42 
defocusing,  43 
distortion,  43 

electric  and  magnetic  compared,  43 
electrostatic-deflection  sensitivity,  30 
fluorescent  screen  materials,  41 
focusing,  electrostatic,  36,  42,  44 
magnetic,  36 
inclined  plates  in,  32 
intensifier,  32-34 
ion  burn,  39 

magnetic-deflection  coils,  34,  44 
magnetic-deflection  sensitivity,  35 
magnetic  focusing,  36 
mono-accelerator,  34 
negative  ions  in,  39 
postaccelerating  electrode  in,  32-34 
screens,  41 
sweep,  40 
writing  speed,  34 
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Characteristic  tube  curves,  FG-27A 
(thyratron),  315,  351 
FG-33  (thyratron),  315,  351 
FG-98  (shield-grid  thyratron),  320 
FP-85  (diode),  106 
OA4-G  (cold-cathode  triode),  330 
photronic  cell,  154 
PJ-22  (vacuum  photocell),  140 
PJ-23  (gas  photocell),  141 
2A3  (power  triode),  545 
2N34,  2N35  (transistors),  213,  216,  542 
2N104  (transistor),  543 
2N156  (power  transistor),  543 
5U4-GB  (diode),  544 
5Y3-GT  (diode),  544 
6AU6  (pentode),  271,  272 
6B4-G  (power  triode),  545 
6CG7  (double  triode),  547 
6F6  (pentode),  546 
6J7  (pentode),  270 
6J7  (tetrode),  264 
6L6  (beam-power  tube),  550 
6L6  (triode),  549 
6SN7  (double  triode),  547 
parameters,  165 
positive  grid,  548 
12AT7  (double  triode),  551 
12AU7  (double  triode),  552 
12AX7  (double  triode),  553 
653C4  (Zener  silicon  diode),  119 
866  (mercury  diode),  325 
884,  885  (thyratrons),  317 
929  (phototube),  146 
5751  (double  triode),  553 
5814A  (double  triode),  552 
5962  (double  triode),  547 
6087  (diode),  544 
6136  (pentode),  271 
6201  (double  triode),  551 
Child’s  law,  101 

{See  also  Space-charge  current) 
Choke-input  filter,  501,  510,  515 
Circuit  notation  conventions,  539 
Clipper,  111 

Cold-cathode  tubes,  328-330 
Collector  resistance,  238 
Collisions  in  gases,  284,  291-293 
Color  sensitivity,  photoelectric,  144 
Colpitts  oscillator,  484,  496 
Common-base  configuration,  209,  213, 
218-221,  230,  238,  252 


Common-cathode  amplifier  {see 
Grounded-cathode  amplifier) 
Common-collector  configuration,  217,  252 
Common-grid  amplifier,  192-196 
Common-mode  rejection  ratio,  459 
Common-mode  signal,  458 
Common-plate  amplifier  {see  Cathode 
follower) 

Commutating  reactor,  371 
Complementary-symmetry  transistors, 
439 

Concentration,  in  gas,  283 

in  semiconductor,  84,  122,  126,  536 
in  p-n  junction  diode,  129 
Conduction,  gaseous,  295-309 
Conductivity,  61,  81-84 

temperature  coefficient  of,  83 
Conservation  of  electric  charge,  99,  535 
Constant  current  source,  459 
Constants  {see  Parameters) 

Contact  potential,  74 
Continuity  equation,  534-537 
Controlled  rectifiers,  applications  of,  350 
excitrons,  321 
ignitrons,  322,  365 
polyphase,  374 
thyratrons  {see  Thyratrons) 

Conversion  efficiency,  414 
Conversion  factors,  table,  528 
Copper-oxide  rectifier,  132 
Corner  frequency,  383,  384 
Critical  grid-control  curves,  315,  317,  320, 
351 

Critical  inductance,  512 
Cross-over  distortion,  439 
Crystal  oscillator,  485,  489 
Current  gain,  211,  217,  219,  241-252 
Current-gain-band-width  product,  390 
Current-source  representation,  pentode, 
272 

tetrode,  268 
transistor,  238-241 
triode,  191 

Curves  {see  Characteristic  tube  curves) 
Cutin,  capacitor  filter,  505 
Cutout,  capacitor  filter,  505 
choke-input  filter,  501 
L-section  filter,  512,  516 
Cycloidal  path,  24,  26 
Cyclotron,  46-48 


636  VACUUM-TUBE  AND  SEMICONDUCTOR  ELECTRONICS 


Deathnium,  123 
Db,  378 
Dbv,  379 

Decoupling  filters,  394 
Dees  of  cyclotron,  46 
Defocusing  in  cathode-ray  tube,  43 
Deionization,  294 
Depletion  region,  114 
Dielectric  constant,  82 
Difference  amplifier,  457 
Differentiator,  469 
Diffused-junction  diode,  120 
Diffusion,  85 

capacitance,  122,  130,  280 
constant,  82,  86,  535 
length,  122,  535 
Diode,  breakdown,  118 

capacitance,  106,  120,  122,  130 
dynamic  characteristic,  110 
gas,  311-314,  321,  328 
photo-,  150 
resistance,  106,  119 
semiconductor,  113-133 
junction,  113-119 
point-contact,  124 
volt-ampere  characteristic,  116,  130 
vacuum,  92-111 
applications.  111 
cathode  materials,  92-96 
characteristics,  105 
cylindrical,  102 
potential  variation,  97-102 
ratings,  108 

volt-ampere  characteristic,  116,  130, 
544 

Zener,  118,  329 

Discharges  (see  Electrical  discharges  in 
gases) 

Disintegration  of  cathodes,  313 
Distortion,  amplitude,  377,  402-408,  417, 
446 

cross-over,  439 
delay,  377 

feedback  amplifier,  444-447] 
frequency,  377,  381-384,  444 
harmonic,  377,  402-408,  417,  446 
nonlinear,  377,  402-408,  417,  446 
in  oscillators,  491-493 
phase,  377,  381-384 
second  harmonic,  402-405 
Distortion  factor,  408 


Distribution  function,  age,  68 
electronic,  68-71 
energy,  68-71,  284 
Fermi-Dirac,  68-71 
Maxwell-Boltzmann,  285 
molecular,  284 
Dixonac,  39 

Donor  impurities,  83,  114 

Double- Y rectifier,  371 

Doubler,  voltage,  350 

Drift  current,  61,  82 

Dushman  equation,  72,  93 

Dynamic  characteristic,  172,  429 

Dynamic  load  line,  173,  409,  419,  437 

Early  effect,  239,  259 
Efficiency,  cathode,  92 
emitter,  227,  258-261 
power  amplifier,  414 
rectification,  340,  345,  348 
Einstein  equation,  86,  136 
Electrical  discharges  in  gases,  295-334 
arc  (see  Arcs) 
breakdown,  297-301 
glow  (see  Glow  discharge) 
high-frequency,  309 
as  light  sources,  331-334 
non-self-maintained,  295 
plasma,  305 

self-maintained,  297-301 
Townsend,  295 
Electrolytic  capacitor,  509 
Electron  emission,  field,  78 

photoelectric  (see  Photoelectric 
emission) 

secondar}'^  (see  Secondary  emission) 
thermionic  (see  Thermionic  emission) 
Electron  gas,  61 
Electron  gun,  9,  36 
Electron  mass,  19,  527 
Electron  optics,  27 
Electron  volt,  definition,  7 

equivalent  of  temperature,  69,  116 
Electronic  charge,  527 
Electronic  motion,  energy  method  of 
analysis,  61-64 
in  magnetron,  52 

in  time-varying  fields,  electric,  53-57 
magnetic,  48-52 
in  uniform  fields,  electric,  3-11 
magnetic,  12-19,  44 
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Electronic  motion,  in  uniform  fields, 

parallel  electric  and  magnetic,  19- 
21 

perpendicular  electric  and  magnetic, 
21-26 

Electrostatic  deflection  sensitivity,  30 
Elements,  periodic  table  of,  529 
Emissivity  coefficient,  73 
Emitter,  efficiency,  227,  258-261 
resistance,  238,  254-261 
Energy  bands  in  solids,  87 
Energy  distribution  functions,  68-71,  284 
Energy  levels,  288 

Energy  method  of  analyzing  motion, 
61-64 

Equivalent  circuit,  current-source  (see 
Current-source  representation) 
Norton’s,  191,  244,  247,  250 
pentode,  272 
tetrode,  268 

Th6venin’s  (see  Th^venin’s  theorem) 
transistor,  239,  245,  275-278 
triode,  181-188 
voltage-source,  181-188 
Error,  slope,  319 
sweep  speed,  319 
Excitation,  289 
Excitron,  321 

Eye,  sensitivity  of,  to  colors,  144 

Feedback,  in  power  supplies,  395 
in  transistors,  233 
Feedback  amplifier,  441-472 
circuits,  449-461,  468 
current  feedback,  447,  459 
degenerative,  443 
distortion,  444-447 
feedback  factor,  443 
forward  gain,  441 
loop  gain,  443,  448 
negative,  443 
noise  in,  447 
open-loop  gain,  441 
operational  (see  Operational  amplifier) 
positive,  443,  461 
regenerative,  443,  461 
return  ratio,  443 
stability,  443,  461-464 
transistor,  452 
voltage  feedback,  441-447 
characteristics,  443-447 
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Feedback  amplifiers,  voltage  feedback, 
definition,  442 
gain,  442 

input  impedance,  443 
output  impedance,  443,  447 
Thcvenin’s  equivalent  circuit,  442 
Fermi  characteristic  energy,  70 
Fermi  level,  70 

Fermi- 1 )irac-Sommerfeld  distribution 
function,  68-71 
Field  emission,  78 
Filters,  decoupling,  394 

rectifier,  capacitor,  504-509 
choke-input,  501-504 
inductor,  501-504 
L-section,  510-516 
n-section,  516-520 
summary,  520 
table,  520 

Flash-back  voltage,  324 
Flicker,  in  fluorescent  lamps,  333 
noise,  398 

Floating  potential,  307 
Fluorescence,  41,  292,  333 
Fluorescent  lamps,  333 
Focusing  of  cathode-ray  tube,  35-38,  42, 
44 

Force  on  charged  particle,  in  electric  field, 
2 

in  magnetic  field,  12 
Forward  voltage  rating,  325 
Fourier  series,  499 
Frequency,  corner,  383,  384 
half-power,  383,  384 
lower  3-dbv,  384 
upper  3-dbv,  383 
Frequency  distortion,  377,  381 
Frequency  response,  output  transformer, 
410 

i2C-coupled  amplifier,  381-387 
transistor  amplifier,  387-391 
Frequency  stability  of  oscillators,  487-491 

Gain,  current,  211,  217,  219,  241-252 
voltage,  185,  200,  205,  241-252 
Gain-band-width  product,  390 
Gas  amplification,  295 
Gas  constant,  Boltzmann,  527 
Gas  law,  282 

Gaseous  conduction,  295-309 

(See  also  Electrical  discharges  in  gases) 
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Gauss’s  law,  531 

Germanium,  crystal  structure,  80 
doping,  83 
impurities,  83 
properties,  82 
spectral  response,  152 
Getter,  93 

Glow  discharge,  301-303 
compared  with  arc,  305 
diode,  328-330 
in  photocell,  142 
plasma  in,  305-309 
triode,  330 

Glow  tube,  diode,  328-330 
triode,  330 
Grid  bias  (see  Bias) 

Grid-control  curves,  thyratron,  315,  317, 
320,  351 

Grid  current,  thyratron,  319 
vacuum  tube,  161,  548 
Grid  glow  tube,  330 
Grid  resistance,  161 
Grounded-base  configuration,  209,  213, 
218-221,  230,  238,  252 
Grounded-cathode  amplifier,  configu- 
ration, 168,  192 
dynamic  characteristic,  172 
graphical  analysis,  169—172,  174—177 
input  impedance,  201-204 
interelectrode  capacitances,  198-204 
Grounded-collector  configuration,  217, 
252 

Grounded-emitter  configuration,  215, 
220,  252 

Grounded-grid  amplifier,  192-196 
Grounded-plate  amplifier  {see  Cathode 
follower) 

Gun  electron,  9,  36 
Hall  effect,  86 

Harmonic  distortion,  377,  402-408,  417, 
446 

Hartley  oscillator,  484 

Heat-shielded  cathodes,  313 

Helical  path  of  charged  particles,  19-21 

High-field  emission,  78 

Holes  in  semiconductors,  81-85 

Hybrid  parameters,  254-261 

Ignitron,  322,  365,  374 


Inductance,  critical,  512 
filter,  501-516 
swinging  choke,  514 

Input  admittance,  cathode  follower,  206 
pentode,  272 
tetrode,  268 
triode,  201,  206 

Input  capacitance  {see  Input  admittance) 
Input  resistance,  203 
Insulators,  80,  88 
Integrator,  468 

Intensifier  in  cathode-ray  tubes,  32 
Interelectrode  capacitances  (see  Capaci- 
tance) 

Intermodulation  frequencies,  405 
Interphase  transformer,  371 
Intrinsic  semiconductor,  82 
Inverse  peak-voltage  rating,  341,  373 
Ion  burn  in  cathode-ray  tubes,  39 
Ionization,  290 
Ionization  potential,  291 
Ionization  time,  327 
Isotopes,  45 

Johnson  noise,  396 
Junction  diode,  113-133 

Keep-alive  electrode,  321,  322 
Kinetic  theory  of  gases,  282-286 
Klystron,  53 

L-section  filter,  510-516 
Langmuir-Child’s  law,  101 

{See  also  Space-charge  current) 
Lifetime  of  carriers,  123,  537 
Light,  absorption,  292 
particles,  290 

photoemission  {see  Photoelectric  emis- 
sion) 

photon,  290 

sensitivity  of  eye  to,  144 
sources,  331-334 
velocity,  527 

Load  line,  dynamic,  174,  409,  419 
plate-to-plate,  423 
push-pull,  430 
static,  170-174,  409 
Long-wave-length  limit,  138,  144,  152 
Loschmidt’s  number,  283 
Luminescence,  41 
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Magnetic  deflection  in  cathode-ray  tubes, 
34 

Magnetic  focusing,  36 
Magnetic  resonator,  46 
Magnetic  spectrograph,  45 
Magnetron,  52 
Majority  carrier,  84 
Mass,  table  of  values,  527,  529 
variation  with  speed,  11 
Mass  spectrograph,  45 
Maxwell-Boltzmann  distribution,  285 
Meacham  oscillator,  487 
Mean  free  path,  284 
Mercury,  energy  levels,  289 
in  light  sources,  332,  333 
Mercury-arc  rectifier,  arc  back,  325 
diode,  311 

disintegration  voltage,  312 
excitron,  321 
flashback  voltage,  325 
ignitron,  322 
thyratron,  314-321 
Metallic  rectifiers,  132 
Metals,  accelerating  field  at  surface  of,  77 
bound  electrons  in,  66 
contact  difference  of  potential,  74 
energy  distribution  of  electrons  in,  68- 
71 

free  electrons  in,  60,  66 
high-field  emission  from,  78 
photoelectric  emission  from,  134-139 
potential  energy  field  in,  64 
retarding  field  at  surface  of,  75 
secondary  emission  from,  78 
thermionic  emission  from,  72,  92-96 
work  function  of,  71 
Metastable  states,  291,  293 
Micron,  528 
Microphonics,  396 
Miller  sweep,  469 
Minority  carrier,  84 
injection,  150 
storage,  227 
MKS  system,  530 
Mobility,  61 

of  germanium,  82 
of  silicon,  82 
Molecular  weights,  529 
Mono-accelerator,  34 
Motion  of  electrons  {see  Electronic 
motion) 


Multielectrode  tubes,  262-275,  319 
Multiplier  phototubes,  147-149 
Mutual  characteristic,  162 
Mutual  conductance,  164,  165,  267,  272 

Negative  resistance,  in  oscillators,  493- 
496 

in  tetrodes,  264 
in  triodes,  204 
Neon  signs,  331 
Noise,  396,  447 
Noise  figure,  398 

Nonlinear  distortion,  377,  402-408,  417, 
446 

Non-self-maintained  discharge,  295 
Normal  current  density,  301 
Normal  glow  discharge,  301 
Norton’s  theorem,  191,  244,  247,  250 
Notation,  circuit,  539 
semiconductor,  116 
transistor,  208,  217,  230 
triode,  168 

Nyquist  criterion,  462 

Operational  amplifier,  464-472 
adder,  469 

circuits,  465,  468-472 
computer,  470 
differentiator,  469 
gain,  466 
integrator,  468 
inverter,  468 
output  impedance,  468 
phase  shifter,  468 
sign  changer,  468 
summer,  469 
virtual  ground,  466 
Optics,  electron,  27 
Oscillator,  317,  329,  473-498 
amplitude  stability,  491-493 
Barkhausen  criterion,  474 
bridge,  479-482,  490 
Colpitts,  484,  496 
crystal,  485,  489 
distortion,  491-493 
frequency  stability,  487-491 
Hartley,  484 
Meacham,  487 
negative  resistance,  493-496 
phase-shift,  476,  497 
Pierce,  486 
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Oscillator,  relaxation,  317,  329 
resonant  circuit,  478,  496 
r-f,  482-485 

sweep  circuit,  40,  317,  329 
transistor,  496 
tuned-plate,  478 
Wien-bridge,  479-482,  490 
Oscilloscope  {see  Cathode-ray  tube) 
Oxide-coated  cathode  (see  Cathode, 
oxide-coated) 

Parameters,  pentode,  272 
tetrode,  266 

transistor  (see  Transistor) 
triode,  164,  165 
Parasitic  oscillations,  394 
Partition  noise,  398 
Paschen’s  law,  299 
Peak  inverse  voltage,  341,  373 
Penetration  factor,  163 
Penning  effect,  294 
Pentode,  269-273 
distortion  in,  416-420 
Periodic  table,  529 
Permittivity  of  free  space,  530 
Perveance,  103,  160 
Phase-inverter  circuits,  455-457 
Phase-shift  oscillator,  476,  497 
Phosphorescence,  41 
Photocell  {see  Phototube) 
Photoconductivity,  149 
Photodiode,  150 

{See  also  Phototube) 

Photoelectric  emission,  134-139 
color  response,  136,  144,  152 
Einstein  equation,  136 
gas  amplification,  141 
long-wave-length  limit,  138 
selective,  136,  144,  152 
in  semiconductor,  149-154 
theory,  136 

threshold  frequency,  138 
threshold  wave  length,  138 
work  function,  137 
Photoelectric  yield,  136,  144 
Photoexcitation,  292 
Photoionization,  293 
Photomultiplier,  tube,  147-149 
Photons,  290,  292 
Phototransistor,  150 


Phototube,  139-149 
applications,  145 
circuit,  145 
gas-filled,  141 

sensitivity,  136,  142,  144,  151 
surfaces  in,  144 
vacuum,  139-14J 
Photovoltaic  effect,  152 
Photox  cell,  153 
Photronic  cell,  154 
Physical  constants,  table,  527 
Pierce  oscillator,  486 
Planck’s  constant,  136,  290,  527 
Plasma,  301,  305-309 
Plate  characteristics,  162 

{See  also  Characteristic  tube  curves) 
Plate  circuit  efficiency,  413-416,  434 
Plate  dissipation,  in  diodes,  108 
in  triodes,  413 

Plate  resistance,  in  diodes,  107 
measurement  of,  198 
numerical  values,  165 
in  pentodes,  272 
in  tetrodes,  264,  267 
in  triodes,  164 
Point-contact  diode,  124 
Point-contact  transistor,  212 
Poisson’s  equation,  531-533 
Polyphase  rectifiers  {see  Rectifier  circuits, 
polyphase) 

Positive  ion  bombardment,  298,  300,  302 
Positive  ion  sheath,  306,  308 
Postacceleration  in  cathode-ray  tubes, 
32-34 

Potential,  definition,  5-8 
Potential  barrier,  63,  66,  98,  104,  114,  305 
Potential  variation,  arc,  305 
beam-power  tube,  275 
diode,  97-104 
glow  discharge,  302 
metal,  66 
plasma,  305 
p-n  junction,  114 
tetrode,  265 
triode,  156-160 
Power  amplifiers,  400-440 
beam-power  tubes,  416 
Class  A,  400 

conversion  efficiency,  414 
maximum  undistorted  power  output, 
412 


INDEX 


641 


Power  amplifiers,  output  circuits,  408 
pentodes,  416 

plate-circuit  efficiency,  413-416,  434 
push-pull  (see  Push-pull  amplifier) 
theoretical  efficiency,  414 
transistor,  436-440 
Power  supply  (see  Filters;  Regulated 
power  supply) 

Probe,  307 

Punch-through  breakdown,  228 
Push-pull  amplifier,  420-436 
Class  B,  433-436 
composite  static  curves,  424-429 
distortion,  430 
driver  stage,  436 
dynamic  characteristics,  429 
equivalent  circuit,  422 
output  power,  430 
plate-to-plate  resistance,  423 
symmetry  in,  420-436 
Thompson  analysis,  427 

Quadrupler,  voltage,  350,  603 
Quiescent  point  (Q  point),  170 

Radiation,  from  atoms,  288-294 
from  light  sources,  331-334 
photoelectric  sensitivity  to,  136,  144 
resonance,  291 
sensitivity  of  eye  to,  144 
Stefan-Boltzmann  constant,  73 
Random  current  density,  286,  308 
Ratings,  gas  tubes,  324-327 
transistors,  228 
vacuum  tubes,  108 
Reactor,  commutating,  371 
Recombination,  in  gas,  294,  326 
in  semiconductor,  123,  537 
Recovery  time,  124 
Rectifier,  cold-cathode  triode,  330 
controlled  (see  Controlled  rectifiers) 
copper-oxide,  132 
diode,  106,  311-314,  328 
excitron,  321 
gas  diodes,  311-314 
glow-tube,  328-331 
ignitron,  322 
mercury-pool,  321 
metallic,  132 
selenium,  132 


Rectifier,  semiconductor,  116-119 
vacuum-tube,  106 

Rectifier  circuits,  bridge,  349,  370,  373 
comparison  of,  373 
controlled  (see  Controlled  rectifiers) 
full-wave,  single-phase,  344,  349,  373 
half-wave,  single-phase,  337-344,  346- 
349 

ignitron,  365,  374 
polyphase,  367-375 
controlled,  374 
design  data,  373 
double- Y,  371,  373 
six-phase,  369,  373 
three-phase,  bridge,  370,  373 
full-wave,  369,  373 
half-wave,  367,  373 
thyratron  (see  Thyratron) 
voltage-doubling,  350 
voltage-quadrupling,  350,  603 
Rectifier  filters  (see  Filters,  rectifier) 
Rectifier  meter,  350 
Rectigon  tube,  313 
Regenerative  amplifier,  443,  461 
Regulated  power  supply,  520-526 
circuit,  328,  524 
glow  tube,  328 
semiconductor,  525 
voltage  stabilization,  521 
Relativity,  change  in  mass,  11 
Relaxation  oscillator,  317,  329 
Remote-cutoff  tubes,  273 
Resistance,  collector,  238,  254-261 
emitter,  238,  254-261 
grid,  161 
input,  203 
load  {see  Load  line) 
negative,  in  oscillator,  493-496 
in  triode,  204 
plate,  164,  165,  266,  272 
plate-to-plate,  423 
Resistivity,  61,  81-84 
Resonance  radiation,  291 
Resonant-circuit  oscillator,  478,  496 
Retarding  potential,  75 
Reverse  saturation  current,  junction 
diode,  115,  117,  130 
transistor,  213,  219,  220 
r-f  oscillator,  482-485 
Richardson’s  equation,  72,  93 
Ripple  factor,  343,  520 
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Rubber-model  method  of  electronic  path 
determination,  27 

Saw-tooth  oscillator,  40,  317,  329 
Schottky  effect,  77 
Screen-grid  tube  (see  Tetrode) 

Screen  materials  for  cathode-ray  tube,  41 
Second  harmonic  distortion,  402-405 
Secondary  emission,  78 
in  cathode-ray  tubes,  39 
noise,  398 
ratio,  39,  78 
in  tetrodes,  263-266 
Secondary-emission  multipliers,  147-149 
Selective  photoelectric  emission,  136,  144, 
152 

Selenium  rectifier,  132 
Self-bias,  234,  392 
Self-sustained  discharge,  297-301 
Semiconductor,  80-89,  113-133,  149-154 
acceptor  impurities  in,  83 
compound,  83 
conductivity  of,  81-84 
diode,  113-133 
donor  impurities  in,  83 
doping  of,  83 
energy  bands  in,  87 
Hall  effect  in,  86 
intrinsic,  82 
majority  carriers  in,  84 
minority  carriers  in,  84,  124 
photoelectric  effects  in,  149-154 
recombination  in,  123,  534-537 
storage  of  carriers  in,  124,  129 
transistors  (see  Transistor) 

Sensitivity,  deflection,  30,  35 
of  eye,  144 

of  phototube,  136,  142,  144,  151 
spectral,  136,  142,  144,  151 
Sheath,  308,  314 
Shield-grid  thyratron,  319 
Short-circuit  current  gain,  211,  217-220, 
226,  241-252,  277 
Shot  noise,  397 
Silicon,  properties  of,  80 
Silicon  diode,  130 
Silicon  photovoltaic  cell,  154 
Slope  error,  319 
Sodium  lamps,  332 
Solar  battery,  149,  154 


Space  charge,  in  glow  discharge,  302 
in  plasma,  305 

Space-charge  capacitance,  119 
Space-charge  current,  99-105 
Space-charge  region  in  p-n  junction,  114 
Sparking  potential,  299 
Spectra,  288 

Spectral  sensitivity,  136,  142,  144,  152 
Spectrograph,  44 

Stability,  amplitude,  of  oscillator,  491- 
493 

of  feedback  amplifier,  443,  461-464 
frequency,  of  oscillator,  487-491 
of  transistor,  230-237 
Static  characteristics  (see  Characteristic 
tube  curves) 

Stationary  states  in  atoms,  288 
Stefan-Boltzmann  constant,  73,  527 
Storage  of  minority  carriers,  124,  129 
Storage  time,  124 

Sweep  for  cathode-ray  tube,  40,  317,  329 
Sweep  speed  error,  319 
Swinging  choke  for  filters,  514 
Symbols  (see  Notation) 

T-equivalent  transistor  circuit,  239,  245 
Taylor’s  series,  189 

Temperature,  of  thermionic  cathodes,  93 
effect  on  volt-ampere  characteristics, 
163 

voltage  equivalent  of,  69,  116 
Temperature-limited  current  (see  Therm- 
ionic emission) 

Tetrode,  262-269 
beam  tube,  273-275 
equivalent  circuit,  267 
interelectrode  capacitance,  262 
negative  plate  resistance,  264 
parameters,  266 
potential  profiles,  265 
secondary  emission,  265 
Thermal  noise,  396 
Thermionic  emission,  in  arcs,  304 
constants  of,  93 
Dushman’s  equation,  72,  93 
power  for  heating  cathodes,  73 
Richardson’s  equation,  72,  93 
(See  also  Cathode) 

Thermistor,  83 
Thevenin’s  theorem,  182,  191 
feedback  amplifier,  442,  447,  451 
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Thevenin’s  theorem,  transistor  amplifier, 
242,  247,  252 
tube  amplifier,  194 

Thomson  analysis  of  push-pull  amplifier, 
427 

Thoriated-tungsten  cathode,  93 
Three-halves  power  law,  101 
Threshold  frequency,  138 
Threshold  wave  length,  138 
Thyratron,  314-320,  350-367 
argon-filled,  316 

circuits,  316,  318,  357,  360,  361,  364- 
366 

as  controlled  rectifier,  350-367 
d-c  operation,  364 
deionization  time,  326 
grid-control  curves,  315,  317,  351 
ionization  time,  327 
negative-control  tube,  315 
phase-shift  control,  355 
positive-control  tube,  317 
ratings,  324-327 
shield-grid,  319 

Townsend  coefficient,  296,  299 
TR  switch,  309 

Transconductance,  164,  165,  267,  272 
Transfer  characteristic,  162 
Transformer,  frequency  response,  410 
impedance  matching,  409 
insulation  stress,  341,  346,  349 
interphase,  371 
pulse,  387 

ratings  in  rectifier  circuits,  373 
Transistor,  alloy ed-j unction,  211 
alpha  {see  Alpha) 
base  resistance,  239,  277 
base-spreading  resistance,  220,  240 
base  width,  209,  279 
biasing  circuits,  230-237 
characteristics,  active  region,  213 
analytic  expressions  for,  218-226 
cutoff  region,  215 
saturation  region,  214 
volt-ampere,  212-218 
common-base  configuration,  209,  213, 
218-221,  230,  238,  252 
common-collector  configuration,  217, 
252 

common-emitter  configuration,  215, 
220,  252 

complementary  symmetry,  439 


Transistor,  current  gain,  211,  217,  219 
diffused  base,  280 

emitter-follower  configuration,  217,  252 
equivalent  circuits,  238-241,  245 
high-frequency,  275-278 
feedback  factor,  259 
fused-junction,  211 
graphical  analysis,  230 
grounded-base  configuration,  209,  213, 
218-221,  230,  238,  252 
grounded-collector  configuration,  217, 
252 

grounded-emitter  configuration,  215, 
220,  252 

grown-junction,  211 
input  impedance,  241-252 
junction,  208,  211 
noise  in,  398 

open-circuit  voltage  gain,  241-252 
output  impedance,  241-252 
parameters,  admittance,  256 
alpha,  211,  217-220,  226,  238 
conductance,  256 
hybrid,  254-261 
impedance,  256 
measurement  of,  256 
resistance,  256 
small-signal,  254-261 
typical  values,  239,  248 
point-contact,  212 
potential  variation  through,  209 
ratings,  228 

reverse  saturation  current,  213,  219 
short-circuit  current  gain,  241-252 
stability,  230-237 
surface-barrier,  280 
symbols,  229 

T-equivalent  circuit,  239,  245,  275-278 
Transistor  amplifier,  210,  241-252,  452 
cascaded  stages,  249,  387-391 
feedback,  452 
formulas,  247 
power,  436-440 
iiC-coupled,  387-391 
Transition  capacitance,  119 
Transition  region,  114 
Transport  factor,  227,  258-261 
Triode,  amplification  factor,  164,  165 
amplifier  {see  Amplifier) 
characteristic  curves  (see  Characteristic 
tube  curves) 
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Triode,  circuit  analysis,  183-204 
cold-cathode,  328-330 
constant-current  curves,  163 
distortions,  402-408 
equipotential  contours,  157 
equivalent  circuit,  181-192 
graphical  analysis,  169-177 
grid  current,  161,  548 
interelectrode  capacitances,  198-207 
mutual  conductance,  164,  165 
plate  characteristics,  162 
plate  resistance,  164,  165 
potential  profiles  in,  159 
power  (see  Power  amplifiers) 
symbols,  167-169 

Tube  curves  (see  Characteristic  tube 
curves) 

Tuned-plate  oscillator,  478 
Tungar  tube,  313 
Tungsten,  92 

Variable-mu  tubes,  273 
Volt-ampere  characteristic's  (see  Charac- 
teristic tube  curves) 


Voltage,  disintegration,  313 
Voltage  amplification,  185,  200,  205, 
241-252 

Voltage-doubling  rectifier,  350 
Voltage  equivalent  of  temperature,  69, 
116 

Voltage  gain,  185,  200,  205,  241-252 
Voltage-quadrupling  rectifier,  350,  603 
Voltage-source  equivalent  circuit,  181- 
188 

Voltage  stabilization  ratio,  521 

Wave  length,  threshold,  138 
Wien-bridge  oscillator,  479-482,  490 
Work  function,  contact  difference  of 
potential,  74 
definition,  71 

Dushman  equation  involving,  72,  93 
photoelectric,  137 
table  of  values,  93 

Zener  breakdown,  118,  329 
Zener  diode,  118 


